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Preface 


In  the  book  the  bases  of  gas  dynamics  are  set  forth  In  applica¬ 
tion  to  the  theory  of  Jet  engines  and  other  machines  and  vehicles. 

The  third  edition  of  the  book  is  substantially  revised  and 
supplemented . 

The  contemporary  methods  of  calculation  of  Jet  engines,  vane 
machines,  ejectors,  wind  tunnels,  and  test  stands  are  based  chiefly 
on  the  one-dimensional  representations  of  gas  hydrodynamics, there¬ 
fore  a  considerable  place  in  the  book  is  assigned  to  one-dimensional 
flows . 

At  the  same  time  many  questions,  for  example  the  determining 
of  the  friction  drag  and  velocity  and  temperature  fields,  the 
construction  of  the  picture  of  flow  in  a  combustion  chamber,  ejector 
and  supersonic  diffuser,  t.  -larlflcation  of  the  power  and  thermal 
effect  of  the  exhaust  Jet  oi  a  Jet  engine  on  the  controls  and  other 
parts  of  a  flight  vehicle,  and  also  on  the  walls  of  a  test  stand, 
etc.,  cannot  be  solved  without  the  help  of  the  differential  equa¬ 
tions  of  gas  hydrodynamics  or  the  equations  of  the  boundary  layer. 

In  connection  with  this  In  the  book  considerable  attention  Is 
allotted  to  the  bases  of  hydrodynamics,  the  boundary-layer  theory, 
and  the  theory  of  Jets. 
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1:»  the  I  j  j-ebi':  which  passed  since  the  publication  of  the 
previous  edition  great  significance  has  been  acquired  by  flight 
Vehicles  with  Jet  engines  of  new  types,  providing  flight  at  high 
supersonic  (hypersonic )  speed,  entry  into  space,  and  re-entry. 

This  leu  to  the  rapid  development  of  the  sections  of  gas  dynamics 
in  which  the  flows  of  rarefied  gas,  hypersonic  flows,  and  motions 
of  liquid  and  gas  in  electromagnet J c  fields  are  studied;  in  this 
tnird  edition  of  the  book  the  bases  of  these  sections  of  contemporary 
gas  dynamics  are  also  presented. 

A  number  of  important  questions  (theory  of  supersonic  nozzles, 
diffusers,  ejectors  arid  grids  of  wings,  the  use  of  gas-dynamic 
functions,  etc.)  is  set  forth  In  more  detail  than  before  in  the 
new  publication.  The  appearance  of  special  texts  and  monographs 
on  the  theory  of  vane  machines  and  the  theory  of  Jet  engines  made 
it  possible  to  eliminate  these  sections  from  the  bock. 

The  book  is  compiled  as  a  manual  for  the  engine  departments 
of  aviation  institutes  according  to  the  program  confirmed  by  the 
Ministry  of  Higher  and  Secondary  Special  Education  of  the  USSR 
and  can  be  considered  as  a  textbook  also  for  machine  construction 
and  power  Institutes. 

The  author  attempted  to  achieve  the  greatest  possible  clarity 
and  the  accessibility  of  presentation  and  in  the  illumination  of 
every  question  sought  the  simplest  means.  Thus  some  tasks  are 
examined  twice:  first  in  a  simplified  setting,  and  then  more 
deeply  in  the  special  sections  of  the  book.  In  order  to  make  the 
book  intelligible  to  the  engineers  arid  students  who  did  not  study 
the  kinetic  theory  cl-  gases  and  electrodynamics,  brief  information 
from  these  branches  of  physics  is  presented. 

Several  sections  of  this  bock  were  written  by:  H.  M.  Belyanin 
(Chapter  VI),  A.  Ya.  Cherkez  (§5  6-8,  Chapter  V,  §  6  Chapter  VII, 
and  Chapter  IX),  S.  I.  Ginsburg  (Chapter  X). 
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The  author  expresses  deep  appreciation  to  S.  0.  Apel'taum, 
.1 .  bunlincvicn ,  A.  6.  Vatazhin,  A.  S.  Ginevskiy,  A.  L.  Goner, 
I.  P.  omlrr.ovoy,  ana  A.  A.  Stepchkov  for  the  valuable  ebservati 
made  by  them  In  the  review  of  the  separate  chapters  of  the  book 

G.  N.  Abramovich 


CHAPTER  I 

THE  EQUATIONS  OF  GAS  DYNAMICS  FOR 
A  UNIT  STREAM 

§  1.  The  Equation  of  Continuity 

The  fundamental  equations  of  gas  dynamics  we  will  derive  for 
an  elementary  stream  of  gas,  the  transverse  dimensions  of  which 
are  so  low  that  In  each  of  its  cross  sections  it  is  possible  to 
consider  constant  all  the  basic  flow  parameters:  velocity,  pressure, 
temperature,  and  gas  density.  Precisely  in  such  a  form  the  equations 
of  gas  dynamics  are  applied  usually  in  the  theory  of  Jet  engines. 

In  those  cases  when  within  the  limits  of  the  cross  section  cf  a 
working  Jet  the  flow  parameters  are  changed  (for  example  the  values 
of  velocity  or  temperatures  are  dissimilar),  the  representation  of 
the  average  cross-section  values  of  these  quantities  is  introduced, 
and  then  with  the  help  of  the  appropriate,  in  the  majority  of  cases 
Insignificant,  corrections  it  is  possible  to  utilize  ail  the  equa¬ 
tions  obtained  for  an  elementary  stream.  The  method  of  an  elementary 
stream  is  the  basis  of  hydraulics,  therefore  the  gas  dynamics  of 
an  elementary  (unit)  stream  are  occasionally  referred  to  as  "gas 
hydraulics . " 

In  order  to  obtain  the  equation  of  continuity,  let  us  examine 
the  stationary  (steady-state)  motion  of  the  elementary  stream  of 
gas  (Fig.  1.1).  During  stationary  motion  at  any  point  of  space 
the  velocity  of  motion  and  the  state  of  a  liquid  (density,  pressure, 
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temperature )  are  retained  constant  in  time.  The  particle  trajectories 
during  such  motion  are  called  the  flow  lines.1  The  lateral  surface 
of  the  stream,  which  is  called  the  flow  surface,  is  impenetrable  for 
a  liquid  (gas)  (velocity  vectors  of  flow  are  tangential  to  it)j  the 
flow  surfaces  forming  are  the  flow  lines. 


Let  us  examine  a  certain  section  of  the 
stream  between  two,  normal  to  the  flow  surface, 
cress  sections  1  and  2;  let  us  note  that  in 
accordance  with  the  direction  of  motion  indi¬ 
cated  in  Fig.  1.1.  in  space  1-2  the  inflow 
of  gas  is  achieved  only  through  cross  section 
1,  and  the  gas  discharge  is  achieved  only 
through  cross  sections  2. 


fig. 
s  trear . 


Elementary 


Beyond  an  infinitely  small  time  interval 
dr  the  chosen  part  of  the  stream  will  be 
shifted  into  a  new  position  l'-2'.  The  displacement  amounts  to  the 
fact  that  during  the  time  dt  the  shaded  space  l'-2  will  contain  the 
gas  which  is  displaced  from  area  1-1',  and  a  certain  quantity  of  gas 
during  the  same  time  will  flow  out  from  this  space  and  will  fill  the 
area  2-2'.  The  Inflow  of  gas  into  space  l'-2  comprises 


«/0,^71Fp//,(«fgJ,  *  (1) 

where  y-^  -  the  specific,  gravity  of  gas  in  cross  section  1,  equal 
to  the  product  of  density  by  the  acceleration  of  gravity  g,  - 
the  cross-sectional  area  J ,  The  distance  between  cross  sections 
1  and  1'  is  equal  to  the  product  of  the  velocity  of  motion  by  the 
elementary  time  interval 


'During  unsteady  motion  the  flow  lines  are  determined  differently 
and  do  not  coincide  with  the  particle  trajectories. 


-*> 
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dl{  ss  Wtdt, 


wh ere  Is  the  velocity  in  cross  section  1,  from  which 


The  discharge  of  gas  from  space  l'-2  is  equal,  obviously,  to 

dQt  =  YiXCtFid*. 

During  steady-state  conditions  and  in  the  absence  of  breaks 
of  continuity  in  a  moving  medium  the  inflow  of  gas  should  be  equal 
to  the  discharge: 


dol=dot=da 


Hence  after  the  appropriate  substitution  we  obtain  the  equation 
of  continuity  -  the  law  of  conservation  of  mass  -  for  the  unit 
stream  of  a  compressible  liquid  (gas)  during  steady-state  flow 

=  (2) 

In  the  case  of  a  ncncompressible  liquid,  i.e.,  with  y  =  const, 
equation  (2)  takes  a  simpler  form: 


tc,F,  =  xetFp  (  3 ) 

which  is  used  for  gas  flows  when  changes  in  the  specific  gravity 
of  the  gas  can  be  disregarded. 

On  the  basis  of  the  equation  of  continuity  (3)  based  on  the 
arrangement  of  the  flow  lines  in  the  Incompressible  medium  it  is 
possible  to  Judge  the  velocity  of  motion.  In  places  of  thickening 
of  the  flow  lines  the  velocity  increases;  if  the  flow  lines  are 
separating  then  the  velocity  drops.  During  the  motion  of  gas  it 
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1 3  not  always  possible  to  determine  directly  by  the  arrangement  of 
the  flow  lines  the  velocity  change,  since  changes  of  density 
(specific  gravity)  of  the  gas  can  be  considerable. 

In  a  gas,  as  it  is  not  difficult  to  see  from  the  equation  of 
continuity  (<?),  tne  picture  of  the  flow  lines  uniquely  determines 
the  change  in  the  density  of  the  flow: 

representing  the  product  of  the  specific  gravity  of  the  gas  by 
the  velocity,  i.e.,  the  mass  flow  rate  cf  gas  through  a  unit  of 
area  cf  cross  section.  In  places  of  thickening  of  the  flow  lines 
the  density  of  flow  Increases,  while  in  places  of  divergence  of 
flow  lines  it  decreases. 

The  equation  of  constancy  of  gas  discharge  G  =  yw*'  =  const 
also  can  be  presented  differentially 

do = -f  -  4*  t 

After  dividing  this  relationship  term  by  term  by  ywP  we  will  obtain 


dO  dry  ,  df  ,  dP 


Here  p  =>  y/g  -  mass  density  of  gas. 


<*») 


%  2.  The  Equation  of  Energy 

Following  the  first  principle  of  thermodynamics  (law  of 
conservation  of  energy),  let  us  put  together  the  energy  balance 
in  the  fixed  coordinate  system  (Fig.  1.1),  i.e.,  let  us  examine 


4 


( 


( 


the  energy  conversion  in  one  and  the  same  mass  of  gas,  which  at 
first  filled  the  space  1-2  but  in  an  infinitely  small  time  interval 
dT  is  shifted  into  position  1  *  —  2 ’  - 

An  increase  in  any  form  of  energy  is  equal  to  the  difference 
in  the  quantities  of  this  form  of  energy  in  positions  1 '  —  2 '  and  1-2. 
In  view  of  the  fact  that  the  shaded  space  l'-2  is  general  for  these 
two  positions,  the  energy  of  the  mass  of  the  gas  which  fills  space 
l'-2  during  subtraction  is  decreased,1  and  an  increase  in  energy 
Is  measured  by  the  difference  in  the  energy  content  in  Infinitely 
small  spaces  2-2'  and  1-1*.  Hence  it  follows  that  an  increase  in 
kinetic  energy  is  equal  to 


ac«  g  j  • 


here  dQ/g  is  the  mass  gas  discharge  through  the  cross  section  of 
the  stream  during  the  time  di.  An  Increase  in  the  potential  energy 
(energy  of  position) 


dEt  sssdOfa  — 


where  z?  and  are  the  heights  of  the  arrangement  (leveling  levels) 
of  cross  sections  2  and  1.  An  increase  in  ’"he  internal  (thermal) 
energy 


where  A  ■  1/427  -  the  heat  equivalent  of  mechanical  work,  u  =  c,T  - 
thermal  energy  of  a  unit  of  weight  of  gas  (product  of  heat  capacity 
at  a  constant  volume  by  the  absolute  temperature).  If  the  heat 


‘The  motion  of  the  gas  is  assumed  to  be  as  in  the  foregoing 
paragrsph,  steady-state. 


t 
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capacity  of  the  gas  ir.  cross  sections  1  and  2  is  Identical,  then 
tr.e  i r.  xeast  of  internal  energy  is  equal  tc 

Tt\.: 

Cn  the  bases  of  the  chosen  part  of  the  stream  of  gas  the 
external  forces  of  pressure  p  which  are  directed  inside  and  along 
the  normal  to  them  act.  With  the  displacement  of  the  gas  the 
external  forces  of  pressure  produce  work.  For  example,  the  transfer 
cf  gas  from  cross  section  1  into  cross  section  1'  occurred  as  if 
under  the  action  of  a  piston  with  an  area  with  pressure  p. .  The 
work  of  the  piston  during  time  dx  is  equal  to 


p,F,V,rfT  =a£i-dQ. 

Ti 

In  exactly  the  same  manner  it  is  possible  to  visualize  that 
pressure  p^  on  cross  section  2  is  achieved  by  a  piston  with  an 
area  During  time  dr  the  gas  will  move  the  piston  into  position 

2,  after  carrying  out  the  negative  operation: 


— P^F 

Tne  forces  of  pressure  which  act  on  the  lateral  surface  of  the 
stream  (flow  surface)  do  not  produce  any  work  since  they  are  normal 
to  the  trajectories  of  the  particle  motion  of  the  gas.  Thus  the 
energy  introduced  by  the  forces  of  pressure  is  equal  to  the  differ¬ 
ence  between  the  operations  of  piston  1  and  piston  2: 


dEt 


X<> 


To  the  gas  stream  in  section  1-2  during  time  dx  heat  can  be 
conducted  in  the  amount  of  dW ,  in  mechanical  units  equal  to 


n 
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dW.  Further  the  gas  stream  during  time  dt  can  perform  the  technical 

w&rk  d Z,  for  example,  rotating  a  turbine  wheel  mounted  between  cross 

sections  1  and  2.  Finally,  one  ought  to  consider  the  work  being 

expended  by  the  gas  during  the  time  dt  for  overcoming  the  forces  of 

friction  dZ  . 

tp 

According  to  the  first  principle  of  thermodynamics  thermal 
energy  and  work  of  the  forces  of  pressure  conducted  to  the  gas  are 
expended  on  the  completion  of  technical  work,  work  of  the  forces 
of  friction,  and  also  on  an  increase  in  the  reserves  of  the  potential 
internal,  and  kinetic  energy 

dJ  +  (*-*)<«>  = -|-  <**  —  7,)rf0  l  tlQ  ilO. 

After  dividing  all  the  terms  of  the  resulting  expression  by  value 
dG,  we  come  to  the  equation  of  energy  for  a  unit  of  weight  (1  kgf) 
of  the  gas 


<? 


I*  *«*-*! 


(5) 


Here  a-’e  introduced  the  designations:  Q  =  dW/dG  -  the  heat  supplied 
to  1  kgf  of  gas  on  section  1-2,  L  a  dZ/dG  -  technical  work  being 
accomplished  by  1  kgf  of  gas  on  the  same  section,  Lrp  “  dJTP/dG  ~ 
work  of  the  forces  of  friction  which  is  necessary  for  1  kgf  of  gas. 

The  inflow  of  heat  in  general  is  achieved  by  two  methods:  from 
without  (Q  )  because  of  heat  exchange  through  the  lateral  surface 

H  <3  p 

of  the  stream,  and  from  within  (Q„  )  because  of  conversion  Into  the 

0  H 

heat  of  work  of  friction.  Thus, 

Q  =  Q..,  +  Qm.  (6) 

The  second  part  of  the  heat  flux,  obviously,  is  exactly  equal  tc 
the  thermal  equivalent  of  the  work  of  friction: 
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Fro::.  thermody r.arr.i cs  the  equation  of  state  is  known  for  a 
perfect  gas 


pv—RT, 


(8) 


where  K  -  gas  constant,  and  the  specific  volume  of  gas  v  is  the 
value  reverse  to  specific  gravity  v  =  1/y .  Hence 


P-  =  R1.  (9) 

Furthermore  a  relationship  is  kncwr.  which  connects  heat  capacity  at 
a  constant  volume  (c  )  and  heat  capacity  at  a  constant  pressure 

<  Cp )  ‘ 

*,->«,  + AR-  (10) 

Let  us  introduce  into  the  examination  the  heat  oontent  (or 
enthalpy)  of  the  gas,  i.e.,  the  product  of  heat  capacity  at  a 
constant  pressure  by  the  absolute  temperature 

/=c,r.  (11) 

Then  relationship  (10)  will  take  a  somewhat  different  form: 

lm*H  +  ART  (12) 


or  on  the  basis  of  (9) 


l-.  +  M*.  ^3) 

Utilizing  expressions  (6),  (7),  and  (13),  it  is  possible  to 
give  the  equation  of  energy  the  following  form: 


8 


J.  u  . 


Tr.e  equation  of  energy  (14)  occasionally  is  also  referred  tc  as  the 
equation  of  enthalpy.  The  fact  that  the  equation  of  enthalpy  does 
not  contain  the  work  due  to  friction  is  significant.  In  fact,  since 
.•■he  work  being  expended  for  overcoming  of  friction  or  any  other  form 
c i  resistances  is  converted  completely  into  heat,  and  the  latter 
remains  in  the  gas  jet,  the  presence  of  the  forces  of  friction  cannot 
disturb  the  general  energy  balance,  but  only  leads  tc  the  conversion 
of  one  form  of  energy  into  another. 


Usually  in  technology  it  is  necessary  to  deal  with  the  particular 
forms  of  the  equation  of  enthalpy.  Thus  in  the  majority  of  cases  the 
change  of  potential  energy  is  negligibly  small  in  comparison  with 
other  parts  of  the  equation  of  energy,  and  term  is  disregarded. 

Then  the  equation  of  enthalpy  takes  the  following  form; 

—  l  =  HL71HI 4-  'urJj,  (15) 

A  Ig  “•  -4  * 

In  the  absence  of  technical  work  and  heat  exchange  with  the 
surrounding  medium,  i.e.,  in  the  case  of  the  energy  isolated  process 
in  the  gas,  we  have 


A  —  =slt—lr  (16) 

Specifically  equation  (16)  determines  the  flow  of  gas  along  2  tub 0, 
if  there  is  no  heat  transfer  through  the  walls.  According  tc  t : . •> 
aforesaid  this  equation  is  correct  without  depending  on  whether 
or  not  the  forces  of  friction  act.  Ir.  other  words,  the  charge  of 
enthalpy  (temperature)  in  the  isolated  process  is  connected  only 
with  a  velocity  change.  If  the  gas  velocity  is  not  changed,  t r..:. 
the  temperature  remains  constant. 


o 


ii!.str.co  of  the  influence  of  the  forces  of  friction  can  be 
-.  ■■■■'I  :v  the  following.  Under  the  action  of  friction  the  pressure 
: :  . :.g  t..-;r  t  'it  e  drops  ,  1  .  e  .  ,  tne  gas  is  expanded,  and  therefore  the 
riper  it  ure  should  decrease.  however,  the  work  of  the  forces  of 

!  c  converted  into  heat;  and  since  the  work  of  the  forces  of 
'  :  ..  ! „  exactly  equal  to  the  mechanical  equivalent  of  the  heat 

ict-cd  uecause  of  this  work,  then  preheating  compensates  for 


•Wong  a  tube  of  constant  cross-section  under  the  influence  of 
f  t  'oc  '>f  friction  the  gas  temperature  in  a  subsonic  flow  even 
•r. oruh.-.oii .  '.'his  occurs  because  the  pressure  drop  is  accompanied  by 
.  icase  iti  tne  specific  gravity  of  the  gas,  and  the  current  density 
•v.  ui constant :  J  =  G/F  -  y  w  =  const.  Thus  the  gas  velocity 
1.  c :  cn..e ,  arid  the  temperature  in  accordance  with  equation  (16)  is 
red  .;:vd.  At  a  low  speed  of  motion  the  temperature  changes  only 
fc.acse  of  heat  exchange  either  in  those  places  where  the  gas  passes 
igi.  the  turbine  (expends  the  energy,  Lt  >  0)  or  through  the 
res  sox’  (derives  ener-gy  L  <  G). 

H 

if  the  change  of  velocity  and  heat  exchange  can  be  disregarded 
then  the  equation  of  entha?  y  takes  the  fcl lowing  form: 


/,  -  ^  -  AL.  (17  ) 

in  c the i‘  woras,  a  change  in  the  enthalpy  of  the  gas  in  this  case 
is  equivalent  to  mechanical  work .  In  the  turbine  wheel  the  gas 
temperature  decreases 


/,  •  -  /,  —  Al.,  (tr>  0).  (13) 

in e  con. pressor  impeller  wheel  the  temperature  increases 

1,^1,  ~AI..  </..<0> 
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Let  us  recall  that  here  we  have  In  mind  work  L  referred  to  1  kgf 
of  gas.  Thus,  following  the  equation  of  enthalpy,  we  obtain  simple 
relationships  for  calculating  temperature  drops  on  the  turbine  and 
compressor  during  small  changes  in  kinetic  energy: 


I 


« 


Ar=^t=-^.  (19) 

v 

Here  cp  is  the  mean  value  of  heat  capacity  at  a  constant  pressure  in 
a  given  temperature  range. 

If  the  speed  changes  substantially,  then  the  calculation  will 
only  be  a  little  complicated.  Precisely: 

lt~lt  +  A  =-AL  (20) 

Finally,  during  an  isothermal  process  (12  -  1^  ■  const)  the 
mechanical  work  Is  expended  wholly  for  a  change  in  kinetic  energy 

AH^l=,-AL  (21) 

A  system  close  to  Isothermal  can  be  obtained  in  a  multistage 
compressor  with  the  Intermediate  (between  every  pair  of  stages) 
cooling  of  gas. 


=  (22) 

in  such  a  form  it  is  applied  to  heat  exchange  processes. 

Let  us  return  now  to  the  energy  isolated  gas  flows,  when  the 
conditions 


Qmy  — 0.  AL  =  0, 


(23) 
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are  satisfied  and  the  equation  of  enthalpy  acquires  the  form  (16). 
In  this  case  it  can  be  written  In  the  following  form: 

u + A  3 =/ + A  n = C0,,JL  ( 2,1 } 

iience  it  is  not  difficult  to  see  that  if  the  gas  Jet  is  inhibited 
completely,  then  enthalpy  of  the  gas  reaches  the  maximum  possible 
value : 


+  (25) 

The  value  of  enthalpy  iQ  obtained  in  this  case  we  will  call  full 
enthalpy ,  and  the  corresponding  absolute  temperature 


(26) 


-  the  stagnation  temperature . 

With  the  help  of  (25)  from  the  equation  of  enthalpy  (15)  it  is 
possible  to  eliminate  velocity:  we  obtain  the  equation 

Q«.9-Al=lH-tn.  ■  (27) 

Thus  the  gas  temperature  is  obtained  equal  to  the  stagnation 
temperature  when  the  rate  of  flow  tails  off  to  nothing  itself  in  the 
absence  of  energy  exchange  with  the  surrounding  medium.  Using  the 
mean  value  of  heat  capacity  it  is  possible  to  calculate  the  stagna¬ 
tion  temperature  according  to  the  following  formula: 


T*  = 


For  air  (c 

P 


0.2M  we  have  approximately 


(28) 


n 
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T -fgggg 


(29) 


For  example,  In  an  air  flow  of  normal  temperature  (T  .  300CK)  at  a 
rate  of  motion  w  ■  100;  350;  1000  m/s  the  stagnation  temperature 
Tq  «  305,  360,  800°K  is  obtained  respectively. 

One  ought  to  emphasize  that  according  to  the  equation  of  energy 
(29)  in  the  energy  isolated  flow  of  an  ideal  gas  there  is  a  unique 
dependence  between  the  gas  temperature  T  (enthalpy  i)  and  the  rate 
of  flow  w.  An  increase  in  the  velocity  in  such  a  flow  is  always 
accompanied  by  a  reduction  in  temperature  regardless  of  the  change 
in  other  parameters  of  the  gas.  If  in  two  cross  sections  of  the 
energy  Isolated  flow  the  rate  of  flow  is  identical,  then  in  them 
the  gas  temperature  will  also  be  identical,  whatever  processes 
occurred  in  the  flow  between  the  cross  sections  in  question.  With 
a  decrease  in  the  velocity  of  flow  down  to  zero  the  gas  acquires  the 
Identical  temperature  TQ  regardless  of  the  features  of  the  slowing 
down  process  and  the  irreversible  losses  appearing  in  tnis  ?ase. 

At  the  end  of  the  inlet  diffuser  (Fig.  1.2)  of  the  jet  engine, 
usually  without  depending  on  the  flying  speed,  a  comparatively  low- 
flow  velocity  is  established.  Because  cf  this  the  temperature  of 
the  air  in  the  diffuser  of  the  engine  is  close  to  the  stagnation 
temperature.  Assume  the  air  speed  at  the  end  of  diffuser  w2  = 

=  100  m/s.  Then  the  temperature  here  at  the  different  flight  speeds 
is  obtained  from  the  condition 


In  our  case  (w2  *  ICC  m/s,  *  300®K) 

^^  295-1-^1.  (30) 

The  results  of  calculating  the  temperature  Tp  according  to  formula 
(30)  are  tabulated  in  the  following  table: 
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Table  . 


■*> 

■*> 


w, 

ICO 

300 

1000  M .*  S 

r, 

3Cu 

800  *K 

r, 

300 

3AS 

790  'K 

see ,  the  heating  of  air  obtained  only  because  of  braking  at  a 
high  flow  (flight)  velocity  is  very  considerable. 


The  equation  of  enthalpy  explains 
the  following,  very  interesting  fact. 
During  the  flow  of  gas  near  a  rigid 
surface  without  heat  exchange  the 
temperature  of  the  latter  is  equal  to 
the  stagnation  temperature  in  the  gas. 

The  fact  is  that  in  connection  with 
the  viscosity  of  the  gas  near  a  solid 
wall  a  fine  boundary  layer  is  always 
formed  in  which  the  gas  velocity 
relative  to  the  wall  is  changed  from  the  value  equal  to  the  ambient 
velocity  of  flow  to  zero  (on  the  wall).  But  once  the  particles  of 
gas  directly  near  the  wail  are  slowed  down,  then  in  the  absence  of 
heat  exchange  the  temperature  on  the  wall  should  be  equal  to  the 
stagnation  temperature.  Thus,  for  instance,  in  the  test  section  of 
a  wind  tunnel  for  supersonic  speeds  (Fig.  1.3),  where  the  gas  velocity 
is  very  great,  its  temperature  Tp  ^  should  be  considerably  lower  than 
in  the  precombustion  chamber  from  which  the  quiescent  gas  (TQ)  enters 
the  tunnel.  For  example  at  a  velocity  in  test  section  of  wp  ^  « 

=  600  m/s  and  the  stagnation  temperature  in  the  precombustion  chamber 
T0  =  300°K  we  obtain  a  temperature  in  the  flow 


V 


In  spite  of  this,  as  experiments  show,  the  wall 
the  entire  extent  of  the  wind  tunnel,  including 


temperature  over 
the  test  section, 
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remains  constant  and  is  approximately  equal  to  the  stagnation 
temperature:  Tct  ■  Tq  *  const. 


I 


Fig.  1.3*  The  layout  of  a  wind  tunnel 
for  supersonic  speeds. 

The  temperature  of  a  thermometer  placed  in  the  test  section  is 
also  approximately  equal  to  the  stagnation  temperature.  This  is 
explained  by  the  formation  at  the  walls  of  the  tube  and  the  thermo¬ 
meter  of  a  boundary  layer  in  which  the  circumfluent  gas  flow  is 
completely  retarded.  Thus  a  fixed  thermometer  cannot  measure  the 
temperature  in  the  flow  of  a  gas.  For  these  same  reasons  the  surface 
of  a  body  which  is  moving  at  a  high  speed  in  air  is  heated  strongly. 
For  example,  the  surface  of  a  projectile  which  is  leaving  a  gun  at 
a  velocity  of  w  *  1500  m/s  because  of  the  formation  of  the  air 
boundary  layer  in  which  the  relative  velocity  is  completely  extin¬ 
guished  should  have  a  temperature  (Tq),  exceeding  by  TQ  -  T  = 

*  w^/2000  =  1125°C  the  temperature  of  the  surrounding  air.  In 
actuality  the  temperature  of  projectile  is  less  than  that  obtained 
here  because  of  heat  radiation  in  space.  At  a  very  high  flying 
speed  the  icing  of  the  surface  of  an  aircraft  is  made  impossible. 

For  example,  at  a  speed  of  w  ■  900  km/h  (250  m/s)  the  stagnation 

2 

temperature  is  higher  by  the  value  AT  »  250  /2000  *  31‘ 0  than  in  the 
surrounding  atmosphere.  The  surface  temperature  of  the  aircraft  is 
close  to  the  stagnation  temperature,  therefore  in  this  example  even 
with  a  frost  of  20-25°C  Icing  will  not  result. 

The  actual  temperature  of  a  surface  blown  around  by  a  gas 
usually  differs  from  the  stagnation  temperature .  For  determining 
the  surface  temperaturv  the  following  formula  is  used: 
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tkm  —  T  -J 


Mis* 

?3«V 


( 31 : 


T  : 

*  IWt, 


r  4-  - 
1  r  .>»>«• 


(32) 


here  J  is  the  correction  factor  which  is  determined  for  the  most 
part  experimentally  and  sometimes  theoretically.  With  <J>  ■  1 
expressions  (31)  and  (32)  are  converted  into  the  already  known 
formulas  for  stagnation  temperature.  For  a  subsonic  high-speed 
aircraft  the  approximate  value  of  correction  factor  is  equal  to 
0.1.  For  a  supersonic  high-altitude  rocket  the  correction  factor 
can  uecreas-r  to  the  value  $  =  0.5. 

Let  us  dwell  on  one  more  example  from  practice.  During  flow 
around  a  convex  surface  In  a  certain  area  outside  the  boundary 
layer  the  velocity  is  higher  than  in  the  incident  flow,  and  there¬ 
fore  the  temperature  In  such  places  is  lower  than  in  the  incident 
flow.  This  explains  one  phenomenon  which  Is  sometimes  observed  by 
pilots  during  a  dive.  It  amounts  to  the  fact  that  at  the  moment  of 
dive  at  a  high  speed  part  of  the  upper  side  of  the  wing  is  hidden 
from  the  pilot's  eyes  under  a  film  of  milky  color.  As  soon  as  the 
pilot  pulls  out,  i.e.,  speed  is  sharply  lowered,  the  film  disappears. 
Apparently,  in  this  case  in  the  air  layers  which  have  the  increased 
velocity  and  low  temperature  noisture  condensation  occurs,  which 
ceases  on  going  to  a  lower  speed,  i.e.,  at  a  higher  temperature. 

5  3.  The  Maximum  Speed  of  Motion  of 
a  Gas.  Mach  Number. 


In  examining  the  outflow  of  gas  in  the  absence  of  energy  ex¬ 
change,  it  is  not  difficult  to  be  convinced  of  the  fact  that  the 
discharge  velocity  under  no  conditions  cannot  be  higher  than  a 
certain  maximum  value.  In  fact,  from  the  relationship 
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it  fellows  that  the  maximum  speed  is  reached  when  enthalpy  in  the 
flow  is  equal  to  zero,  i.e.,  when  the  full  enthalpy  of  the  gas  is 
wholly  converted  into  kinetic  energy 


Hence  we  will  obtain  the  formula  for  the  maximum  value  of  velocity 
in  a  gas 


(33) 


The  corresponding  approximation  formula  for  air,  derived  under  the 
assumption  of  the  constancy  of  heat  capacity  (c  »  0.2^4),  takes 
the  following  form; 


*Cm««  44,8  V 

If  the  stagnation  temperature  of  the  air  (temperature  in  the  vessel 

from  which  the  air  escapes)  is  close  to  normal  (TQ  =  300°K),  then 

the  maximum  possible  discharge  velocity  w  =  776  m/s. 

nicix 

An  Increase  in  the  maximum  value  of  velocity  can  be  achieved 
only  by  way  of  an  increase  in  the  stagnation  temperature  (full 
enthalpy ) . 

In  order  to  transfer  gas  from  the  state  of  rest  into  motion 
with  a  speed  w  it  is  necessary  to  consume  part  of  its  enthalpy, 
equal  to 


A 


«#* 


=  /.-•/. 
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After  dividing  both  parts  of  this  equality  by  full  enthalpy  we  will 

(*l.  t  3  1  ■ . 


I,  -J  Am • 

'  U  “  tK’ 

>\'lth  a  constant  heat  capacity  this  dimensionless  expression  takes 
the  following  form: 


r. -r  .  aw' 

r,  “ -*« c,r 

i.'ow  if  we  multiply  and  divide  the  right  side  by  the  gas  constant 
R,  consider  the  relationship  AR  =  cp  -  and  designate  the  relation 
of  heat  capacities  by  k  a  c  /c,  then  we  obtain 

p  V 

r.-x  «'  »  - 1 

7.  ~  ngnrt  i  • 

But,  as  is  Known  from  physics,  the  speed  of  sound  in  gas  is  equal 

to1 


a  =  V'kgUT  =  =  Y  Iff'  (34) 

Thus  the  degree  of  utilisation  of  gas  enthalpy  for  obtaining  the 
assigned  value  of  the  flow  velocity  is  determined  by  the  relation 
of  the  flow  velocity  to  the  speed  of  sound  in  a  fixed  gas: 

r.-r _ w'  k  —  i 

r,  -aj  i  • 

From  here  is  derived  the  new  expression  for  the  maximum  speed  of 
o ut  f 1 cw  ( T  a  0  )  : 


‘This  formula  will  be  derived  in  §  1  Chapter  III. 
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(35) 


*•'«.«  =  a, 


For  air  (k  ■  1.4)  we  obtain 


tr«u  =  2.24  a¥ 


i.e.,  the  maximum  speed  of  outflow  of  air  cannot  exceed  the  speed 
of  sound  in  stagnant  air  by  more  than  2.24  times;  with  k  -  1.2 
maximum  gas  velocity  is  higher: 

=  3,16  a¥ 

Thermal  drop  cannot  be  broken  down  into  full  enthalpy,  but 
into  enthalpy  in  a  flow,  then  we  obtain 


r. -_r  _  »»  *  - 1 

f  ~h'ukt~2~‘ 

In  this  case  the  flow  velocity  turns  out  to  be  referred  to  the 
speed  of  sound  in  a  flow,  and  not  in  a  fixed  gas: 


*  -  I 

«*  ~  i  ‘ 


(36) 


The  relation  of  the  flow  velocity  to  the  speed  of  sound  in  a 
flow  is  accepted  as  the  Mach  number  and  designated  by  the  letter 

M : 


M  — 


(37) 


The  Mach  number  characterizes  the  degree  of  the  conversion  of 
enthalpy  into  the  kinetic  energy  of  flow 
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The  .’!ach  number  is  the  basic  similarity  criterion  (see  5  7,  Chapter 
II)  ;v<  r  high-speed  gas  flo’Js. 

If  M  <  1,  then  gas  flow  is  called  subsonic,  with  M  >  I  - 
euperoonic . 

From  the  last  expression  it  is  possible  to  obtain  a  calculation 
formula  for  the  relation  of  the  stagnation  temperature  to  the 
temperature  in  the  flow  as  a  function  of  the  Mach  number: 


r. 

f 


r=l  -I- 


(38) 


It  is  not  difficult  to  see  that  the  maximum  value  of  Mach  number  (with 
V  =  0)  is  equal  to  infinity.  This  fact  is  explained  by  the  fact  that 
upon  reaching  of  maximum  speed  together  with  absolute  temperature  the 
speed  of  sound  also  becomes  zero. 

Since  the  flow  velocity  can  be  both  higher  and  lower  than  the 
speed  of  sound,  there  is  such  a  system  when  the  flow  velocity  is 
equal  to  the  speed  of  sound,  l.e.,  M  *  1.  This  system  is  called 
critical ;  to  it  corresponds  the  value  of  temperature  in  the  flow: 


(39) 


In  air  (k  ■  l.H)  the  critical  temperature  obtained  is  20%  lower  than 
the  stagnation  temperature.  The  value  itself  of  the  speed  of  sound 
for  a  critical  system  differs  from  the  same  for  stagnant  gas,  but  is 
also  completely  specific: 


i-t 

«. 


(HO) 


from  which 


20 


For  air  R  ■  29*27*  therefore  we  have 


(41) 


c,  «=  ‘io,i  V  K  «.P  — 18,3  V  rr 


It  is  possible  to  characterize  the  degree  of  the  conversion 
of  enthalpy  into  kinetic  energy  in  still  one  more  way,  after  divid¬ 
ing  the  thermal  drop  into  enthalpy  in  the  case  of  a  critical  system: 

f.-f  *  —  I  ; 

~r,t  ‘  \p  u>f  i  • 

Hence  with  the  help  of  equality  (40)  we  obtain  a  new  formula  for 
the  relation  of  the  temperatures  in  the  energy  isolated  gas  flow: 


T 

f. 


=  1 


_ *  x* 

rn 


Here  we  accept  the  designation 


X  = 


(42) 


(43) 


The  value  X,  which  measures  the  relation  of  the  flow  velocity  to 
critical  speed,  we  will  name  the  velocity  coefficient.  In  a  critical 
system  (w  =  w  »  a  )  the  velocity  coefficient  X  -  M  =  1 .  To 
the  maximum  flow  velocity  with  T  =  0  corresponds  the  specific 
maximum  value  of  the  velocity  coefficient: 


X 


mu  — 


(44) 


For  air  (k  -  1.4)  we  have  X  =  2.45.  For  the  case  k  =  1.2 

max 

correspondingly  X  =  3,31. 

max 
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I  he  velocity  coefficient,  as  also  the  Mach  number,  can  be 
considered  the  similarity  criterion  for  gas  flows  which  characterizes 
tr.e  degree  cf  the  conversion  of  enthalpy  into  kinetic  energy. 

To  this  value  of  Mach  number  corresponds  the  completely  specific 
value  of  the  velocity  coefficient.  Let  us  find  a  transfer  equation 
from  Macn  number  to  the  velocity  coefficient: 


=  ^  = 

ai? 


from  which  on  the  basis  of  (39),  (40),  and  (42)  we  obtain 


M»  = 


an 


x> 


It _ I  • 

‘-ITT7, 


(45) 


or 


*+« 

“ 


M* 


1  + 


M* 


(46) 


In  gas  dynamics  and  the  theory  of  Jet  engines  both  pure  numbers 
( X :  M)  are  applied.  In  some  cases  simpler  relationships  are  obtained 
when  using  a  velocity  coefficient,  while  in  others  -  the  Mach  number. 
Figure  1.4  depicts  the  curves  X  -  f(M)  for  the  cases  k  ■  1.4  and 
k  *  1.2. 


Sometimes  the  maximum  gas  velocity  w  serves  as  the  scale  of 

max 

speeds.  In  these  cases  the  dimensionless  equation  of  enthalpy  can 
be  presented  on  the  basis  of  (35)  in  the  following  form: 
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The  value 


.s  called  the  dimensionless  gas  velocity, 


Midi 


The  dependence  of  the  relation 
of  the  temperature  in  the  flow  to  the 
stagnation  temperature  on  the  dimension¬ 
less  velocity  appears  thus: 


=  1  —  A* 


Fig.  1 .  4 .  The  dependence 

of  the  velocity  coeffi-  ln  conclusion  that  the 

cient  X  on  Mach  number. 

equation  of  enthalpy  tor  the  energy 
Isolated  stream  can  be  given  a  purely  kinematic  form.  For  this  let 
us  write  equation  (24)  in  the  form 


t  .  Atf  _  .  “'mu 


and  then  multiply  all  its  terms  by  the  value  gR/ci 


tp  07-  i  AR  w*  AR 

£gRT+-  2 


Utilizing  expressions  cp  =  kcv,  AR  =  c^  -  cy  and  the  formula  for 
the  speed  of  sound  (34),  we  will  obtain  the  relationship  which  relates 
the  current  value  of  the  rate  of  flow  and  speed  of  sound  with  the 
maximum  gas  velocity: 


a'  4-  w1  — 
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S  4 .  The  Mechanical  Form  of  the  Equation 
jf  Energy  (Bernoulli  Equation) . 

Above  we  examined  in  detail  the  equation  of  enthalpy.  It 
related  the  gas  temperature  with  the  rate  of  motion  taking  into 
account  energy  effects  (heat  supply,  technical  work,  and  change  of 
potential  energy).  Such  factors  as  the  pressure  and  the  specific 
gravity  of  gas  did  not  enter  into  the  equation  of  enthalpy. 

It  is  possible  to  obtain  another  (mechanical)  form  of  the 
equation  of  energy,  where,  on  the  contrary,  the  gas  temperature 
does  not  enter,  but  the  rate  of  motion  is  connected  with  pressure 
and  specific  gravity.  Differentially  the  equation  of  energy  (5) 
can  be  written  in  the  form 

y  -  d{pv) -  JL  -  di1f  «  J !  -|-  d  (49) 

According  to  the  first  law  of  thermodynamics  the  heat  applied  to 
a  gas  can  be  expended  only  on  an  increase  in  internal  energy  and  the 
work  of  expansion  (deformation),  i.e. 

*A  H” (50; 

Subtracting  from  equation  (49)  the  equality  (50),  we  will  obtain 

—  dl  —  dLlt<=nd~  -\-dz  -\-dlpv)—pd9.  (5D 

Substituting  In  (51)  the  expression  of  specific  volume  (v  *  1/y), 
ve  obtain 
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(52) 


Tnis  Is  the  mechanical  form  of  the  equation  of  energy,  or,  which  Is 
the  same,  the  equation  of  kinetic  energies  for  a  unit  stream. 

After  Integration  we  will  have 


(53) 

The  derived  equation  Is  called  the  generalized  equation  of 
Bernoulli .  It  expresses  the  rate  of  motion  as  a  function  of  pressure 
and  specific  gravity  of  the  gas  taking  into  account  the  technical 
work  (L)  produced  by  the  gas,  change  in  potential  energy  (z~  -  z,  ) 
and  work  of  the  ;>.rces  of  friction  (LTp).  In  gas  dynamics  frequently 
they  use  the  simplified  form  of  the  Bernoulli  equation  which  corre¬ 
sponds  to  a  system  when  technical  work  is  absent  (L  *  0),  there  are 
no  hydraulic  losses  (dL^  =  0),  and  the  reserve  of  potential  energy 
does  not  change  (z^  “  z^).  For  this  system  the  Bernoulli  equation 
will  be  written  in  the  following  form: 


* 


The  Bernoulli  equation  is  sometimes  utilized  in  a  somewhat  different 
form.  For  this  the  integral  is  divided  into  two  parts: 


Id93l 


Then  from  (5*0  follows 


(55) 


tpj 


i 


-j-  const. 


2b 


(56) 


In  this  case  the  calculation  of  integrals  Is  done  each  time  from 
ar.  absolute  vacuum  up  to  a  pressure  which  corresponds  to  the  assigned 
flew  velocity.  The  constant  of  this  equation  can  be  obtained  on  the 
strength  of  the  fact  that  during  the  expansion  of  a  gas  to  an  absolute 
vacuum  the  maximum  flow  velocity  is  reached. 

Thus  the  Bernoulli  equation  can  be  given  the  following  form: 

(57> 

When  the  specific  gravity  of  gas  in  section  1-2  of  the  elementary 
stream  remains  virtually  constant,  the  integral  in  the  Bernoulli 
equation  is  equal  to 


ip  Pt—Pt 

7  7  * 


ana  the  Bernoulli  equation  appears  especially  simply: 

Q, 

1  '  *t 


or 


?+2=t+£  <58> 

In  such  a  fom  it  is  applied  in  the  hydraulics  of  an  ideal  non- 
compressible  liquid.  Sometimes  the  Bernoulli  equation  for  an  ideal 
noncompresslble  liquid  is  written  thus: 


(59) 
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In  the  first  case  it  is  formed  for  1  kgf,  and  in  the  second  -  for 
•3  2 

1  m  of  liquid.  The  kinetic  energy  of  1  kgf  of  liquid  (w,/2g)  is 

-3  -*■ 

called  velocity  head,  while  the  kinetic  energy  of  1  m  of  liquid 
(yw^/2g)  -  dynamic  head. 

If  it  is  not  possible  to  disregard  technical  work,  hydraulic 
losses,  and  change  in  potential  energy,  then  the  Bernoulli  equation 
for  1  kgf  of  a  noncompressible  liquid  takes  this  form: 

-Ls='±-'*  +  Zt-Zl+Pi=£L  +  L,r  (60) 

By  means  of  this  equality  it  is  possible  to  calculate,  for  example, 
the  work  which  a  liquid  gives  up  to  the  turbine  wheel  (L  >  0)  which 
is  standing  between  cross  sections  1  and  2,  if  all  the  other  terms 
of  this  equation  are  known. 

In  order  to  use  the  Bernoulli  equation  for  a  compressible  gas 
it  is  necessary  to  know  in  advance  the  thermodynamic  process  of  a 
change  in  the  state  of  the  gas,  since  without  this  the  dependence 
of  the  specific  gravity  of  gas  on  pressure  is  unknown  and  it  Is  not 

possible  to  take  integral  ^  which  expresses  the  work  of  extrusion. 
Let  us  compute  this  integral  for  the  basic  thermodynamic  processes. 

During  an  isochoric  process  (a  constant  volume,  i.e..,  constant 
specific  gravity),  typical  for  the  hydraulics  of  true  liquids,  as 
has  already  been  indicated,  this  Integral  was  equal  to 


1  * 

C  —r< 

1  1  * 


(61) 


In  an  ioobaric  process  (constant  pressure)  the  integral  is 
equal  to  zero 


(62) 


If  an  isothermal  process  (constant  temperature)  is  achieved, 
then  according  to  the  equation  of  state  of  a  gas  (8)  p/y  =  RT  = 

=  const.,  i.e.,  pressure  is  directly  proportional  to  the  specific 
gravity  of  the  gas  y  =  y1p/p1,  from  which  is  obtained  the  following 
expression  for  the  integral: 


i  i 

f  aP  —Pi  f  *p pi t«  Pi 

]  T  Ti  J  P  Ti  "  Pt  ' 


(63) 


Let  us  assume  now  that  the  state  of  the  gas  changes  on  the 
ideal  adiabatic  curve 


P 


=  con$t 


then 


•*> 


«  0 


T  — 7i 


i 


and  therefore  the  integral  is  equal  to 


(64) 


Finally,  in  a  poly  tropic  process  with  constant  polytropic 
exponent  (n  *  const  )  p/yn  *  const  we  will  obtain  the  following 
expression  for  the  Integral: 
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(65) 


It  should  bo  noted  that  the  heat  applied  to  the  gas  is  not 
reflected  directly  in  the  Bernoulli  equation.  However,  it  is 
considered  during  the  calculation  of  the  integral,  since  it  influences 
the  form  of  the  function  y  =  f(p),  i.e.,  the  nature  of  the  process 
according  to  which  the  state  of  the  gas  changes. 

lhe  greatest  value  in  gas  dynamics  belongs  to  an  ideal  adiab atia 
process  which  assumes  the  absence  of  a  thermal  effect  and  work  of 
the  forces  cf  friction.  Because  of  this,  with  an  ideal  adiabatic 
curve  the  entropy1  of  the  gas  remains  constant,  i.e.,  such  a  process 
is  an  ideal  thermodynamic  -  icentropic  -  process.  Let  us  recall 
that  by  no  means  is  any  adiabatic  process  ideal.  For  example,  during 
the  derivation  of  the  equation  of  enthalpy  we  showed  that  the  pres¬ 
ence  cf  friction  does  not  disturb  the  adiabaticlty  of  the  process, 
but  a  process  with  friction  no  longer  can  be  ideal,  since  it  flows 
with  ar.  increase  in  entropy.  In  other  words,  the  adiabaticlty  of 
the  process  required  only  zero  heat  transfer  with  the  environment, 
and  not  a  constancy  of  entropy.  Thus  adiabaticlty  is  combined  with 
the  constancy  of  entropy  only  in  an  ideal  process.  If  a  change  in 
the  potential  energy  can  be  disregarded  (z.^  *  z 2)  and  there  is  no 
technical  work  (L  =  0),  and  the  process  is  Ideally  adiabatic,  then 

the  Bernoulli  equation  on  the  basis  of  (54)  and  (64)  takes  the 

> 

following  form: 


l66> 

Let  us  examine  the  case  of  the  ideal  deceleration  of  a  gas  .lot, 
I.e.,  let  us  determine  pressure  p?  =  pQ ,  which  will  be  obtained  if 

lSee  below,  §  7. 
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the  rati  or  flow  decreases  by  the  isentropic  route  from  w^  *  w  (with 
tnlo  Pj  =  p,  Yi  *  y)  to  Wj  «  0.  The  Bernoulli  equation  iri  this  case 

£  i  V  fc  s 


(67) 


from  which 


£•  _ 

P 


( 


,  »  — I  w> 


if 


Utilizing  expression  (3^)  which  relates  the  speed  of  sound  with  the 
parameters  of  state  of  the  gas. 


we  will  obtain  for  the  calculation  of  pressure  m  an  ideally  decel¬ 
erated  gas  flow,  in  the  function  of  pressure  (p)  and  Mach  number 
before  the  deceleration: 


» 

5H1  (68) 


Value  p0  Is  called  the  total  pressure.  Just  as  the  stagnation 
temperature,  the  total  pressure  is  a  convenient  characteristic  of 
gas  flow,  since  it  immediately  connects  two  factors:  the  rate  and 
tne  pressure  in  the  flow;  the  latter  is  usually  called  static 
pressure .  Thus  the  ratio  of  the  total  pressure  to  etatio  is  a 
junction  of  Maoh  number. 


i 
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Formula  (68)  can  be  obtained  directly  from  expression  (40)  for 
the  stagnation  temperature 

using  the  relationships  for  the  ideal  adiabatic  curve 


p  \1 

r..m  > 

rj 

(69) 

1 

h  /] 

r.yrn 

t  “\i 

r)  • 

(70) 

Also  obtained  here  is  the  formula  for  the  calculation  of  density 
in  an  ideally  decelerated  gas  Jet 


7  =  (> 


With  the  help  of  function  (^2),  which  relates  the  stagnation  tempera¬ 
ture  with  the  velocity  coefficient,  we  find  from  relationship  (69) 
the  dependence  of  the  total  pressure  or.  the  velocity  coefficient 


For  the  density  of  an  ideally  decelerated  gas  we  will  obtain  corre¬ 
spondingly 


f.  \  *4-.l  J  * 


It  is  necessary  to  note  that  the  true  pressure  wnich  is  obtained 
during  the  slowing  down  of  a  gas  Jet  can  differ  significantly  from 
the  total  pressure  determined  by  forma: a  (Ce).  This  is  explained 


J 


f 


y,„, 


tv  tne  .''act  that  in  actuality  the  slowing  down  cf  the  jet  frequently 
tire.-:  piace  not  according  to  an  ideal  adiabatic  curve,  but  with  more 
v. r  ler.a  essential  hydraulic  looses.  For  example,  in  a  diffuser  in 
the  case  of  subsonic  gas  flow  a  decrease  in  velocity  is  usually 
accompanied  by  vortex  formations  which  contribute  considerable 
resistances  into  the  gas  flow.  During  the  slowing  down  of  supersonic 
flew  shock  waves  which  give  the  specific  "wave"  resistance  are  always 
formed.  Thus  real  pressure  in  a  decelerated  gas  jet  is  usually  lower 
than  the  total  pressure  of  the  incoming  jet. 

deneraily  if  losses  are  observed  in  the  section  of  the  Jet  1-2, 
then  this  without  fail  leads  to  the  fact  that  the  total  pressure  in 
cross  section  2  will  be  lower  than  the  total  pressure  in  cross  section 
1 : 


P»* 0*1- 


If  we  introduce  the  dimensionless  quantity  which  is  called  the 
pressure  coefficient ; 


(7H) 


then  the  greater  the  losses  the  lower  the  value  of  the  pressure 
coefficient  and  less  the  total  pressure  at  the  end  of  the  section 
of  the  Jet  in  question: 

P*t  —  V,t-  .  (75) 

It  is  possible  to  estimate  losses  also  according  to  the  difference 
in  the  total  pressures: 


bP'=P,i  —  ~°)p, i. 


(76) 
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The  application  of  the  Bernoulli  equation  is  the  basis  of  the 
pneumatic  method  of  determining  the  flow  velocity,  which  consists 
of  the  fact  that  into  the  flow  an  adapter  (Fig.  1.5)  which  consists 
of  two  tubes  is  introduced.  The  open  orifice  of  one  of  these  tubes 
(1)  is  placed  in  the  nose  of  the  adapter  (towards  the  flow),  and  the 
openings  of  the  second  tube  (2)  are  arranged  in  the  lateral  surface 
of  the  adapter  (along  the  flow);  at  subsonic  speed  the  deceleration 
of  the  gas  Jet  from  rendevous  with  the  adapter  passes  without  any 
losses,  since  friction  and  vortex  formation  appear  already  on  the 
lateral  surface  of  the  adapter,  i.e.,  after  the  jet  passes  the  area 
of  its  total  stagnation,  which  is  located  before  the  spout  of  the 
adapter.  Because  of  this  in  the  first  tube  a  pressure  is  created 
which  is  almost  exactly  equal  to  the  total  pressure  of  Incoming  flow; 
in  the  second  tube,  if  its  inlet  is  sufficiently  moved  away  from 
spout,  a  pressure  close  to  the  static  pressure  of  flow  is  established. 
Tubes  1  and  2  are  connected  with  a  manometer  which  measures  pressure. 
The  relation  of  the  measured  pressures 

P>  P 

makes  it  possible  according  to  formula  (68)  or  (72)  to  calculate  the 
values  of  the  Mach  number  or  the  coefficient  of  flow  velocity. 

The  calculations  according  to  these  formulas  are  sufficiently 
precise  only  fcr  a  subsonic  flow.  This  is  explained  by  the  fact 
that  during  the  stagnation  of  a  supersonic  flow  a  shock  wave  appears 
before  the  adapter;  when  these  are  Intersected  by  the  gas  Jets  they 
undergo  considerable  hydraulic  losses.  Thus  the  pressure  in  tube  ] 
of  the  pneumatic  adapter  during  supersonic  flow  differs  sign! f leant ly 
from  the  total  pressure  of  incoming  flow,  which  makes  formulas  (6b) 
and  (72)  inapplicable  in  this  case. 

It  is  necessary  to  note  that  it  is  possible  to  use  a  pneumatic 
adapter  also  for  the  measurement  of  supersonic  speed,  but  in  this 
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case  one  ought  to  apply  special  calculation 
equations  which  consider  wave  resistance. 

We  will  derive  such  formulas  subsequently. 


Thus  the  extreme  value  of  velocity, 
above  which  It  is  not  possible  to  apply 
formulas  (68)  and  (72)  in  the  stagnation 
of  a  gas  flow,  is  equal  to  the  sound  M  ■ 
*  A  =  1 )  . 


Fig.  1.5.  Diagram 
of  pneumatic 
adapter . 


‘  For  the  gas  flow  being  accelerated 

these  formulas  can  also  be  used  at  super¬ 
sonic  speeds,  since  an  increase  In  velocity  occurs  usually  without 
noticeable  losses  (Ise.ntropically )  not  only  in  area  M  <  1,  but  also 
in  the  area  M  >  1,  i.e.,  the  total  pressure  in  the  gas  Jet  being 
accelerated  barely  changes.  Specifically,  from  formulas  (68)  or 
(72)  the  exhaust  gae  velocity  is  calculated.  In  this  case  in  the 
vessel  where  the  gas  rests  the  pressure  is  equal  to  the  total  pres¬ 
sure  of  the  discharging  jet  pQ ,  and  in  the  outlet  of  the  nozzle  - 
to  the  static  pressure  p.  From  formula  (68)  we  will  obtain 


M'=bV-  :].4i. 


and  from  formula  (72] 


"-[■-ter 


From  here  we  determine  the  discharge  velocity  w: 


where 


( 


( 


or 


where 


a 


<u 


■  f  t 

V  r, 
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(79) 


(80) 


As  it  is  not  difficult  to  see,  the  calculation  of  the  discharge 
velocity  is  done  more  conveniently  according  to  the  velocity  co» 
efficients  than  according  to  Mach  numbers.  The  true  values  of  the 
discharge  velocity  are  somewhat  lower  than  those  determined  accord¬ 
ing  to  formulas  (77-80),  since  some  losses  of  friction  cannot  be 
avoided,  tut  the  error  for  these  formulas  is  usually  no  more  than 
1-5*. 


Curves  X  ■  f(p^/p)  for  cases  k  =  1 . 4  and  k  =  1.2  are  shown  in 
Fig.  1.6. 

With  the  help  of  the  Bernoulli  equation  we  will  investigate 
the  technical  work  of  a  compressor  and  turbine.  In  the  compressor 
the  total  pressure  of  gas  Increases:  Pq2  >  Pqi>  while  in  the  gas 
turbine  it  drops:  Pq0  <  p^.  The  pressure  ratio  P02/,Po'1  in  the 
compressor  is  respectively  more  than  a  unit,  and  in  the  turbine  - 
less  than  a  unit.  For  greater  clarity  let  us  assume  that  the  work 
due  to  friction  and  change  in  the  potential  energy  are  absent  and 
the  pressure  change  In  the  machine  occurs  over  an  isentropic  law. 
In  this  case  the  Bernoulli  equation  will  be  written  thus: 
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Fig.  1.6.  The  dependence  of  the 
velocity  coefficient  of  outflow 
on  the  ratio  of  total  pressure  tc 
static  pressure  in  the  nozzle  exit 
section . 


A  compressor  or  turoine,  working  under  such  conditions,  is  called 
an  ideal  compreeeor  or  ideal  turbine.  Utilizing  equality  (57),  let 
us  introduce  in  expression  ( 8 1 )  the  total  pressures  before  and  after 
the  machine,  after  eliminating  from  it  the  velocities: 


°rom  which 


»  \py 
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but  in  an  adiabatic  process 


we  have  the  equality 


p./. 

•  i 
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T*i  T»« 


36 


with  the  help  of  which  after  simple  conversions  we  obtain 


(8*) 


Thus  in  the  ideal  case  technical  work  can  be  determined  by  a 
change  in  the  total  pressures  without  allowing  for  the  specific 
values  of  gas  velocity  before  and  after  the  machine.  Work  being 
transferred  to  the  gas  turbine  is  positive  (pQ2  <  P01),  and  supplied 
by  the  compressor  -  negative  (Pq£  >  P0^)> 

Deviation  from  an  ideal  isentropic  process  in  the  machine  is 
usually  considered  with  the  help  of  a  cofactor  which  is  the  efficiency 
of  the  machine.  In  the  case  of  the  compressor  we  will  obtain. 

L'  =  i-.  (83) 


In  the  case  of  the  turbine 


L « —  ti*L'  (84) 

The  relation  of  the  values  of  the  total  pressure  after  and 
before  the  machine 


X =(’•*-  (So) 

we  will  call  subsequently  the  degree  of  preeeure  inoreaee  (for  a 
compressor)  or  the  degree  of  preeeure  decrease  (for  a  turbine). 
The  equation  of  ideal  technical  work  can  also  be  written  in  the 
following  form: 


L 


(86) 


( 
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i  :u  essential  i'l.-Hur;  of  technical  work  is  the  fact  that  its 
mu-gnit-uv ,  v-  can  be  seen  fron.  expression  (80 ,  3  s  directly  propor- 
t  i  a  l  t'.  the  initial  temperature  of  the  gas.  This  property  of 
technical  cork  Is  the  basis  of  the  operating  conditions  of  any 
thermal  gas  machine.  For  example,  in  the  internal  combustion  engine 
the  working  medium  is  always  compressed  first,  then  is  heated,  and 
expands.  n,  accorci-.tncv  with  what  was  said,  the  work  spent  during 
the  compression  of  a  cold  g*s  is  less  than  work  which  it  will  pro¬ 
duce  after  preheating  during  expansion  up  to  initial  pressure. 

From  a  difference  in  these  wor,ks,  strictly  speaking,  the  effective 
work  being  accomplished  by  the  internal-  combustion  engine  is 
c  c  tamed 

i  t.  The  Equation  of  Momentum 

According  to  Newton's  second  law  the  elementary  change  in 
moment  urn  is  equal  to  the  elementary  power  pulse: 

d{mw)  —  I>d-..  (87) 

Merc  P  is  the  sum  of  projections  or.  any  axis  of  all  forces  applied 
to  the  body  of  mass  m,  w  is  th  projection  of  velocity  on  the  same 
axis,  dt  is  the  action  time  of  force  P.  In  such  a  form  Newton's 
law  is  utilized  in  the  mechanics  of  solid  states. 

In  connection  with  the  flow  of  fluids  and  gases  It  Is  more 
convenient  to  have  a  somewhat  different  (hydrodynamic)  form  of 
equation  for  momentum.  It  was  obtained  for  the  first  time  by  Euler, 
hot  us  derive  the  equation  of  mor.vfit urn  in  a  hydrodynamic  form.  For 
this  let  us  isolate  the  elementary  stream  (Fig.  1.7)  and  draw  two 
cross  sections  .1  and  normal  to  its  axis.  Let  us  break  the  entire 
mass  of  liquid  included  in  volume  1-2  into  a  large  number  of  parts 
so  that  within  the  limits  of  each  of  them,  having  the  mass  m,  the 
velocity  of  motion  could  bo  considered  constant,  and  let  us 
establish  a  bond  between  the  projections  .if  forces  and  momentum 
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on  the  x-axis.  According  to  equation  (87)  the  sum  of  the  projections 
of  the  pulses  of  ail  forces  applied  to  the  mass  of  liquid  1-2  is  equal 
to  the  change  In  the  projection  of  the  total  momentum: 


P/l-  =  </£  IKS?, 


(88) 


Pig.  1.7.  Elementary 
stream. 

subtraction  Is  decreased 
momentum  should  be  equal 
respectively  for  masses 
identical : 


Let  us  examine  a  change  in  the  total 
momentum  rfV  during  time  di ,  during 
which  the  chosen  mass  of  liquid  will  move 
from  position  1-2  into  position  l’-2*. 

Let  us  suppose,  as  we  did  in  the  foregoing 
paragraphs ,  that  the  liquid  is  found  In 
steady  motion,  then  the  momentum  of  mass 
l'-2,  which  enters  both  into  the  initial 
and  the  final  value  of  total  momentum, 
remains  constant  and  in  the  case  of 
In  other  words  the  increase  of  the  total 
to  the  difference  m  the  momentum  taken 
2-2'  and  1-1*  which  in  steady  motion  are 


./^  "» ~  («*,»  —  v,,)  dM. 

Here  dM  is  the  mass  of  the  liquid  of  element  1-1'  (or  2-2'),  w^, 
wxl  are  projections  of  x-axis  of  the  How  velocity  in  cross  sections 
2  and  1.  Elementary  mass  dM  is  equal  to  the  product  of  the  per- 
second  mass  flow  of  liquid  for  the  Interval  of  time  dt  divided 
into  the  G  force: 


m 


Hence 
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Value  Jw/g  Is  called  the  per- second  momentum . 

L-bsti  routing  the  resulting  expression  Into  the  initial  equality 
we  come  to  the  equation  of  momentum  in  hydrodynamic  form  (to 
the  first  equation  of  Euler),  according  to  which  the  sum  of  the 
projections  of  all  forces  applied  to  the  liquid  Jet  in  any  section 
.,(  it  is  equal  to  an  increase  in  the  projection  of  the  per-second 
momentum  in  this  section,  or,  what  is  the  same,  to  the  product  of 
the  mass  flow  per  second  by  the  increase  in  the  projection  of  the 
ve) ccity : 

—  (89) 

Similar  equations  can  be  composed  also  for  the  other  two  axes. 

Let  us  apply  the  equation  of  momentum  to  a  rectilinear  stream 
of  constant  section  F.  Let  us  draw  the  end  parts  of  the  control 
surface  at  right  angles  to  the  flow  direction,  whereupon  let  the 
generatrix  of  the  lateral  surface  of  the  stream  be  parallel  to  the 
x-axis.  The  flow  velocity  w  is  directed  tc  the  side  of  the  positive 
x-axis.  Let  us  compose  the  equation  of  momentum  in  the  flow 
direction.  On  the  control  surface  the  forces  of  pressure  normal 
tc  it  are  acting.  Thus  projections  on  the  x-axls  of  the  forces  of 
pressure  applied  to  the  lateral  surface  are  equal  to  zero.  Pressure 
change  in  the  section  between  the  end  cross  sections  of  the  stream 
is  proportional  to  the  force  which  acts  on  the  selected  fluid  ele¬ 
ment.  This  force,  parallel  to  the  x-axls,  is  equal  to  (p1~p2)F. 

To  the  lateral  '-urface  is  applied  the  force  of  friction  directed 
parallel  tc  the  flov/,  against  it;  "pTp'  Furthermore,  between  the 
end  cross  sections  of  the  stream  any  machine  which  receives  technical 
work  from  a  gas  can  be  found.  Let  the  projection  on  the  direction 
of  motion  of  the  force,  with  which  the  machine  acts  on  the  gas, 
be  equal  to  -F.1  Thus  the  sum  of  the  projections  of  all  forces 
or.  the  x-axis  is  equal  to 

‘The  projection  of  the  force  applied  by  gas  flow  to  the  machine 
is  considered  positive. 
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According  to  the  equation  of  momentum  this  force  should  be  equal 
to  a  change  in  the  momentum: 

=  (90) 

If  the  distance  between  cross  sections  1  and  2  is  infinitely 
small,  then  the  equation  of  momentum  must  be  written  differentially: 

?-dva  -\-Fdp  =  —  dP„  —  dP. 

After  multiplying  all  the  terms  of  this  equation  by  the  velocity 
of  motion  and  after  dividing  by  the  mass  flow  rate  of  the  gas,  we 
will  obtain  the  equation  of  work  of  all  forces  for  a  cylindrical 
stream  referred  to  1  kgf  of  gas: 


vtlej  dp  torfA,- vxlP 
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Here  the  equation  of  expenditure  in  a  cylindrical  stream  is  used 


const. 

It  is  not  difficult  to  see  that  the  terms  standing  in  the  right 
side  are  the  work  of  the  forces  of  friction: 


ldP„=dlir  * 
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and  technical  work: 
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Thus  the  equation  of  momentum  for  a  cylindrical  stream  of  gas  l_s 
easily  converted  into  a  Bernoulli  equation: 


(91) 


Subsequently  the  equation  of  momentum  for  a  cylindrical  gas  jet 
will  be  used  in  the  following  form: 


+  =  (92) 

In  the  absence  of  the  friction  and  power  effect  of  gas  on  any 
machine  the  differential  equation  of  momentum  acquires  a  very 
simple  form: 


<lp^=  -(.Vila.  (93) 

Equation  (93)  expresses  an  Important  property  of  gas  flow. 

In  the  absence  of  applied  forces  and  forces  of  friction  an  increase 
in  the  flow  velocity  can  be  caused  only  by  a  decrease  in  static 
pressure,  and  vice  versa,  the  stagnation  of  flow  in  this  case  is 
always  connected  with  an  Increase  in  pressure  in  it  regardless  of 
the  nature  of  other  processes  which  proceed  in  the  flow  and  the 
change  in  the  remaining  parameters  of  the  gas.  In  integral  form 
the  equation  of  momentum  for  a  cylindrical  stream  will  be  written 
thus  : 


/’«"/'•  S  Pi  »’,(*•«  ~ 
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or  under  condition  ■  G  and  P  ■  0: 
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(94) 


or 
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Thus  in  a  cylindrical  stream  pressure  can  be  changed  even  when  there 
is  no  friction  and  technical  work.  For  this  it  is  sufficient  that 
the  rate  of  flow  would  change,  which  can  be  achieved  with  the  supply 
or  removal  of  heat.  For  example,  with  the  preheating  of  gas,  in 
connection  with  a  decrease  in  its  density  the  velocity  increases 
(°lwl  “  P2W2^*  and  Pre8sure  drops. 

An  important  feature  of  the  equation  of  momentum  is  that  with 
its  help  the  calculation  of  acting  forces  is  conducted  only  on  the 
state  of  flow  on  the  control  surface  without  penetration  into  the 
essence  of  processes  which  proceed  inside  this  control  surface. 

Thus  the  equation  of  momentum  makes  it  possible  in  many  instances 
to  calculate  sufficiently  a  hydrodynamic  process  without  investi¬ 
gating  the  parts  in  it. 

It  should  be  noted  that  the  ef fectiveness  of  the  use  of  the 
equation  of  momentum  depends  basically  on  how  successfully  the 
control  surface  in  the  flow  is  selected. 

Let  us  examine  several  examples  of  the  application  of  equations 
of  momentum  and  energy. 

Example  1.  Let  us  determine  hydraulic  losses  in  the  flow  of 
a  noncompresslble  liquid  during  a  sudden  expansion  of  channel 
(Fig.  1.3).  Experiment  shows  that  in  this  case  the  Jet  coming  out 
from  the  narrow  section  of  the  channel  does  not  fill  at  first  the 
entire  cross  section  of  the  wide  channel,  but  it  spreads  out 
gradually.  In  the  corners  between  the  surface  of  the  Jet  and  the 
walls  the  closed  currents  of  liquid  are  formed,  whereupon  pressure 
on  the  end  wall  1  according  to  experiments  turns  out  to  be  nearly 
equal  to  static  pressure  at  the  outlet  from  the  narrow  section  of 
the  channel  (p^).  During  a  sudden  expansion  of  the  channel 
considerable  hydraulic  resistance  is  observed,  i.e.,  a  decrease 
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occurs  in  the  total  pressure  In  the  flow.  If  we  place  cross  section 
1  ir;  such  a  place  where  the  flow  is  already  completely  equalized, 
i.e.,  static  pressure  p2  and  flow  velocity  w?  on  the  cross  section 
are  constant,  then  losses  will  be  equal  to  the  difference  ir.  the 
total  pressures: 


Aft  —  Ptl  — Ptr 


Fig.  1.8.  The  arrangement  of 
flow  during  the  sudden  expan¬ 
sion  of  a  channel. 


The  total  pressure  in  the  case  of  motion  of  a  noncompressible 
liquid  is  determined  in  complete  analogy  with  that  as  this  was  done 
for  an  ideal  adiabatic  process  in  §  ** ,  i.e.,  as  the  pressure  in  a 
completely  decelerated  Jet  without  losses  and  in  the  absence  of 
technical  work}  with  z  -  const  according  to  the  Bernoulli  equation 
for  a  noncompressible  liquid  we  have 


Thus  for  a  noncompressible  liquid 

The  velocities  w1  and  w2  can  be  connected  with  the  equation  of 
continuity 


»i  fi  =  ®|b,: 
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the  change  in  the  static  pressure  (p^-p2)  is  unknown  in  advance, 
i.e.,  one  equation  with  two  unknowns  is  obtained.  Additionally 
it  la  possible  to  utilize  the  equation  of  momentum.  Taking  into 
account  that  the  section  of  spreading  of  the  Jet  1-2  has  too  great 
a  length,  the  force  of  friction  is  usually  disregarded.  Then  the 
equation  of  momentum  can  be  used  in  the  simplest  form  (91*): 

Pi—  P»  ■>»».(»,  —  »,). 

Here  the  pressure  constancy  in  cross  section  1  is  utilized. 

It  is  not  self-evident,  but  as  indicated  above  it  is  confirmed  by 
experiments.  Unlike  the  Bernoulli  equation  the  equation  of  momentum 
makes  it  possible  to  determine  immediately  the  difference  in  the 
values  of  static  pressure  which  are  obtained  in  a  flow  during  a 
sudden  expansion  of  the  channel.  If  thi3  result  is  substituted 
into  the  Bernoulli  equation,  then  the  total  losses  of  pressure  will 
be  found  during  the  sudden  expansion  of  the  channel: 


One  ought  to  focus  attention  on  the  fact  that  the  use  of  the 
equation  of  momentum  brought  success  in  this  case  because  of  the 
successful  selection  of  control  surface  1-2,  on  which  the  basic 
acting  forces  turned  out  to  be  known. 

Example  2.  Let  us  make  the  calculation  of  the  simplest  ejector 
which  consists  of  nozzle  A  and  a  cylindrical  mixing  tube  B,  arranged 
in  the  space  filled  by  a  fixed  liquid  (Fig.  1.9).  From  the  nozzle 
a  jet  Is  supplied  which  sucks  the  liquid  from  the  surrounding  space. 
Assume  at  the  output  from  the  mixing  tube  the  velocity  and  specific 
gravity  of  the  mixture  are  approximately  constant.  Let  us  construct 
the  control  surface  from  cross  sections  1  and  2,  which  pass  at  right 
angles  to  flow  on  the  nozzle  section  and  the  section  of  the  mixing 
tube,  and  lateral  surfaces  directed  parallel  to  flow.  On  the 
entire  control  surface  one  and  the  same  pressure  of  the  quiescent 
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prevails,  i.e.,  the  main  force  vector  of  pressure  is  equal 


If  v.'e  disregard  the  force  of  friction  on  the  walls  of  the 
mixing  lute,  then  It  will  turn  out  that  the  sum  of  the  projections 
'-.o  the  x-axls  of  ail  the  forces  within  the  limits  of  the  control 
surface  1-2  is  equal  to  zero,  and,  consequently,  there  should 
be  a  change  in  momentum. 

".'he  change  in  momentum  in  an  active  jet  in  section  1-2. 


0, 

e 


(w,  —  »,)  . 


The  same  for  the  liquid  sucked  in  from  the  surrounding  space,  where 
it  was  found  In  rest  (w  =  0): 


0,-0 , 


(w,  —  0), 


'ror.  which  the  total  change  in  momentum 


Q-u, _ <7i»i  a 

(  f 


Here  G^,  G.  are  the  per-seeond  weight  rates  of  the  liquid  respec¬ 
tively  in  the  nozzle  and  at  the  exit  from  the  mixing  tube,  and 
w,.  are  the  values  of  the  discharge  velocity  from  the  nozzle  and 
the  mixing  tube. 

The  result  is  that  the  fluid  flow  rates  in  the  nozzle  and  at 
the  outlet  from  the  mixing  tube  are  Inversely  proportional  to  the 
values  of  the  corresponding  velocities 


a,  »,• 


^6 


On  the  other  hand  it  is  obvious  that 


9 «  —  I 

where  y  is  specific  gravity,  F  -  the  cross-sectional  area.  Compar¬ 
ing  the  last  two  expressions,  we  arrive  at  the  following  calculation 
formula : 


If  the  specific  gravity  of  liquid  in  the  active  Jet  and  in  the 
surrounding  space  is  Identical,  then  the  relation  of  the  mass  flows 
of  the  liquid  is  equal  to  the  relation  of  the  diameters  of  the 
mixing  tube  and  nozzle: 


D, 

or 


Example  3.  Let  us  compute 

the  force  which  acts  on  the  walls 

of  a  diffuser  (Fig.  1.10)  in  the 

absence  of  hydraulic  flow  losses 

of  a  noncompressible  liquid.  Let 

the  pressure  and  the  velocity  in 

Fig.  1.9*  The  simplest  cross  section  1  before  the  diffuser 

ej  ector . 

be  constant  and  equal  to  p^,  w^, 
and  in  cross  section  2  after  the 
diffuser  are  also  constant  and  equal  to  p2,  w2-  The  Bernoulli 
equation,  if  there  are  no  losses,  gives 

„  j.  ...  i  f'Wj 
Pi  +  -if  —  Pt  +  -j1 . 
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.rcn  t:i8  equation  of  continuity  we  obtain 

17,  F\  *-■*  L',P,  tJ  O  j. 

i_et  us  draw  the  control  surface  from  the  cross  sections  of  1  and  2 
and  lateral  surfaces  located  parallel  to  the  flow  and  covering  the 
diffuser.  As  a  result  of  the  slope  of  the  walls  of  the  diffuser 
the  sum  of  projections  on  the  x-axis  of  the  forces  of  pressure 
applied  from  the  walis  to  the  liquid  is  not  equal  to  zero  (P  +  0). 

The  sum  of  the  projections 
of  all  forces  on  the  x-axis,  which 
is  obtained  by  means  of  the  com¬ 
bination  of  forces  P„  with  the 
forces  of  pressure  on  the  end 
cross  sections,  is  equal  to  the 
change  of  momentum 

t>»  +  Pif't—Pif't  — 

Carrying  out  the  replacement  of  values  and  p2  with  the  help  of 
tne  equations  of  continuity  and  Bernoulli,  we  come  to  the  following 
expression  for  a  projection  on  the  direction  of  flow  of  the  force 
which  acts  on  the  flow  from  the  walls  of  the  diffuser: 


>  t 


Fig.  1.10.  For  the  calcula¬ 
tion  of  the  force  of  pressure 
in  a  diffuser. 


Let  the  external  pressure  -  p  ,  then  the  projection  on  the  x-axis 
of  the  force  of  external  pressure  on  the  diffuser 


In  summation  we  obtain  the  following  value  of  projection  on 
the  x-axis  of  the  net  force  which  acts  on  the  walis  of  the  diffuser 


P„,p «  O’,  -pj  (rt  - 1\)  + 


Ir.  the  particular  case,  when  external  pressure  Is  equal  with  the 
pressure  in  the  narrow  cross  section  of  the  diffuser,  this  force  is 
equal  to 


—  P 


The  last  expression  is  sometimes  applied  during  the  calculation  of 
the  force  which  acts  on  the  inlet  diffuser  of  a  Jet  engine. 


Example  *4.  Let  us  establish  the  interconnection  between  the 
flying  speed  and  the  discharge  velocity  from  a  ramjet  engine,  the 
layout  of  which  is  depicted  in  Fig.  1.11.  In  the  intake  of  the 
engine  the  conversion  of  the  dynamic  head  of  incident  flow  Into 
pressure  occurs,  i.e.,  dynamic  air  compression.  In  the  combustion 
chamber  heat  will  be  supplied  and  the  mixture  of  compressed  air 
and  the  products  of  combustion  which  is  formed  is  heated.  In  the 
exit  nozzle  the  heated  gases  are  expanded;  here  pressure  is  converted 
into  dynamic  head. 


The  bases  of  the  theory  of  a  ramjet  engine  were  given  for  the 
first  time  by  B.  S.  Stechkln  in  1929. 1 

The  most  ideal  working  cycle  for  a  ramjet  engine  would  be 
obtained  in  such  a  case  when  the  air  compression  in  sect  .on  n  -  x 
(Fig.  1.11)  is  achieved  on  an  ideal  adiabatic  curve  and  the  flow 
velocity  would  be  reduced  to  zero,  the  heat  supply  in  the  combustion 
chamber  x  -  g  would  occur  at  constant  pressure,  whereupon  the 
exhaust  mixture  would  be  expanded  in  the  nozzle  g  -  a  up  to 
atmospheric  pressure  also  on  an  ideal  adiabatic  curve.  A  ramjet 
engine  which  works  on  the  indicated  ideal  cycle  is  called  Ideal. 


‘Stechkln,  B.  S.,  the  Theory  of  the  Jet  Engine,  Tekhnlka 
Vozdushnogo  Flota,  No.  2,  1929. 


it  9 


I 


Fig.  1.11.  The  layout  of  a  ramjet  engine:  e  - 
entrance,  x  -  the  initial  cross  section  of  the 
combustion  chamber,  g  -  final  cross  section 
of  combustion  chamber,  a  -  nozzle  entry  section. 


The  total  pressure  in  the  combustion  chamber  can  be  found  from 
the  Bernoulli  equation  which  is  integrated  in  this  case  with  the 
help  of  the  ideal  adiabatic  curve: 


ft  Ph 

Ptp, 


Opt 

1  • 


The  discharge  velocity  will  be  found  from  a  similar  expression  with 

?H  =  Pa 


* 


From  here  we  obtain  the  basic  relationship 


Thus  in  an  ideal  ramjet  engine  the  dynamic  head  of  flow  in  the 
outlet  ie  equal  to  the  dynamic  head  of  flight. 

Utilizing  this  same  equality,  we  will  obtain  for  an  ideal  engine 
( n  =  .0  =  p  )  one  additional  Important  result: 

Xa  —  XUI 
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i.e.,  the  velocity  coefficients  in  the  cutlet  of  an  ideal  engine 
and  in  the  incoming  undisturbed  flow  are  equal.  Hence  ensues 
also  tne  equality  of  the  Mach  numbers  of  flight  and  outflow; 

Mfl  —  M*. 

These  relationships  are  valid  for  an  ideal  engine  both  at 
subsonic  and  at  supersonic  flying  speed. 

In  an  actual  engine  in  connection  with  the  losses  of  pressure 
in  the  inlet  and  outlet  sections  and  in  the  combustion  chamber  the 
dynamic  head  on  the  exhaust  is  lower  than  the  dynamic  head  of  flight: 


*•1  <f“  2  ’ 


For  this  reason  the  Mach  number  and  the  velocity  coefficient 
in  the  outlet  have  smaller  values  than  in  the  Incident  flow: 


<  Mm 


<  h 


Thus  an  increase  in  the  discharge  velocity  as  compared  with  the 
flying  speed  Is  obtained  not  as  a  result  of  an  Increase  in  the 
dynamic  head  in  the  engine,  out  because  of  a  decrease  in  the  gas 
density  following  preheating. 

The  relationships  obtained  lead  to  a  simple  calculation 
formula  for  the  discharge  velocity  in  an  ideal  engine: 


I  —  1/  —  ssn,  - - -t 

"  9a  i 


where  a  .a  -  tne  critical  gas  velocity  respectively  after 
np.r’  Hp.x  17  r 

and  before  preheating.  From  this  formula  it  follows  that  the 
ratio  of  the  discharge  velocity  to  the  flying  speed  for  an  ideal 


l 
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engine  is  proportional  to  the  square  root  from  the  relation  of  the 
stagnation  temperatures  taken  at  the  end  and  the  beginning  of  the 
combustion  chamber: 


ft- 

w. 


One  ought  to  emphasize  in  this  case  that  the  stagnation  tem¬ 
perature  in  the  beginning  of  the  combustion  chamber  can  be  calculated 
according  to  formula  (42)  as  the  function  of  temperature  in  the 
atmosphere  and  the  velocity  coefficient  of  flight 


and  the  stagnation  temperature  at  the  end  of  the  combustion  chamber 
is  determined  by  the  fuel  consumption  in  the  engine  and  the  rate 
of  air  flow, 


§  6.  The  Equation  of  Angular  Momentum 
[Moment  of  Momentum] 

As  is  known  from  mechanics,  a  change  in  the  total  moment  of 
momentum  relative  to  any  axis,  for  example  the  y-axis,  is  equal 
to  the  sum  of  the  moments  ol  pulses  of  all  forces  applied  to  the 
body  relative  to  the  same  axis  (Fig.  1.12) : 

d£m  {wMz  —  w.x)  =  Myd*.  ^  5 ) 

Here  raw  ,  raw  -  the  projections  of  the  momentum  . f  a  certain 
elementary  mass  m  on  the  axis  z  and  x;  x,  z  -  the  corresponding 
coordinates,  tn(w  z  -  w,  x)  -  the  moment  of  momentum  of  elementary 
mass  m  relative  to  the  y-axis. 

If  the  motion  of  the  liquid  Is  steady-state,  then  change  in 
tne  totuj.  moment  of  me  men  turn,  of  the  liquid  which  is  moved  during 
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the  time  dc  from  space  1-2  into 
space  l'-2l  is  equal  to  a  dif¬ 
ference  i  the  moment  of  momentum 
in  volume  elements  2-2'  and  1-1': 

d  m  (tfV  ~  ^  —  Hs*»)  - 

—  (r^t7,  — 'U7„r,)lrft.  (96) 

where  G  is  the  per-second  fluid 
flow  rate.  This  is  explained  by 
the  fact  that  the  moment  of  momentum  of  the  shaded  mass  l1 -2  is 
decreased  during  subtraction,  since  the  motion  of  liquid  is  assumed 
to  be  steady-state. 

Subst  tuting  (96)  into  the  left  side  of  equality  (95),  we  will 
obtain  the  ^econd  equation  of  Euler,  i.e.,  the  equation  of  angular 
momentum  lr.  a  hydrodynamic  form: 

[(*W«  —  —  (w,  j*i  --  w,i*,)).  (97) 

Similar  equations  c=in  be  formed  for  axes  z  and  x.  According 
to  the  second  equation  of  Euler  the  sum  of  moments  with  respect  to 
any  axis  of  all  forces  applied  to  a  liquid  volume  is  equal  to  the 
difference  in  the  moments  with  respect  to  the  same  axis  of  the 
per-second  moments  of  the  outgoing  and  incoming  liquid. 

The  equation  of  angular  momentum  acquires  a  simpler  form,  if 
we  Introduce  polar  coordinates;1  in  this  case  the  velocities  are 
expanded  to  radial  and  circular  components,  whereupon  the  moments 
of  radial  components  of  moments  are  equal  to  zero.  Equation  (97) 

In  this  case  takes  the  form 


1  In  this  case  motion  Is  assumed  to  be  plane-parallel,  i.e., 
the  particle  trajectories  are  plane  curves. 


Fig.  1.12.  For  the  derivation 
of  the  equation  of  angular 
momentum . 
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i»I  =  ~(®„,rt  — (98) 

where  H  is  the  sum  cf  the  moments  of  all  forces  applied  to  any 
iiquia  volume  relative  to  the  origin  of  coordinates. 

For  the  case  of  inertial  motion  (M  =  0)  we  will  obtain  the 
known  law  of  areas 


«,r  =  const  (99) 

Let  us  dwell  on  one  example  of  the  application  of  the  equation  of 
angular  momentum. 

Example.  Let  us  explain  the  temperature  effect  of  the  gas 
before  a  compressor  on  the  degree  of  increase  in  the  pressure  in 
it.  Based  on  the  equation  of  angular  momentum  (98)  it  is  possible 
to  find  the  moment  of  forces  which  appear  on  the  compressor  wheel. 
For  this  it  is  necessary  to  know  the  circular  velocity  component 
of  the  gas  after  (w2u)  and  before  (wlu)  the  wheel,  and  also  the 
distance  from  the  axis  of  the  outgoing  (r2)  and  incoming  (r^  mass 
of  gas.  fer-second  shaft  work  of  the  wheel,  as  is  known,  is  equal 
to  the  product  of  the  moment  of  forces  by  angular  velocity  (w),  from 
which  we  obtain  for  1  kgf  of  gas 

—  £=j(w«,r,  —  wufj. 

Thus  the  work  of  1  kgf  of  gas  on  the  wheel  is  determined 
by  the  kinematics  of  flow  and  the  angular  velocity  of  the  wheel, 
but  does  not  depend  on  the  temperature  and  pressure  of  the  gas 
(liquid)  before  the  wheel.  It  was  shown  above  that  the  work  of 
the  wheel  is  proportional  to  the  difference  In  the  full  enthalpy 
after  and  before  the  wheel: 
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Thus  at  constant  values  of  the  number  of  revolutions  and  volumetric 
gas  flow  rate,  which  determine  the  kinematics  of  flow,  the  drop 
in  the  enthalpy  ori  the  wheel  does  not  change: 

l,t — /,i  =  con*t 

Consequently,  with  heat  capacity  constant  (c  =  const)  the 
drop  in  the  stagnation  temperatures  on  the  wheel  also  does  not 
change : 


&T,~  T,t  —  r„  =  const 


Hence,  using  the  equation  of  work  of  a  compressor  in  the  form  (86), 
we  note  that  the  degree  of  pressure  increase  depends  on  the  gas 
temperature  before  the  wheel: 


Assume,  for  example,  the  degree  of  pressure  increase  in  the  compressor 
at  the  start  (T  ■  Tn  ®  288°  abs)  is  equal  to  nn  ;  with  an 
Increase  in  the  velocity  of  flight,  entailing  an  increase  in  the 
stagnation  temperature  before  the  wheel  Tn  ,  the  degree  of  pressure 
increase  in  the  compressor  with  a  constant  volume  flow  rate  and 
number  of  revolutions  can  be  calculated  from  the  condition  of 
constancy  of  work: 


*  -i 


If  in  the  first  approximation  we  disregard  the  dependence  of  the 
efficiency  of  compressor  on  inlet  temperature,  then  we  obtain 


frc., "i  which  taking  into  account  the  equality 


r, 

T,i 


i * — L  ),*  — _ * 

*  +  ‘  ■  1+tflMi 


we  have 


k  “ 


-  1  a. 


K.  CT  ”*•  l 

I  M* 


Thus  In  the  last  analysis  from  the  equation  of  angular  momentum 
it  follows  that  the  degree  of  pressure  Increase  in  the  compressor 
of  a  turbojet  engine  drops  with  an  Increase  in  the  velocity  of 
flight.  The  results  cf  the  calculation  according  to  this  formula 
with  a  starting  degree  of  pressure  Increase  irn  *=  4  and  k  * 

=  1.4  are  presented  in  the  following  table: 


Table. 


i  M" 

0  ! 
i 

Oh  | 
! 

1 

1,5 

2  I 

2 A 

3 

1  - 
■  *-fi  ■ 

jj 

“I 

3,2 

_ j 

2,73 

2.3 

2 

l.To 

The  calculation  carried  out  for  value  tt,.  is  conditional, 
since  it  is  based  on  the  assumption  of  the  independence  of  the 
work  capacity  on  temperature  even  with  a  considerable  change  in  it 

The  basic  puz-pose  of  a  turbo-compressor  device  of  a  turbojet 
engine  is  to  create  in  the  exit  nczzle  (after  the  turbine)  a 
greater  total  pressure  than  in  the  diffuser  (before  the  compressor 

Ac  >p„\ 
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on  the  basis  of  this  the  following  inequality  should  be  fulfilled: 


Here  o  -  pressure  coefficient  which  characterizes  the  total 
h  .  c 

pressure  losses  in  the  combustion  chamber  (during  the  supply  of 
heat )  . 


In  view  of  the  fact  that  with  an  increase  of  flying  speed  the 

value  r„  decreases,  and  values  and  o  remain  virtually 

Oh  *  Ot  k.c  j 

constant,  at  a  certain  value  of  flying  speed  the  engine  ceases  to 
satisfy  the  last  inequality. 

In  the  case  selected  above  (nn  =  A)  when  mn  =  0.5  and 

oh  *  0.9  this  inequality  is  not  fulfilled  already  at  the  values 

(-,.=2.  r.,r4  0,95) 


and  higher. 

The  increase  of  total  pressure  in  the  turbo-compressor  device 
as  a  whole  (pQ  c  >  pQ  depends  also  on  the  selected  temperature 
before  the  turbine,  with  an  increase  in  which  the  drop  in  pressure 
in  the  turbine  decreases. 

In  other  words,  at  a  certain  magnitude  of  flying  speed  the 
turbc-compressor  device  as  a  whole  ceases  to  increase  the  pressure 
in  the  engine,  i.e.,  becomes  unsuitable.  At  these  velocities  of 
flight  the  work  of  a  Jet  engine  is  ensured  by  air  compression  only 
because  of  the  velocity  of  pressurization  in  consequence  of  which 
the  turbojet  engine  loses  its  advantage  over  the  ramjet. 

At  the  subsonic,  transonic  and  not  very  high  supersonic  flying 
speeds,  when  the  compression  of  the  gas  in  the  compressor  substan¬ 
tially  predominates  over  expansion  .1  the  turbine,  the  turbojet 
engine  retains  all  its  advantages  over  the  ramjet. 


§  7.  tutropy 


According  to  the  second  law  of  thermodynamics  during  real 
irreversible  processes  which  flow  In  a  final  isolated  system  the 
entropy  increases,  and  with  reversible  -  remains  constant. 

Mathematically  the  increase  of  entropy  dS  is  determined  as: 


here  dq  Is  the  full  quantity  of  heat  applied  both  from  without  and 
front  within  (for  example,  because  of  the  work  of  the  forces  of 
friction),  T  is  absolute  temperature. 

According  to  the  first  law  of  thermodynamics  (50) 

iUJ  ihl  |  .1 pttp. 

In  the  case  of  an  ideal  gas  we  have 


tin  i  ■  rjll\ 


hence  with  the  help  of  the  equation  of  state  (pv  *  RT)  we  obtain 


,  ‘iQ  ,  <>r  ,  ,.,</» 

,  -  :r»  r  r/W<  „  • 


<rs  - 


from  which  after  the  replacement 


AH  -  rp  -  «•,»-(*  •  l)c» 


and  Integration  we  fine 


,v. 


.V 


I 
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the  basis  cf  tne  equation  cf  state 


■  <  „tn  i 


do: ) 


The  change  of  entropy  in  an  ideal  adiabatic  process  w  hie h  ii 
revere ible  is  equal  to  zero,  since  in  this  case 

»  k  le 

-  /Vi  — /'!>  const. 

Any  real  process  for  an  isolated  final  system  flows  in  such  a 
direction  that  the  entropy  increases: 

St  -  S,  >  0. 

In  order  to  be  convinced  cf  this  in  the  example  of  an  ideal  gas, 
let  us  pass  in  equality  (100)  from  the  flow  parameters  to  the 
stagnation  conditions,  utilizing  the  obvious  relationship 


/)l>‘  :=/VV 


After  expressing  the  specific  volume  by  pressure  and  temperature 


_RT, 


v;e  will  obtain 


**•  _  r„  (A  _  I )  In  (  J*'Y  ’  . 

"n  W«f/ 


(101) 


Ir.  an  isolated  system  heat  exchange  v.'ith  the  surrounding  medium  1- 
absent  ( di  *  0)  ar.d  the  stagnation  temperature  does  net  change 


r oi  — 


r-r  such  a  system  according  to  (101)  the  change  in  entropy 


i 


(102) 


iince  the  total  pressure  in  a  gas  flow  as  a  result  of  losses  drops 

P»  0»i 

and  correspondingly  the  hea-  of  friction  always  has  a  positive 
sign 


0, 


then  entropy  in  an  isolated  system  during  an  irreversible  process 
always  increases. 

Introducing  the  pressure  coefficient,  which  considers  hydraulic 

losses 


a 


i 

P'i' 


we  will  obtain  for  an  energy-isolated  gas  flow  (without  heat  exchange 
and  mechanical  work)  the  direct  connection  between  hydraulic  losses 
and  the  increase  of  entropy : 


—  Si  =  ~AR  In  a.  (103) 

In  a  heat-insulated  gas  flow  (dQ  =  0)  without  losses  (dQ 

°  H ip  6H 

=  0)  the  entropy  will  remain  constant  also  with  the  completion 
of  mechanical  work,  in  spite  of  the  fact  that  the  full  enthalpy 
gas  in  this  case  changes : 


At.  —  ttf  ltl  0. 
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This  means  that  in  an  ideal  compressor  and  in  an  ideal  turbine 


P»i  \F»i  I 


In  real  machines  the  entropy  of  the  working  medium  always  changes. 

Assume  the  difference  in  a  real  process  from  ideal  is  considered 
by  a  certain  factor  m 


* 


Then  according  to  (101)  a  change  in  entropy 


Si  —  St  —  —  ct{k—  i)1nwt.  (10A) 

Both  in  the  compressor  and  in  the  turbine  during  a  heat-insulated 
process  (dQ  *  0)  hydraulic  losses  are  expressed  in  heat  supply 

H  3  P 

to  fne  gas  (dQ  >0),  i.e.,  in  both  cases  M  <  l.1  Thus  in  real 

B  M 

turbomachines  entropy  increases  (S^  -  3^  >  0). 

§  8.  Tr.e  Calculation  of  Reaction 
Force  (Thrust) 


The  flight  of  a  Jet  vehicle  is  achieved  under  the  action  of 
a  reaction  force,  or,  as  it  is  frequently  called,  the  reactive  thrust 
which  the  jet  of  outgoing  gases  imparts  to  it.  For  the  determina¬ 
tion  of  the  value  cf  reaction  force  P  there  is  no  need  to  examine 
in  detail  pressure  distribution  on  the  internal  and  external  wails 
of  the  jet  vehicle.  The  reaction  ?'orce  can  be  determined  in  final 
form  with  the  help  cf  tne  equation  of  momentum. 

'Both  in  the  compressor  ar.u  in  the  turbine  with  an  assigned 
drop  In  the  temperatures  and  the-  initial  pressure  the  final 
pressure  is  lower,  the  greater  the  hyoraulic  losses. 
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In  accomplishing  flight  a  body  produces  disturbances  in  the 
currcunuing  medium.  It  is  always  possible  to  separate  a  certain, 
sufficiently  large,  for  example  cylindrical,  area  whose  boundaries 
go  beyond  the  limits  of  the  disturbed  part  of  the  flow  (Fig.  1.13). 

Cn  the  lateral  boundaries  of  this  area  the  pressure  and  flow  velocity 
(we  consider  the  engine  fixed,  and  the  air  -  moving  at  the  flying 
speed)  are  equal  to  their  values  on  infinity  before  the  engine. 


■v — 

I 

I 

I 


rr 

i  .  i 


Assume  the  x-axis  co¬ 
incides  with  the  direction 
of  flight  and  is  the  axis  of 
symmetry  of  the  engine;  let 
us  project  on  the  x-axis  the 
forces  which  act  on  the  engine 
and  on  the  surface  of  the 
selected  outline.  Since  the 
forces  of  pressure  in  a 
liquid  are  normal  to  the 
surface,  the  projections  on  the  x-axls  of  the  forces  which  act  on 
the  lateral  surfaces  of  the  outline  become  zero.  Thus  the  equation 
cf  Euler  [see  (90)]  will  be  written  thus: 


Fig.  1,13.  Outline  for  deter¬ 
mining  reaction  force. 


09  09  <4 

J  Pu<ll:  —  J  Pi/tF  +  P  —  5  (»i  —  V>n)dmt  +\  w,  dmr 

»  fl  •  # 

Here  the  area  on  which  the  integrals  are  propagated  and  the 
range  of  integration  of  the  first  term  of  the  right  side  are 
infinite.  Force  P  is  taken  with  sign  +  because  during  the  solution 
cf  formula  (90)  it  was  assumed  that  the  machine  obtains  work  from 
the  gas,  and  here  the  jet  engine  imparts  work  to  the  gas:  mg  * 

=  G  /g  -  the  mass  flow  per  second  of  air  which  flows  into  the 

B 

outline  through  the  cross  section  F;  m^  =  Gr/g  -  the  supplementary 
mass  flow  per  second  of  fuel  which  is  supplied  to  the  engine. 
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If  we  take  the  left  face  surface  far  in  front  of  the  engine, 
then  pressure  on  it  is  constant  and  equal  to  atmospheric  (p  ) ,  and 
the  flow  velocity  is  equal  to  the  flying  speed  (w^).  Furthermore, 
it  is  possible  to  assume  that  in  a  transverse  direction  already  at 
a  certain  final  distance  from  the  surface  of  the  engine  the  flow 
is  not  disturbed  and  area  P,  on  which  the  integrals  of  the  left 
side  are  propagated,  is  considered  finite;  in  exactly  the  same 
manner  the  range  of  integration  in  the  first  term  of  the  right  side 
will  be  finite.  Then  one  ought  to  write: 

r  «, 

PuF  —  \pi  (tF  -|-  P  as  \  (to,  —  w„)  dm ,  +  $ 
u  o  o 

In  a  large  number  of  cases  the  disturbance  which  is  caused  by  a 
flying  body  is  so  insignificant  that  in  the  nozzle-exit  plane 
(outside  the  exhaust  gas  stream)  the  pressure  of  the  circumfluent 
flow  differs  little  from  pressure  on  infinity  (pH).  Then  the  forces 
of  pressure  on  the  front  and  rear  faces  of  the  outline  are  balanced 
everywhere,  besides  the  section  which  corresponds  to  the  cross 
section  of  the  exhaust  Jet  (F  ).  The  velocities  of  flow  in  all  the 
elementary  streams,  except  those  passing  through  the  engine,  are 
Identical  (here  we  disregard  the  influence  of  friction  and  vortex 
and  wave  losses  on  the  external  surface  of  the  engine).  Conse¬ 
quently  a  change  in  momentum  is  obtained  only  in  a  Jet  which  flows 
through  the  engine.  Then  the  equation  of  Euler  takes  the  following 
form: 


V .  -  p.)  I\  +  p  =  (««  -  »„)  -I-  f  r*„. 


from  which  the  basic  formula  for  reaction  force  is  obtained 


f>  ~  ~u  to.  —  w„H  -  tv !  -  -  p„)  /•. . 


(105) 
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I r.  these  expressions  G  /g  -  che  mass  flow  per  second  of  the  air 
being  sucked  into  the  engine  w.  -  the  average  speed  of  outflow. 

a 

One  ought  to  emphasize  that  the  relationship  obtained  is  correct 
only  in  such  a  case  when  the  velocity  and  the  pressure  in  plane  a 
(with  the  exception  of  the  section  of  the  working  jet)  are  equal  in 
accuracy  to  their  values  on  infinity  before  the  engine.  Furthermore, 
here  we  disregard  the  external  frontal  engine  drag  which  can  always 
be  taken  into  account  separately. 

Under  the  calculated  conditions  of  work  of  a  jet  engine  the 
pressure  in  the  exhaust  jet  is  equal  to  the  pressure  of  surrounding 
air  (p  =  PH);  ifi  this  case  the  reactive  thrust  is  equal  to  the 
change  in  the  momentum  of  the  gas  passed  through  the  engine: 

+  £«»«.'  (106) 

In  jet  engines  the  second  term  of  the  right  side  is  small  and  It  is 
frequently  disregarded,1  l.e.,  for  jet  engines  In  the  calculated 
case  they  accept2 


P=y(  ®a— 


(107) 


The  thrust  of  a  liquid  jet  engine  in  which  atmospheric  air  is 
not  used  is  determined  for  the  calculated  conditions  from  the 
formula 


p=°~ '*±2tVm  (io8) 


‘Part  by  weight  of  fuel  In  the  air  passing  through  the  engine 
does  not  exceed  one-five  percent:  G  *  (0.01-0.05)  G  . 

P  6 

2 One  ought  to  emphasize  that  value  w„  Is  the  flying  speed, 
ana  in  no  way  the  velocity  in  the  inlet  of  the  engine. 
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cr  in  non-caiculated  conditions 


P  =  ?L±<kWa+{Pa-Pii)rir  (109) 

Here  GQ  is  the  per-second  mass  flow  of  oxidizer. 

Let  us  examine  now  the  effect  on  the  reaction  force  of  the 

inconstancy  of  pressures  in  the  plane  of  the  output  section  of  the 

engine.  Let  us  construct  the  pressure  and  velocity  curve  for  the 
nozzle  edge  (Fig.  1.14).  For  simplicity  let  us  dwell  on  the  case 
of  subsonic  outflow.  It  is  possible,  for  example,  to  visualize 

such  a  flow  about  the  engine  at  which  the  pressure  near  the  output 

section  is  lowered,  because  of  which  the  local  velocity  in  the 
external  flow  increases.  The  pressure  within  the  subsonic  exhaust 
Jet  is  approximately  the  same  as  on  its  boundary. 


ft! 

ft 

ft 


Fig.  1.14.  The  distribution  of  the  pressure 
and  flow  velocity  in  the  nozzle  exit  section. 


For  the  calculation  of  reaction  force  let  us  mawe  use  of 
the  basic  property  cf  nonuniform  (in  the  values  of  total  press'.;  ■. 
flows,  which  amounts  to  the  fact  that  ncnunif ormity  in  ine  ve. 
ity  distribution  disappears  very  slowLy,  and  pressure  is  eqva  . : , 
rapidly  . 


iiius,  for  instance ,  non  uniformity  in  the  pressure  field  that 
apr.e-ar'L-  d.,z  g  the  rotation  of  a  flow  is  equalized  at  a  distance 
of  1.5-2  diameters  of  a  straight  tube  after  the  place  of  rotation; 
the  velocity  is  equalized  at  a  distance  of  20-30  diameters.  This 
property  can  be  used  during  the  calculation  of  thrust.  It  is  known 
from  tests  that  if  plane  b  is  located  away  from  the  nozzle  edge  at 
a  distance  ab ,  greater  than  one  diameter  of  a  section  (Fig.  1.15), 
men  the  pressure  field  already  is  uniform.  Thus  after  moving  away 
somewhat  from  the  nozzle  ec  we  enter  a  plane  of  constant  pressure 
(p  =  p  ),  in  connection  witn  which  it  is  possible  to  determine 
reactive  thrust  by  the  formula 


^  —  y  (Wi  —  WnX 

There  emains  only  to  find  the  velocity  ,  which  the  working 
Jet  in  plane  bhas^Fig.  1.15).  For  this  during  subsonic  outflow  it 
is  possible  to  make  use  of  the  Bernoulli  equation  without  allowing 
for  hydraulic  and  heat  losses,  since,  as  was  noted,  the  section 
of  the  Jet  included  between  planes  a  and  b  la  small. 


rig.  l.it.  J'ne  picture  of  the  distribution  of 
pressure  and  velocity  bey  nd  the  engine. 


Let  examine  as  an  example  the  case  of  toe  great  a  subsonic 
.■peei  <•  1 )  .  Thu,  according  t.  the  Bernoulli  equation 
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tol 

Pu  +  fa  . 


Wi 

Pa  +  Pa  y  = 


At  such  speed  the  pressure  difference  (p  -  p  )  is  small,  in 

3  H 

consequence  of  which  we  accepted  the  gas  density  as  constant. 
Thus, 


Pa— Pa 


*l-K 
Pa  ^  > 


from  which 


In  the  majority  of  cases  at  subsonic  speed  on  the  nozzle  edge 
a  pressure  is  established  which  is  very  close  to  atmospheric,  and 
then  wfa  ■  w^  is  assumed.  During  the  supersonic  outflow  between 
planes  a  and  b  shock  waves  can  be  formed.  In  this  case  th«  cal* 
culatlon  of  correction  becomes  somewhat  complicated,  but  also  is 
completely  accessible. 

One  feature  of  a  ramjet  engine  is  interesting:  if  we  retain 
the  combustion-chamber  temperature  constant,  then  the  value  of 
reactive  thrust  (see  §  6,  Example  ^ ) 


at  first  Increases  with  an  increase  in  the  velocity  of  flight, 
and  then,  in  passing  through  a  maximum,  begJ.ns  to  decrease  and  with 
a  certain  value  of  velocity  drops  to  zero.  This  Is  explained 
by  the  fact  that  an  increase  in  the  velocity  of  flight  causes  an 
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increase  of  stagnation  temperature  in  the  beginning  of  the  chamber 
;Vr  I ,  rut  in  this  ease  for  the  preservation  ol'  the  stagnation 
tempt- rat  .i''  at  tr.e  end  of  the  chamber  invariable  it  is  necessary 
t s  decrease  the  heat,  supply.  When  t lie  stagnation  temperature  in 
the  incident  flow  becomes  equal  to  the  maximum  permissible  tempera¬ 
ture  ir.  the  engine  (i,  =  7^  ,  the  supply  of  heat  has  to  be  dis¬ 

continued.  In  this  ease  the  thrust  level  drops  to  zero.  From 
formula  ( A / ,  the  following  condition  is  obtained  for  the  disappear¬ 
ance  of  thrust  both  for  a  subsonic  and  for  a  supersonic  ideal 
engine : 


r„ 

7.,' 


froi:.  which  the  velocity  coefficient  of  flight  at  which  an  ideal 
engine  ceases  to  develop  thrust  is  equal  to 


A  pressure  Increase  in  a  ramjet  engine  is  achieved  because  of 
the  dynamic  compression  of  air  before  the  engine  Inlet  and  In  Its 
diffuser.  Guch  an  engine,  as  we  saw,  is  effective  only  at  a  very 
high  flying  speed  and  Is  not  able  to  develop  thrust  completely  on 
trie  spot.  For  obtaining  sufficient  thrust  in  a  jet  engine  on  take¬ 
off  and  at  moderate  flying  speed  it  is  necessary  to  apply  mechanical 
air  compression.  A  Jet  engine  with  mechanical  compression  has 
already  found  wide  application  in  contemporary  aviation.  The  most 
common  type  of  Jet  engine  with  mechanical  compression  is  the  turbo¬ 
jet  engine  (Fig.  i .lC).  In  this  engine1  the  air  is  sucked  in  by 
th"  compressor.  After  compression  in  tne  compressor  the  air  enters 
the  combustion  chamber,  from  where  the  mixture  of  heated  air  and 
combustion  products  is  directed  to  the  turbine  biades .  Usually  in 

1  For  a  detailed  presentation  of  tr.e  theory  ol'  a  turbojet 
engine  see  the  book:  Inozemtsev,  ;1 .  7.,  Aviation  Gas-turbine 
Engines.  .toronglz,  lal 6. 


a  turbine  only  part  of  the  energy  of  gases  is  utilized  (for  obtain¬ 
ing  the  mechanical  work  required  for  rotation  of  the  compressor) . 
The  remaining  (free)  part  of  the  energy  of  gases  is  converted  into 
the  kinetic  energy  of  the  discharging  Jet. 


Fig.  1.16.  Diagram  of  a  turbojet  engine:  D  - 
diffuser,  K  -  compressor,  T  -  gas  turbine,  A  - 
combustion  chamber,  B  -  exit  nozzle. 

If  the  entire  pressure  excess  whicn  is  found  in  the  combustion 
chamber  is  utilized  on  the  turbine  wheel,  the  engine  ceases  tc 
develop  a  reaction  force,  but  In  this  case  the  power  of  the  turbine 
exceeds  the  power  being  consumed  by  the  compressor;  the  excess  of 
power  can  be  utilized,  for  example,  for  the  rotation  of  a  propeller 
or  a  dynamo. 

The  work  being  spent  for  compression  of  1  kg  of  gas  in  the 
compressor,  as  is  shown  in  §  a,  is  equal  to 


*  nr., 

*  I  '  r. 


Here  Pqx,  Pq  are  the  total  pressures  respectively  after  ar,d 
before  the  compressor:  nH  Is  the  efficiency  of  the  compressor; 

Tq  Is  the  stagnation  temperature  before  the  compressor. 

If  we  disregard  the  heat  removal  in  the  diffuser,  then  it  is 
possible  to  consider  that  TQ  a  =  T0  m’  6et  us  aSree ,  as  before, 
that  the  degree  of  pressure  increase  in  the  compressor  is  under¬ 
stood  as  the  ratio  of  the  values  of  total  pressure  of  the  ras 
after  and  before  the  compressor: 
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the  turbine  we  will 
of  total  pressurc- 


_  /’•« 


:•;/  trie  degree  of  decrease  in  pressure  in 
a..  1  .  fare,  -i.  ierstanu  the  ratio  of  the  values 
after  an::  before  the  turbine : 


_ P*  t 


ii,  characterises  the  pressure  excess  in  tne 


,rk  beint;  pro  j  via1  with  1  kg  of  gas  in  the  turbine  Is  equal 


hi.-i’e  1  (  -  the  stagnation  temperature  after  the  turbine,  nT  -  the 

efficiency  of  tin.*  turbine. 


in  a  turbojet  engine  the  work  of  the  turbine  is  utilized 
virtually  entirely  for  dr.  vin.g  the  compressor:  L  *  L  .  If  we 
disregard  small  changes  lr.  the  gas  constant  and  the  adiabatic 
index  ,  '.lien  we  wi  .1  have 


I'roir.  which 


V*t»  i 


-  /I, 
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r.c 

=  -r-  r,Tt. 
*•  J 


Usually  the  temperature  of  the  stagnation  gas  in  the  exit 
nozzle  is  significantly  higher  than  the  temperature  of  the  stagna¬ 
tion  gas  in  the  diffuser  (TQ  c  >  ^).  Then  from  the  equality 

of  work  of  the  compressor  and  the  turbine  it  follows  that  the 
degree  of  an  increase  in  air  pressure  in  the  compressor  is  higher 
than  tne  degree  of  decrease  in  the  pressure  in  the  turbine  ( tt Q  ^  > 

>  1/tTq  r),  l.e.,  there  is  excess  pressure  in  the  Jet  engine  nozzle. 
This  is  necessary  in  oi'der  that  the  discharge  velocity  from  the 
nozzle  w  and  correspondingly  the  reactive  thrust  would  be  suffi- 

d 

clently  great  (both  on  the  take-off  and  in  flight).  A  turbojet 
engine  usually  develops  considerable  boost  for  take-off. 

An  essential  feature  of  this  engine  model  is  also  its  in¬ 
sensitivity  to  a  change  of  air  density.  The  density  of  the  air 
which  enters  the  engine  is  noticeably  increased  with  an  increase 
in  the  velocity  of  flight,  thanks  to  which  the  mass  flow  of  air 
in  the  compressor  increases.1  The  power  being  consumed  by  the 
compressor  varies  in  proportion  to  the  mass  flow;  however,  the 
latter  increases  simultaneously  also  in  the  turbine.  Consequently 
the  power  of  the  turbine  increases  proportionally  to  the  power' 
of  the  compressor,  l.e.,  the  balance  of  power  is  preserved. 

Total  work  of  gas  in  the  engine  is  made  up  of  the  work  of 
expansion  In  the  turbine  and  in  the  nozzle:2 


'The  compressor  is  a  "volumetric"  machine  in  which  with  a 
density  change  of  gas  the  mass  flew  changes  and  volume  flow  rate 
remains  constant. 

JAs  shown  above  in  a  turbojet  engine  the  equality  Lt  =  L 
is  always  fulfilled. 


7: 


!'£  =  £,  f  /,. 


or  i!  L  =  !<  f 


jo  was  already  mentioned,  after  trie  using  of  a  certain  fraction 
-f  energy  1:.  the  turbine  wheel  it.;  remaining  part  (free)  can  be  used 
in  the  exit  nozzle. 

!  I  \ 

'.be  fraction  of  work  of  the  compressor  vV  Is  usually  consid¬ 
erably  more  tnar.  half,  therefore  for  the  formation  of  free  power 
in  a  turbojet  engine  a  relatively  small  share  of  the  available 
energy  is  expended. 

The  thrust  of  a  turbojet  engine  is  uetemined  by  the  discharge 
Velocity  from  the  nozzle: 

where 


ft  c  =  ft  (ft  «1 

If  the  pressure  after  the  turbine  is  higner  than  before  the  com¬ 
pressor,  then  the  velocity  coefficient  of  outflow  under  identical 
flight  conditions  for  a  turbojet  er.gir.e  is  higher  than  for  a  ramjet 
engine.  But  higner  temperatures  are  possible  in  the  latter.  There¬ 
fore  the  ramjet  engine  can  develop  larger  specific  thrusts  even  at 
^ess  pressures  in  the  Jet  nozzle.  However,  for  a  thrust  augmenta¬ 
tion  in  a  turbojet  engine  it  is  possible  to  place  behind  the  turbine 
u  second  combustion  chamber  (the  so-called  "afterburner")  in  which 
the  gas  can  be  heated  additionally  to  the  same  temperature  as  in 
a  ramjet  engine.  In  this  case  the  thrust  of  the  turbojet  engine 
sa'cstanti&.jy  increases. 

l;  we  disregard  the  losses  of  pressure  in  the  second  combustion 
hamber,  then  tne  velocity  coefficient  of  outflow  {>.  )  will  pre» 
serve  the  same  value  as  without  an  a fterc urner ,  and  the  velc-' f * 
will  increase  ii.  proportion,  to.  the  square  root  from  the  tempera*,  -re . 
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i  9 .  The  Place  of  Application  of 
the  Reaction  Force 


Let  us  explain  the  question  concerning  in  which  point  of  the 
engine  the  reaction  force  is  applied. 


Let  us  examine  first  the  simplest  case  -  an  ideal  ramjet  engine 
(Fig.  1.17).  Let  the  velocity  in  the  inlet  be  equal  to  the  flying 
speed  (w  =  w^j;  then  pressure  in  the  inlet  is  equal  to  atmospheric 
(p„  =  p  );  furthermore,  let  us  suppose  that  the  engine  works  under 
calculated  conditions,  i.e.,  the  pressure  in  the  outlet  is  also 
equal  to  atmospheric  (p  =  p  ).  At  a  low  speed  of  movement  of  the 

3  H 

gas  in  the  combustion  chamber  the  pressure  in  the  latter  can  be 
considered  constant  (p^  =  pr )  . 


Fig.  1.17.  Diagram  of  a  ramjet 
engine  (for  determining  the  forces 
which  act  on  an  engine) . 


In  the  described  Ideal  engine  the  drops  in  the  pressures  in 
the  diffuser  and  nozzle  are  identical: 


Pi—P'=F,—ro- 


However,  in  view  of  the  fact  that  lr,  the  nozzle  the  air  has  a  higher 
temperature  than  in  the  diffuser,  the  area  of  the  outlet  of  engine 
should  be  greater  than  the  area  of  the  inlet.  In  fact.  In  an  ideal 
engine  the  dynamic  head  in  the  outlet  is  equal  to  the  dynamic  heal 
of  Incident  flow,  i.e.,  in  the  case  in  question  to  the  dynamic  head 
In  the  inlet : 


f'»1'  —  ru  t*  L 


T net  fr.m  the  equation  of  continuity  (taking  this  equality  into 

r-  .  ..u.-.t .  we  cctain 


I 'a  __  h  KJ'  V>n  _  _  1  f  O.i 

Pa~\,  “".i  I  fu  ' 

Consequently,  during  the  supply  of  heat  in  the  combustion  chamber 
(p  =  pa}  we  nave 


Thus  the  i.  ear.  pressure  which  acts  on  the  walls  of  the  diffuser 
an-u  r.czzie  is  one  and  the  same,  but  the  projection  of  the  wall  of 
the  diffuser  on  the  plane  perpendicular  to  the  axis  of  the  engine 
is  greater  than  the  corresponding  projection  of  the  nozzl  wall.  As 
a  result  of  what  was  expounded  the  force  of  pressure  from  within  on 
the  diffuser  (?  )  is  greater  than  on  the  nozzle  (P_);  the  directions 
c-f  these  forces,  as  it  appears  from  Fig.  1.17,  are  opposite. 

If  the  external  contours  of  the  engine  are  very  smooth,  then  air 
pressure  on  the  external  surface  of  the  engine  Is  very  close  to 
atmospheric,  i.e.,  the  force  of  pressure  on  the  external  surface 
can  be  disregarded.  In  the  ideal  case  in  question  the  reaction  force 
which  acts  on  the  engine  is  reduceu  to  the  difference  in  the  forces 
applied  respectively  to  the  diffuser  and  the  nozzle: 

P  —  —  Pf 

For  the  interpretation  of  this  equality  let  us  make  use  of 
the  result  obtained  in  §  5  (Example  3),  according  to  which  the 
magnitudes  of  forces  which  act  on  the  diffuser  and  nozzle  are 
respectively  equal  to 


/ . 


r. 


)'• 
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According  to  the  conditions  accepted  above 


—  T.i-’l  =  Tn^i-  ■ 


Then 


or 


n=z 


r,  h-  r„ 


ll/'.-'vV 


Let  us  examine  an  engine  with  low  velocities  in  the  combustion 
chamber,  i.e.,  with  the  area  of  the  chamber’  substantially  larger 
than  the  area  of  the  Intake  and  outlets: 


>?<»• 

ra  r  a 

In  this  case  we  come  to  the  following  simple  formula  for  the  reaction 
force  determined  as  a  result  of  the  subtraction  of  the  force  applied 
to  the  nozzle  from  the  force  applied  to  the  diffuser: 


The  same  result  can  be  obtained  directly  from  the  formula  for  re¬ 
active  thrust 


P  = 


—  J  = 


’)• 
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or,  taking  into  account  the  condition  rl’ssC*.  derived  above 

*^*n  ' • 

p=^2(r.-Fr> 

Thus  reactive  thrust  is  obtained  because  the  force  of  pressure 
on  the  diffuser  is  greater  than  on  the  noztle.  This  is  a  consequence 
of  the  preheating  of  the  gas,  in  connection  with  which  the  discharge 
area  has  to  be  made  larger  than  the  area  of  the  cross  section  of  the 
incoming  jet. 

In  an  actual  engine,  as  was  noted  above,  the  values  of  veloc¬ 
ity  ana  pressure  in  tne  inlet  usually  differ  from  the  same  in  an 
undisturbed  incident  flow,  which  impedes  the  determination  of  re¬ 
action  force  based  directly  on  the  difference  in  the  forces  applied 
to  the  diffuser  and  the  nozzle;  furthermore,  in  actuality  the  force 
wnich  acts  on  the  external  surface  of  the  engine  is  not  usually 
equal  to  zero.  However,  In  any  event  it  is  possible  to  demonstrate 
that  in  a  ramjet  engine  the  reaction  force  is  the  resultant  of  the 
forces  of  pressure  applied  to  tne  walls  of  the  Internal  and  external 
bypasses  of  the  engine. 

Let  us  pause  now  on  how  extent  of  the  inlet  area  of  the  engine 
influences  reactive  thrust.  From  the  solution  of  the  formula  for 
reactive  thrust  given  in  5  8  it  follows  that  the  air  speed  upon 
entry  into  the  engine  does  not  influence  the  magnitude  of  reaction 
force;  only  the  discharge  velocity  from  the  engine  and  the  speed 
of  the  undisturbed  incident  flow  play  a  role. 

This  fact  has  the  following  explanation.  If  the  rate  of 
entry  of  air  into  the  engine  is  less  than  the  approach  stream 
velocity  {w  <  w  )  .  then  before  the  diffuser  the  slowing  down  of 
Incident  flow  occurs  (Fig.  I.l8),  whereupon  the  streams  flow  to 
the  leading  edge  of  the  diffuser  under  a  large  angle  of  attack. 
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This  leads  to  the  fact  that  near  the  intake  on  the  internal  wall 
of  the  diffuser  an  area  of  increased  static  pressure  appears  (close 
ir.  value  to  the  total  pressure  of  Incoming  flow),  and  on  the  externa 
surface  of  diffuser  -  rarefaction;  the  larger  the  inlet  of  the 
diffuser,  the  higher  the  pressure  on  its  Internal  surface  and  the 
greater  the  rarefaction  on  its  external  surface  (angles  of  attack 
of  the  air  streams  increase).  In  other  words,  with  a  considerable 
slowing  down  of  air  before  the  diffuser  the  front  wall  of  the  latter 
behaves  as  wing  at  high  angles  of  attack.1 


The  indicated  secondary  force  caused  in  this  case  (w  <  w  ) 

Q  H 

by  the  pressure  difference  on  the  front  wall  of  the  diffuser 
compensates  exactly  for  the  decrease  in  thrust  which  should  be 
obtained  because  of  contraction  of  the  surface  of  the  diffuser  as 
compared  with  the  case  w  =  w  .  Let  us  note  that  in  such  systems 

H 

a  considerable  share  of  the  thrust  falls  on  the  fraction  of  rar¬ 
efaction  which  appears  on  the  external  surface  of  the  diffuser. 

If  we  completely  open  up  the  diffuser,  i.e..  make  the  intake  area 
equal  to  the  area  of  the  combustion  chamber  (Fig.  1.19),  then 
thrust  will  be  produced  only  by  rarefaction  on  the  external  surface 
of  the  diffuser  (projection  on  the  axis  of  the  engine  of  the  forces 
of  pressure  applied  to  the  Internal  chamber  walls  and  the  diffuser 
in  this  case  is  equal  to  zero). 


Fig.  1.18.  Ramjet  engine  (VRD)  [BP/1, j 
without  an  inlet  diffuser. 


‘The  considerations  given  here  are  completely  valid  only  with 
M  <  1.  The  flew  about  the  wing  is  examined  in  more  detai)  in 

H 

Chapter  X. 
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If  the  rate  of  entry  of  air 
into  the  engine  Is  greater  than 
the  flying  speed  (v;  >  uj,  tnen 

flow  before  the  diffuser  is  ac¬ 
celerated;  in  this  case  the 
streams  flow  to  the  leading  edge 
of  the  diffuser  at  negative 
angles;  in  this  case  near  the 
lniet  on  the  external  surface  of 
the  diffuser  an  increased  pres¬ 
sure  appears,  and  on  internal 
surface  -  rarefaction.  Such  a 
pressure  difference  gives  a 
secondary  force  which  is  di¬ 
rected  to  the  side  opposite  to  the  action  of  reaction  force;  this 
secondary  force  compensates  for  that  increase  in  the  reaction  force 
wr.ich  in  the  case  w  >  would  be  possible  to  expect  because  of  ar, 
increase  in  the  surface  of  the  diffuser  (as  compared  with  the  case 
ww  =  w„.  -•  Thus  the  rate  of  entry  of  air  into  the  engine  should 
not  be  considered  directly  in  the  formula  for  the  reaction  force; 
however,  it  Influences  the  thrust  level  indirectly,  since  it  affects 
the  resistance  of  the  diffuser,  with  an  increase  of  which  the  dis¬ 
charge  velocity  from  the  engine  drops.  So,  with  wg  <  supplementary 
external  drag  appears,  and  with  wg  >  wh  -  supplementary  hydraulic 
losses  within  the  diffuser. 

The  ramjet  engine,  which  has  the  form  of  a  thin-walled  tube 
(fig.  1.19),  does  net  develop  thrust  at  ail;  the  cylindrical  form 
of  an  engine  leads  to  the  fact  that  the  component  of  the  force  of 
pressure  on  the  walls,  parallel  to  the  axes  of  the  er.g-,,'e,  is  equal 
to  zero,  The  essence  of  the  matter  lies  in  the  fact  that  because 
of  the  disruption  of  the  flow  flowing  around  tiie  tube  from  its 
front  edge  ar,  external  vortex  drag  appears  which  completely  balances 
the  reactive  thrust;  the  velocity  diagram  in  the  wake  after  the 
tube  ir.  the  area  of  external  flow  has  depressions  caused  by  vortex 
drag  which  compensate  for  the  acceleration  witnin  the  engine;  lr. 


which  has  the  form  rf  a  thin- 
i  le  d  tube. 
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other  words  the  total  momentum  obtained  in  the  f  2  cw  a .  t  o  r 
in  the  same  as  before  it. 

in  conclusion  let  us  note  that  in  a  turbojet  engin- 
thrust  consists  r.ct  only  of  the  result  of  the  forces  c:  ;  r. 
which  acts  directly  cr.  the  walls  of  the  engine,  bn;  a-.-:  t. 

applied  to  the  turbo-compressor  unit;  this  secondary  f  „m-. 
to  the  rotor  Is  absorbed  by  the  step  bearing  and  is  \  ra.-.sforr 
through  supports  to  the  engine  housing. 

Formulas  (105-109)  derived  above  make  it  p.ssl-ic-  to  ■ 
the  reaction  force  of  an  engine  without  allowing  f 1:  ; 
drag  which  It  creates  when  installed  on  a  fllgry  . 

The  useful  part  of  reaction  force,  equal  to  *„•<>.-  o’,  •‘.‘‘c 
tween  the  reaction  force  and  the  total  extern!  a  rag  t* 
plant ,  is  called  the  effective  thrust: 


f,  <  <0n  4 

In  certain  cases  the  maximum  value  of  effect  ivv  i-.i-  .c.  i  •.  :  . 
under  such  conditions  when  reaction  force  j  s  than  m :;-.a 

possible,  i.e.,  it  can  prove  to  be  favorable  to  a.  ic-.:  .  ,-t  v  t  a 

decrease  of  reaction  force,  if  in  tnlo  car.*,-  the  gain  1*  ,.fj 
laps  the  loss  in  reaction  force. 

During  a  detailed  study  cf  the  external  fronca.i  engine  j 
latter  is  usually  divided  into  several  component  parts  (into 
c  omponents ) : 

i).Vlljp  =  .Y,|-,Yt-|--Yc  dll) 

where  X  Is  the  drag  of  the  intake  -  diffuser;  X  is  the  drag 
A  n 

the  engine  nacelle,  into  which  the  engine  is  built  (the  prir.c 
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part  j f  this  term  is  usually  made  up  of  the  force  of  friction  cr.  the 
external  surface  of  tne  engine);  Xc  is  the  drag  of  the  outlet  (Jet) 
nczcife.  The  terms  of  the  external  frontal  engine  drag  '(X  ,  V.^) 
are  examined  in  Chapter  VIII,  which  deals  with  the  gas  dynamics 
of  the  engine  components. 

The  reaction  force  of  an  engine,  determined  by  formula  (105) > 
can  be  considered  as  the  difference  between  the  output  pulse  of 
the  jet  of  gases  which  leave  the  nozzle: 

4  =  -™- «•-  H </».  —>*->/•-  (112) 

ana  the  Input  pulse  of  the  jet  of  the  incoming  undisturbed  airflow 
being  sucked  into  the  engine: 


=  (113) 

In  the  case  of  a  liquid-propellant  rocket  engine  ( ZhRD )  [WPA]  or 
a  solid-propellant  rocket  engine  the  rate  of  air  flow  G  in  (112) 
is  replaced  by  the  oxidizer  consumption  (GQ),  as  ls  done  in 

formula  (109).  The  total  pulse  of  nozzle  obtained  during  the  full 
expansion  of  gas  in  the  nozzle  (p  =  p  ): 

cL  H 

/«  = a—zw,  (11^) 

Here  and  subsequently  G  -  this  is  the  total  gas  flow  rate  in  the 
outlet  of  the  nozzle  (G  »  G  +  G  or  G  *  3n  +  G  )  .  The  outlet 
device  of  the  engine,  which  includes  the  nozzle,  possesses  external 
drag,  in  connection  with  which  a  new  concept  is  introduced  - 
the  effective  pulse  of  the  nozzle: 


(115) 
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The  ratio  of  the  effective  nozzle  pulse  to  its  pulse  during  ideal 
outflow  (without  losses)  is  called  the  relative  pulee  of  the  •nozzle 


(116) 


Then  the  relative  effective  pulse 


**  /hi  *lta 


(117) 


The  expression  for  the  thrust  of  the  engine  in  the  absence  of  losses 
within  the  nozzle 


Pm  — /« u  —  Ut 


(118) 


can  be  used  with  the  help  of  (112),  (113),  and  (117)  for  the  re¬ 
presentation  of  effective  thrust  depending  on  the  relative  effective 
pulse 

P.*=7^P.»-(i  —Tit-*  ».-(X,  +  *,)-  ( 119 } 

The  last  term  of  the  right  side  in  the  sum  of  the  external  drag  of 
the  diffuser  and  engine  nacelle: 

i.e.  the  full  external  drag  of  the  engine  plant  with  the  deduction 
of  the  external  drag  of  its  nozzle  part. 

In  a  rocket  engine  the  second  term  of  the  rightside  of  (119) 
is  equal  to  zero  since  air  is  not  sucked  into  it  (G0  «*  0). 

The  evaluation  of  the  Internal  thrust  of  an  engine  (not  allowing 
for  external  drag)  is  done  with  the  help  of  relative  pulse  (lib) 


i 


(  1<?0) 


P  =  (l  -A7jPia-A/^  tc.. 


The  value 


A/=  1  —7  (121) 

is  called  the  l  r.t  relative  pulse  of  the  nozzle.  The  influence 
of  losses  in  the  engine  components  on  the  magnitude  of  thrust 
being  developed  by  it  is  examined  in  detail  in  Chapter  VIII. 


CHAPTER  II 

ELEMENTS  OF  HYDRODYNAMICS 

3  1.  The  Motion  of  a  Liquid  Particle 

Let  us  examine  the  motion  of  an  infinitesimal  liquid  particle 
which  lias  the  Initial  form  of  a  parallelepiped  (Fig.  2.1).  Unlike 
a  solid,  a  liquid  particle  can  be  strongly  transformed  during  its 
motion . 


The  faces  of  an  infinitesimal  particle  of  liquid  which  has 
the  form  of  a  right  parallelepiped  in  the  beginning  of  motion 
with  ribs  dx,  dy,  dz ,  can  be  beveled  and  extended  in  the  course 
of  time  (Figs.  2.2  and  2.3). 


Fig.  2.1.  Elementary  parallel¬ 
epiped  In  a  fluid  flow. 


T 


Fig.  2.2.  Angular 
strain  of  faces. 
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b' 


Pig.  2.3.  Linear  strain 
of  faces. 


t v 


X 


Let  the  velocity  component  of  particle  motion  at  point  a 
(Pig.  2.1)  be  u,  v,  w;  then  the  velocity  components  at  point  b 
are  equal  to 


at  point  d 


and  at  point  e 


■  du  .  ,  du  . 

i  da  . 


" +$**■•  v+d£dx‘ 


i  ba  , 

v  +  d-dx 


u  +  fcdr,  v  + 

wt^*- 


Tne  beveling  of  edge  ab  of  a  particle  during  an  infinitesimal 
time  dt,  which  is  caused  by  a  difference  in  the  velocity  component 
at  points  a  and  b  (Fig.  2.2),  is  characterized  by  the  displacement 
of  point  b,  equal  to 

bV=dgdydt. 

The  relative  displacement  or  the  angular  strain 

bb  du  j, 

— r  =  -r  dt. 
ab  oy 


8U 


toe  beveling  of  the  edge  ad  leads  to  angular  strain 


ml  tlx 


In  view  of  the  fact  that  the  angular  strains  during  time  dt  are 
insignificant,  the  angle  of  slope  of  the  face  can  be  considered 
equal  to  the  tangent  of  this  angle.  The  full  beveling  of  an 
initially  right  angle  at  point  a  in  this  case  equals 


,'d«  ,  dt>\  ,, 


( 


and  the  rate  of  the  corresponding  angular  strain 


_(i.i 

'  ay  '  ox  ‘ 


(la) 


Index  z  indicates  that  the  deformation  of  a  particle  is  ex¬ 
amined  in  plane  xy  perpendicular  to  the  z-axis;  in  the  remaining 
two  planes,  the  rates  of  beveling  of  the  quadrants  obviously 
equal 

di  ‘  dy  *  '  ' 

7v  (lc) 

■'  dv  •  o: 


Utilizing  the  same  angular  displacements  of  the  faces  of  the 
particle,  it  is  possible  to  determine  the  angular  velocities  of 
its  rotation.  Since  the  directions  of  rotation  of  the  edges  ab 
and  ad  are  opposite,  the  mean  angular  velocity  of  rotation  of 
the  particle  as  a  whole  about  the  z-axis  comprises 


_L  ./(*£ 

-  \ox  ' 


du\ 

’  fyj  ’ 


,2a) 


For  the  remaining  two  axes  of  rotation  we  have  respectively 

(2b) 


1  !dm  dv\  I  ,'du  ds>\ 

~  o:,  •  \dl  d.tj ' 


The  vector  of  the  angular  velocity  of  rotation  u>  whose  com¬ 
ponents  are  w  ,  u>  ,  and  w  ,  is  called  vortioity  and  its  value 
x  y  o 

is  determined,  obviously,  by  the  following  equality: 
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1 


w  s  >  'u>i  4-  U)*,  4-  w}, 

-yi.  us  dwell  now  on  the  linear  deformations  of  the  particle. 
Yr.e  rates  of  motion  of  points  a  and  d  (Fig.  2.3)  in  the  direction 
of  the  x-axls  differ  by  the  value 


In  connection  with  this,  the  particle  is  lengthened  during 


time  dt  to  the  value 


({({’  it  X  tit. 


The  relative  elongation  of  the  particle 

<t<r  j, 

ad  - 

and  a  the  rate  of  the  relative  elongation  of  the  particle  in  the 
direction  of  the  x-axls  is  equal  to 

.  .»•  (*« 

By  analogy,  the  rates  of  relative  elongation  along  other  axes 


The  elongation  of  the  sides  of  a  parallelepiped  which  depicts 
a  liquid  particle  (Fig.  2.1)  in  general  leads  to  a  change  in  its 
volume;  multiplying  the  difference  in  the  rates  of  the  forward 
motion  of  the  opposite  faces  of  parallelepiped  determined  according 
to  formula  (3),  for  the  area  of  each  of  these  faces  we  will  obtain 
the  rate  of  change  in  its  volume  because  of  linear  strain  in  the 
direction  of  the  horizontal  axis;  composing  similar  expressions 
for  the  rates  of  change  in  volume  along  the  remaining  two  coordinate 
axes  and  totaling  all  three  values,  we  find  the  full  rate  of 
change  in  the  volume  of  the  liquid  particle: 

4-  dt  dx  dy  =  («,  -j- «,  H  O  dx  to (lt- 
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Af\  - r  the  division  of  thi3  expression  into  the  initial  volume  of 
the  liquid  particle  V  *  dx  dy  dz,  we  come  to  the  value  of  the  rate 
cf  a  relative  volume  change  in  a  liquid  particle  important  in  gas 
dynamics : 


e 


I  dV 

???“•- 


(5) 


on  the  basis  of  (*0  we  have  finally 


»=3 


dx  '  djjt  ■  a  *  • 


(6) 


§  2.  The  liquation  of  Continuity 


The  expression  which  stands  in  the  right  side  of  equality 
(6)  Is  called  in  field  theory  the  divergence  (or  dieagreement ) 
of  the  velocity  vector  and  is  designated  thus: 


*'*-£+$+5?' 


where  W  is  the  velocity  vector. 


(7) 


In  a  continuous  incompressible  medium  the  volume  of  the 
particle  does  not  change;  consequently  the  equality 

-•'-t+S+w-'i  (8j 

is  the  equation  of  the  continuity  of  a  liquid. 

Conditions  of  constancy  of  the  mass  of  a  liquid  particle  can 
be  written  in  the  following  form: 

.11  =spy  =  const.  (9) 


Here  by  liquid  density  p  is  understood  the  limit  of  the 
ratio  of  the  mass  of  the  particle  to  its  volume 

A  =  |lm  XM  rfM  (10) 

*v-0ii /=“  Jj?» 
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striving  tc  2,ero,  the  volume 


w iu r *j up u ■ .  -  .  ■'  ,A,;su::ied  tc  be  Liicit  , 

1  £•  jcr.svrijted  toward  a  certain  internal  point. 


ulvidir.j 


'  >ig  toti:-  parts  of  equality  (9)  for  time  and 
ult  by  tie  value  K,  we  will  obtain 


I 

7 


rtf 

ill 


1 

VJ»~a 


(11a) 


lienee  on  ti.j  basis  of  (5)  we  come  to  the  equation  of  continuity 
lor  a  continuous  compressible  medium 


div  W~ 


(lib) 


iie r.  ^ :.;lng  the  full  density  derivative  of  the  liquid  in  terms  of 
time  ty  partial  derivatives  and  utilizing  (7),  we  obtain 


lOu  ^is  (iia^ Of  ■  Of 

2  Idr  1  dy  '  dt  J  dt  ”b"  Ox 


■{■to 


Of 

Si‘ 


In  accordance  with  the  rule  of  differentiation  of  products, 
inis  equation  of  continuity  for  a  compressible  medium  (gas)  leads 
to  the  form 


Of  .  Ofu  ,  df£  —  (12a) 

dt  ^  Ox  '  dy  '  dt 

The  sum  of  the  last  three  terms  is  the  divergence  of  the  vector  of 
the  Current  density  pW;  therefore  the  equation  of  continuity  for 
a  gas  can  also  be  written  in  the  form 

^  (-rliv<i.W0  =  O.  (12b) 

In  the  derivation  of  the  differential  equation  of  continuity  the 
motion  of  a  separate  liquid  particle  was  examined;  Lagrange  intro¬ 
duced  such  a  method  of  study  into  hydrodynamics.  Another  method 
of  study,  developed  for  the  first  time  by  Euler,  examines  not  the 
behavior  of  separate  particles  but  the  change  in  the  parameters 
of  a  liquid  in  fixed  points  of  space  with  time;  Euler's  method  in 
many  Instances  is  more  convenient  than  Lagrange's  method  -  both  in 
hydrodynamics  and  in  gas  dynamics  it  is  used  more  frequently. 
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.  About  the  Forces  Which  Act 
a  Liquid 


Let  us  isolate  a  certain  volume  of  liquid  (Fig.  2 .  u , 
let  us  examine  it  in  isolation  from  the  surrounding  liquid 


The  forces  which  act  cr.  a 
two  kinds:  volume  and  surface, 
material  particles  ccnstitu 
forces  are:  gravity 
electrical.  Surface 
tne  isolated  volume, 
the  er 


and 

r.c-diur 


Fig.  2.u.  Diagram  of  th- 
forces  which  act  on  two 
faces  of  an  elementary 
parallelepiped. 


giver,  volume  of  liquid  car.  be  of 
Volume  forces  are  applied  to  all 
the  volume.  Pertaining  to  volume 


n  g 

centrifugal  force,  magnetic  forces  and 
forces  are  distributed  ever  the  surface  of 
They  appear  as  a  result  of  the  effect  of 
rcnm.snt  on  the  given  volume. 


Surface  forces,  depending  cn  how  they  are  directed  with 
respect  to  a  given  surface  element,  are  subdivided  into  normal 
and  tangential. 


In  order  to  characterize  the  change  of  a  volume  force  LF  re¬ 
surface  force  bR  from  point  to  point  the  concept  cf  stress, is 
Introduced,  implying  by  it  the  limit  of  the  ratio  of  force  to 
the  volume  AV  (or  respectively  to  the  surface  LS)  which  is  reached 
with  the  contraction  of  the  volume  (or  surface)  to  some  Internal 
point . 


Thus , 
medium  is 


the  stress  of  a  volume  fcrcc-  at  a  giver,  point 


f  =  llm 


_dP 


the 
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o  =  llm 
*5-.» 


i/? 

as 


4* 

dy 


oi’kiii  1  Pul'd act  U.  1.1.  1  r.  a  quiescent  and  in  a  moving  liquid; 
tang1.: ns ■ a!  force;;  appear  only  during  U.o  motion  of  a  liquid,  and 
e :'i  then  only  van-:.  1  liquid  p articles  are  strained. 

cor  the  majority  of  liquids,  us  experience  shows,  Newton's 
hypothec  i  s  is  valid  according  to  which  the  stresses  are  propor  tional 
Ic  tne  rate-.;  of  strai.i.  The  proportionality  factor,  which  depends 
:.v  i.ii.d  of  liquid  and  its  state,  is  called  of  the  coefficient 
cf  ui”\  i ::  ■:  is  vanity  or  ainply  the  viscosity. 

Let  us  formulate  equations  of  motion  of  a  viscous  compressible 
i  ’.quid  for  u  e  1  orient  a  ry  parallelepiped  with  sides  dx,  dy ,  ds. 

Let  us  designate  the  components  of  volume  stress  f  by  X,  Y, 

Z,  the  components  of  .normal  stress  c  ipplied  to  the  faces  of  the 

parallelepiped  and  parallel  to  the  appropriate  coordinate  axes  - 

o  ,  a  ,  o  ,  and  the  components  of  tangential  stresses  lying  in 

the  plane  of  each  face  -  Ly  letter  ■  with  two  indices  (the  first 

indicates  tne  axis  perpendicular  to  this  face  and  the  second  - 

the  axis  parallel  to  the  direction  of  the  stress,  for  example 

t  ,  ,  x  ,  t  ) .  Let  us  note,  without  the  proof,  that  the  equality 
Xj  xz  y  ? 

•of  tne  moments  of  force  relative  to  an  arbitrary  axis  and  the 
equality  cf  tangent,  al  stresses  with  Identical  indices  but  arranged 
in  reverse  order  follows  from  equilibrium  conditions  of  a  parallel¬ 
epiped: 

t  */ ==  v*1  ==  ==  (13a; 

According  to  hew  tor. ' s  law  the  product  of  the  mass  of  a 
parallelepiped  times  its  acceleration  is  equal  to  the  resultant 
cf  all  forces  applied  to  the  parallelepiped. 
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_et  us  set  up  tne  appropriate  equation  for  the  projections  f 
acceleration  and  resultant  foroe  on  the  x-axis.  The  normal  stresses 
applied  to  the  end  faces  give  the  force  component: 


[( 9*  7x  dx)  ~  ]  (t^d:  ~  ft?  dx  rfl‘ 


The  force  components  from  the  tangetial  stresses  which  act  on  the 
lateral  and  upper  faces: 


and 


[(*>'  +  rf>)  ~  V*] d*  dx  =  ***  dx  dy  dx 
[(T«  +  di)  ~  *„]  dydx  =  ^f  dx  dy  dx. 


If  we  designate  the  components  of  the  velocity  vector  along 
tne  axes  x,  y,  z  by  u,  v,  w  and  consider  that  the  mass  of  the 
particle  dM  *  pdxdydz,  then  the  equation  of  notion  along  the  x-axis 
for  a  unit  of  volume  of  liquid  takes  the  form 

(13b) 


till  v  '  /*>* t  C‘j.1 


Tie  full  velocity  derivative  in  equation  (13b)  can  be  ex¬ 
pressed  by  partial  derivatives: 


in 


t'.L 

~7t  r"dt 


.  CU 

'  cy  ‘ 


.  ^ 
Kf:  * 


(130 


Then  the  equation  of  motion  along  the  x-axis  can  be  presented 
in  tne  form 

•'  | ;  i  } 


tfn 


,  c'li  .  d;t 

•-  r.t-  pu -•  =  A  ■ 
O'  * 


[':<  _  __  d\'x 

\ 0\  1  Oy 


oz  : 


Thus,  it  is  possible  to  derive  the  equations  of  notion  in  the 
direction  of  the  y  and  z  axes: 

6v  ■  v  .  <>»  .  %  ,  '(*■:.-»  ,  t>5.  ,  <>•  . '  ( 1  h c 

p  —  -’ll - -,v - rfC~=  )  ~  .az-' - u - i 

r  ut  ■  r  u.t  ■  oy  1  r  i/.’  ■  '.'  v  ■  oy  •  0:  / 


d-j 


(  r-  r1-..  ds.' 

'  H  . :»  '  ily  ~  w  “  ^  "  Tv  "  w  ; 
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The  arithmetic  mean  of  three  normal  stresses 


dees  not  change  with  the  trans formation  of  coordinates  and  for 
an  inviscld  liquid  it  is  equal  to  the  pressure  taken  with  the 
reverse  sign. 


For  future  reference  it  is  convenient  to  separate  from  the 
normal  stresses  the  so-called  "supplementary  stresses"  determined 
from  the  conditions 


e'x 


9  . 


(15b) 


utilizing  these  relationships,  the  system  of  differential 
equations  of  motion  can  be  presented  in  the  form 

rdl‘.  v-t u-  '.ii  _  :lv*  _  £«.'•  | 

Y  -  t  '  ‘  Ox  ‘  .  i>.v  1  cy  •  u:  .  1  I 

«’ v  _  y  u  dt  ,  ch  .j.  •>>',  !  ( 1 6  ) 

'  tii  ’  dy  •  '  u  i  1  ciy  ■  Tc  ,  ‘ 

•  '.V  67  T  .  <!:. 

^  ^  1  t*>'  1  v  U.\  <.y*  ■  «;• 


It  goes  without  saying  that  in  each  of  these  equations  it  is 
possible,  in  accordance  with  (13c),  to  replace  the  total  derivative 
of  the  velocity  component  on  the  left  side  with  its  partial 
derivatives,  and  the  tangential  stresses  with  identical  ones,  but 
to  consider  transposed  indices  according  to  (13a)  equal. 


s  fc.  The  Connection  Between  Stresses 
and  Strains 


The  connection  between  the  stresses  which  act  on  a  parallel- 
e;  iped  t  Fig.  .v .  u  )  ar.u  the  j  ate s  of  strain  of  the  latter,  as  has 
.-..’cajy  l indicate  i,  is  c-itaolished  by  the  Newton's  law  of 
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Tangential  stresses  cause  shearing  strains  (angular  strains) 
whose  definition  was  given  in  §  1  of  this  chapter.  Since,  in 
accordance  with  Newton's  hypothesis,  in  a  liquid  the  stresses  are 
proportional  to  the  rates  of  strain,  in  accordance  with  (1)  we 
have 


(17a) 


where,  as  has  already  been  indicated,  the  proportionality  factor 
v  is  the  coefficient  of  dynamic  viscosity  depending  on  the  kind  of 
liquid  and  its  state  (temperature,  pressure). 


The  tangential  stresses  in  the  other  two  coordinate  planes 
are  respectively 


It  is  a  more  complex  matter  with  normal  stresses. 

Extending  Newton's  hypothesis  about  the  proportionality  of 
stresses  to  the  rates  of  strain  to  normal  stresses  and  tensile 
stains  (compression),  it  is  necessary  to  keep  in  mind  that  the 
stretching  of  a  liquid  particle  is  accompanied  by  its  lateral 
contraction,  i.e.,  volume  strain;  in  other  words,  strain  in  the 
direction  of  any  axis  is  caused  by  stresses  both  parallel  to  this 
axis  and  perpendicular  to  it. 

The  detailed  analysis  of  the  fields  of  stresses  and  strains 
made  by  two  different  methods  in  hydrodynamics  and  in  the  Kinetic 
Tneory  of  Gases,1  made  it  possible  to  establish  the  tie  between 


‘Patterson  G.  M. ,  The  Molecular  Flow  of  Gases.  Flzmatgiz, 

M. ,  I960;  Loytsyanskiy  L.  G. ,  Fluid  and  Gas  Mechanics.  Flzmatgiz, 
M.  ,  1957. 
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normal  and  tangential  stresses  from  which  It  follows  that  the 
additional  normal  stress  is  equal  to 

oisssOj,  — 0  =  211^— yej,  (l8) 

where  e  are  the  relative  linear  and  volume  strains  determined 
respectively  from  (4)  and  (6). 


Furthermore,  in  the  hydrodynamics  of  a  viscous  compressible 
liquid  the  second  generalization  of  Newton's  hypothesis  is  accepted 
according  to  which  the  mean  normal  stress  is  equal  to  the  sum  of 
two  terms:  the  first  term  is  the  pressure  taken  with  a  negative 
sign  which  does  not  depend  on  the  rate  of  volume  strain,  and  the 
second  term  is  proportional  to  the  latter: 


— /»  +  V. 


(19) 


here  n  is  the  coefficient  of  the  so-called  second  viscosity  intro¬ 
duced  into  hydrodynamics  for  the  first  time  by  L.  D.  Landau.  The 
minus  sign  with  pressure  considers  that  it  is  always  directed  in¬ 
side  the  selected  volume  of  liquid;  value  o  is  customarily  considered 
positive  if  it  is  directed  outside. 


Thus,  according  to  (18)  a.  (19)  the  components  of  normal 
stress  are  expressed  in  the  following  manner: 

(20 

In  a  noncompresslble  liquid  e  ■  0,  whence 

(21 

— P-\-  tyi*  —p-\-  9,  =»  — />4-  2(u,. 


L.  D.  Landau  showed  that  in  monatomic  gases  the  second 
viscosity  was  equal  to  zero  (n  ■  0),  and  with  the  majority  of 
other  homogeneous  gases  is  very  clo.,e  to  zero. 
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However,  for  some  two-phase  mixtures  (for  example,  the  mixture 
of  a  liquid  and  the  gas)  and  thermodynamically  nonequilibrium  gas 
mixtures  (for  example,  with  the  course  of  slow  chemical  reactions) 
the  second  viscosity  becomes  considerable. 

Subsequently,  we  will  assume  n  *  0,  i.e.,  we  will  consider  a 
gas  without  second  viscosity;  then  the  normal  stresses  are  deter¬ 
mined  by  the  following  expressions: 


9x=-f  +  2(1*,— 


, - p+fy**— Tl“. 

<  ~—~P-5r  —  4  ji*. 


(22) 


From  (18)  it  follows  that  the  additional  norma),  stresses  appear 
only  in  viscous  fluids,  when  p  s*  0. 


Substituting  in  (16)  the  values  ex  and  e  from  (4)  and  (6), 


we  obtain 


• _ 0  du  2  !  du  ,do  j  dm\ 

^  ^  ~  ¥  *  V 17  +%  +  dij. 


(23a) 


and  respectively  for  y  and  z-axes 

.c-*S-},®+$+fc). 

For  a  .'.uncompresslble  liquid 


**  =  *>£=*»« 

0;=2,|=2:it, 

<•  =  2^  =  2^. 


(23b) 


(24) 
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In  a  noncompressible  liquid  the  additional  normal  stresses  are 
connected  with  the  rates  of  linear  strain  by  exactly  such  relation¬ 
ships  as  tangential  stresses  with  rates  of  angular  strain. 

It  is  not  difficult  to  be  convinced  of  this  comparing  equalities 
(24)  and  (17) 

§  5.  iJavier-Stokes  Equations 

Using  formulas  (17)  and  (23),  in  differential  equations  (14) 
it  is  possible  to  replace  the  stresses  with  rates  of  strain.  In 
this  case,  we  will  obtain  the  so-called  Navier-Stokes  differential 
equations  of  motion  of  a  viscous  liquid. 


For  example,  for  motion  parallel  to  the  x-axls 

du  ,  du  du  .  _du 

f  oT  Tl fU 17  +  v  Of +< fW  7T  “ 

..  dp  .  d  f „  du  2  t  du  ,  do  ,  da  '1  i 
“A  -jx~ dj-r  *-♦]  + 

d  f  ■  du  .  du '  1  ,  d  [  'da  .  du  '.I 

'T  df  J- 


After  simple  conversions  in  the  case  of  an  invariable  viscosity 
value  in  an  entire  zone  of  flow  (u  •  const)  we  have 


du  du  .  du  ,  du  „  dp  ,  i  e*«  .  <>**'.  • 

P  Si  ~ P"  Si  +  *v  n  +  fW  li  "■ X >*  +  dp "r  3?  ■'r 

I  ^  _d_  I  du  _j_  i*  \ 


(25) 


Utilizing  designations  for  the  Laplace  operator 


and  the  divergences  of  the  velocity  vector 


*>»'-&+&+&■ 
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et  us  write  equations  (25)  in  a  more  concise  form: 


du  ,  du  ,  ■  du  .  ‘  du 

f  W-+fK  Jx  +  +  (26a) 

vW> 

and  by  analogy  for  motion  in  one  direction  of  the  y-  and  z-axes 

i  dv  .  dv 

p  '<>7  +  pl “  Tu  +  r v  Ify  +  **  JT  *» 

“  •^7+(‘Av  +  T:*^rW>v^).  (26b) 

.  <*a*  .  dm  ,  dm  dm 

p  7F  +  H "  77  +  <*’ 77  +  P* -zr  — 

“  z_  +^«f+  yl»^(«»  W)l  (26c) 

Equations  (26)  are  called  the  Navier-Stokes  equations.  In 
vector  form  the  Navier-Stokes  equations  are  reduced  to  one  equation 
of  the  form 

**“5? —  =  ^ —  grad  ^  -J—  ji.A  W'  -u_  -j-  (*  (rad  (div  Wy 


where  R  i3  the  vector  of  the  stress  of  volume  force. 


In  a  viscous  liquid  tne  adhesion  of  particles  of  the  liquid 
to  the  walls  which  limit  flow  occur-;  therefore,  with  the  integra¬ 
tion  of  the  differential  equations  of  Navier-Stokes  it  is  necessary 
to  utilize  as  a  boundary  condition  the  equality  to  zero  of  the  rate 

of  flow  at  the  wall  (W  «  0). 

w 


In  the  case  of  a  noncompresslt le  liquid  (p  *  const)  the  last 
terms  in  the  Navier-Stokes  equations  (26)  and  (27)  are  absent 
(div  w  =»  0),  in  consequence  of  which  these  equation  take  a  simpler 


form: 


„  du  v  dp  ,  . 

eii! y_  &P 

*Tt—Y  ~5_ y 


■  (*dV. 


«<a-  ,  dp  . 

p-or  =  z--£-r^. 

V»4p--'i\  W. 


(28) 

(29) 
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Tne  solution  of  the  Navier-Stokes  equations,  even  for  a 
ncncompressiMe  liquid,  is  a  very  complex  problem. 

Up  to  now  it  was  possible  to  solve  these  equations  accurately 
only  in  some  very  simple  cases,  for  example,  for  the  flow  of  a 
viscous  fluid  along  a  straight  tube  -  Poiseuille's  problem;  for  tne 
flow  between  two  parallel  flat  walls  of  which  one  is  fixed  and  the 
other  moves,  i.e-,  Couette's  problem;  for  a  flow  close  to  the 
critical  point  -  the  problem  of  Khiments  [as  transliterated] 
Howarth,  et  al. 

The  problems  of  the  hydrodynamics  of  a  viscous  liquid  are 
solved  usually  approximately  by  means  of  the  rejection  of  some 
terms  in  tne  Navier-Stokes  equations  which,  under  various  specific 
conditions,  can  be  small  in  comparison  with  other  terms. 

§  6.  The  Equation  of  Energy 

Let  us  set  up  a  differential  equation  of  energy  conservation 
for  a  moving  particle  of  a  compressible  medium.  According  to  the 
first  law  of  thermodynamics  the  heat  supplied  to  a  body  goes  to 
Increase  its  Internal  energy  and  to  the  accomplishment  of  the 
strain  energy 

Here  dQ  »  dQH  +  dQxp  "  the  total  quantity  of  heat  conducted  to  1 
kgf  of  substance  because  of  the  heat  exchange  of  the  particle 
with  the  environment  (dQH)  and  the  work  of  the  friction  forces 
(dQTp),  pd  V  -  the  compression  work  (strain). 

For  a  particle  with  a  volume  of  V  -  dxdydz  and  with  weight 
G  ■  pgV  the  condition  for  energy  conservation  will  be  written  In 
the  following  form: 


dq  —  dq.  -f  dq,f  =  Qd  (r ,  T)  -f  Ap  d  V. 


(31) 
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Here  ciq  is  the  heat  obtained  by  a  particle  from  without,  dq 

H  T  p 

the  heat  of  friction  which  is  released  on  its  faces. 

Then  the  per-second  heat  flow  per  unit  volume  of  the  particle 
is  equal  to 


i  *7  .  dv.  ( 32 ) 

Tit  - -  ‘Vut' 


If  the  supply  of  heat  from  the  environment  is  t-.chieved  only 
by  way  of  thermal  conductivity,  then  in  a  unit  of  time  the  heat 
flow  passes  across  a  unit  of  surface  in  accordance  with  the 
Fourier  hypothesis: 


d<lr  „ :  dT 
Wt-'SZ- 


(3: ) 


Here  X  is  the  coefficient  of  thermal  conductivity  depending  on 
the  properties  of  the  liquid  (temperature,  pressure),  -  the 

temperature  gradient  along  the  normal  to  the  surface,  -  the 

dt 

per-second  heat  flow,  F  -  the  surface  of  the  particle. 


Returning  to  the  elementary  parallelepiped  dx,  dy,  dz  (Fig. 
2.4),  let  us  write  the  per-second  heat  consumption  across  a  face 
with  area  dy  dz  in  the  direction  of  the  x-axis 

-’.%dydz. 


The  per-second  Inflow  of  heat  across  the  opposite  face  comprises 


**]<?** 


Thus,  an  increase  in  the  reserve  of  heat  in  volume  dx  dy  dz  as  a 
result  of  the  Inflow  of  heat  through  the  indicated  pair  of  faces 
during  the  time  interval  dt  comprises 


Similarly,  the  Inflow  of  heat  in  the  direction  of  the  y-anu 
c-axes  comprises  respectively 


37  \k  37'  dy  d:  d*  d!  <>*  <y  *<■ 


The  total  amount  of  heat  conducted  to  a  particle  by  means 
of  the  heat  exchange  with  the  environment  during  time  dt. 


dq* ~  [  h  (*  If .  +  Jr  ( x t£  }  +  i  {x ' 4r)] dx  *■>’  *  dt 


<3*»> 


Let  us  now  find  the  quantity  of  heat  which  enters  volume  dx  dy  d2 
as  a  result  of  the  work  of  the  friction  forces. 


The  viscosity  forces  applied  to  the  opposite  faces  of  the 
parallelepiped  have  opposite  direction.  The  per-second  work  is 
equal  to  the  product  of  the  force  and  the  projection  of  the  rate 
on  the  force  direction.  For  example,  the  supplementary  normal 
stresses  0  ,  which  act  on  faces  with  an  area  of  dy  dz,  accomplish 
in  one  second  the  work  (with  consideration  only  of  terms  of  the 
1st  order  of  smallness) 

~r  ~  -jf  dxj  ^  11  •jj-  dx  j  dy  dt  =» 

as(9''37"^'"‘3!r‘J  dxdyd:—  dxdydt, 

In  the  same  manner  the  work  is  determined  which  is  performed 
by  tangential  stresses  t  and  t  applied  to  the  same  faces  in 

4\JI  A « 

the  direction  of  the  two  other  velocity  components  (v  and  w): 

ty&dxdydt,  'dxdydt. 

The  work  of  the  normal  and  tangential  stresses  which  act  on 
the  remaining  two  pairs  of  faces  is  calculated  analogously.  In 
summation,  the  following  expression  is  obtained  for  the  total 
per-second  work  of  the  friction  forces  which  act  on  the  surface 
of  the  parallelepiped: 


100 


( 


(35) 


( 


til.. 

IT 


V1*  +  *««')  J-  (V*  +  o>  +  •!,..«)  + 
~r^z(~tx«  dxdyiit- 


However  not  all  work  of  viscous  forces  is  converted  into  heat. 

Part  of  this  work,  which  corresponds  to  the  resultant  of 
viscous  forces,  which  causes  particle  acceleration,  is  excluded 
on  an  increase  in  the  mechanical  energy  of  the  particle. 


The  components  of  the  resultant  of  the  viscous  forces  in  the 
direction  of  the  x-y-and  z-axes  were  determined  in  5  4  in  the 
derivation  of  the  equations  of  motions;  the  work  being  accomplished 
by  these  components  of  the  resultant  force  in  a  unit  of  time, 
obviously,  equals 
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(36) 


After  deducting  from  the  full  work  (35)  the  work  of  the 
displacement  of  the  particle  (365,  we  will  obtain  the  unknown 
part  of  the  per-second  work  of  the  viscous  forces  which  is  trans¬ 
formed  into  the  heat: 
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If  now  in  equation  (32)  we  replace  the  value  of  the  total 
per-second  inflow  of  heat  dq  *  dqH  +  dqTp  with  the  aid  of  (34) 
and  (37),  then  we  will  obtain  the  equation  of  energy 
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After  the  replacement,  In  (37)  of  the  viscous  stresses  by  their 
values  according  to  (17)  and  (24)  we  will  obtain  the  heat  of  friction 
which  is  liberated  in  one  second  In  elementary  parallelepiped: 

4;p-«'Vw.  (39) 

where  the  multiplier 


is  called  the  dissipative  function. 


Utilizing  the  definition  of  the  function  $  (39)  and  (40),  we 
obtain  the  equation  of  energy  conservation  in  the  form 


)+**.  <«•> 


We  convert  the  second  term  of  the  left  side  of  this  equation  with 
the  aid  of  the  condition  for  the  conservation  of  mass  (11a): 


.  1  iil 
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Then  the  equation  of  energy  can  also  be  presented  in  the 
following  form: 


p£  at  T  +  A £ ]  “  A  iPi  +  77  It )  + 


(41b) 


For  the  ideal  gas  which  is  subordinated  to  the  equation  of  state 
p/pg  ■  RT,  the  equation  of  energy  is  simplified,  since 


c,T  +  A -£«(<■. -f  AR)  T—c,T=*l. 
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Hence 


(^lo) 
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If  the  coefficients  of  thermal  conductivity  and  heat  capacity 
do  not  change  in  the  entire  zone  of  flow,  then  we  have  the  equation 
of  energy  in  the  following  form: 


:•£'  jt  -  Wt  Tf  -7)7  +  ^  7  -f  . 


dT 


(H2) 


In  a  noncompressible  liquid,  the  second  term  of  the  left  side 
of  equation  of  energy  (^la)  is  equal  to  zero  and,  furthermore, 
c  -  cv  ■  c;  therefore,  the  equation  of  energy  is  obtained  in  the 
following  form: 

(n) 

The  dissipative  function  of  *  in  this  case  also  takes  a 
simpler  form  since  the  last  term  of  the  right  side  of  (fcO)  is  equal 
to  zero. 


For  a  stationary  two-dimensional  (plane-parallel)  flow  the 
equation  of  energies  (U2)  takes  the  following  form: 
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In  certain  cases  in  gas  dynamics  it  is  more  convenient  to  use 
another  form  of  the  equation  of  energy  which  can  be  obtained  with 
the  aid  of  the  Navler-Stokes  equations. 


Let  us  multiply  the  first  of  the  Navier-Stokes  equations  (16) 
by  the  velocity  component  u,  the  second  -  by  v,  the  third  -  by  v 
and  let  us  add  all  three  equations  term  by  term. 
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Then  we  will  have 


(45) 
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Here  for  simplicity  the  work  cf  the  volume  forces  la  rejected  as 
not  playing  a  role  in  gas  dynamics  and  the  mean  normal  stress  is 
i’t placed  by  the  pressure  (o  ■  -p). 


Adding  equation  (4q)  which  reflects  a  change  in  Kinetic  energy 
witn  equation  (42)  which  considers  a  change  in  the  enthalpy,  and 
utilising  expression  (40),  after  some  conversions  v/e  obtain 


-r  <V"  —  +  *.»“*)  -h  4l  (r-*n 'ov *r  »(•*')]. 


(46) 


An  is  known  from  §  2,  Chapter  I,  the  sum  cf  the  enthalpy 
and  heat  equivalent  of  kinetic  energy  is  called  total  enthalpy 
(full  peat  content) 

IT1 

l A -fy  '  —  1*  (47) 


Substituting  (47)  into  the  left  side  of  equation  (46)  ana  replacing 
the  .stresses  ny  the  strain  rates  with  the  aid  of  (8),  (17)  and 
(24),  after  the  conversions  •««  obtain  the  equation  of  energies  in 
this  form: 


A  £  +  44  V  +  div  W 


(48) 


where 


Viiv  Waa-f-tfiy  ^ 


ojT  <div  M>r~  (div  v/y 


In  gas  dynamics  great  significance  is  had  (see  the  following 
paragraph)  by  the  dimensionless  quantity 


04 


called  the  Frandtl  number. 
right  3icie  of  equation  (48) 
te:  m 


Let  us  introduce  this  number  into  the 
.  For  this  let  us  add  and  subtract  the 


utilize  (47),  and  consider  that  with  cp  ■  const 


*9 

Thus,  we  have 

^d<ttsaA  ^+£^*-1-11(1  —  POa(4^-)  +  ^I1(wX  V)<llv  W. 


For  gases  the  Prandtl  number  is  close  to  unity  (for  example,  for 
air  ?r  *  0.12).  With  Pr  *  1,  the  third  term  of  the  right  side  is 
equal  to  zero  and  the  equation  of  energy  is  simplified: 

tg%  -  A*£ + r/'* + x  *)<*  w. 


§  7.  Hydrodynamic  Similarity 

In  view  of  the  impossibility  of  obtaining  the  exact  solution 
of  the  N&vier-Stokes  equations  and  equation  of  energy  for  the 
overwhelming  majority  of  tasks  of  hydrodynamics  and  gas  dynamics, 
resort  is  had  either  to  approximate  solutions  or  to  experiments  on 
models.  Iii  the  latter  case,  the  question  arises  concerning 
the  conditions  of  similarity  for  the  flow  around  of  a  full-scale 
object  and  its  model. 

The  first  condition  in  such  similarity  it  the  geometric 
similarity  which  is  accomplished  if  the  dimensions  of  all  compatib 
elements  of  the  model  and  nature  differ  the  very  same  number  of 
times  and,  furthermore,  if  the  compatible  elements  are  arranged 
at  identical  angles  to  fne  velocity  vector  of  the  incident  flow. 


L*t  any  cv.ara;v:crl u tic  dimensions  of  the  model  r  differ  from 
tn-:  o  -Tres;  ending  uharacterlatlc  dimension  of  nature  r  by  times. 

« : j ,*4  t» i.e  * '  Ct  j  -< C 


(51) 


is  the  linear  seal*  of  modeling  (Fig.  2.5).  The  kinematic  similarity 
of  flews  near  the  nicuei  and  nature  is  achieved  if  at  compatible 
points  whose  coordinates  are  proportional: 


(52) 


velocity  vectors  satisfy  the  condition 


(53) 


whore  u  ,  o  are  the  velocities  of  the  undisturbed  Incident  flow 
respectively  of  tr.e  mod' 1  and  in  nature  at  a  great  distance  ("at 
infinity" ;  fr:-  i  ody  .  The  value  is  called  the  kinematic 


Fig.  2.5*  Illustration  of 
geometric  similarity. 


-  w 


From  : :  r.  t;  i  t :  n  if-.  2;  it  follows  that  compatible  points  of  the 
fl-ws  c at ■  it  determined  in  the  following  manner: 


fj 
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i.e.,  as  points  with  Identical  relative  values  of  coordinates. 


In  exactly  the  same  manner,  from  condition  (53)  we  obtain  that 
at  the  compatible  points  of  two  kinematically  similar  flows,  with¬ 
out  depending  on  the  kinematic  scale  of  modeling,  the  dimensionless 
values  of  the  corresponding  velocity  components  are  identical: 


(55) 


The  condition  of  dynamic  similarity  of  two  flows,  obviously,  is 
satisfied  when  values  of  the  corresponding  forces  applied  to  the 
model  and  nature  differ  the  very  same  number  of  times: 


(56) 


The  first  of  the  presented  equalities  contains  the  projections 
of  inertia  force  which  stand  on  the  left  side  of  the  Navier-Stckes 
equations,  the  second  -  volume  forces,  the  third  -  the  forces  of 
hydrodynamic  pressure,  and  the  fourth  -  the  forces  of  friction 
grouped  in  the  right  side  of  the  Navier-Stokes  equations. 

The  coefficient  kR  characterizes  the  dynamic  scale  of  modeling. 
From  equalities  (56)  it  is  evident  that  without  depending  on  the 
value  of  the  scale  kR  the  dynamic  similarity  occurs  if  the  dimension¬ 
less  values  of  the  corresponding  forces  applied  to  the  model  and 
full-scale  object  are  Identical: 
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etc . 


'iydrodyn arnica l ly  similar  are  the  flews  in  which  conditions  of 
re  erne-;  ric ,  kinematic  and  dynamic  similarity  are  satisfied  simul¬ 
taneous  ly . 


If  we  v/rite  the  davler-Slokes  equations  in  a  dimensionless 
form,  then  for  two  byurodynamically  similar  flows  these  equations 
■will  turn  out  to  be  completely  identical. 


Let  us  reduce  the  Lavier-Scokes  equation  to  the  dimensionless 
form  (25),  for  which  first  we  express  all  values  which  enter  the 
equations  in  fractions  the  corresponding  values  for  an  un¬ 
disturbed  flow  far  from  the  body  (u  ,  p  ,  y  ,  p  )  and  also  charac- 
teristic  values  of  time  (tQ)  and  dimension  (Z): 


„  t.  ,<f  „*f\ 


d£- 

>  — 

d.JL 

a-i-1 

P*>  ^31  *  a 

“a. 

1.  , 

1 

1  'tt 

I*- 

'  *j'  *  ha, 

m 

•(f)' 

+^TJ 

+  Td 

a 

8!L8 

T  V-T 

i 

and  then  let  us  divide  ty  the  value  u^/Z,  proportional  to  the  fore 
of  inertia  for  a  unit  of  mass: 
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(58) 


Here  it  Is  accepted  that  mass  force  X  Is  the  force  of  the  earth's 
gravity ,  1  .e,  ,  X/p  =  g. 


The  dimensionless  Navler-Stokes  equation  (58)  contains  the 
following  dimensionless  complexes: 

1  !*„ 


It  is  obvious  that  for  geometrically  and  kinematically  similar 
flows  the  dimensionless  equations  of  motion  (58)  will  be  Identical 
in  the  case  where  each  of  these  complexes  has  the  very  same  value 
for  a  full-scale  object  and  models  and  if  at  the  compatible  points 
of  these  flows  the  relative  values  of  the  density  and  viscosity 
are  identical  (p/pm  *  idem,  u/uw  ■  idem) 
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(59) 


Dimensionless  complexes  (59)  are  thus  the  criteria  of  dynamic 
similarity  for  geometrically  and  kinematically  similar  systems. 

Awarded  to  these  similarity  criteria  are  the  following 
designations  and  names: 


m~on-  Strouhal  number, 

ltt 

~i  =  Kr  -  Frcude  number, 

( cC ) 

^,sssEu-  Euler  number, 

—  R  -  Reynolds  number'. 

(• 

In  expressions  ( 6 0 )  the  indices  are  omitted  3ince  In  them  one 
ought  to  substitute  some  characteristic  values  of  the  parameters 
which  cio  not  mandatorily  correspond  to  their  values  at  "infinity." 

Let  us  recall  that  each  of  the  criteria  of  dynamic  similarity 
was  farmed  by  the  division  of  the  corresponding  force  into  a 
value  proportional  to  the  force  of  inertia;  therefore  the  Froude 
number  in  essence  determines  the  ratio  of  the  gravitational  force 
(volume  force)  to  the  force  of  inertia,  the  Reynolds  number  -  the 
ratio  of  the  viscosity  force  to  the  force  of  inertia,  the  Strouhal 
number  -  the  ratio  of  the  supplementary  (local)  force  caused  by 
the  unsteady  nature  of  the  motion  to  the  force  of  Inertia,  and 
the  Euler  number  -  the  ratio  of  the  force  of  hydrodynamic  pressure 
to  the  force  of  inertia. 

In  a  noncompresslble  liquid  Euler's  criterion  Is  not  determinant 
since  it  Is  possible  to  take  the  dynamic  pressure  pu^/2  as  a 
characteristic  pressure  p  and  then  Eu  is  a  constant  number. 

In  a  compressible  medium  Eu  criterion  can  be  presented  with 

2 

the  use  of  the  known  expression  for  the  speed  of  sound  a  =  kp/p 
In  the  form 


EuesT«*: 

this  means  that  in  the  case  of  gas  flows  two  supplementary  similarity 
<  rlteria  appear: 
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Poisson's  number 


and  the  Mach  number 


the  values  of  which  with  the  similarity  of  flows  near  the  model  and 
nature  should  be  respectively  identical  i 

— —  ^n»  Mv  ^  M|> 


Let  us  now  move  on  to  an  examination  of  the  equation  of  energy. 
To  reduce  the  equation  of  energy  (4 2)  to  dimensionless  form  let  us 
refer,  as  formerly,  all  values  of  velocities  to  the  velocity  of 
the  undisturbed  incident  flow  u  ,  all  linear  values  -  to  the 
characteristic  linear  dimension  of  the  object  Z,  all  pressures  - 
to  the  pressure  in  the  incident  flow  pw,  and  all  temperatures  - 
to  a  difference  in  the  temperatures  of  the  incident  flow  (far  from 
the  body/  and  the  wall  of  body  ATQ  *»  Tw  -  T  .  For  simplicity  let 
us  investigate  the  equation  of  energy  for  steady  flow  conditions 
(it  is  not  difficult  to  show  that  consideration  of  unsteady  terms 
in  the  equation  of  energy  leads  to  a  Strouhal  number,  i.e.,  to 
the  criterion  obtained  earlier  from  the  Navler-Stokes  equations). 


Then  from  ( 3 )  and  (40)  we  have 


111 


£T  d  at  .at  r  a  p 

^ _  I  ^  ^7#  .  (0  P OO  Poo  ^  Poo  . 

i  "**  u*>  dy.  *t"  “«  ui  “fXT«',ir,'  “Z  * x  ~*~ 
i  i  ° i  L  ®T 


U  v  y  y  ~t~ 

"o'  "<o  AS. 

I  l 


0-L- 

V  /tv. 

d-£-l 

w  p ^ 

4  6^J_ 

...  x  ..  V.  . 

,'ifel 

dp! 

'ft 

1 ,  -.  .  ;i5-  +r-"  +  '  ^  + 
,+  ^'■•l*U/%.  +\4/J+ 

/*-£■  *  £\*  d?-  *JL\*  /d-u-  a»\* 

w+^y+w"+^+^+^/_ 

•  /d-i  ai  a“Vi 


Here  AT  »  T  -  7  is  the  excess  lccal  temnerature  (in  comparison 
w 

with  the  wall  temperature),  whereupon  dT  =  d(AT).  The  left  side 
of  the  equation  of  energy  reflects  the  convective  heat  transfer; 
therefore,  the  division  of  all  terms  by  the  dimensional  frctor  of 
the  left  side  means  that  all  forms  of  heat  fluxes  are  expressed 
in  fractions  -of  the  convective. 


The  thermal  similarity  of  the  two  processes  is  achieved  when 
they  are  loth  described  by  the  very  same  dimensionless  equation  o 
energy.  This  condition  is  satisfied  with  the  observance  of: 
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I ;  hydrodynamic  similarity; 

2)  the  similarity  of  the  temperature  fields,  i.e.,  the  equality 
of  dimensionless  values  of  the  excess  temperature  in  compatible 
points  of  two  flow 3  AT/ATw  •  idem  with  x/l  ■  idem,  y /l  «  idem, 
z/l  ■  Idem, 


3)  equality,  in  both  flows,  of  values  of  each  of  the  following 
dimensionless  complexes  of  equation  (6l): 

*“5.  .  1 

t«Us',*rt  •  tgC'Uj’  i(g',±r,‘ 

It  is  expedient  to  transform  these  complexes  somewhat.  So, 
the  first  of  them  is  the  product  of  the  already  known  Euler 
criterion  times  the  so-called  temperature  criterion 

Au\,  kAR  t„  «•, 

Since  ARrsef  —  c,;  h  =  tjcm  kgRT^^c^  then 


Mi,. 


(62) 


Consequently,  the  temperature  criterion  which  considers  the  relation 
of  the  compression  work  being  achieved  by  dynamic  pressure  to  the 
convective  heat  flux  is  proportional  to  the  square  of  the  Mach 
number  and  to  the  ratio  of  the  full  temperature  of  the  incident 
flow  to  its  excess  temperature.  The  value 


/in' 


=  T'  — 


Txm 


HT* 


is  a  temperature  increase  with  the  adiabatic  stagnation  of  flov;; 
therefore  we  also  have 
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(63) 
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Thus,  the  temperature  criterion  is  equal  to  the 
of  the  temperature  increase  with  the  stagnation 
excess  gas  temperature;  hence,  it  is  clear  that 
has  significance  only  with  large  flow  rates. 


doubled  ratio 
of  flow  to  the 
this  criterion 


We  convert  the  factor  with  the  second  term  of  the  right  side  of 
equation  ( 6 1 ) ,  which  expresses  the  ratio  of  the  heat  being  trans¬ 
ferred  by  heat  conductivity,  to  the  convective  heat  flux  thus: 


1  i»ll  (63a) 

ey  *aJ  5:3  PfR* 


One  of  its  dimensionless  cofactors  is  the  reciprocal  value  cf 
the  Reynolds  number  known  to  us ;  the  second  dimensionless  factor, 
inversely  proportional  to  the  value  called  the  Prandtl  number 

(64) 

depends  only  on  the  physical  properties  of  the  medium.  The  value 
Ik 

which  is  called  the  coefficient  of  temperature  conductivity, 
has  a  dimensionality  of  the  kinematic  viscosity  coefficient  v. 


The  product  of  the  Prandtl  and  Reynolds  numbers  is  railed 
Peclet's  criterion  or  number 


Pe*=^  =  PrR.  (65) 

This  criterion  is  widely  utilized  in  modeling  the  processes  of 
heat  exchange.  The  factor  with  the  third  term  of  the  right  side 
cf  equation  (61),  which  is  the  ratio  of  the  heat  being  scattered 
to  the  convective  heat  flux,  does  r.ot  lead  to  new  criteria  since 
It  equals  the  ratio  of  the  temperature  criterion  to  the  Reynolds 
numbe r : 
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(66) 


To  the  aforesaid  it  should  be  added  that  for  a  medium,  of 
variable  density  we  should  include  in  the  iiavier-Stokes  equations 
the  volume  forces  of  Archimedes,  since  according  to  Archimedes'  law 
"a  particle  surrounded  by  a  liquid  of  different  density  loses  in 
its  weight  as  much  as  the  volume  of  liquid  it  displaces  weighs." 
Thus,  the  Archimedes  force  applied  to  a  particle  which  has  volume 
V,  is  equal  to 

(T  — T»)  V=g(fi  —  P*>)  V. 

The  projections  of  the  Archimedes  force  referred  to  a  unit  of 
volume  which  should  be  substituted  into  the  Navier-Stokes  equations 
can  be  presented  in  the  form 

.v=£,(p— Pm\  r=ft(p— 

where  gx,  gy ,  gz  are  the  projections  of  the  gravity  acceleration 
to  the  coordinate  axes. 

The  ratio  of  Archimedes'  force  to  inertial  force,  which  should 
stand  in  this  case  in  the  right  side  of  the  Uavier-Stokes  equation 
for  the  x-axisJ  will  be  written  in  the  form 

A7  — 

Ka 

The  relative  change  in  volume,  and  consequently  also  in  the 
density,  is  proportional  to  the  temperature  change: 

^ n. 

where  6  is  the  volume  expansion  coefficient. 

In  an  ideal  gas  with  constant  pressure  ■  To/T>  1,e,>  0 
=  1/T  therefore 

CO 
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ii mens  ion less  factor 


is  called  Archimedes’  number;  it  is  Important  for  hydrodynamic 
similarity  when  the  temperature  drops  in  a  gas  flow  are  great  and 
the  velocities  are  lew. 

As  we  see,  Archimedes'  criterion  is  obtained  from  the  division 
of  the  relative  temperature  drop  by  Froude’s  number. 

In  the  general  case  (3  ¥  1/T  ) 


»-4»T.-*y££r-t. 


The  dimensionless  quantity 


Gr -HJS. 


which  expresses  the  ratio  of  Archimedes'  force  to  the  viscosity 
force,  is  called  Grashof's  number. 

Thus,  for  the  satisfaction  of  the  conditions  of  hydrodynamic 
and  thermal  similarity  it  is  necessary  that  in  the  model  of  the 
value  of  the  similarity  criteria: 


Reynolds  number:  R=-2-t 

Prandtl's  number:  Pr  = 

Grashof's  number:  G 


temperature 
criterion : 


be  the  same  as  in  a  full-scale  object. 


For  gases,  the  equality  cf  the  Mach  number 


M  =«  — 
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ana  the  relation  of  heat  capacities 


should  also  be  observed. 


§  3.  Laminar  Flows 

We  come  to  one  of  the  simple  special  cases  of  the  exact  solution 
of  the  Navier-Stokes '  equation  In  the  case  of  the  so-called  "laminar 
flows,"  when  only  one  velocity  component  Is  retained,  and  the  other 
two  are  equal  to  zero  everywhere: 

H=all(.V.  y,  ?,  /V  ®*n0,  tP  =» o. 

If  the  mass  forces  are  negligible,  then  In  this  case  the  equations 
of  motion  take  the  following  form: 


and  the  equation  of  continuity 

a+’-SP-* 

If,  furthermore,  we  are  restricted  to  the  case  of  the  steady 
flow  of  a  iWhcompressible  liquid  ^**0,  p  =  then  from  the 

equation  of  continuity  ensues  the  invariability  of  the  velocity 
in  the  direction  of  flow  3u/3x  *  0,  and  from  the  latter  two 
equations  of  motion  -  the  pressure  constancy  in  the  transverse 
directions:  3p/3y  ■  0,  3p/3z  *  0.  Then  from  the  first  equation 

of  motion  we  will  obtain 


Let  the  laminar  flow  cf  a  viscous  noncompressible  liquid  be  plane- 
parallel,  whereupon  the  rates  of  flow  In  the  direction  of  the  z-axis 
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do  not  change  3u/3z  ■  0.  Then  in  the  first  equation  of  motion  only 
tangential  viscous  stresses  which  act  in  plane  (x,  y)  will  be 
preserved: 

t ~ t’i 83 0  and 

Relationship  (71)  expresses  Newton's  law  of  viscous  friction  in 
the  simplest  form;  differentiating  (71),  we  obtain 

y,f  *'* 

~$y  ““  ay  08  **  Tp ' 

Then  the  first  of  tho  equations  of  motion  takes  the  form 


dx 


(72a) 


Let  us  examine  the  plane-parallel  laminar  flow  of  a  viscous 
ncncompresslble  liquid  in  a  channel  formed  by  two  infinite  parallel 

plates . 


If  the  distance  between  the  plates  is  equal  to  2b  and  the 
origin  of  the  coordinates  lies  on  the  axis  of  the  channel  (Pig.  2.6), 
then  as  a  ooundary  condition  of  the  task  it  is  possible  to  accept 
the  condition  of  the  adhesion  of  the  liquid  to  the  wall; 

«*» 0  with  it*,  (72b) 


Integrating  differential  equation  (72a),  we  have 


(72c) 


From  the  symmetry  condition  it  follows  that  in  the  median  plane 
(y  *  0)  ~  ■  0,  and  this  means  *  0. 


Fig.  2.6.  Plane-parallel  flow 
in  a  channel. 
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iJow  integrating  equation  (72c),  we  obtain 


whence  on  the  basis  of  (72b)  we  have 


Ct=* 


1  ip  a 

T  ii* 


and  consequently, 

(72d) 

The  rate  of  flow  on  the  axis  of  the  channel  (with  y  *  0) 

(7  2e) 

After  dividing  term  by  term  equality  (72d)  by  (72e),  we  obtain 

“-  =  1-4.  (73a) 

Ua  “ 

From  (73a)  it  follows  that  the  dimensionless  velocity  profile  wion 
the  laminar  motion  of  a  liquid  in  a  flat  channel  does  not  depend 
either  on  the  value  of  the  viscosity  or  on  the  value  of  the 
longitudinal  pressure  gradient  and  is  a  quadratic  parabola. 


Using  the  condition  of  the  constancy  of  the  fluid  flow  rate 
it  is  possible,  on  the  strength  of  (73a),  to  determine  the  so- 
called  "mean  rate  of  flow"  in  the  channel 


(73b) 


We  compute  the  pressure  gradient  along  the  channel.  For  this, 
we  determine  from  (73a)  the  second  derivative  of  the  rate  in  the 
transverse  direction 

i’u  2a, 

= 
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c:.J  it.  3  value  in  (72a) 

*P 
*x 

fn..o,  losses  or  pressure  with  a  laminar  flow  of  a  liquid  in  a 
i"j : j’uu'.i  1  c.ro  proportional  to  the  rate  and  inversely  proportional 
the  -!..aiv  o:  trie  height  of  the  channel.  The  pressure  change  on 
a  secMm,  of  o  length  x  •  l  equals 


v— 


r.f  ;>:-iiles  j  form 


i£__ _ 16* 

fUl  p u,H  *• 


(74) 


Here  tiv  full  height  of  tne  channel.  Replacing  maximum 

5 p t-y  the  pvei  ;-.gc  with  the  aid  of  (73b),  we  obtain  of  known 

i  •  v.  .*  - y  i  ✓ - .  :i 


/  ai 


(75) 


in  which  the  loss  factor  for  friction 


(76) 


is  exj:  f.-s/r  j  os  Reynolds  number  determined  for  the  average  rate 

and  height  of  the  channel 

«  _f"cpA  (77) 

f'l -  jP  • 

Vnc  i :  /:\  In  formula  (75)  indicates  that  the  pressure  along  tne 

C  ! *  t# f  J ' !  C:  1  * V'  ►  -V US  *  B  • 


Af.-.?1  Vi,.,':  latlng  the  value  of  the  transverse  gradient  of 
a-  U)f  wall  (y  -  b),  with  the  aid  of  (73a)  we  find  from 
v iit  i  :-r,  stress  at  the  wall 

o 
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or  in  dimensionless  form 


(79) 


The  value  is  called  the  surface  friction  coefficient .  Values 
tw  and  c^,  can  also  be  determined  directly  from  (75)  if  one  considers 
that  the  force  of  the  difference  in  pressures  which  acts  on  a 
column  of  liquid  with  a  height  h  and  length  l,  should  be  balanced 
by  the  force  of  friction  applied  to  walls):1 

/  = —  Apk. 

Hence 

'80) 


i.e.  , 

X 

«/■*  T 

Differential  equation  (72a)  also  describes  the  laminar  flow 
between  two  parallel  walls  of  which  one  moves  in  its  plane  at  a 
rate  of  U,  and  the  other  is  fixed  (Couette  flow). 

s  9-  The  Equations  of  Motion  of  an 
Ideal  Fluid 

The  analysis  of  the  Navier-Stokes  equations  of  motion  conducted 
by  Prandtl  back  in  190*4  showed  that  in  the  case  of  a  liquid  of 


'The  velocity  profile  in  the  transverse  cross  section  is 
stable  and  the  liquid  density  is  invariable  and,  consequently, 
the  total  momentum  along  the  slot  is  constant. 


low  viscosity  (water,  air,  etc. )  with  sufficiently  large  values 
of  Reynolds  number  the  Influence  of  viscosity  is  felt  only  in  a 
thin  layer  adjacent  to  the  surface  of  the  body  being  flowed  around 
-  the  boundary  layer).1  Outside  this  layer  the  role  of  the  viscous 
fo_  as  turns  out  to  be  so  small  that  the  corresponding  terms  in 
the  iiavier-Stokes  equations  (26)  or  (27)  can  be  disregarded. 


In  that  case  we  obtain  the  equations  of  motion  of  an  ideal 
compressible  liquid 


do 

*di 


Y 


(81) 


or 


(62) 


Since  in  many  instances  under  these  conditions  heat-transfer 
is  also  substantially  exhibited  only  in  the  boundary  layer,  in 
the  remaining  part  of  the  gas  flow  according  to  the  equation  of 
energy  (50) 


and,  in  particular,  with  steady  motion 

/«  asCOOst 


(83) 

<8<0 


But  in  the  absence  of  friction  and  heat  exchange  in  gas  an  ideal 
adiabatic  process  is  achieved,  in  connection  with  which  instead  of 
the  equation  of  energies  it  is  possible  to  utilize  the  equation 
of  the  ideal  adiabatic  curve 


~  const 


(85) 


‘For  more  detail  about  the  boundary  layer,  see  Chapter  VI. 
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In  the  case  where  the  liquid  is  ideal  and  incompressible 
(p  =  const),  the  task  of  the  integration  of  the  equations  of  motion 
1 8 1 )  is  greatly  simplified.  This  was  also  indicated  for  the  first 
time  by  Euler,  whose  name  the  equations  of  motion  bear  (8l).  The 
analytical  methods  for  the  solution  of  the  equations  of  motion  of 
an  ideal  fluid  received  great  development,  and  at  present  a  great 
number  of  cases  of  flow  around  bodies  have  been  studied  (wings, 
wing  trusses,  bodies  of  axisymmetric  form,  all  possible  channels, 
etc.).  From  the  aggregate  of  the  works  in  this  direction  an 
important  direction  of  contemporary  mechanics  was  formed  -  classical 
hydrodynamics. 

In  conjunction  with  the  boundary-layer  theory,  the  hydrodynamics 
of  an  ideal  fluid  became  a  powerful  means  for  the  solution  cf 
problems  of  the  aerodynamics  of  aircraft,  hydrodynamics  of  a  ship, 
mechanics  of  the  motion  of  a  liquid  along  tubes,  and  many  others. 

For  example  in  the  case  of  the  flow  around  a  body  of  smooth 
form  with  large  values  of  Reynolds  number,  the  boundary  layer  is 
so  thin  that  the  pressure  distribution  over  the  body  surface  is 
determined  in  the  first  approximation  from  the  equations  of  motion 
of  an  ideal  fluid.  Further,  as  will  be  shown  in  Chapter  VI,  from 
the  known  distribution  of  pressures  it  is  possible  to  calculate 
the  boundary  layer  and  to  find  the  friction  stresses  at  the  surface. 
If  necessary  it  is  possible,  in  the  second  approximation,  tc  calcu¬ 
late  the  boundary  layer  effect  on  the  external  flow  around  the 
body  (beyond  the  limits  of  a  layer)  and  then  to  determine  the 
fraction  stress  more  accurately.  But  frequently  they  do  not 
resort  to  the  calculation  of  the  second  approximation,  since  tne 
first  approximation  gives  satisfactory  results. 

The  solution  of  the  equations  of  motion  (8l)  has  an  especially 
simple  form  In  the  case  of  the  vortex-free  motion  of  an  ideal  fluid 
when  vorticlty  is  equal  to  zero  (see  expressions  (2)/,  i.e., 


(86) 


'-*(5-5)-* 

'-its -a-* 


From  conditions  (86)  it  follows  that  some  function  $  exists  whose 
partial  derivatives  in  terms  of  coordinates  x,  y,  z  are  equal 
tc  the  corresponding  velocity  components,  i.e.. 


ttsa 


Actually,  substituting  these  values  In  (86),  we  obtain  the  identities 


_  d'f 
<Jy  di  S73y 


etc. 


Function  $  is  customarily  called  the  velocity  potential,  and  vortex- 
free  motion  -  potential. 


Let  us  replace  on  the  left  side  of  the  first  of  equations  (81) 
the  full  velocity  derivative  by  the  sum  of  its  partial  derivatives 
and  let  us  add  to  it  the  sum  equal  to  zero 


—dm 

9&: 


Then  this  equation  is  reduced  to  the  form 


da 

7k 


+  ~  —  wwj,)  —  X  — 


(87a) 


where  W = VV v*  ^  w*  is  the  full  rate  of  flow  of  the  liquid. 


In  a  similar  manner,  it  is  possible  to  transform  the  equations 
of  motion  along  the  remaining  two  coordinate  axes: 


12H 


(87b) 


System  of  equations  (87)  is  called  the  Lamb-Gromeko  equations. 
If  the  velocity  potential  <p ,  the  potential  of  volume  forces  6 


and  also  some  function  P(x,  y,  z,  t)  that  satisfies  the  conditions 


di*  I  dm  dP  I 

V  7%’  ?*~t**' 

exist,  then  equations  (87)  are  written  as  follows: 

<>  jA\  ,  I  W*' 

d.v  ',««  /  •  1  Ac  d.r 

dy\ik)  '  2  Oy  dy 

d  /M  i  •  3W""  ?* 

3r  \df  /  7  d*  a  lit 


dP 

dP 

dP 
’  di  * 


(68) 


Used  here  is  the  condition  of  the  independence  of  a  mixed  derivative 
of  the  order  of  differentiation 


du 

di 


etc. 


If  we  multiply  the  first  of  equations  (88)  by  dx,  the  second  -  by 
dy ,  the  third  -  by  dz  and  then  add  them  term  by  term,  then  we  will 
obtain 


(.89) 


Each  of  the  brackets  in  this  expression  is  a  total  differential; 
therefore.  Instead  of  (89)  we  have 
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(90a) 


This  brings  us  to  the  so-called  Lagrange  integral: 

where  C  ( t )  is  the  arbitrary  function  of  time. 

Since  by  definition 

(90b) 

the  Lagrange  integral  can  be  presented  in  the  following  form: 

$  ^  “i~T  "rjf  (90c) 

In  the  case  of  steady  motion  ^$  =  0,  C(0  =  con*tj  we  have 


If  the  liquid  is  barctroplc,  i.e.,  the  density  i3  a  one-valued 
function  of  pressure,  then  Integral  (90d)  can  always  be  calculated; 
with  steady  motion  of  a  noncompressible  liquid  (p  -  const), 
Lagrange's  Integral  appears  thus; 

^  ^  «=  ft  J-  conit 

An  Important  feature  of  Lagrange's  integral  is  the  fact  that  it  is 
valid  in  the  entire  space  filled  by  the  liquid. 

If  a  velocity  potential  does  not  exist,  i.e.,  the  motion  is 
vortical,  then  the  equations  of  motion  of  an  ideal  fluid  (8l)  also 
can  be  integrated,  but  only  along  the  flow  line  and  under  the 
condition  of  steady  motion. 

With  steady  motion,  the  elementary  displacement  of  a  particle 
along  the  flow  line  ds  *  Wdt  or  in  projections  to  coordinate  axes 
x-,  y,  z 


dx  =3  udl,  dy  —  vdt,  dz  =3  wdt. 
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Let  us  new  multiply  each  of  equations  (81)  by  the  corresponding 
projection  of  elementary  displacement  along  the  flow  line  and  let 
us  add  these  three  equations: 


ndu  -J-  vdv  -j-  ted  a  a  Xdx  -f-  Ydy  Zdi  — 


The  left  side  of  this  equation  is  the  total  differential  from 
(W2/2).  If  there  is  a  potential  of  the  force  function  (di  ■  Xdx  + 
♦  Ydy  +  Zdz)  and  the  liquid  is  barotropic  then  this 

equation  can  be  written  in  the  form 


d(^=*<n-dp. 


Integrating,  we  come  to  Bernoulli’s  known  integral: 


=8  — const 


^  y  -f-  —  8  =s  con*t 


If  the  force  field  is  caused  only  by  the  earth's  gravity  and  the 
z-axis  is  directed  vertically  upward,  then  the  projections  of  the 
force  which  acts  on  the  unit  of  mass 

X  —  0,  >— 0.  Z=»  —  g=jjj. 

In  such  a  case  Bernoulli's  integral  takes  the  form  already  known 
from  Chapter  I 


f  tp  ,  w  , 

3  t  *  ‘I  mste*t omt 


or  for  a  noncompressib le  liquid 


P  I  V* 

t  T  f  -h  i!:  =  comt 


Ola) 


Let  us  recall  again  that  unlike  the  Lagrange  Integral,  Bernoulli's 
integral  is  valid  only  along  the  flow  line,  i.e.,  the  value  of 
trie  constant  in  right  side  of  (91)  for  different  flow  lines  is 
dissimilar.  Only  in  the  case  of  a  steady  potential  flow  does 
Bernoulli's  integral  convert  to  a  Lagrange  Integral  and  is  made 
suitable  for  any  point  of  space. 

§  10.  Plane  Steady  Motions  of  an 
Ideal  Compressible  Liquid 

The  plane  (two-dimensional)  steady  motions  of  an  ideal  com¬ 
pressible  liquid  are  described  by  the  following  system  of  differential 
equations : 

by  the  equations  of  motion 

dii  .  ..  Op  \ 

1 

to  i  to  dp  | 

P u  3x+(,v0ya~~0p  > 

(here  volume  forces  are  omitted). 

By  the  equation  of  continuity 

dx  1  Sy 


(92) 


(93) 


By  the  equation  of  the  ideal  adiabatic  process  (instead  of  the 
equation  of  energy) 


=  conit 


(9*0 


In  a  noncompresslble  liquid  (p  =  const)  equation  (9*0  drops  out 
and  the  equation  of  continuity  is  simplified: 


du  ,  to 
Ox — 


a 


(90) 
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If  “here  is  a  velocity  potential  C ,  then 


S restituting  (95a)  ir.  (95),  we  obtain  for  the  velocity  potential 
the  Laplace  equation: 

$+&“*  <S5t-' 

to  the  solution  of  which  the  task  of  the  construction  of  the  plane- 

parallel  potential  flow  of  an  ideal  noncompressible  liquid  is  also 

reauced.  In  this  case,  the  boundary  condition  of  impenetrability 

is  utilized  for  the  liquid  of  the  firm  limit  of  the  body  being 

flowed  around  W  =0,  i.e.,  the  equality  to  zero  of  the  ccmccnent 
nw 

of  the  velocity  vector  normal  to  it  near  the  wall. 

With  motion  along  the  flow  line,  the  particle  of  liquid 
daring  time  dt  covers  the  path  dS  =  Wdt  or,  in  projections  to 
coordinate  axes,  dx  =  u  dt ,  dy  -  v  dt .  Excluding  the  time  from 
this,  we  obtain  the  equation  of  the  flow  line 

M  9 


or 


udy  —  vdx=*0. 


r 


96) 


*3  is  known  from  mathematics,  if  the  following  equality  is  satisfied 

dv  dtt 

dy  sa~  di  • 

then  the  left  side  of  equation  (96)  is  a  total  differential  of 
seme  function  9(x,  y).  For  the  potential  flows  of  a  noncompress' o  ic- 
liquld,  this  Condition,  as  follows  from  the  equation  of  continuity 
(95),  is  always  satisfied. 
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Thus,  the  differential  equation  of  the  flow  line  can  be 
ter,  in  the  following  manner: 


=  u  dy  —  v  dx  =»  0 


cr 

$(jr.  j')  =  con*t.  (96a) 

function  9  whose  value  along  the  flow  line  is  kept  constant  is 
called  the  stream  function. 


In  accordance  with  (ycO,  the  velocity  component  can  be  ex¬ 
pressed  as  partial  derivatives  of  the  stream  funct ion 


(97) 


If  we  substitute  (97)  into  the  equation  of  continuity  (95),  then 
it  will  become  the  identity: 


3 xc)y  dydx 


=  0. 


The  physical  sense  of  the  stream  function  is  very  simple.  Let  us 
draw  two  close  flow  lines  in  the  flow  through  arbitrary  points 
1  and  2  (Fig.  2.7).  It  is  not  difficult  to  see  that  the  volume 
fluid  flow  rate  in  the  plane  flow  between  the  adjacent  flow  lines 
is  equal  to 

dV=*ndx —  vdys=d$. 


Thus  , 

» 

V=^(udy-vdx)=$ (x„  <f (xi. 


i.e.,  the  per-second  volume  fluid  flow  rate  which  flows  between 
flew  lines  1  and  2  is  equal  to  the  difference  in  values  of  the 
stream  function  on  these  lines. 
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i 


In  view  of  the  impenetrability  of  the  flow  lines  for  a  liquid, 
the  vaiue  of  the  stream  function  on  each  flow  line  is  constant. 

Comparing  (97)  and  (95a),  we  see  that  the  families  cf  the  flew 
lines  ( <P  ■  const)  and  the  lines  of  equal  value  of  velocity  potential 
($  •  const)  form  the  orthogonal  grid  of  the  curves. 


ml*, 


Fig.  2.7-  For  determining  of 
the  fluid  flow  rate  between 
adjacent  flow  lines. 


If  any  two  plane-parallel  steady  flows  of  ar.  ideal  ncncom- 
pressible  liquid  are  known,  i.e.,  for  each  of  these  flows  the  value 
ana  the  direction  of  velocity  at  each  point  of  the  plane  are  known, 
then  it  is  possible  to  construct  the  new  resulting  flow  which  will 
a^lse  as  a  result  of  the  superposition  of  these  two  known  flows. 

For  this,  at  each  point  of  the  plane  it  is  necessary  to  construct 
the  velocity  vectors  of  each  of  the  two  known  flows.  The  sun  of 
these  vectors  is  the  velocity  vector  of  tne  resulting  flew. 

Let  us  give  a  simple  method  for  the  graphic  determination  of 
flow  lines  of  the  resulting  flow  from  the  flow  lines  cf  the  super¬ 
imposed  flows.  For  this,  let  us  draw  on  the  drawing  the  flow  line 
any  two  plane  flows  (Fig.  2.8).  The  intersection  of  these  flow 
lines  forms  a  grid.  The  flow  lines  should  be  drawn  so  t.nat  the 
sides  of  the  cells  cf  this  grid  depict  in  a  specific  scale  the 
velocity  vectors  of  the  superimposed  flows  at  a  particular  point.1 


‘it  is  easy  to  show  that  for  the  satisfaction  of  this  condition 
it  suffices  to  draw  the  flow  lines  so  that  the  flow  rate  between 
any  two  adjacent  flow  lines  for  both  flows  would  be  identical. 


Then  for  obtaining  the  flow  lines  of  the  resulting  flow  it  suffices 
tc  connect  the  consecutive  points  of  intersection  of  the  flow 
lines  of  one  superimposed  flows  with  each  other,  i.e.,  to  draw  a 
diagonal  in  each  cell  of  the  grid.  These  diagonals  depict,  in  the 
same  scale,  the  velocity  vectors  of  the  resulting  flow  at  the 
corresponding  points  (Fig.  2.8). 

In  the  case  of  the  compressible  liquid  (gas)  it  is  convenient 
to  convert  equations  (92)— (94) ,  introducing  in  them  the  speed  of 
sound  a  =  /dp/dp.  For  this  let  us  present  the  equation  of  continuity 
(93)  in  the  form 


ar.d  let  us  express  the  density  gradients  through  the  pressure 
gradients  and  the  speed  of  sound: 

dp  _ dp  dp  I  <(/» 

dx  dp  dx*** ?  dx' 

(99) 


Expressing  the  pressure  gradients  in  (92b)  with  the  aid  of  (92) 
through  the  velocities,  we  obtain 
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Substituting  '99a)  and  (95a)  into  the  equation  of  continuity  . , 
we  have 


(a*  - ,,»)  g  _  21,-o-^L-f  (a«  -  v<}^  =  0.  ( 100  ) 

V.'e  derived  the  fundamental  differential  equation  of  gas  dynamics 
for  a  plane  potential  steady  flow. 

In  the  particular  case  of  low  rates  of  flow  of  gas  (u  <<  a, 
v  <<  a)  equation  (100)  converts  to  the  Laplace  equation  (95b) 
which  determines  the  not -on  of  a  none omp re s s ib le  liquid. 

For  the  construction  cf  a  velocity  field  in  a  supersonic  flow, 
equation  (IDO)  is  usually  solved 'ey  the  method  of  characteristics. 

In  the  study  of  flew  around  thin,  bodies  at  low  angles  cf  attack 
both  in  a  subsonic  and  supersonic  flow,  equation  (100)  is  solved  'ey 
the  method  of  slight  disturbances  (linearization  iethcd;. 


j  11.  Velocity  Circulation 


In  a  steady  plane  of  motion  the  particle  speed  v  is  the  function 
of  two  coordinates 


w  =  «(jc.  y> 

This  vector  function  determines  the  velocity  field. 

In  the  study  of  different  cases  of  gas  flows,  in  particular  of 
tne  flow  around  wings  ar.d  other  bodies,  it  is  useful  to  introduce 
some  value  connected  with  the  velocity  field  of  the  flew  in 
cyuestior.  and  called  the-  velocity  circulation 

By  the  velocity  circulation  r  ever  a  closed  loop  1  v:e 
understand  the  integral 

^  v  cos  (cQ)  dL  : ;  j  c  1  ) 
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i jo  of  the  velocity  vector,  (w f'i)  -  the  angle 
cjccjt.v  vector  and  the  direction  of  the  loop  at  a 
a!  -  the  element  of  length  of  the  arc  of  the  loop.  The 
that  the  integral  is  taken  on  a  closed  loop. 


r.  ,.4„  For  the  sum- 
lor,  -ji‘  circulation. 


Pig.  2.10.  For  the 
summation  of  circulation. 


!■■■.■  ,  the  velocity  circulation  is  the  limit  of  the  sum  of  the 
;  reduetg  of  tn*  velocity  projection  tangential  to  the  outline 
time;’  1  :-.e  corresponding  element  of  length  of  the  loop.  We  will 
consider  tin-  c.iunterc lockwlse  direction  of  the  circuit  the  positive 
a ;  r ■  i  :n  -.if  tue  circuit  on  the  loop.1 

From  the  -.cry  definition,  of  circulation  it  follows  that  the 
c  Ircui  a1.  through  any  loop  L  can  be  expressed  in  the  form  of  the 
s of  tr.e  circulations  through  the  separate  cells  of  an  arbitrary 
fi  lj.  >/).). ch  co«cr3  the  area  limited  by  the  loop  L  (Fig.  2.S).  In 
fact,  us  examine  some  closed  loop  ADCBA.  Let  arbitrary  arc 
A?  J the  urea  limited  by  this  loop  into  two  cells:  ACBA  and 
hL.'A  '.r 2.'.,  0).  We  express  the  circulation  for  each  cell.  For 
tr.<-  f.i.F*,  cel': 

rMtA  ~  &  w  cos  (to,  ?)  rfi 
MC«A) 


1  v  .'-ret im»a  It  Is  more  convenient  to  consider  the  opposite 

oi  s'vc t  i  ■  positive. 


13^ 


In  this  case  the  integral  of  loop  ACBA  can  be  divided  into  two 
integrals:  an  integral  of  arc  CBA  and  of  arc  AC.  For  the  second 


Tadca=  ^  »cos(«0)rf4 

i  ADCAt 

The  Integral  of  this  loop  is  composed  of  the  integrals  of  arc  ADC 
and  of  arc  CA.  The  sum  of  circulations  for  loops  ACBA  and  ADCA 
is  equal  to  the  sum  of  four  Integrals,  whereupon  the  integral  of 
arc  AC  which  enters  the  first  circulation  and  the  integral  of 
arc  CA  which  enters  the  second  circulation  cancel  each  other  out 
since  they  represent  the  integral  of  the  very  same  arc  passable  in 
opposite  directions  the  (integrand  in  both  integrals  is  one  and 
the  same).  Thus  the  sum  of  circulations  for  loops  ACBA  and  ADCA 
equals  the  sum  of  the  integrals  of  arcs  CBA  and  ADC,  l.e.,  the 
Integral  of  loop  ADCBA.  Thus, 


|  ryK/M+r/ac,  «■  r4oa» 


Thus,  the  sum  of  the  circulations  for  the  loops  of  two  adjacent 
cells  ie  equal  to  the  circulation  for  the  entire  loop  L.  If  each 
of  the  cells  ABCA  and  ACDA  is  divided  into  two  more  cells,  then  for 
each  of  them  it  is  possible  to  completely  repeat  the  above  given 
consideration.  Continuing  the  process  of  division  further  and 
repeating  the  same  considerations  each  time,  we  come  to  the  above- 
expressed  position  about  the  summation  of  circulations  (see  Fig.  2.9), 


Fig.  2.11.  For  determining 
the  connection  between  vortex 
and  circulation. 
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How  we  express  the  expression  under  the  integral  sign  in 
formula  (101)  with  the  use  of  polar  coordinates  (r,  <f>) .  For  this 
lec,  us  examine  Fig.  2.11  .  Let  M(r,  4> )  be  a  point  of  an 
arbitrary  loop  L,  d l  =  MN  -  an  element  of  the  arc  of  this  loop,  w  - 
the  velocity  vector  at  point  M  with  projections  wr  and  wu*  Let 
us  designate  angle  (w f^Z)  -  L  AMfP— a.  L  PMK  — ?•  L  i\'MK=i.  From  the 
figure  one  can  see  that 


There  fere 

cos  (aO)  ==««*-==  cos  I7  —  cos  7  cos  sin 7 sin?. 


But  from  the  small  curvilinear  right  triangle  MNK  we  obtain 


m*r 

co*  7  =  ^  *=*  , 


SK  dy 


Further,  it  is  obvious,  that 


=  Slnpsa^. 


Substituting  these  values  in  the  expression  Tor  cos  (wf^Z),  we 
find 


Then  the  expression  under  the  integral  sign  in  formula  (101)  assumes 
the  form 


VCOS(V),  f)diasi  V>dl 
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Thus,  in  polar  coordinates  we  obtain  the  following  formula 
for  the  velocity  circulation 


(102) 


The  elementary  displacement  of  a  particle  of  liquid  or  gas  in 
general,  as  noted,  consists  of  three  parts:  forward  displacement, 
rotation,  and  deformation  of  the  particle.  The  motions  in  which 
the  rotation  of  particles  is  absent  are  called  vortex-free  and 


motion  with  rotation  -  vortical. 


Fig.  2.12.  For  the  determina¬ 
tion  of  vortlcity  in  polar 
coordinates . 


With  the  motion  of  a  liquid  particle  MKN’R  (Fig.  2.12)  with 
rotation,  its  form  changes  in  general.  Suppose  that  after  a  small 
time  Interval  di  faces  MR  and  MK  occupy  position  MR'  and  MK' . 

The  displacement  of  the  particle  as  a  whole,  determined  by  the 
forward  velocity,  is  not  important  in  this  question.  We  determine 
the  angular  velocities  of  the  rotation  of  points  R  and  K  relative 
to  point  M.  If  the  velocity  component  at  point  M  is  designated 
by  wr  and  w^,  then  velocity  components  at  point  K  are  equal  to 

and  w,-i-^Ar, 

and  the  components  of  relative  velocity  of  point  K  (relative  to 
3w  3w 

point  M)  dr  and  t-2.  Ar.  It  is  obvious  that  the  rotation  of  point 

r  «r  or 

K  relative  to  point  M  creates  only  the  second  of  these  components 
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\ 


since  the  first  Is  perpendicular  to  the  direction  of  rotation 
(is  directed  along  MK).  Thus,  the  circular  velocity  of  rotation 
of  point  K  relative  to  M  due  to  which  path  KK'  is  made  equals  ^  Ar, 
ana  the  relative  angular  velocity  of  rotation  of  point  K  near 
the  center  M  is  equal  to 


Fig.  2.13.  For 
the  determination 
of  increases  in 
velocity  in  polar 
coordinates . 


The  velocity  components  at  point  R  equal  (Fig.  2.13) 

and 

The  rotation  of  point  R  relative  to  M  occurs  in  a  direction 
perpendicular  to  chord  MR.  By  virtue  of  the  smallness  of  angle 
A <t>  it  is  possible  to  consider  chord  MR  per pendicualr  to  radius  CM, 
and  the  chord  length  MR  -  equal  to  the  arc  length  MR.  Then  the 
direction  of  rotation  of  point  P.  relative  to  M  is  parallel  to 
radius  CM.  We  find  the  projections  of  both  velocity  components  of 
point  R  for  the  direction  of  rotation.  Figure  2.13  shows  that 
these  projections  are  respectively  equal  to 


—  A?)  cosA?  and  {v,  +  A^ilnAf. 
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Vne  minus  sign  at  the  first  projection  is  accepted  because  this 

projection  creates  clockwise  rotation,  and  counterclockwise  rotation 

is  considered  positive.  Considering  approximately  to  s  1  ar.d  sin 

Ac  *•  id  and  rejecting  the  term  of  the  second  order  of  smallness 
2 

which  has  (&$>)  ,  as  a  factor  we  obtain  the  following  values  of 
the  projections  in  question: 


and  w.Af- 


In  order  to  obtain  the  circular  rotational  velocity  of  point  R 
relative  to  M,  from  the  obtained  expressions,  obviously,  it  is 
necessary  to  subtract  the  projections  of  the  velocity  components  at 
the  very  point  M  to  the  same  direction  CM.  But  projection  of  v  , 
to  CM  equals  the  value  wr  itself  and  the  projection  of  wu  to  CM  is 
equal  to  zero.  Thus,  the  circular  velocity  of  point  R  relative  to  M, 
which  causes  displacement  RR'  (Pig.  2.12),  is  expressed  thus: 


^  Af  —  w,) . 


Then  the  relative  angular  velocity  of  rotation  of  point  R  near 
center  M  equals 


_t _dwr 
r  *  • 


since 


As  the  mean  angular  velocity  of  a  particle  relative  to  point 
M  we  take  the  arithmetic  mean  of  the  angular  velocities  of  the 
extreme  points  R  and  K: 


_  I  (tog  4_». L 

l  i\dr  r  dy  )’ 


139 


It  is  convenient  to  convert  this  expression  to  the  form 


0r,\ _ I  fOOfgT) 

Wl  if  [  or 


(103) 


Formula  (1C3)  determines  the  value  of  the  vorticity  ('see  §  1)  in 
p c l o r  coordinates ■ 


In  hydrodynamics  it  is  proved  that  the  motions  of  an  ideal 
fluid,  having  been  vortex-free  at  some  point  in  time,  always  remain 
vortex-free.  But  if  motion  was  vortical  at  some  moment,  it  will 
be  always  vortical.  Vne  arising  of  vortices  should  be  caused  by 
special  reasons,  for  example,  by  the  viscosity  of  a  gas  or  liquid. 

A  condition  for  the  absence  of  vortices  is 


or  in  polar  coordinates 


U05) 

Or  Of 

In  order  to  explain  the  connection  between  the  concepts  of 
vortex  and  circulation,  we  transform  the  integrand  in  formula  (102). 
Let  us  examine  surface  element  MKNR  bounded  by  coordinate  lines 
MK,  MR  and  RN,  KN  (Fig.  2.1*0. 


Fig.  2.1**.  For  the 
determination  of 
circulation  in  polar 
coordinates . 
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Let  us  the  compose  the  expression  under  the  integral  sign  for 
circulation  over  the  loop  MKHR.  It  is  obvious  that  we  will  obtain 

rfpesw,<tr4‘ 

j  +  —  d+ 

Here  in  the  tangential  projection  of  the  velocity  on  seg- 
ment  MK=»  dr,  ioM-\-~f-dr  ~  the  tangential  projection  of  the  velocity 

on  arc  KN*={r dr)df,  +  ^  rf?  -  the  tangential  projection  of  the 
velocity  cn  segment  HR  dr  and  wu  -  the  tangential  projection  of 
the  velocity  on  arc  RK  ■  r  d$. 

With  the  last  two  terms,  the  minus  sign  is  taken  because  the 
positive  direction  of  the  velocity  on  segment  HR  and  on  arc  RM  is 
opposite  to  the  direction  of  the  circuit  over  loop  MKHR.  Performing 
calculations  and  rejecting  the  term  of  the  third  order  of  smallness 
(dr'f  ift  we  obtain 

dr  “  ('  IF  +  w«  -  7?)  dT  “  7 T  df  dr‘ 


Comparing  this  expression  with  expression  (103)  for  vorticity  u 
and  noting  tnat  the  product  r  d$  dr  is  the  elementary  area  dF 
encompassed  by  loop  MKHR,  let  us  write  the  last  expression  in  this 
form : 

dV=.2„df, 

If  we  now  divide  the  area  included  by  arbitrary  loop  L  ir.to 
small  elementary  areas  formed  by  the  grid  of  coordinate  liner. 

(Fig.  2.15)  and  utilize  the  rule  for  the  summation  of  circulations, 
then  we  obtain 

or,  if  we  pass  from  sums  to  integrals: 


F  =  |  v,dr  -j-  wMrd?  —  2  y»dP. 


(106; 


Fig.  2.15.  For  the  summation 
of  circulation  and  vortlcity. 


The  obtained  result  expresses  the  unknown  connection  between 
vortlcity  and  circulation. 1  If  the  value  of  the  vortex  is  identical 
in  all  points:  w  *  u.Q  «=  const,  then 

r  SB  dF  SB 

i.e.,  in  this  case  the  value  of  the  oiroulation  over  some  loop  is 
equal  to  double  the  product  of  the  value  of  the  vortex  times  the 
area  being  included  by  the  loop. 

Let  us  examine  the  steady  motion  of  a  liquid.  Circulation  T 
with  steady  motion  retains  constant  value  over  any  fixed  closed 
loop. 2 

Let  us  assume  further  that  the  motion  is  steady  and  vortex- 
free  (w  =  0).  In  this  case,  the  circulation  over  any  fixed  loop 
is  equal  to  zero.  The  latter  conclusion,  however,  is  correct  only 
in  the  case  when  within  a  fixed  loop  only  particles  of  liquid 
which  accomplish  vortex-free  motion  are  found.  Circulation  over 
a  fixed  closed  loop  is  different  from  zero  if  the  loop  encompasses 
a  area  within  which  is  found,  for  example,  a  single  vortex5  or  the 
streamlined  body.1' 


‘Formula  (106)  expresses  the  Stokes  theorem  for  plane  motion 
(see,  for  example,  N.  Ya.  Fabrlkant ,  Aerodynamics ’.  "Science,"  M.  , 
196i<). 

2 In  hydrodynamics  it  is  proved  for  a  very  broad  class  of 
practically  important  motions  that,  as  in  the  case  of  unsteady 
motion,  the  circulation  along  a  closed  loop  is  constant;  however, 
in  this  case  the  so-called  liquid  loop  is  examined,  i.e.,  the  loop 
which  consists  of  the  same  particles.  The  latter  statement  is 
called  Thompson's  theorem.  From  this  theorem  it  follows  that  if 
a  certain  mass  of  liquid  at  zero  time  had  vortex-free  motion  or 
rested,  then  also  henceforth  in  this  part  of  the  liquid  vortices 
will  not  arise,  which  was  already  mentioned  above  (see  also  the 
textbook  by  N.  Ya.  Fabrlkant  cited  above  in  the  first  footnote). 

JAbout  a  single  vortex,  see  below  -  Example  2. 

“As  will  be  shown  below,  with  the  flow  of  a  viscous  liquid 
around  a  body  vortices  are  formed  in  the  flow. 


Tims,  we  see  that  the  arising  of  circulation  is  always  connected 
with  the  formation  of  vortices  in  the  flow  of  a  liquid  or  gas. 

Let  us  now  examine  some  very  simple  examples  of  the  motion  of 
a  liquid  which  make  it  possible  to  explain  the  physical  sense  cf 
the  concepts  of  vortex  and  circulation. 

Example  1.  The  rotation  of  the  liquid  as  a  solid.  Let  the  liquid 
rotate  as  a  solid  around  the  origin  of  coordinates  with  constant 
angular  velocity  e.  Then  the  value  of  the  velocity  at  each  point 
w  ■  er,  where  r  is  the  distance  of  the  point  from  the  coordinate 
origin.  We  find  the  radial  and  circular  velocity  components.  It 


is  clear  that 

in  this  case 

W,  =  0, 

a>, 

Let  us  compose 

the  expression 

for 

(1C3) 

A  filrsA  _ 

<hr. 

-r  [  Or 

The  value  cf  the  vortlcity  in  all  points  is  identical  and  equal  t 
the  constant  angular  velocity  of  the  rotation  cf  the  particles  cf 
liquid.  This  result  was  evident  earlier  since  it  follcws 
directly  from  the  very  definition  of  a  vortex. 

Let  us  now  find  the  value  of  circulation  over  a  loop  which 
encircles  the  origin  of  the  ccordi..  jtes .  Let  us  take  as  such  a 
loop  a  circle  of  radius  r.  From  formula  (102)  we  obtain 


»» 

T  ca  ^  te,  dr  +  =  j  trrdf  m  2str* 


The  value  of  the  circulation  is  proportional  to  the  square 
the  radius.  Dividing  it  by  the  area  of  a  circle  F,  we  find 


T  2*«r* 

7  =■  ’ 


.2*«2» 


rc=2«/>.  . 


This  equality  Illustrates  ‘..‘.if;  Stokes  theorem  (106);  An  this  case, 
the  value  of  circulation  along  the  circumference  13  equal  to  twice 
the  product  of  the  constant,  value  of  the  vortex  to  times  the  area 
c-f  the  circle. 

example  2.  Vortex-free  circulating  motion.  As  the  second 
example,  let  us  eve"-*  '  plane  motion  of  a  liquid  where  the 

particles  of  liquid  move  along  concentric  circumferences  around 
the  coordinate  origin  at  velocities  inversely  proportional  to  the 
distances  of  the  particles  from  the  coordinate  origin  so  that  the 
velocity  at  every  point  w  =  c/r,  where  c  is  constant.  Here  the 
radial  and  circular  velocity  components  equal  w  *  w  =  c/r.  We 
find  the  value  of  the  vortex: 


Thus ,  the  value  of  tne  vortex  at  all  points  except  the  coordinate 
origin  is  equal  to  zero.  In  the  coordinate  origin  (r  =  0)  the 
velocity  is  equal  to  infinity,  i.e.,  the  coordinate  origin  is 
mathematically  a  singular  point.  Physically,  such  motion  is 
possible  only  outside  some  nucleus  of  finite  radius  r^.  The  nucleus 
Can  consist  of  a  solid  or  of  a  liquid  of  the  same  or  another 
density.  Outside  the  nucleus  the  flow  is  vortex-free.  On  the 
surface  of  the  nucleus  the  velocity  has  some  finite  quantity 
wQ  -  c/rQ. 

Let  us  find  the  value  of  circulation  over  a  circumference  with 
the  center  at  the  coordinate  origin: 


:m 2‘t  ~  const; 


I 


( 


( 


in  this  case  circulation  over  any  circumference  is  a  constant  value. 
Since  w  ■  c/r,  it  is  possible  to  write 

1  -i;  J-c  s=  Jr.rv 


where  rQ  is  the  radius  of  the  nucleus  and  wQ  is  the  velocity  on 
its  surface.1  Thus,  the  velocity  at  any  point 


The  examined  motion  of  a  liquid  is  called  vortex- free  circulating 
motion,  and  the  velocity  field  corresponding  to  it  is  called  the 
velocity  field  of  a  plane  isolated  vortex.  If  we  consider  the 
fluid  incompressible,  then  pressure 

nx* 

'  Jr!~ 


decreases  with  a  decrease  in  the  distance  from  the  coordinates 
origin, l.e.,  from  the  center  of  the  vortex. 


With  rQ  -*  0  the  nucleus  converts  to  a  point.  This  point  is 
called  point  ieolated  vortex.  Therefore,  vortex-free  circulating 
motion  can  be  connected  with  a  point  vortex;  the  latter  induces 
at  each  point  of  a  plane  a  velocity  perpendicular  to  the  segment 
which  connects  this  point  with  the  vortex  and  equal  In  magnitude 


to  r/2nr,  where  r  is  the  length 
induces  vortex-free  circulating 


lAs  it  is  not  difficult  to 
1  -iop  which  does  not  embrace  the 
the  nucleus  plays  the  role  of  a 


of  the  Indicated  segment,  l.e.,  it 
motion  with  circulation  r  . 


Fig.  2.16.  Diagram  of  the 
flow  around  rounded  and 
acute  edges. 


show,  circulation  over  any  close 
nucleus  is  equal  to  zero,  i.e., 
vortex. 


i 


4 


1 


c 
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Let.  us  now  note  one  important  phenomenon  which  pertains  to 
the  flow  around  bodies  by  the  flow  of  an  ideal  fluid.  If  the 
outline  of  the  body  being  flowed  around  has  a  section  which  is 
an  arc  with  a  small  radius  of  curvature  (Fig.  2.16a),  then  part 
of  the  flow  near  this  arc  resembles  circulating  motion:  the 
velocity  increases  in  proportion  to  the  approach  to  the  outline 
of  the  arc  and  with  sufficiently  small  radii  of  curvature  can 
become  very  large.  With  some  (sufficiently  small)  radius  of 
curvature  the  velocity  should  be  so  great  that  the  pressure  (com¬ 
puted  according  to  the  Bernoulli  equation  for  a  noncompressible 
liquid;  should  become  negative,  which  is  impossible.  When  the 
radius  of  curvature  is  equal  to  zero,  i.e.,  when  liquid  flows 
around  an  acute  edge  (the  point  of  inflection  of  the  outline,  Fig. 
2.16b),  the  velocity  becomes  Infinite  exactly  as  in  the  center  of 
the  vertex,  which  induces  circulating  motion.  But  an  infinite 
velocity  requires  unreal  infinite  negative  pressure.  Therefore, 
infinite  velocity  is  impossible,  consequently,  the  nonseparated 
flow  around  acute  edges  is  impossible  and  the  separation  of  the 
jets  occurs. 1  The  only  possible  ease  of  the  nonseparated  flow 
around  a  body  with  an  acute  edge  (winged  shape)  by  a  flow  of  an 
ideal  noncompressible  liquid  is  the  case  depicted  on  Fig.  2.l6c: 
here  the  acute  edge  lies  on  the  dividing  line  of  the  flows  which 
flow  around  the  upper  and  lower  sides  of  the  shape,  and  the  liquid 
Jets  smoothly  converge  from  the  outline  of  the  body. 

In  a  real  liquid  which  possesses  viscosity,  with  the  separation 
of  the  jets  from  the  eddying  particles  of  the  boundary  layer  a 
vortex  is  formed  which  seemingly  "rounds"  the  acute  edge,  and  the 
liquid  jets  no  longer  flow  around  the  acute  edge,  but  around  this 
vortex . 


‘Subsequently  It  will  be  shown  that  in  the  supersonic  flew 
of  a  gas  the  nonseparated  flow  around  an  acute  edge  is  possible; 
In  this  case,  velocity  does  not  become  infinite. 


CHAPTER  III 
SHOCK  WAVES 

i  1.  Normal  Shock  Waves 

In  the  case  of  the  flight  of  a  body  at  supersonic  speed 
(wh  >  aH)  a  shock  wave  (compression  shock)  which  produces  con¬ 
siderable  resistance  develops  in  front  of  it. 

If  the  body  in  question  is  a  flight  vehicle  equipped  with  a 
jet  engine,  then  in  the  supersonic  air  Jet  which  is  slowed  down 
when  it  flows  into  the  engine  a  shock  wave  also  occurs.  It  is 
possible  to  visualize  fundamentally  the  smooth  transition  of 
supersonic  flow  into  subsonic,  being  achieved  by  means  of  a  special 
inverse  nozzle  mounted  at  the  engine  inlet.  In  this  case  total 
pressure  losses  would  not  take  place.  However,  the  deceleration 
of  a  supersonic  flow  In  such  a  manner  cannot  be  carried  out 
entirely,  by  virtue  of  which  it  is  necessary  to  reconcile  with 
the  existence  of  shock  waves  and  the  presence  of  the  corresponding 
wave  resistance. 

Numerous  tests  show  that  any  pressure  increase  which  arises 
in  any  place  of  a  gaseous  medium  Is  propagated  in  it  at  a  high 
speed  in  different  directions  in  the  form  of  pressure  waves.  The 
weak  pressure  waves  travel  at  the  speed  of  sound;  their  study  is 
covered  In  acoustics.  The  strong  pressure  waves,  as  can  be  seen 
from  the  tests,  are  propagated  at  velocities  considerably  greater 
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hi,  i.veed  of  sound.  The  basic  feature  of  the  strong  pressure 

:  ;  -s  l:.  the  fact  that  the  wave  front  is  very  narrow,  in 
-  with  whl^h  the  state  of  the  gas  (pressure,  density, 

uttwti’U'ey  changes  with  a  jump.1 

t  1  .  possible  to  give  the  following  qualitative  explanation 
•  !.■  1  a  fact.  Assume  in  a  certain  area  (Fig.  3.1)  a  pressure 
change  occurred  and  the  first  wave  obtained  a  smooth  form  1AB2. 

On  separate  infinitely  narrow  sections  of  the  wave  the  magnitude 
of  pressure  Increases  insignificantly,  therefore  the  propagation 
of  such  a  wave  occurs  at  the  speed  of  sound.  In  the  area  of  high 
compressions  (A)  naturally  higher  temperatures  are  observed  than 
in  the  area  of  low  compressions  (B),  by  virture  of  which  the 
"tcp"  of  the  pressure  wave  moves  faster  than  its  "foot."  To  the 
side  cf  less  pressures  (to  the  right)  the  wave  is  propagated  as 
a  compression  wave,  to  the  side  of  high  pressures  (to  the  left)  - 
as  a  rarefaction  wave.  Thus,  even  if  at  first  the  compression 
wave  is  flat,  then  in  the  course  of  time  it  is  made  steeper  and 
3teeperj  this  process  will  stop  and  the  wave  will  acquire  a  stable 
fern  only  from  the  moment  when  the  wave  front  becomes  entirely 
plane  ( 1 • —  2  ’  ) .  Thus  tf  impression  waves  are  propagated  as 
pressure  jumps  (explosions ) ,  in  connection  with  which  they  are 
called  shock  waves. 

For  those  sane  reasons,  i.e,,  as  a  result  of  the  fact  that 
at  point  A  the  rarefaction  wave  moves  faster  than  at  point  B, 
the  wave  front  of  the  rarefaction  wave  is  spread  with  time.  In 
other  words,  the  development  of  a  rarefaction  wave  should  not 
lead  to  expansion  shocks. 


*The  approximate  theory  says  that  the  thickness  of  the  area  in 
which  a  strong  pressure  wave  diminish  should  be  of  the  order 
of  the  free-path  length  of  molecules. 
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Pig.  3.1.  Diagram  of  the 
development  of  compression 
and  rarefaction  waves. 


It  will  be  shown  below  that  in  adiabatic  (without  heat  supply) 
compr  ssion  shocks  an  increase  in  the  entropy  of  the  gas  occurs 
and  in  adiabatic  expansion  shocks,  if  they  existed,  entropy  should 
decrease.  By  this  is  proved  the  legitimacy  of  the  existence  of 
adiabatic  pressure  jumps  and  simultaneously  the  impossibility 
of  the  emergence  of  adiabatic  expansion  shocks  (as  is  known  from 
thermodynamics,  in  a  finite  closed  system  entropy  cannot  decrease). 
In  full  conformity  with  this  is  found  that  known  fact,  that  the 
expansion  shocks  (condensation  shock,  flame  front)  observed  some¬ 
times  in  actuality  are  obtained  only  during  the  supply  of  heat 
into  the  area  of  shock,  i.e.,  under  such  conditions,  when  with  an 
expansion  shock  the  entropy  of  the  gas  increases.  It  is  necessary 
to  note  that  the  emergence  of  expansion  shocks  during  the  supply 
of  heat  to  a  gas  does  not  contradict  in  any  way  the  process 
depicted  in  Pig.  3.1*  In  fact,  if  in  the  area  of  reduced  pressures 
B  because  of  the  supply  of  heat  a  temperature  is  obtained  which 
is  higher  than  in  the  high-pressure  area  A,  then  the  speed  of 
sound  at  the  foot  of  the  wave  is  higher  than  at  the  top;  in 
connection  with  this  in  the  course  of  time  the  steepness  of  the 
rarefaction  wave  front  should  be  Intensified,  which  gives  rise  tc- 
the  formation  of  a  thermal  expansion  shock. 

Let  us  pause  now  on  the  theory  of  shock  waves.  Let  us 
visualize,  for  example,  that  under  the  influence  of  the  sharp 
displacement  of  the  piston  (Fig,  3-2)  In  the  tube  a  strong 
compressive  wave  developed  and  is  propagated  from  left  to  right. 
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Fig.  3-2.  Diagram  of  shock  wave 
propagation . 


Assume  during  an  infinitesimal  time  interval  the  wave  front  moved 
the  distance  dx.  This  means  that  in  the  area  1-H  during  time  dt 
there  was  a  pressure  increase  from  value  ph  (pressure  of  the 
undisturbed  gas)  to  value  p^  (pressure  behind  the  front  of  the 
compression  wave),  in  accordance  with  which  in  area  1-H  an 
Increase  should  be  observed  in  the  gas  density  by  the  value 

d?  =  f,  —  Pr 


However  this  can  occur  only  in  the  case  when  a  certain 
quantity  of  gas,  equal  to 

d(3=(?i  —  ?n)gFdx. 


will  overflow  from  volume  1-2  into  volume  H-l  (here  F  -  the 
cross-sectional  area).  Thus  during  the  propagation  of  a  strong 
compression  wave  the  gas  behind  the  wave  front  should  be  in  motion, 
following  in  the  same  direction  as  the  wave.  From  the  equation  of 
continuity  it  is  possible  to  determine  the  speed  of  the  gas  flow 

<wn>: 

dO=f,tgFwud-., 


from  which 


dx 

"dx* 


(i) 


But  the  derivative  of  the  path  in  time  is  nothing  else  but  the 
velocity  of  motion  of  the  wave: 


Hence  we  obtain  the  equality  which  relates  the  velocity  of 
propagation  of  the  wave  with  the  velocity  of  the  gae  which  ie 
moving  behind  the  wave  front  in  the  same  direction: 
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(3) 


=  eu 


f, 


Applying  the  equation  of  momentum  to  the  area  H-l  it  is 
possible  to  obtain  another  relationship  between  the  same  values. 
In  fact,  during  the  time  dT  the  ma3s  of  the  gas  which  filled  the 
volume  H-l,  AMh  *  pHP  dx  will  pass  from  the  state  of  rest  into 
motion  at  a  rate  of  wn>  The  corresponding  change  in  momentum 
should  be  equal  to  the  power  pulse  caused  by  the  difference  of 
pressures  which  act  in  cross  sections  1  and  H: 

iPt  —  P»)  Fd‘.  =  ?uF(u’„  —  0)  dx, 

from  which  the  wave  velocity  is  equal  to 


After  substituting  the  expression  for  gas  velocity  (3)  into 
equation  (A),  we  will  obtain  the  velocity  of  propagation  of  the 
compression  wave  as  the  function  of  the  increase  of  pressure  and 
Increase  of  density 


/  f><  ~~P"  L. 

i i  — f.  tm  ' 


(5) 


In  the  case  of  a  weak  wave,  when  the  increase  of  pressure  (and 
density)  obtained  is  insignificant:  p,  =  p  ,  p,  s  p  ,  we  have 

X  H  X  H 


■X, 


(6) 


A  weak  wave  is  none  other  than  an  acoustic  wave ,  therefore 
expression  (6)  is  the  determining  of  the  speed  of  sound. 


From  a  comparison  of  equalities  (5)  and  (6)  it  is  evident 
that  the  velocity  of  propagation  of  a  strong  compression  wave  is 
always  greater  than  the  speed  of  sound.  Usually  sound  propagation 
is  accompanied  by  such  an  insignificant  change  in  the  state  of 
the  gas  that  entropy  can  be  considered  virtually  constant,  i.e., 

It  is  assumed  that  in  this  case  an  ideal  adiabatic  process  p/o  = 

»  const  takes  place.  But  in  this  case 
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el 


or  on  the  basis  of  the  equation  of  state  for  an  ideal  gas 


d> 


!:„R  T- 


From  here  we  obtain  the  formula  already  applied  above  [(3*0  in 
Chapter  I]  for  the  speed  of  sound  in  an  ideal  gas 


U 


1  ►i'/v  I . 


Substituting  expression  (5)  into  equality  (3),  we  find  the 
formula  for  the  speed  of  gas  flow  behind  the  front  of  the 
compression  wave 


to. 


-  /y>  M 
~  * 


(7) 


It  is  not  difficult  to  see  that  with  the  weakening  of  the 
compression  wave  the  speed  of  the  gas  flow  drops.  In  the  case  of 
a  weak  sound  wave  the  gas  behind  its  front  is  fixed,  since 
according  to  equality  (7)  with  p,  z  p  and  p1  s  p  we  obtain 
wn  ;  0.  In  actuality,  as  is  known,  a  sound  wave  consists  of  the 
correctly  alternating  areas  of  compression  and  rarefaction, 
whereupon  the  gas  beyond  its  front  is  found  in  a  very  weak 
oscillatory  motion;  the  average  forward  velocity  of  gas  particles 
is  equal  to  zero. 

Let  us  note  now  that  as  a  result  of  the  outflow  of  gas  from 
area  1-2  (Fig.  3.2),  which  is  disposed  behind  the  front  of  a 
strong  compression  wave,  the  pressure  in  this  area  decreases  in 
the  course  of  time.  For  this  reason  the  shock  wave  which  developed 
in  the  fixed  gas  under  the  effect  of  unit  compression  (for  example, 
an  explosion  or  displacement  of  the  piston)  always  attenuates 
more  or  less  rapidly.  And  only  when  the  disturbing  source  does 
riot  cease  its  action  it  Is  possible  to  obtain  an  undamped  shock 
wave.  The  property,  discovered  above,  of  shock  waves  to  be 
propagated  at  a  velocity  greater  than  the  speed  of  sound  leads 
to  the  fact  that  undamped  shock  waves  are  formed  before  the  body 
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only  when  motion  occurs  at  supersonic  speed.  For  example,  during 
motion  in  a  gas  with  a  constant  supersonic  speed  of  the  solid 
before  the  latter  a  shock  wave  of  constant  intensity  is  formed 
which  moves  at  the  same  speed  as  the  body. 

We  will  Investigate  in  more  detail  the  change  in  the  state  of 
the  gas  which  is  obtained  during  the  passage  of  a  stationary 
shock  wave  in  it.  We  will  turn  first  to  the  simplest  arrangement, 
when  the  wave  front  makes  a  right  angle  with  the  direction  of 
propagation.  Such  a  wave  is  called  a  normal  shook  wave. 

For  the  convenience  of  calculation  it  is  advantageous  to 
turn  the  motion,  i.e.,  to  stop  the  wave  front,  after  directing  a 
flow  towards  the  wave  at  a  velocity  equal  to  the  velocity  of 
propagation  of  the  wave  (Fig.  3-3): 

then  the  relative  gas  velocity  behind  the  wave  front 

(8) 

After  stopping  the  shock  wave  by  the  counterflow  of  gas,  we 
obtained  a  certain  fixed  surface,  intersecting  which  all  the 
elementary  streams  of  gas  simultaneously  undergo  abrupt  changes 
in  the  velocity  of  motion,  density,  pressure,  and  temperature. 
Because  of  this  a  shock  wave  is  also  called  a  compression  shook. 
Shock  waves  are  conveniently  observed  in  supersonic  wind  tunnels 
during  the  flow  of  air  about  fixed  solids. 

Fig.  3.3.  Diagram  of  a 
normal  shock  wave. 

Let  us  accept  the  cross-sectional  area  of  a  jet  equal  to  a 
2 

unit  (F  ■  1  m  )  and,  using  the  known  equations  of  gas  dynamics, 
find  the  connection  between  the  values  of  gas  velocity  before  and 
after  the  shock  wave  (Fig.  3.3).  The  equation  of  continuity  gives 
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Disregarding  the  force  of  friction  In  view  of  the  thinness  of  the 
shock  wave,  from  the  equation  of  momentum  we  will  obtain 

Pi  —  Pu  =  p»v„  (tP,  —  »,). 

Comparing  these  equations  we  find 

Pi  —pmsx;,nvS—p  =  (9) 


from  which 


Pi  -Pa 
h  ~t» 


=3  WltP, 


(10) 


If  heat  is  not  given  from  without,  then  the  full  enthalpy  of 
the  gas  remains  constant.  Thermal  outputs  can  be  disregarded 
since  the  lateral  surfaces  of  the  Jet  in  the  area  of  shock  are 
negligibly  small.  Thus  from  the  equation  of  enthalpy  follows 

09*  (ft 

=  ',r,=c,7m  +  A  2*  =cji  + A 2g  =  const 

here  Tfl  -  the  stagnation  temperature.  Prom  this  equation  we  have 


According  to  the  equation  of  3tate  of  the  gas 

Pi  _  jP*_ _  „n 

tJi 


consequently. 


r.  =  =s  p*1  • 

g-?t" 


here  pQ^,  Pqh  "  the  total  pressure  respectively  after  and  before 
the  shock  wave,  pQ1,  pQh  -  the  gas  density  which  corresponds  to 
total  stagnation  in  the  same  cross  sections.  Consequently, 


From  thermodynamics  we  have  the  known  relationship 


therefore 


By  analogy  we  obtain 


P.--P.  -tf-  v-:). 


15H 


After  subtracting  equality  (11)  from  equality  (12)  we  have 

i  ftll  I  ^  “  I  i 


ft— ft.—  (Pi  —  Pm) 


f#ij  -1 — -jf 

from  which  on  the  basis  of  (9)  is  derived 


ft -ft,—  a>  .  ft« 
ft  *-  f*  *  +  I  f*«’ 


(13) 


Utilizing  expression  [(41)  Chapter  I]  for  the  critical  speed 


<^Trb‘RT-=ih'Z' 


we  find 


(1«) 


Finally,  comparing  equalities  (10)  and  (14),  we  come  to  the 
following  simple  relationship  between  the  velocities  of  gas  before 
and  after  a  normal  shock: 


«*,«•(  =  <il(f 


(15) 


This  kinematic  relationship  can  be  reduced  to  a  dimensionless 
form  by  Introducing  the  velocity  coefficients  (A 

<£«  _  i 


W/aKP} 


«Kf 


or 


X»X,  =  1,  (16) 

from  which  it  is  clear  that  in  a  normal  shock  wave  the  super  sonic 
gae  velocity  always  converts  to  subsonic ,  since  if  >  aHp,  then 
<  aHfJ.  Simultaneously  it  is  possible  to  note  that  the  greater 
the  value  of  the  velocity  coefficients  before  the  shock,  the  less 
its  value  after  the  shock,  i.e.,  the  higher  the  initial  velocity 
wh  the  stronger  the  shock  wave  obtained.  With  a  decrease  in  the 
Initial  velocity  the  shock  declines  and  disappears  entirely  with 


w  ~  w, 

H  1 


ft. 


Let  us  establish  now  the  connection  between  pressure  and  gas 
density  in  a  shock  wave.  For  this  let  us  add  equalities  (11)  and 
(12): 

ft  \-p*  ~<?i  •!•  ~  k~Jir  -I-  lx 
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From  the  equation  of  continuity  it  follows  that 

-j  •  P|U'I  »  (p,  -|-  p„). 

Substituting  this  result  into  the  foregoing  expression,  we  have 

Cj  +J!z  a-/’1’"  _  *  "rJ  w  w 

from  which  on  the  basis  of  (10)  and  (13)  we  obtain  the  basic 
dynamic  relationship 

i±£a,  (17, 

h  —  P«  Pi+N 

according  to  which  the  *-atio  of  the  increase  of  pressure  to  the 

increase  of  density  in  the  shock  wave  is  proportional  to  the  ratio 

of  the  mean  pressure  to  the  average  density.  Hence,  by  the  way, 

follows  the  result,  already  known  to  us,  that  with  an  infinitesimal 

shock  wave  (p,  *<  p  ,  p.  s  p  )  the  result  is 

it  —  h  L 
~  p  * 

This  confirms  the  assumption  made  above  that  an  ideal  adiabatic 
process  answers  to  a  shook  wave. 

Let  us  examine  in  more  detail  the  thermodynamic  process  of 
a  change  in  the  state  of  the  gas  in  a  shock  wave.  For  this  let 
us  present  the  dynamic  relationship  (17?  in  a  somewhat  different 
form : 

1 1  +  p«  ___  ftPi  +Pm 

P|— P»  Pi — Pm'' 

Let  us  divide  the  numerator  and  denominator  in  the  left  side  of 
this  equality  by  the  value  p  ,  and  in  the  right  by  p, i 

Is - =  k - 

- — !  I— £ 

P«  P> 

Hence  after  the  simple  conversions  the  dependence  is  obtained  of 
relation  p./p  on  the  relation  o./p  in  the  shock  wave,  which  is 
called  the  shook  adiabatic  curve: 


i±-|  +?s 

»  -  l  _Pi 

+  *  -  1  Pi 
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The  essential  feature  of  a  shock  adiabatic  curve  is  the  fact 
that  during  an  unlimited  pressure  rise  in  a  shock  wave  (p^  ■*  ») 
the  increase  in  density  has  a  definite  limit  which,  as  this  is 
evident  from  equation  (18),  is  equal  to 


(19) 


For  example  for  air  (k  -  1.4)  an  increase  in  density  in  the  shock 
wave  cannot  be  more  than  six-fold: 

»=6. 

ft  |w»* 

During  a  shock  wave  in  a  gas  with  a  smaller  value  of  index  k  a 
stronger,  but  also  more  limited  increase  in  density  can  be 
observed;  for  example,  with  k  *  1.2 

One  ought  to  emphasize  that  unlike  the  shock  adiabatic  curve,  in 
the  case  of  an  ideal  adiabatic  process  in  which  takes  place  the 
dependence 

ft  (fit)  * 

the  Increase  in  density  with  an  increase  of  pressure  is  not 
limited  (p^  -*  °°  with  p.^  ■+  »). 

The  comparison  of  shock  and  ideal  adiabatic  curves  is  made 
in  Fig.  3.4. 

Fig.  3-4.  Comparison  of  shock 
and  ideal  adiabatic  curves. 

KEY:  (1)  Ideal  adiabatic  curve; 

(2)  Shock  adiabatic  curve. 
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A  change  In  the  pressure  and  gas  density  in  a  direct  shock 
wave  can  be  presented  in  the  function  of  Mach  number  before  the 
Jump.  From  the  equation  of  momentum  taking  into  account  the 
formula  for  the  speed  of  sound  [(3*0  Chapter  I]  and  the  equation 
of  continuity  we  find 


p. 


t  =*  am:' i 


If  with  the  help  of  the  shock  adiabatic  curve  we  replace 
the  relation  p  /p,  with  its  expression  through  relation  p,/p  ,  then 

H  1  X  H 

after  several  conversions  we  will  obtain 


P, 

r . 


Ml 


k  -  1 


(20) 


Specifically  for  air  (k 


l.*0 


a-i* 


i 

TTv 


It  is  possible  to  express  the  pressure  ratio  in  a  direct 
shock  wave  and  in  the  function  of  the  velocity  coefficient  before 
the  shock  A^;  for  this  one  ought  to  replace  in  equality  (20)  the 
variables  according  to  formula  (*45)  from  Chapter  I: 


Px  __ 
P * 


(21) 


With  a  decrease  in  the  velocity  of  incident  flow  down  to  a 
critical  value  (Mh  =  1)  the  shock  wave  degenerates  (p^  «  PH).  In 
a  subsonic  flow,  as  has  already  been  Indicated  above,  shock  waves 
are  Impossible.  In  a  normal  shock  wave  the  pressure  Increase 
depends  only  on  the  value  of  Mach  number  in  the  incident  flow, 
whereupon  with  an  Increase  of  M  the  pressure  Increases  unlimitedly 
(p^  ♦  <*  with  Mh  -*  ").  After  substituting  the  results  of  (20) 
into  equation  (18)  it  is  not  difficult  to  derive  the  dependence 
of  density  after  the  normal  shock  wave  directly  from  the  Mach 
number  or  with  the  help  of  ( *4 5 )  of  Chapter  I  on  the  velocity 
coefficient  A  in  the  incident  flow: 

H 
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(22) 


*  +  » 

it  —  as  \t 

'•  -  ' 


From  equality  (22)  again  we  conclude  that  even  at  an  infinite 
value  of  Mach  number  the  gas  density  increases  in  the  shock  by 
not  more  than  k  +  1/k  -  1  times. 

Let  us  determine  the  losses  of  total  pressure  in  a  normal 
shock  wave. 


The  total  pressure  in  the  jet  after  the  shock  obviously  is 
equal  to 

pn  = - * - ,~= - ~ - — •  (23) 

/.  *-i  /.  *-i  i  \r=i 


(-W  (‘"iTiij)1 


The  total  pressure  before  the  shock  is  equal  to 


therefore  the  pressure  coefficient  which  considers  wave  resistance 
(losses  in  normal  shock)  can  be  presented,  if  we  utilize  expression 
(21),  in  the  following  manner: 

i 

r. 


"  /•«  "  *  -i  i  I  * 

l  *  Vi  k'.l 


At  a  flying  speed  equal  to  or  les3  than  the  speed  of  sound 
(\h  a  1),  wave  resistance  disappears 

«»  =» «: 

formula  (24)  is  valid  only  with  \  >1.  At  an  infinitely  hign 

2  k  +  1  H 

flying  speed  (X^  *  ^  c  =  0  is  obtained,  however,  in  this  case 

losses  will  not  absorb  the  entire  initial  reserve  of  the  total 
pressure,  since  the  other  factor  (Pqh)  approaches  infinity.  The 

(A 
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»  **  i  '  ■  ^  **  '■  H'! : 


for  air  (k  *  l.b)  is  given  in  Fig. 


det.  ience  curve  a  *  f(A  ) 

H  H 

3.5. 


Fig,  3.5.  The  dependence  of 
pressure  coefficient  after  a 
normal  shock  wave  on  the 
velocity  coefficient. 


From  equalities  (71)  of  Chapter  I  and  (22)  it  is  possible  to 
obtain  a  formula  for  determining  the  density  of  the  decelerated 
gas  after  a  normal  shock  wave 


K 


k  —  I 


T  • 


(25) 


In  conclusion  let  us  note  that  equality  (10)  derived  above 
and  the  equation  of  continuity  make  it  possible  to  present  the 
flow  velocity  before  the  shock  as  the  following  function  of  g  1 
increase  in  pressure  and  density: 

__  _ 1  /rPi  ~  Pn  ?± 

“■  f  Pi  —  Pa  ?•  ' 

But  there  is  an  expression  (5)  already  known  for  the  velocity  of 
propagation  of  a  direct  shock  wave  in  stagnant  air.  Such  a  result 
is  completely  natural,  since  In  order  to  stop  a  shock  wave  it  is 
necessary  to  direct  the  gas  flow  towards  the  wave  and  to  impart 
to  it  a  velocity  equal  to  the  wave  velocity. 

Substituting  expression  (22)  into  relationship  (15),  we 
obtain  a  new  formula  for  the  relative  gas  velocity  behind  the  front 
of  the  shock 
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Hence  with  the  help  of  (19)  it  is  revealed  that  the  coefficient 
of  relative  gas  velocity  after  the  shock  cannot  be  less  than  a 
certain  specific  value: 

pimiB.  —  (26) 

If  we  pass  from  a  fixed  shock  wave  to  a  shock  which  is 
propagated  in  a  fixed  gas  at  a  rate  of  w  =  -w  ,  then  with  the 
help  of  the  equalities  obtained  it  is  possible  to  determine  the 
absolute  velocity  which  the  gas  acquires  in  the  wake  of  the  shock 


~  — c,  --  «•„  ( \f  £ — y  £:) 


or  on  the  basis  of  (22) 


va~wi 


K) 


and  in  a  dimensionless  form 


—  r"  • 


According  to  law  (16)  behind  a  shock  wave  the  gas  velocity 
relative  to  the  wave  front  is  obtained  always  less  than  sonic 
(A^  <  1);  on  the  basis  of  this  it  becomes  clear  why  any  pressure 
change  which  proceeds  behind  the  wave  and  is  propagated  at  the 
speed  of  sound  can  overtake  the  wave  front.  Precisely  because  of 
this  the  pressure  drop  described  above  (Fig.  3.2)  in  the  wake 
behind  a  shock  wave  which  originated  in  a  fixed  gas  leads  to  a 
weakening  of  the  drop  in  pressure  cn  the  wave  front  and  causes 
its  attenuation. 

§  2.  Oblique  Shock  Waves 


The  characteristic  feature  of  a  normal  shock  wave,  as  It  wa: 
possible  to  note.  Is  the  faco  that,  intersecting  its  front,  ter- 
gas  flow  does  not  change  its  direction,  whereupon  the  front  cf 


normal  shock  is  arranged  at  right  angles  to  the  flow  direction. 
Besides  normal  shock  waves,  the  so-called  oblique  shook  waves  are 
also  encountered.  The  front  of  an  oblique  shock  is  situated 
inclined  toward  the  flow  direction  (Fig.  3*6).  An  oblique 

shock  is  obtained  when,  intersecting 
the  front  of  the  shock,  the  gas  flow 
should  change  its  direction.  For 
example  during  the  supersonic  flow 
of  gas  about  a  tapered  body  (Fig. 
3.7a),  which  deflects  the  flow  from 
the  initial  direction  by  angle  w, 
before  the  body  oblique  shock  waves 
are  formed  which  converge  on  its 
speut  (Fig.  3.8).  An  oblique  shock  wave  is  formed  during  flow 
around  a  cone  (Fig.  3.7b).  The  discontinuity  surface  in  this  case 
will  be  a  cone  with  a  vertex  in  the  spout  of  the  streamlined  body. 
Thus,  if  up  to  the  encounter  of  the  Jet  with  the  front  of  an 
oblique  shock  the  velocity  vector  wh  formed  with  it  an  angle  a 
(Fig.  3.6) ,  then  after  the  intersection  of  the  front  the  Jet  is 
deflected  by  angle  to,  and  the  angle  between  the  vector  of  velocity 
and  the  shock  front  becomes  equal  to 

p. •=*  —  <!>.  (30) 

Let  us  separate  the  velocity  vector  into  two  components,  of 
which  one  is  normal  (wp),  and  the  other  Is  parallel  (wfc)  to  the 
front  cf  nhe  shock  (Fig.  3.9).  It  is  not  difficult  to  show  that 
during  the  intersection  between  the  Jet  of  the  front  and  the 
oblique  shock  the  normal  component  of  the  velocity  decreases: 

iti  .<3  ^  (31) 

j 1 1 d  the  tangential  comporien-  remains  constant: 

u<  —  const.  (  32  ) 

We  w 1 ] 1  turn  for  this  to  Fig.  3.10,  in  which  is  depicted  a 
rer* angular  outline  HI  1 H  which  covers  part  of  the  front  of  the 
ob'ique  shock.  The  lateral  sections  of  the  outline  (H-l)  are 


Fig.  3.6.  Diagram  of  an 
oblique  shock  wave. 


162 


Fig.  3-7.  Shadow  photographs  of  oblique 
shock  waves  during  supersonic  flow  around 
a  wedge  a)  and  a  cone  b). 


Fig.  3.8.  The  formation  of  an 
oblique  shock  wave  during  flow 
around  a  wedge. 


Fig.  3.9. 

Fig.  3-9-  The  kinematics 
shock  wave. 


Fig.  3.10. 

of  flow  with  an  oblique 


Fig.  3.10,  Calculation  diagram  of  an  oblique 
shock  wave. 


conducted  at  right  angles  to  the  front,  and  the  end  (H-H  and  1-1)  - 
are  parallel  to  it.  Let  us  compile  the  balance  of  the  momentum 
for  this  outline  first  in  projection  on  the  direction  of  the  front. 
In  view  of  the  fact  that  the  forces  of  pressure  on  both  lateral 
surfaces  (H-l)  are  identical,  the  corresponding  projection  of  the 
momentum  remains  constant,  from  which  ensues  condition  (32),  which 
indicates  the  constancy  of  the  tangential  component  of  velocity. 

If  now  we  make  up  the  equation  of  momentum  in  the  direction  H-l 
perpendicular  to  the  front,  then  in  view  of  the  fact  that  on 
surfaces  H-H  and  1-1  substantially  different  pressures  act,  the 
result  will  be1 

Pi  —P.  =  (wM  —  vvA- 

The  pressure  ir.  the  shock  wave  increases  (p^  >  PH),  from  which 
follows  condition  (3D  according  to  which  the  normal  component  of 
velocity  in  the  shock  decreases. 

The  given  considerations  show  that  an  oblique  ebook  wave  is 
reduced  to  a  normal  shock,  whioh  ie  carried  together  with  the 
flow  of  gae  eidewaye  at  a  velocity  .  Unlike  the  normal  shock  in 


During  the  compilation  of  this  equation  we  took  into 
consideration  the  continuity  condition 
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an  oblique  shock  not  the  full  speed  of  gas  flow  undergoes  dis¬ 
ruption  (abrupt  decrease),  but  only  Its  component  normal  to  the 
front  of  the  shock.  In  fact,  according  to  the  equation  of 
cont inulty 

Pl«\»  =  PW|U* 

The  equation  of  enthalpy  In  an  adiabatic  case  (there  is  no  heat 
exchange)  gives 

r*  =  Tt  -f  ^  trj  =  f,  -f  -5—  w\. 

Further  we  have  =  te1,  =  tr|„ -i- tr>?,  from  which 

C*T* — tt'I-*==fpri+  Yg  ,r'lr 

Let  us  introduce  into  the  examination  the  temperature  of  partial 
stagnation,  understanding  by  this  the  following  value: 

r-  = r- + -sfe-  «*• = r‘ + -4r 

i.e.,  t..j  temperature  which  will  be  obtained  not  during  the  total 
stagnation  of  flow,  but  only  with  damping  of  components  of  velocity 
which  are  normal  to  the  shock  front.  As  this  equality  shows,  the 
temperature  of  partial  stagnation  has  one  and  the  same  value 
before  and  behind  the  shock  front,  which  ensues  from  the  condition 
wt  ■  const.  If  we  add  to  these  equations  also  the  equation  of 
state 

_Pj_  _p «_ 

Pi  A  p»f* ' 

then  it  will  turn  out,  as  one  would  expect,  that  an  oblique  shock 
wave  is  described  precisely  by  the  same  relationships  as  the 
direct  shock  wave  (see  page  1514),  with  the  only  difference  that 
in  the  first  case  Instead  of  the  full  speed  its  components  normal 
to  the  shock  front  are  figured,  and  instead  of  the  total  stagnation 
temperature  Tq  they  figure  the  temperature  of  partial  stagnation 


Because  of  this,  without  repeating  all  the  computations  wnlch 
were  given  in  detail  in  the  theory  of  normal  shock,  we  can  write 
immediately  a  number  of  prepared  expressions.  For  example  instead 
of  equality  (10)  we  have 


(33) 


Pi 

h 


~_P* 


—  TTi*  tTg*. 


Correspondingly  Instead  of  equality  ( 1 4 )  we  will  obtain 


Pi  —  2k 

h  —  ?■  k  H- 


eRT, %  —  flip*. 


(3*0 


Here  aMp  n  -  the  conditional  critical  speed,  which  corresponds  to 
the  temperature  cf  partial  stagnation  Tn<  The  basic  kinematic 
relationship  for  an  oblique  shock  takes  the  following  form: 

—  alp  t,  (35) 


Equality  (3*0  makes  it  possible  to  connect  total  critical  speed 
with  the  conditional  critical  speed: 

<,'p=="J^Tf  =  (36) 

Using  this  expression  It  Is  possible  to  obtain  the  second  frequently 
encountered  form  of  the  basic  kinematic  relationship  for  an  oblique 
shock  wave: 

+  (37) 

In  the  particular  case,  when  an  oblique  shock  converts  into  normal 
(a  =  90°,  wfc  =  0,  wh  n  ■»  wh,  wln  =  w1),  from  relationships  (35) 
and  (37)  we  obtain  the  already  known  relationship  (15)-  Converting 
to  the  velocity  coefficients  X|(I  =  v>ln/a,f„  we  will  obtain 

in  the  case  of  an  oblique  shock  the  dimensionless  kinematic 
relationship 

—  !•  (38) 


which  corresponds  to  equality  (16)  for  a  normal  shock.  It  is 
natural  that  dynamic  relationship  (17)  is  useful  for  an  oblique 
shock  wave  without  any  changes,  and  the  shock  adiabatic  curve 
is  applicable  to  the  oblique  shock  wave  precisely  in  the  same 
form  (18)  as  to  a  normal  shock. 
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Changes  In  the  static  and  total  pressures  in  an  oblique 
shock  are  found  respectively  from  dependences  (21)  and  (24),  if 
we  insert  into  these  formulas  instead  of  X^  the  value  X^  : 

Pn  I _ * _ Lit 


,  .  >t|w 

L  J 


whereupon  the  velocity  coefficient  Xh  is  calculated  here  on  the 
normal  component  of  velocity  and  the  conditional  critical  velocity: 


It  is  possible,  it  goes  without  saying,  to  obtain  such  formulas 
which  relate  the  pressure  change  in  an  oblique  shock  directly 
with  the  absolute  velocity  of  incident  flow. 

According  to  the  momentum  equation  the  Increase  of  static 
pressure  in  an  oblique  shock  is  equal  to 

Pi— P»  —  (*»«• HI  (®M  — 

Substituting  equation  (37)  into  this  momentum  equation  and  con¬ 
verting  to  coefficients  X,  we  will  obtain 

Pi  —Pm  —  s>n*  a  —  I  + 

However,  from  (42)  and  (41)  of  Chapter  I  it  follows  that 


£*» _ » 

Pm  '"Ihp1! 

Hence  the  relation  of  values  of  static  pressure  after  and  before 
oblique  shock  waves  is  equal  to 


t *  i» 

*  fl 


Expression  ( U l )  with  an  increase  in  the  angle  of  oblique 
shock  up  to  a  value  a  =  90°  converts  to  the  known  expression  (21), 
obtained  above  for  a  normal  shock.  Let  us  compute  the  value  p^/pH 
Tor  air  (k  =  1.4): 

r,  >.*  (I  —  0,$72cos'») —  0,167 
~p7  =  ‘  f  ^odOil;  • 

The  relation  of  values  of  tctal  pressure  after  and  before  an 
oblique  shock  is  a  function  of  the  velocity  coefficients  and  can 
be  determined  in  the  following  manner: 


a  ft"  _,ft"  ft*.  ft* 

*  Pt t  Pi  Pa  Pn  * 


(42) 


where 


i 

,TT! 


Pa  _ I  i  _ *  —  *  ) «)  _ft<_ _ _ 1  ^  *\ 

P.n  \  *H  ”1  ’  P,i~V  *  +  i  ‘l 


t 

Ttn 


and  the  relation  of  values  of  static  pressure  PX/PH  is  taken 
according  to  formula  (41). 


Thus  for  determining  the  total  pressure  in  an  oblique 
shock  wave  it  is  necessary  to  know  the  velocity  coefficient  X ^ . 
From  the  velocity  triangles  after  and  before  the  oblique  shock 
(Fig.  3-5)  it  follows  that 

tr|  =  jcJ,  -f-  wj.  =  sin  v,  =»  v,  coj  *.  (43) 

Utilizing  these  relationships,  and  also  (37),  let  us  derive 
calculation  equations  for  the  velocity  coefficient  after  an 
oblique  shock  wave: 


«W 


1  d*  «•*#*• 

**  mmp  > 

°l,  ~  it!  •}  *i.  y  c\  • 


Inserting  values  and  in  the  exproe  1 

obtain 


COi*i= 


for  h ,  we  will 


An  increase  in  the  angle  of  shcck  to  normal  (a  =  90°)  leads  to 
the  known  relationship  ( 1 6 )  for  a  normal  shock. 


( 


An  increase  in  the  pressure  in  an  oblique  shock  wave  can  also 
be  presented  in  the  function  of  Mach  number  of  incident  flow  and 
angle  a,  which  forms  the  velocity  vector  w^  with  the  shock  front. 
Let  us  substitute  into  the  momentum  equation 

Pt—Pm=*  »><?»  (».*  —  ®1«) 


the  value  w  from  (43)  and  divide  both  parts  of  the  latter  by 
h  n 

the  value  p^.  Then,  utilizing  the  equation  of  continuity  and  the 
formula  for  the  speed  of  sound  [(34)  Chapter  I],  we  will  obtain 


ft). 


After  expressing  with  the  help  of  the  equation  of  shock  adiabatic 
curve  (18)  the  density  ratio  p  /'p1  by  the  pressure  ratio,  and 

H  X 


after  substituting 

it  in  the  last 

dependence : 
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the  oblique  shook  degenerates  into  an  infinitely  weak  wave 
(p.  ;  r-  ) .  Let  us  explain  this  fact  in  somewhat  more  detail. 

1  i- 

Assume  at  a  certain  point  0  of  a  supersonic  gas  flow  an  infinites¬ 
imal  disturbance  (Fig.  3.11)  of  pressure  developed.  The  weak  com¬ 
pression  wave  (or  rarefaction)  will  break  into  a  run  from  the 
center  of  the  disturbance  in  all  directions  at  the  speed  of  sound 
a.  In  a  unit  of  time  (x  =  1  s)  the  wave  front  will  be  a  sphere  of 
radius  r  =  a.  However,  the  entire  mass  of  the  gas  in  which  the 
wave  arose  is  carried  along  the  flow  at  supersonic  speed  w^  >  a. 
because  of  this  the  weak  pressure  waves  will  never  exceed  the 
limits  of  the  cone,  the  surface  of  which  is  the  envelope  for 
spherical  waves.  The  generatrix  of  such  a  cone  is  called  the 
Mawh  wave  or  characteristics .  Angle  between  the  generatrix 
and  the  axis  is  called  the  Mach  angle  or  the  angle  of  propagation 
of  weak  disturbances .  This  angle,  as  can  be  seen  from  Fig.  3.11, 
is  determined  by  the  equality 

Thus  the  front  of  a  very  weak  oblique  shock  wave  is  disposed  with 
respect  to  Incident  flow  at  an  angle  a q  which  is  determined  by 
equality  (146).  Strong  disturbances,  as  it  was  shown  above,  are 
propagated  at  supersonic  speed,  in  connection  with  which  the  front 
of  a  strong  shock  forms  with  the  incident  flow  a  larger  angle 
than  the  characteristic:  a  > 


Fig.  3-11.  The  development  of  a  wave  of 
weak  dist urbances . 
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Thus  the  range  of  change  in  angle  a  for  an  oblique  shock  wave 
is  determined  by  the  following  limits: 

90°2i*2s*«- 


After  substituting  expression  (^5)  into  the  equation  of  shock 
adiabatic  curve  (18),  we  will  obtain  the  equality  which  relates 
relation  P^/PH  in  the  case  of  an  oblique  shock  wave  with  the  Mach 
number  of  incident  flow  and  the  angle  of  inclination  of  the  shock: 


ii  _ _ 

H  l  + 


1  2 
Ml  sin'«  *—  I 


(*7> 


This  equality  with  M  =  1/sin  a  gives  p.^  =  Ph,  and  in  the  case 
a  -  90°  converts  to  corresponding  equality  (22)  for  a  normal  shock 
wave . 


Knowing  tha  density  ratio  of  the  gas  after  and  before  the 
oblique  shock,  it  is  possible  to  calculate  the  angle  w,  by  which 
the  flow  in  the  shock  (Fig.  3.6)  is  deflected.  From  the  equation 
of  continuity  we  have 


At  the  same  time  from 
that 


®J-  — ,  f* 

the  velocity  triangles 


_  tgjL 

« ' 


(FigW3 •  9 )  it  follows 
(**8J 


Hence  we  obtain 


(^9  5 


or  on  the  basis  of  equalities  (;*7)  and  (38) 

tg?  =  M„»g«  = 


* 

ft  -j- 1 ...  .  , 

-  M*  uu* » 


But  if  the  angle  S  between  the  velocity  vector  behind 
and  the  front  of  the  latter  is  known,  then  the  angle 
deflection  is  determined  by  relationship  (30). 


(50 

the  shock 
of  flow 
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We  indicated  the  method  of  determining  the  angle  by  which  the 
flow  in  a  shock  is  deflected  when  the  position  of  the  front  is 
known.  If,  on  the  contrary,  the  specific  deviation  in  the  super¬ 
sonic  flow  is  assigned,  then  when  as  a  result  of  deviation  the 
velocity  should  decrease  (for  example  during  supersonic  flow 
around  the  wedge  depicted  in  Fig.  3.7a),  an  oblique  shock  wave 
develops;  in  this  case  according  to  formulas  (30)  and  (50)  the 
angle  a  at  which  the  shock  front  will  be  arranged  with  respect 
to  the  flow  can  be  calculated. 

In  Fig.  3.12  are  represented  the  curves  a  *  f(iu),  corresponding 

to  different  values  of  Mach  number  of  Incident  flow  and  constructed 

for  air  (k  =  1.4).  As  we  see,  for  every  value  of  Mach  number 

there  is  a  certain  maximum  deviation  in  the  flow  (ou  =  w  ).  So 

max 

with  M  =  2  flow  can  be  deflected  by  no  more  than  an  angle  w  = 

~  ma  x 

=  23°,  with  M  =  3  -  to  =  31*0,  with  M  =  4  -  u  =  39°.  Even 

max  ’  max 

at  the  infinite  speed  (M  =  »)  flow  can  be  deflected  a  maximum 
by  the  angle  “max  =  46°.  The  presence  of  such  a  limitation  in  the 
deviation  of  flow  after  a  shock  wave  is  a  completely  natural  fact, 
since  as  with  an  infinitely  weak  shock,  i.e.,  when  angle  a  is 
equal  to  the  angle  of  propagation  of  weak  disturbances,  and  the 

-  '  ■**  -m  *  •  • 

generatrix  of  the  Mach  cone  is  charaoteriotio ,  so  also  with  the 
strongest  -  a  normal  shock,  the  angle  of  flow  deflection  becomes 
equal  to  zero,  therefore  the  curves  w  =  f(a)  have  maxlmums. 

On  the  curves  in  Fig.  3-12  it  is  also  evident  that  for  the 
same  deviation  in  the  flow  there  are  two  positions  of  the  shock 
front.  Experiments  show  that  of  the  two  possible  positions  of 
Jump  the  stabler  is  that  in  which  the  angle  between  the  flow 
direction  and  the  shock  front  is  less.  Thus  in  Fig.  3.12  more 
important  are  the  lower  branches  of  the  curves  lying  under  the 
points  of  the  maxima.  The  lower  intersection  of  each  of  the  curves 
a  =  f (u>)  with  the  vertical  axis  corresponds  to  the  regeneration  of 
the  Jump  into  a  weak  wave,  and  the  angle  a q  obtained  in  this  case 
represents  the  angle  of  weak  disturbances. 
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Fig.  3-12-  The  dependence  of 
the  direction  of  an  oblique 
shock  on  the  angle  of  deflec¬ 
tion  of  flow. 
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During  supersonic  flow  around  a  wedge,  in  which  the  angle 
with  the  vertex  is  greater  than  is  assumed  in  Fig.  3*12  the 
formation  of  a  flat  oblique  shock  wave  is  impossible.  Experience 
shows  that  in  this  case  a  shock  wave  with  a  curvilinear  front 
is  formed  (Fig.  3-13) »  whereupon  the  surface  of  the  shock  is 
placed  in  front,  without  being  ?n  contact  with  the  spout  of  the 
wedge.  In  its  central  part  the  shock  obtained  is  normal, 
but  with  removal  from  the  axis  of  symmetry  converts  into  an 
oblique  shock  which  at  great  distances  degenerates  into  a  weak 
wave.  The  same  shock  configuration  is  observed  during  supersonic 
flow  abound  a  body  which  has  a  rounded  nose  (Fig.  3.1*0. 


r, 
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The  case  where  a  normal  shock  Is  formed  is  the  simplest, 
since  in  this  case  subsonic  flow  is  obtained  immediately.  After 
an  ollique  shook  the  flow  slows  down ,  but,  as  we  saw,  it  can 
remain  supersonic .  In  that  case  the  subsequent  slowing  down 
should  be  accompanied  by  a  second  shock,  which  can  be  both  normal 
and  oblique.  In  the  latter  case  one  additional  shock  can  be 
required.  Thus  the  total  stagnation  of  supersonic  flow  requires 
either  one  normal  shock  vr  a  system  of  several  oblique  shocks, 
usually  completed  by  weak  normal  shock.  It  is  possible  to  visualize 
such  a  system  of  shocks  in  which  the  losses  are  less  than  in  one 
normal  shock. 

Let  us  pause  now  on  the  supersonic  flow  around  a  cone.  During 
the  symmetric  supersonic  flow  around  a  cone  (Pig.  3*16)  before 
the  latter  a  conical  shock  wave  is  established  (Fig.  3.7b), 
whereupon  the  apexes  of  the  cone  and  shock  wave  (surface  of  shock) 
virtually  coincide.  In  view  of  the  fact  that  the  thickness  of 
the  shock  is  always  very  low,  the  formulas  given  above  for  calcu¬ 
lating  a  plane-parallel  oblique  shock  are  also  applicable  to  an 
axlsymmetric  shock.  Specifically  if  the  angle  between  the  front 
and  the  flow  direction  a  and  the  speed  before  the  shock  are 
known  (Fig.  3.16),  then  according  to  formulas  (50)  and  (30)  it  is 
possible  to  find  the  flow  direction  wHr]>  according  to  formula 
(51)  -  the  velocity,  and  according  to  formula  (45)  -  static 
pressure  directly  after  the  shock.  However,  unlike  the  plane  in 
an  axlsymmetric  flow  the  direction  of  the  gas  Jet  directly  behind 
the  shock  (w  )  Is  not  parallel  to  the  body  surface  (w  /  u  ). 

H  n  Hfl  HOH 

In  connection  with  this  the  angle  of  deflection  of  jets  behind 
the  shock  is  tapered,  approaching  asymptotically  a  half  angle  at 
the  vertex  of  the  cone.  Directly  after  the  shock  the  angle  of 
deflection  has  the  smallest  value  w  <  u>  and,  as  it  was 
mentioned,  is  obtained  the  same  as  for  a  plane  flow,  i.e.,  it 
can  be  determined  with  the  help  of  Fig.  3.12. 
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The  dependence  of  angle  a  between  the  front  of  the  shock  and 
the  flow  direction  frorr,  the  half  angle  In  the  apex  of  the  cone 
(w  )  for  the  case  1  =  a(M  =  3*16)  Is  given  In  Fig.  3-17 

(solid  line).1  Here  is  Blotted  the  curve  a  =  f(w  ).  which  gives 
the  angles  of  deflection  of  flow  directly  after  the  shock  (dotted 
line),  i.e.,  corresponding  to  plane  flew  (flow  around  a  wedge). 

As  we  see,  at  the  identical  angles  of  a  cone  and  itedge  on  the  cone 
the  shook  obtained  is  weaker  (more  inclined). 

It  was  shown  above  that  the  changes  of  the  direction  of  flow, 
velocity ,  arid  state  of  the  gas  in  the  shock  itself  do  not  depend 
cr.  the  surface  form  of  the  shock;  at  the  assigned  flow  velocity 
(X  )  and  angle  of  shock  a  these  changes  are  obtained  identically 
in  plane-parallel  and  axisymmetric  flows.  The  distinction  in 
tnese  two  oases  consists  only  of  the  fact  that  the  same  angle  of 
shock  is  not  obtained  at  the  identical  cone  and  wedge  apex  angles. 
In  other  words,  during  a  comparison  of  axisymmetric  and  plane 
oblique  shocks  it  is  advantageous  to  express  all  the  factors  in 
the  function  of  the  angle  of  shock,  but  r.ot  the  apex 


‘Petrov  G.  I.  and  Ukhcv  Ye.  P.,  The  calculation  of  the 
recovery  of  pressure  upon  transition  from  supersonic  flow  to  sub¬ 
sonic  in  different  systems  of  flat  shock  waves,  M . ,  19^7. 


Fig.  3-17.  Comparison  of  the 
angles  of  oblique  shock  on  a 
cone  and  on  a  wedge  (dotted 
line)  with  the  velocity  coef¬ 
ficient  Xh  =  2(Mh  =  3-16). 


angle  of  an  aerodynamic  body.  In  this  case  the  results  obtained 
in  the  calculation  of  an  axisymmetric  and  plane  shocks  will  be 

identical . 

The  gas  flow  after  a  shock  in  the  axisymmetric  case  differs 
from  plane;  the  flow  velocity,  static  pressure,  and  gas  density 
have  close,  but  dissimilar  values,  and  the  angles  of  rotation  cf 
flow  in  a  shock  (wedge  angle)  and  on  infinity  (angle  of  cone) 
are  substantially  different.  Figure  3-18  gives  the  curves 
w  =  f(w  )  for  different  values  of  Mach  numbers.  In  Fig.  3-19 

K  0  H  K  /» 

are  depicted  the  curves  of  values  of  numbers  after  the  shock 
(dotted  line)  and  on  the  surface  of  a  cone  (solid  line)  in  the 
function  of  the  angle  of  shock  at  the  different  values  of  velocity. 
As  we  see,  the  decrease  obtained  in  the  velocity  between  the  area 
lying  directly  after  the  shock  (it  corresponds  to  plane  flow)  and 
the  surface  of  the  cone  is  insignificant;  since  the  Mach  numbers 
after  the  shock  and  on  the  surface  of  the  cone  are  close,  then 
the  corresponding  X  numbers  are  close.  For  practical  calculations 
the  velocity  after  a  conical  shock  can  be  accepted  equal  to  the 
arithmetic  mean  value 

)A^ha+hi2i  (53) 
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i  3'  The  Application  of  a  Pneumatic 
Adapter’  In  a  Supersonic  Flow 


Fur  velocity  measurement  of  a  supersonic  gas  flow  it  is 
possible  to  use  an  ordinary  pneumatic  adapter  (Fig.  3-20).  It 
Is  only  necessary  to  consider  that  during  supersonic  flow  around 
the  adapter  the  shock  wave  appears  before  it.  If  the  axis  of 
symmetry  of  the  adapter  is  parallel  to  the  flow  direction,  then 
the  central  gas  stream  which  undergoes  total  stagnation  at  first 
passes  through  the  direct  part  of  the  shock  wave,  where  its 
velocity  becomes  subsonic,  then  with  approach  to  opening  1  the 
velocity  decreases  smoothly  to  zero. 


Fig.  3*20,  Pneumatic  adapter 
in  a  supersonic  flow. 


The  pressure  In  tube  1  (pQ1 )  can  be  calculated  by  the 
following  method.  From  expression  (68)  of  Chapter  I  we  have 

where  and  -  static  pressure  and  Mach  number  directly  behind 
the  shock  wave.  Utilizing  formulas  (45),  (46)  of  Chapter  I  and 
formula  (16)  in  this  chapter,  we  pass  to  the  Mach  number  in  the 
incident  flow; 
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or 
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Hence  or. 


K»-  o  ^  ; 


equality  (20)  we  obtain 


the  well-known 


formula  which  expresses  the  ratio  of  pressure 
the  static  cressure  in  the  incident  flew  (p  ) 

H 

Mach  number  in  the  incident  flow: 


in  tube  1  to 
as  the  function  cf 
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(55) 


Fc r  air  ( k 


i.u)  tiiis  formula  is  reduced  to  the  following  form: 


P„  _ 

/»•“  (it.l,;-  ljwT- 


(56) 


If  tho  lateral  openings  2  are  found  at  a  distance  equal  to  not  less 
than  '--C  diameters  of  tho  adapter  from  its  leading  edge,  then, 
as  experience  shows ,  the  pressure  in  tube  2  is  equal  to  the  static 
pressure  of  incident  flow  (p  ).  Thus  values  pn.  and  c  are  measured 
directly  on  manometers  connected  respectively  to  tubes  1  and  2  cf 
the  adapter. 


For  the  calculation  of  the  flow  velocity  according  to  formulas 
(55)  or  (56)  it  is  necessary  to  also  know  the  speed  of  sound,  or, 
which  is  t sum..  ,  the  t  ensperat-ure  of  the  incident  flow: 

w„  —  M„  a„,  o,  =  VkgRT». 

In  certain  cases  it  Is  more  convenient  to  use  the  formula  which 
expresses  the  re. r.sure  r  !  -  in  the  tubes  of  the  adapter  ir.  tho 
function  of  the  veloeltv  coefficient  of  incident  flow  (X  ).  This 

u  h 

formula  can  be  obtained  from  expressions  (21)  and  (23)  of  this 
chapter: 
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For  air  (k  =  1.4) 
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(58) 


The  calculation  of  the  velocity  of  incident  flow  according  to 
formula  (5?)  can  be  fulfilled,  if  the  value  of  the  critical 
velocity  is  known: 


wnere 


whereupon 


r.„  = 


i  —  >* 

1  *  +  i  « 


Let  us  note,  for  exanple:  that  in  wind  tunnels  namely  the  stagnation 
temperature  is  always  known,  i.e.,  the  temperature  of  the  air 
being  sucked  into  the  tube. 
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CHAPTER  IV 


THE  ACCELERATION  OF  GAS  FLOW 

§  1.  Supersonic  .'Jessie 

In  a  supersonic  no2zie,  called  the  Laval  nozzle,  pas  flow  i 
converted  in  such  a  way  that  the  discharge  velocity  becomes  grea 
than  the  speed  of  sound: 

M>l,  o>„>a. 


bet  us  examine  the  case  cf  a  one-dimensional  flow  of  gas  on 
a  supersonic  nozzle.  The  equation  of  continuity  gives 

const. 

e 

The  gas  moves  along  the  nozzle  with  acceleration,  therefore  at 
lew  speed,  when  gas  density  can  be  considered  constant,  It  is 
necessary  to  decrease  the  cross  sections.  This  is  caused  by  the 
contraction  of  the  initial  part  of  the  nozzle.  During  the  furth. 
expansion  of  gas  an  increase  in  velocity  is  accompanied  by  a 
noticeable  decrease  in  the  pressure,  and  therefore-  gas  density, 
which  partially  compensates  for  the  increase  of  velocity,  and 
therefore-  it  is  no  longer  necessary  to  narrow  the  cross  section 
channel  so  rapidly.  Fi:. ally,  the  process  parses  through  such  a 
stage,  when  the  density  cf  the  expanding  gas  decreases  inversely 
proportional  to  the  velocity.  As  is  known,  in  this  cross  sec-,  ic 
of  the  channel  the  flow  velocity  is  equal  to  the  speed  of  sound. 
A  further  Increase  lr.  velocity  Is  accompanied  by  ar.  even  more 


*//•'  n 

i  1  <«•  then  ( contract  .ten ) , 

if  k*  —  *i.  then  ~ 0  (critical  region), 
if  {r>a.  then  ^'^>o  (expansion). 


Thus  three  ccnaitlcns  are  observed:  subsonic  w 
w  =  a  ,  superec-Kia  w  »  a 

k  o 


a  ,  ariiiaal 
*P 


It  should  be  noted  that  near  the  critical  cross  section  the 
flew  is  very  sensitive  to  a  change  in  the  cross  section  of  the 
channel.  Thus,  for  instance,  for  a  change  In  Mach  number  by  1055 
(from  M  =  0.9  to  M  =  1)  it  is  sufficient  to  change  the  cross- 


:  t  i o i : -a  Z  area  by  I‘ 


anc 


ror  transfer  from  M  ■  0.95  to  M  =  l 


by  0.25J-  Eecause  of  this  it  is  not  possible  to  maintain  critical 
conditions  on  a  sufficiently  extended  section  of  a  straight  tube 
(boundary  layer,  formed  due  to  slowing  down  of  gas  at  the  walls, 
as  it  narrows  the  cross  section  of  the  i®t ). 

Density,  as  was  already  mentioned,  with  an  increase  of  velocity 
decreases.  In  the  nozzle  throat  dF/F  =  0,  this  means  that  the 
cross-sectional  area  passes  through  the  extremum  (minimum,),  rrom 
the  relationship  (1)  it  follows  that  precisely  in  the  narrow 
cross  section  of  the  Laval  nozzle  is  a  flow  velocity  obtained  which 
is  equal  to  the  local  speed  of  sound. 


Let  us  examine  the  dependence  of  the  velocity  or.  the  cross- 
sectional  area  of  the  nozzle.  For  this,  using  the  equation  of 
continuity,  let  us  connect  the  arbitrary  cross  section  of  the 
supersonic  nozzle  with  its  minimum  cross  section: 

pto/'  —  p.pW.pF.p: 

her.ee 
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Kl 


However  w  =  aM  and  M  =  1 ,  therefore 

Kp 

t'  _ 


Fig.  4,2,  The  dependence 
•if  the  dimensionless  area 
of  a  Laval  nozzle  cn  Mach 
number  (k  =  1.4). 


this  means  equation  '1),  has  two  solutions j  to  one  and  the  same 
F/F  answer  two  values  of  Mach  number:  one  at  subsonic  suaed 

Hp 

and  another  at  supersonic  speed.  For  the  nozzle  inlet  which 
precedes  the  critical  cross  section  all  the  subsonic  solutions  are 
suitable  while  for  the  output  part  all  supersonic  are  suitable. 

A  unique  solution  is  obtained  only  ir.  the  critical  cross  secticr. 

<F/1".C  ■  11  •  * 

The  pressure  and  gas  density  during  an  Ideal  process  depend 
unambiguously  on  Mach  number  and  are  determined  by  formulas  (66) 
and  (71)  of  Chapter  I.  Hence  it  follows  that  after  selecting  an 
arbitrary  cross  section  we  will  obtain  in  this  cross  section  the 
specific  value  of  Mech  number  to  wnich  correspond  the  specific 
values  of  temperature,  pressure,  and  gas  density  (with  an  accuracy 
up  tc  the  boundary  layer  effect). 


The  velocity  in  this  cross  section  of  the  supersonic  nozzle 
depends  only  on  the  stagnation  temperature  TQ.  A  change  in  total 
pressure  p^  does  not  influence  velocity  since  local  pressure  p 
changes  proportionally  to  it  and  their  relation  remains  constant; 


also  rena 


ng  constant  is 


the  relation  of  the  temperatures 


»  - 1 


For  obtaining  a  specific  value  of  Mach  number  on  a  se 
of  the  supersonic  nozzle  it  is  necessary  in  the  appropriat 
tc  select  the  cross-sect  Iona!  area  and,  furthermore,  it  is 
necessary  to  have  a  sufficient  re;  r\  •  of  pressure  in  the 


i  •• 


i  {.■ T  i  ne  nuzzle.  in  ot  her  wo rds,  Lor  achievement  of  the  required 
Mach  number  in  a  nczzle  cec-ticr:  the  pressure  In  the  chamber  should 
-  .••red  th-r  ambler.*  pressure  by  a  vi-tain  number  ct'  tames . 

Let  assume  that  the  pressure  in  the  chamber  Pq  increased, 

’  n-’!  i : .  the  nozzle  sect  lei;  the  i.re.isure  ai  so  Increases  and  the  gas 
tarei  w  i  >  h  an  excess  pressure .  Some  where  after  the  nozzle 
sec1. 1  on  tie  pn-  is  urn*  will  Le  made  ever,  with  atmospheric,  the 
pressure  excess  will  le  consumed  in  the  .let  for  an  Increase  in 
v I  "j s i t: y  ,  and  since  for  a  oupersoni  c  flow  an  increase  in  the 
velocity  requires  an  increase  in  the  transverse  Jet  cross- 
se t or, a  1  area,  lh<-n  the  Jet  seemingly  forms  In  space  an  expanding 
so; arsenic  nozzle.  But  if  the  pressure  in  the  chamber  for  any 
r  .•‘•..sen  it  lowered,  then  ii.  the  sect  ion  lowering  of  pressure  will 
:  :  ■!  ,  whereupon  the  i  ressure  obtained  in  certain  cases  can  be 
iov.er  than  arm.' spheric ;  the  discharge  velocity  in  this  case  will 
r.:t  changed,  since  it  is  the  function  only  of  the  area  ratio 
rf  tne  exit  section  and  the  nozzle  throat.  A  pressure  change  in 
■hr  .v.ii.cz there  d.v-z  not  chow  ur.  it.  outflow  from  the  nozzle,  since 
the  pressure  wave,  which  is  propagated  at  the  speed  of  sound,  is 
carried  by  the  supersonic  gas  flow.  Based  on  the  exit  of  the  gas 
Jet  from  the  nozzle  the  oreatjre  in  it  finally  should  be  equal 
tc  atmospheric ,  i.e,  ,  to  Le  raised  because  of  the  stagnation  of 
;j  jperuon )  •:  flow;  this  prove  or,  is  avcom;  anled  by  the  emergence  of 
shuck  waves  arid  will  be  .over,  the  more  detailed  it  is  analyzed. 

Thus  preteure  in  u  rev: fan  ■:  f  tiie  zupereonia  nozzle  is  not 
■j  ted  o  t  t  h  1  he  p  ma  u .  r..  of  the  e.tmoaphere ,  but  depends  only 

the  pressure  in  ; .•'in:-.-.-  ind  the  nozzle  configuration . 

Only  in  the  zazo  of  the  so-called  calculated  conditions  the 
!  resa-.r*3  in  the  nozzle  section  Is  equal  to  atmospheric  pressure: 
i  *  |  ^ .  Under  nor.- ly  cd  conditions,  when  pressure  in  the 
i-.ct.on  is  greater  cr  leos  than  atmospheric,  a  pressure  change 
ct.  .  i  u  i  -j  i  ■  in  *  hr  .'.lie  the  nozzle. 
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It  has  already  been  noted  that  the  process  of  the  conversion 
of  pressure  into  velocity  in  supersonic  and  subsonic  flews  proceeds 
without  essential  losses,  i.e.,  approximately  with  a  constant 
entropy,  and  therefore  is  very  close  to  an  ideal  adiabatic  curve. 
Precisely  therefore  the  calculation  formulas  given  above  for  an 
ideal  supersonic  nozzle  give  good  results  for  real  nozzles. 

In  rr.any  instances  the  calculation  equations  are  simplified 
if  the  variables  of  the  gas  state  are  determined  in  a  function 
not  of  Mach  number,  but  of  the  velocity  coefficient.  The  conve¬ 
nience  of  operation  with  the  velocity  coefficient  is  connected  with 
the  fact  that  its  denominator  (critical  velocity)  depends  only 
on  the  stagnation  temperature,  which  is  constant  for  any  section 
of  flow  with  an  Isolated  process.  The  laws  of  change  of  tempera¬ 
ture,  pressure,  and  gas  density  in  the  function  of  coefficient  X 
are  expressed  by  formulas  (^2),  (72),  and  (73)  of  Chapter  I. 

Let  us  derive  the  expression  which  relates  the  cross-sectional 
area  of  a  supersonic  nozzle  with  the  velocity  coefficient.  We 
will  turn  to  the  equation  of 


Substituting  here 

u  =  Xa.p. 

we  will  obtain 


continuity 
r  _ 


■i  -f*-n 


In  conclusion  we  wij.1  derive  the  formula  for  calculating  the 
gas  flow  rate  per  second  in  a  supersonic  nozzle.  It  is  convenient 
to  find  the  gas  flow  rate  through  the  nozzle  throat: 


o — :  m  pi1 .  pi  *p' 


since  from  expressions  (42),  (72),  (73)  of  Chapter  I  it  is  simplest 
to  determine  the  state  of  the  gas  in  the  critical  cross  section 
(X  =  1): 


r.  _ 

*4-1  _ 

/n  +  i.rrr 

r.,~ 

\~J  ' 

*  „ 

i  i 

Ptf 
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Specifically  for  air 

(k  -  1.4) 

we  have 

/.=  i.2rkP. 

=  1.58  pkr  a,= 

(6) 


(7) 


Replacing  with  the  help  of  relationships  (6)  the  critical  values 
of  density  and  speed  of  sound  in  expression  (5)  by  the  values 
which  correspond  to  the  state  of  stagnation,  i.e.,  to  the  state 
in  the  chamber  before  the  nozzle,  we  will  obtain 

or,  utilizing  the  equation  of  state  and  formula  (34)  in  Chapter  I: 


Thus  the  gas  flow  rate  through  the  supersonic  nozzle  depends  only 
on  the  state  of  the  gas  in  the  chamber  before  the  nozzle.  For 
air  (k  ■  1.1*,  R  ■  29.27)  we  have  the  following  simplified 
consumption  formula: 

-  [fcgf/s],  (8a) 

) 

A..jrding  to  formulas  (8)  they  determine  the  dimensions  of  the 
supersonic  nozzle  throat  for  the  assigned  consumption  and  the 
known  state  of  the  gas  before  the  nozzle. 

When  the  discharge  velocity  is  less  than  critical,  a  simple 
convergent  adapter  -  a  convergent  channel  -  is  used  as  the  nozzle. 
The  state  of  the  gas  and  the  rate  of  flow  in  different  cross 


n 
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sections  of  the  convergent  channel  can  be  determined  by  those  same 
formulas  as  in  the  case  of  a  supersonic  nozzle.  However,  flow 
in  convergent  channel  has  a  number  of  features  which  must  be 
cons ldered . 


It  is  most  important  that  with  a  subsonic  system  of  outflow 
the  pressure  in  the  jet  on  the  nozzle  section  pg  ]s  virtually 
equal  to  the  pressure  in  the  surrounding  medium  p  ,  since  under 
these  conditions  any  pressure  change  in  the  atmosphere  in  the  form 
of  a  pressure  wave  penetrates  inside  the  nozzle,  producing  a  change 
in  the  pressure  before  the  nozzle  and  the  corresponding  change  in 
the  discharge  velocity;  the  rearrangement  of  flow  is  continued 
until  the  pressure  in  the  let  cn  the  nozzle  section  is  equal  to 
atmospheric.  Thus  unlike  the  supersonic  nozzle,  in  a  simple 
convergent  channel  the  discharge  velocity  is  determined  net  by  its 
form,  but  only  by  the  pressure  in  the  chamber  before  the  convergent 
channel.  Thus  if  the  pressure  in  the  chamber  pQ  is  known,  then 
at  the  assigned  pressure  in  the  plane  of  the  output  section  p^  the 
velocity  coefficient  of  outflow  is  found  directly  through  formula 
(78)  in  Chapter 


Trie  velocity  of  outflow  is  equal  to  w  =  a  ,  where  the  critical 

3.  3  H  p 

speed  depends,  according  to  (J)l)  of  Chapter  I,  only  on  temperature 
in  the  chamber  before  the  nozzle  (stagnation  temperature): 


The  gas  flew  rate  in  a  convergent  channel  we  will  find  from 
th«  equation  of  continuity,  after  applying  it  t.c  the  exit  section: 

0 -c'.-.F,.. 

If  we  utilize  the  already  known  dependences 


i 


then  the  result  Is 

Qss&*F*  \-jn' 

or 


i  i 


(10) 


Formula  (10)  can  also  be  used  for  determining  the  gas  flow  rate 
in  a  supersonic  nozzle  under  calculated  conditions  of  outflow, 
when  the  nozzle  exit  pressure  F  is  equal  to  the  pressure  in  the 
surrounding  medium  p  ■  p  .  It  is  necessary,  however,  to  have  in 

a  H 

mind  that  with  F  -  const  and  p_  -  const  from  formula  (10)  it 

B.  U 

follows  that  with  a  lowering  of  pressure  p  ■  p  ,  i.e.,  with  an 

&  M 

increase  of  the  discharge  velocity  A  in  the  range  of  values 

a 

A  >  1,  the  gas  flow  rate  through  the  nozzle  decreases  0  0 . 

a 

This  is  explained  by  the  fact  that  simultaneously  with  an  increase 
of  A  there  should  be  an  increase  in  the  ratio  of  area  F  to  the 

Ol  a 

throat  area  F  ,  the  value  of  which  does  not  depend  on  p&  *  ph> 

In  Fig.  4.3  is  represented  the  plotted  function 


which  describes  the  change  of  the  ratio  of  the  gas  flow  rate 
through  the  cross  section  of  the  calculated  nozzle  to  the  gas  flow 
rate  through  the  critical  cross  section  of  the  same  area  depending 
on  a  Jump  in  pressures  p^/p^.  As  we  see,  with  Pq/Ph  ■*  *  the  gas 

flow  rate  in  the  exit  section  Q„  0.  This  means  that  to  obtain 

a 

the  assigned  final  gas  flow  rate  Q  in  this  case  is  possible  only 
by  means  of  increasing  the  discharge  area  up  to  P  ♦  •  (with 
F  »  const). 

M  p 


192 


Fig.  fc.3.  Dependence  of  gas 
consumption  on  the  ratio  of 
pressures  in  the  chamber  and 
the  surrounding  medium. 


§  2.  The  Non-Calculated  Conditions  of 
Outflow  from  a  Laval  Nozzle 

Let  us  examine  supersonic  non-calculated  outflow  from  a  Laval 
nozzle  when  p  >  p  .  At  a  considerable  distance  from  the  nozzle 
the  pressure  in  the  Jet  and  in  the  atmosphere  should  be  equalized. 
In  connection  with  this  the  pressure  in  the  Jet  in  proportion  to 
distance  from  the  outlet  decreases  gradually,  the  gas  velocity 
increases,  and  the  cross  section  of  supersonic  Jet  increases 
(Fig.  -U . -h ) .  Experience  shews  that  in  this  case  the  overexpansion 
of  the  Jet  occurs,  i.e.,  in  a  certain  widest  Jet  cross-sectional 
area  (a^)  a  subatmospheric  pressure  is  established. 

After  this  the  Jet  begins  to  narrow,  since  pressure  should  approach 
atmospheric,  ana  the  velocity  correspondingly  decreases.  The 
stagnation  of  supersonic  flow  naturally  leads  to  the  emergence-  cf 
shock  waves.  As  a  result  of  this  in  a  certain  part  of  the  jet 
cross-sectional  area  b1  the  velocity  becomes  subsonic,  and  th^ 
pressure  higher  than  atmospheric.  Then  the  pressure  again 
decreases,  drawing  close  to  atmospheric;  the  corresponding  increase 
of  subsonic  velocity  leads  to  Jet  contraction.  With  a  sufficiently 
large  pressure  excess  the  velocity  again  reaches  critical,  and 
then  even  a  supersonic  value,  i.e.,  a  second  supersonic  section 
appears,  on  which  the  Jet  is  expanded.  As  a  result  of  the  second 
overexpansion  (p  <  p  )  and  the  subsequent  increase  in  pressure 

cl  ^  H 

a  :  econd  group  cf  shock  waves  bj  appears.  It  is  natural  that  as 
a  result  of  losses  in  the  first  shock  the  second  overexpansion 
of  the  Jet  and  the  second  group  of  shock  waves  are  weaker  than 
the  first.  Thus  gradually  the  jet  scatters  its  energy  (for  more 
detail  about  this  see  §  6,  Chapter  VII).  With  a  small  pressure 
excess  in  the  nozzle  section  the  fluctuations  of  velocity  and 
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Fig.  4.4.  Supersonic  outflow 
with  an  excess  of  pressure. 


pressure  are  also  obtained  along  the  axis  of  the  Jet,  but  without 
shock  waves. 

Supersonic  outflow  from  a  nozzle  when  in  the  section  a 
pressure  less  than  the  surrounding  predominates  is  achieved  by 
means  of  a  complex  system  of  Jumps.  Let  us  examine,  for  example, 
a  plane-parallel  gas  Jet,1  flowing  out  into  a  medium  of  greater 
pressure  (Fig.  4.5).  From  the  edge  of  the  nozzle  the  oblique 
shock  waves  which  are  encountered  on  the  axis  of  the  Jet  at  point 
0  will  move  away.  The  elementary  streams  of  gas,  intersecting 
the  front  of  an  oblique  shock  (a-0),  convert  to  the  area  of 
atmospheric  presa  ge  p  >  p„ .  The  deviation  of  streams  from  the 

W  Cl 

initial  direction,  which  takes  place  during  a  shock,  should  lead 
to  their  collision  on  the  axis  of  symmetry.  In  actuality  a 
second  rotation  of  streams  occurs  which  returns  them  to  the  initial 
direction,  but  this  leads  to  the  emergence  of  the  second  group  of 
shocks  (Ob).  It  is  natural  that  if  in  the  areas  aOb  atmospheric 
pressure  predominates,  then  more  to  the  right  of  lines  0-b  (Fig. 

4.5)  a  pressure  greater  than  atmospheric  will  be  obtained.  Thus 
after  the  second  group  of  shocks  the  same  conditions  are  established 
as  during  outflow  with  a  pressure  excess  (p.  >  p  ).  The  less  the 

a  H 

pressure  pfi  in  the  nozzle  section,  the  greater  the  angle  obtained 
between  the  front  of  oblique  shock  and  the  flow  direction;  in  this 
case  the  angle  by  which  the  flow  should  turn  in  the  second  group 
of  shocks  Ob  increases.  Simultaneously  the  flow  velocity  after 


*The  discussion  concerns  a  nozzle,  the  cross  section  of  which 
has  the  form  of  an  elongated  rectangle.  Supersonic  outflow  from 
an  axlsymmetric  nozzle  has  been  studied  less,  and  we  will  not 
examine  it  here. 
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Fig.  U . 5 .  The  diagram  of 
outflow  from  a  plane-parallel 
Laval  nozzle  under  the  con¬ 
ditions  of  overexpnnsion . 


the  first  group  of  shocks  (in  the  area  aOb)  decreases  therefore 
finally  such  a  system  begins  during  which  the  necessary  angle  of 
rotation  (w)  of  flow  cannot  be  realized  in  shocks  Ob,  i.e., 
u  >  <v  .  From  this  point  on,  in  the  center  section  of  the  jet 
a  shock  wave  is  formed  and  the  entire  arrangement  of  shocks  takes 
on  the  bridge-type  form  (Fig.  4.6).  With  an  increase  in  the 
counterpressure  the  section  of  shock  wave  c-c  increases.  In  the 
case  of  great  counterpressure  the  supersonic  outflow  turns  out  to 
be  Impossible,  and  the  pressure  Jumps  are  shifted  inside  the 
nozzle,  i.e.,  they  are  achieved  in  a  smaller  cross  section,  the 
lower  the  speed  for  this  supersonic  flow.  In  that  case  the  nozzle 
exit  behind  the  front  of  the  shock  works  as  a  usual  subsonic 
diffuser.  If  within  the  nozzle  the  separation  of  flow  from  the 
walls  develops,  which  i3  accompanied  by  a  usually  complex  system 
of  shocks  (§  6,  Chapter  VI),  then  outflow  into  the  atmosphere  occurs 
at  a  supersonic  velocity  less  than  under  calculated  conditions. 

Fig.  4.6.  Bridge-type  shock 
during  non-calculated  outflow 
from  a  Laval  nozzle. 


With  a  pressure  drop  in  the  chamber  the  shock  will  approach 
all  the  closer  to  the  critical  cross  section,  simultaneously 
becoming  weaker.  After  approaching  close  to  the  critical  cress 
section,  the  shock  will  disappear,  the  supersonic  nozzle  in  this 
case  will  be  converted  into  a  venturi  tube  (Fig.  4.7). 


Pig.  U.j,  Pressure  curves  with 
a  shock  wave  within  a  Laval 
nozzle . 


The  location  of  the  plane  of  the  shock  is  determined  by  the 
ratio  of  pressure  in  the  chamber  (before  the  nozzle)  to  the 
pressure  in  that  medium  into  which  the  gas  escapes.  It  should  be 
noted  that  systems  during  which  shocks  are  obtained  within  a 
supersonic  nozzle  are  encountered  in  engines  rarely.  Usually  the 
gas  is  expanded  before  the  nozzle  exit  section  and  escapes  at 
supersonic  speed. 

A  more  detailed  examination  of  the  supersonic  Jet  which 
escapes  from  the  nozzle  under  non-calculated  conditions  is  given 
in  Chapter  VII,  and  the  question  concerning  outflow  with  the 
formation  of  shocks  within  a  nozzle  is  given  in  Chapter  VIII. 

Let  us  pause  on  engine  operation  under  non-calculated 
conditions  of  the  outflow  of  gas  from  the  nozzle. 

In  engine  operation  under  calculated  conditions  the  pressure 
in  the  plane  of  the  nozzle  exit  section  both  in  the  working  Jet 
and  in  the  external  flow  is  equal  to  atmospheric.  However,  such 
a  condition  is  satisfied  only  at  one  value  of  pressure  ratio  p  /p^. 

a  v 

With  a  change  in  the  flying  speed  the  pressure  in  the  nozzle 
section  in  a  Jet  engine  changes.  Because  of  this  the  invariable 
exit  cress  section  becomes  non-corresponding  to  calculated  con¬ 
ditions:  the  first  -  with  Insufficient,  the  second  -  too  great 
a  discharge  opening  area  of  the  nozzle. 
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In  the  first  case  in  the  Laval  section  nozzle  a  constant 
pressure  Is  maintained  whose  value  is  higher  than  atmospheric, 
since  the  exit  section  is  less  than  calculated,  as  a  result  cf 
which  the  gas  in  the  nozzle  is  not  completely  expanded.  The  value 
of  pressure  in  the  section  is  equal  to 


ft 


The  less  the  dimensionless  area  of  the  discharge  opening  (f  ), 

a 

the  lower  the  velocity  coefficient  .),  and  therefore  the  higher 

a 

the  pressure  in  the  section  (pQ).  Emerging  from  the  nozzle,  the 
jet  continues  to  be  expanded  in  the  atmosphere  and  the  flow 
velocity  increases.  Figure  4.8  shows  the  boundaries  of  the  region 
in  the  jet  within  which  the  mean  pressure  remains  excess. 


Fig.  4.8.  Discharge  from  a  nozzle 
with  a  pressure  excess, 


If  we  construct  the  nozzle  to  the  calculated  dimensions,  then 
because  within  the  supplementary  part  of  the  nozzle  Increased 
pressure  predominates  a  thrust  increase  AP  will  be  obtained. 
Consequently ,  in  the  case  of  an  insufficient  die tharce  area  the 
thrust  of  the  engine  is  leas  than  under  calculated  conditions . 

Another  area  of  work  of  the  Laval  nozzle  answers  to  that  case 
where  the  discharge  opening  area  exceeds  calculated,  i.e.,  when 
the  value  of  the  cotal  pressure  is  not  sufficient  for  obtaining 
atmospheric  pressure  at  the  output.  Under  these  conditions  the 
Laval  nozzle  is  filled  by  supersonic  flow  up  to  the  section  itself, 
but  the  pressure  obtained  in  the  section  is  lower  than  atmospheric, 
i.e.,  the  nozzle  works  with  overexpansion.  When  the  jet  leaves 
into  the  atmosphere  in  it  a  complex  system  of  shock  waves  is 
established  which  maintains  the  rarefaction  in  the  nozzle  section. 
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Work  under  the  conditions  of  overexpansion  is  possible  only 

up  x.o  pressures  p„  >  p  .  .  In  another  case,  as  was  noted,  the 
f  ra  a  min 

shock  wave  will  move  Inside  the  Laval  nozzle,  pressure  in  the 
section  will  be  equaled  with  atmospheric,  and  the  discharge  velocity 
will  become  subsonic.  These  operating  conditions,  as  it  was 
already  mentioned,  are  almost  never  encountered  in  engines  and 
co  not  have  a  practical  value. 

In  other  words,  with  too  wide  a  nozzle  the  outlet  velocity 
usually  is  the  same  as  under  calculated  conditions,  but  pressure 
here  according  to  the  given  formula  is  lower  than  atmospheric j 
in  this  case  in  the  exit  section  of  a  Laval  nozzle  a  section  of 
overexpansion  is  obtained  in  which  to  the  walls  the  force  AP, 
directed  along  the  flow,  is  applied  (Pig.  4.9).  Thus,  in  the  system 
of  overexpansion  reactive  thruet  is  Lower  than  oaloulated ,  For 
a  thrust  augmentation  it  is  profitable  to  disoard  the  section  of 
overexpansion  after  shortening  the  nozzle  to  the  calculated 
dimensions . 


Fig.  4.9.  Discharge  from  a 
nozzle  with  overexpansion . 


Thus,  in  all  cases  of  deviation  from  calculated  conditions 
of  outflow  with  p0  ■  const  the  reaction  force  is  less  than  under 
calculated  conditions.  Actually,  as  it  follows  from  formula 
(105)  in  Chapter  I,  the  reactive  thrust 

P=a‘{w„~  xc,)  -I  •  °'t  w„  -I-  (p,  -  p,\hr 

Under  the  conditions  of  overexpansion  the  third  term  In  the  right 
side  of  this  equality  is  negative  (pQ  <  p  ),  but  the  first  two 
terms  are  greater  than  under  calculated  conditions  (due  to  increase 
in  w  ) j  under  the  conditions  of  pressure  excess  (p.  >  p  )  the  third 

a  a  H 

term  ir-  positive,  and  the  first  two  terms  as  a  result  of  decrease 

in  w  are  less  than  unde'  calculated  conditions, 
a 
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Calculations  show  that  a  certain  departure  from  calculated 
conditions  will  not  entail  a  considerable  decrease  In  the  reactive 
thrust.  This  is  obtained  because  the  change  of  the  third  term 
in  the  thrust  formula  is  compensated  fcr  largely  by  the  change  of 
the  first  two  terms.  Because  of  this  when  the  nozzle  exit  section 
is  greater  than  the  cross  section  of  the  combustion  chamber,  for 
purposes  of  reducing  head  resistance  it  is  possible  without 
special  damage  for  thrust  to  shorten  the  nozzle,  after  accepting 
Fq  •  F  >  i«e.,  working  under  non-calculated  conditions.  It  is 
possible  to  demonstrate  theoretically,  on  which  we  are  not  dwelling 
here,  that  In  a  Jet  engine  value  P/F£  reaches  a  maximum  when  the 
discharge  velocity  is  precisely  equal  to  the  flying  speed  (w  *  w  ), 
and  the  pressure  in  the  output  section  is  significantly  higher  than 
calculated  (p  >  p  ).  In  such  a  system  the  tnrust  is  formed  only 

a  H 

as  a  result  of  the  pressure  excess  in  the  nozzle  section: 

P  =  (Pa 


It  was  established  above  that  at  constant  values  of  total 
pressure  and  stagnation  temperature  in  an  engine  the  greatest 
thrust  is  obtainf.  in  the  calculated  system  of  outflow. 

It  is  natural  that  in  the  case  of  ah  uncontrolled  exhaust 
nozzle,  i.e.,  a  nozzle  with  constant  sections,  thrust  increases 
with  an  increase  in  the  total  pressure,  since  in  this  case 
pressure  in  the  nozzle  section  increases,  but  the  velocity  coef¬ 
ficient  of  outflow  does  not  change. 

§  3 .  Supersonic  Gas  Flow  with  a 
Continuous  Increase  in  Velocity 
(Prandtl-Mayer )  Flow 

Let  us  examine  first  the  simplest  form  of  supersonic  gas 
flow  -  a  forward  steady  flow.  During  such  a  flow  all  the  gas  ■  , 
particles  move  along  parallel  trajectories  at  a  constant  velocity. 
The  particle  trajectories  are  simultaneously  the  flow  lines 
which  are  impenetrable  for  a  gas. 
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If  the  flow  encounters  no  obstructions  in  the  form  of  solids 
or'  boundaries  (walls),  then  the  gas  experiences  no  disturbances. 

The  simplest  boundary  which  Is  capable  of  changing  the  nature  of 
the  uniform  forward  gas  flow  Is  a  rectilinear  solid  wall.  Let  us 
examine  first,  the  case  where  such  a  wall  Is  arranged  parallel  to 
the  direction  of  flow,  i.e.,  it  coincides  with  one  of  the  flow 
lines.  If  the  moving  gas  occupies  the  entire  infinite  area  above 
the  wall  and  the  wall  itself  is  also  infinite  in  length,  then  it 
is  clear  that  in  this  case  the  wall  will  have  no  effect  on  the 
gas  flow.1  Let  us  note  that  this  position  is  correct  in  general 
also  for  curved  lines  of  flow:  if  the  wall  coincides  with  the 
flew  line,  then  it  does  not  exert  an  influence  on  the  moving  gas. 

If  at  certain  point  A  of  the  wall  (Fig.  4.10)  there  was  some 
obstruction,  then  it  would  cause  a  weak  disturbance  of  the  steady 
flow.  Such  a  disturbance  would  be  extended  in  a  uniform  supersonic 
flow  on  a  straight  line  -  a  characteristic  constituting  with  the 
direction  of  velocity  the  angle  Oq,  determined  from  the  condition 

sin 

This  angle,  as  it  is  already  known  to  us,  is  called  the  angle  of 
propagation  of  weak  disturbances. 

Fig.  4.10.  The  parallel 
uniform  flow  above  a  plane 
wall . 


Now  we  can  give  the  flow  pattern  of  an  external  obtuse  angle. 
Assume  at  a  certain  point  C  the  wall  turns,  forming  with  the 
inltiax  direction  the  angle  d  (Fig.  4.11).  During  the  supersonic 
flew  around  the  external  obtuse  angle  ACB  the  gas  is  expanded, 


‘The  viscosity  effect  of  gas  here  can  be  disregarded. 


Fig.  4.11.  The  rotation  of  the 
supersonic  flow  of  gas  during 
flow  around  the  angle  ACB. 


since  the  area  occupied  by  the  gas  increases;  during  expansion 
the  gas  is  accelerated.  Along  the  section  of  wall  AC  the  gas 
velocity  is  constant.  The  corner  point  C  during  the  flow  of 
gas  around  it  is  an  obstruction  which  serves  as  the  source  of 

the  emergence  of  weak  disturbances  in  the  gas  flow.  These 

disturbances,  as  it  was  shown,  are  propagated  in  a  steady  flow  on 
straight  line  -  characteristic  CK,  which  separates  the  undisturbed 
gas  flow  from  disturbed.  Along  the  section  of  wall  CB  the  gas 

velocity  again  takes  a  constant  value,  greater  than  in  the  initial 

flow  along  AC.  This  means  that  the  disturbance  which  arose  as  a 
result  of  the  flow  around  the  corner  point  C  terminated  on  another 
characteristic  CL,  which  is  also  rectilinear.  Thus  the  rotation 
of  flow  to  the  new  direction  is  achieved  within  angle  KCL  between 
two  rectilinear  characteristics.  For  greater  clarity  let  us 
break  down  the  section  of  the  continuous  expansion  of  gas  within 
the  angle  KCL  into  a  large  number  of  sections  with  insignificant, 
but  discontinuous  changes  in  parameters. 

The  first  low  Jump  in  velocity  and  pressure  will  occur  on 
the-  plane,  the  trace  of  which  is  the  straight  line  CK;  since 
pressure  in  this  case  drops,  then  according  to  the  theory  of 
Jumps  the  velocity  component  normal  tc  plane  CK  Increases;  in 
view  of  the  invariability  of  the  tangential  component  of  velocity 
the  flow  changes  its  direction  little,  differing  from  the  plane 
of  the  expansion  shock  to  the  side  opposite  to  that  into  which  it 
would  be  deflected  in  a  compression  shock.  Thus,  after  plane  CK 
of  the  weak  expansion,  shock  the  flow  obtained  a  somewhat  greater 
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.  '  _  a  i e  ir.  the  appropriate  direction, 

i't,.'  i y  and  temperature  of  the  gas  are  slightly 
-  -  .  7  ]-.*-■  1  n- urbanee  which  is  propagated  from  the  area  of 

,•  . a  already  new  should  be  limited  by  the  new  charac- 

•  '  ,  wh  i  :  n  as  a  result  of  deviation  in  the  flew  and 
ii,,,- atf  h.  Piach  number  is  located  more  to  the  right  of  the 

..  s  ra  -t eristic  CK.  Left  of  characteristic  CK’  no 
t  ;iv*„  penot rate,  therefore  along  the  line  CK’,  Just  as 
*•••  • .  h :  a  j  rug  the  line  CK,  the  parameters  of  the  gas  and  the 

•  •  ..  of  -.cMon  are  invariable. 

'  low  velocity,  which  Increased  somewhat  in  the  first 
.  s  d*.- signed  on  directions  which  are  normal  and  tangential 

■..-it  second  characteristic  CK1,  then  it  will  turn  out  that  the 

•  c:m  .  i.ent  of  velocity  here  is  less  (w*  <  w  ),  and  radial  - 
•. •  • >  w  ;  than  on  line  CK. 

Tie  second  weak  expansion  shock,  which  we  combine  with  plane 
vases  a  new  deviation  in  flow  to  the  side  CB  and  the  further 
c /.pans:  o-f  gas  which  is  accompanied  by  an  Increase  in  velocity. 

The  rotation  of  flew  obviously  will  be  completed  If  the  stream 
a  a,’  a  i. to  the  wall  becomes  parallel  to  direction  CB  (Fig.  ^.11). 
dnnse^uonv ly  at  the  wall  Itself  the  velocity  vector  is  parallel 
CB. 


But  on  the  strength  of  the  fact  that  all  characteristics 
•.■/  going  from  point  C  are  rectilinear,  i.e.,  the  velocit;  and 
'j.'.’  remaining  parameters  of  gas)  along  then,  does  not  change,  then 
n '.  :■  along  the  laet  characteristic  CL  the  velocity  vector  retains 
.instant  (in  value  and  direction)  value  w^ .  1  Thus  after  the 


‘joint  C  is  a  e'K-julav  point,  since  at  this  point  converge  the 
"ays,  for  each  of  which  the  values  of  velocity  and  pressure  are 
.  nsiant  .  These  constant  values  of  velocity  and  pressure  are 
different  for  different  rays. 
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last  characteristic  CL  the  flow  again  becomes  forward.  But  after 
point  C  the  flow  does  not  experience  more  disturbances.  Con¬ 
sequently,  after  rotation  about  the  angle  the  flow  above  wall  C3 
will  be  the  same  as  was  the  flow  above  wall  AC,  i.e.,  a  uniform 
and  parallel  flow  at  constant  velocity  w  >  w  .  The  last  charac- 

H  H 

teristic  CL,  on  which  is  completed  the  rotation  of  the  gas  flow 
about  point  C,  is  located  at  an  angle  to  the  wall  CB,  which 
corresponds  to  the  equality 


whereas  the  first  characteristic  is  located  at  an  angle  to  the 
wall  AC  in  accordance  with  the  equality 

‘'"•“•“is 

here  M  ,  M  are  values  of  M  numbers  before  and  after  the  rotation 

H  K 

of  flow. 


As  is  known,  finite  adiabatic  expansion  shocks  are  impossible. 
However  if  we  break  down  angle  KCL  into  an  infinite  number  of 
infinitesimal  an;  .es,  then  we  pass  from  the  conditional  diagram 
with  small  expansion  shocks  examined  above  to  the  continuous 
expansion  of  gas;  instead  of  a  finite  number  of  weak  shocks  we 
obtain  a  infinite  number  of  characteristics  -  a  beam  of  character¬ 
istics  . 


Thus  the  rotation  of  a  flow  around  an  obtuse  angle  and  the 
expansion  of  gas  (decrease  in  the  pressure)  connected  with  this 
can  be  considered  as  a  sequence  of  weak  disturbances,  the  source 
of  which  is  the  vertex  of  the  angle;  these  disturbances  are 
propagated  in  the  flow  awarding  to  rectilinear  characteristics 
outgoing  from  the  vertex. 

The  considerations  given  show  that  during  the  rotaticr.  cf  a 
supersonic  gas  flew  about  an  external  obtuse  angle  the  values  cf 
velocity,  pressure,  and  density  remain  constant  along  the  rays 
outgoing  from  the  point,  cf  inflection  and  are  characteristics. 
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Thus  during  the  analytical  study  of  the  flew  about  an  obtuse  angle 


it  is  cor’ v e 

r.ienv  tc  make 

use  of  polar 

coordinates,  having 

placed 

the  origin 

of  the  coord i 

nates  at  this 

point. 

of  inflection. 

The 

coordinate 

lines  are  the 

i"i  u- '  i  t3  ’  '-1  7  3  CU 

t going 

from  the  point 

of 

inflection  and  concentric  circumferences  with  a  center  in  this 
point  of  inflection.  Coordinates  cf  the  points  on  a  plane  are 
the  radius-vector  r  cf  this  point  and  the  angle  6,  made  up  by  the 
radius-vector  with  the  ray  which  lias  the  fixed  direction,  which 
we  will  determine  later.  All  the  parameters  of  gas  we  will  con¬ 
sider  as  functions  cf  r  and  $ :  w  =  w(r,  ?) ,  p  =  p(r,  $) ,  p  =  p(r,  $)• 
On  the  strength  of  the  fact  that  the  parameters  of  gas  along  the 
rays  in  cur  problem  are  retained  constant,  the  partial  derivatives 
of  w ,  p  and  p  ir.  terms  of  r  are  equal  to  zero  (during  movement 
along  the  ray  changes  do  r.ci  occur  in  the  parameters  of  the  gas), 
in  us , 


<)_- 

or 


(11) 


Velocity  component  on  the  radius-vector  and  in  the  direction 
perpendicular  to  it  we  designate  respectively  by  w  and  w  .  Then 

j.  U 

the  velocity  |-.vj.  Or.  the  strength  of  the  fact  that  dw/OrssO, 

we  also  have 


0  !», 

'<lr 


0 


at.d 


(12) 


The  basic  property  of  the  characteristic ,  as  it  is  already 
known,  consists  of  the  fact  that  the*  velocity  component  normal 
to  it  is  equal  to  the  speed  of  sound  a,  but  the  characteristic 
coincides  with  the  radius-ver tor,  therefore  in  the  polar  coordinate 
system  .elected  by  us  the  normal  con  rsnent  of  the  velocity  can  be 
found  from  the  c  end  i  ticri 

v>u  =  a.  (13) 

The  gas  flew  around  the  external  obtuse  angle  is  smooth  and 
accelerated,  therefore  it  is  possible  to  consider  it  vortex-free. 
But  then  circulation  on  any  dosed  loop  is  equal  to  zero.  Let 
us  compose  the  expression  for'  circulation  on  the  Iron  MFUK, 
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limited  by  the  segments  of  two  radius-vectors  carried  out  from 
the  vertex  of  the  angle  and  two  arcs,  going  around  this  loop 
clockwise  (Fig.  4.12): 

Al'  =  wMr  A?  |-  (id,  -|  ^  Af)  Ar  — 

'  (w«  +  ^  Ar) '  ir)  ^  =  01 

taking  into  account  the  constancy  of  the  velocity  on  the  radius- 
vector  which  is  a  characteristic,  we  have 

(14) 

This  is  a  condition  of  the  absence  of  eddying  in  a  supersonic 
gas  flow  which  flows  around  an  external  obtuse  angle.  It  could 
also  be  obtained  directly  from  expression  (103)  of  Chapter  II. 

Every  stream  of  the  flow  in  question  can  be  considered  energy 
isolated,  whereupon  the  equation  of  energy  it  is  advantageous  to 
utilize  in  a  kinematic  form  (48)  from  Chapter  I: 

(15) 

In  a  smoothly  accelerated  gas  flow,  which  we  are  examining  In  this 
case,  the  losses  of  total  pressure  are  usually  insignificant- , 
therefore  the  thermodynamic  process  of  flow  about  the  angle  we  will 
consider  isentropic,  i.e.,  being  subordinated  to  the  equation  for 
an  ideal  adiabatic  curve: 

£  =  const  (16) 

four  equations  (135— (16)  compose  the  system,  to  the  solution  of 
which  the  problem  of  the  flow  of  a  supersonic  flow  of  gas  about 
an  external  obtuse  angle  is  reduced. 


Fig.  4.12.  To  the  derivation 
of  the  condition  of  absence 
of  eddying. 
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From  equations  (13)  and  (15)  It  follows  that 

,  »*  +  »«  »«< 


or 

tt'l  -|-  ’*«•*■  (17) 

iJow  utilizing  equation  (HO,  we  come  to  the  following  differential1 
equat ion : 


i'W .  L  _  *-> 

r  *  +  ,  »<•  —  *  ,  ,  trl 


Dividing  in  this  equation  the  variables  w^  and 


(18) 

we  will  obtain 


i  ^ **«*»*  *? 


By  integration  we  obtain 


]  ^^51  arc  sin  +  fi* 

r  *  1  wmn 


where  -  the  integration  constant.  Solving  this  expression 

relative  to  the  unknown  value  w  .  we  find 

r 

v,  —  vm„  sin  [  y'  (?  -I' f »)]  • 

Then  from  equation  (14)  it  immediately  follows  that 

—  ,rm*»  | f  *t|- 1 4,H  [  \f  jfqTj  ^7  I '  '’•)]• 

Let  us  determine  now  the  integration  constant  c^ .  Let  us  examine 
the  case  where  the  velocity  of  undisturbed  flow  (before  rotation) 


‘Since  the  parameters  of  the  gas  along  lines  $  -  const  during 
the  flow  about  an  external  angle  do  net  change,  they  are  the 
functions  only  of  one  variable  -  polar  angle  $.  Thus  in  equation 
(18)  and  further  the  partial  derivatives  in  terms  of  $  are  re¬ 
placed  by  full. 
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I 


is  equal  to  the  speed  of  sound  (M  *  1).  This  means  that  the 

H 

initial  characteristic  KC  (Fig.  A.ll)  is  perpendicular  to  wall  AC, 
since 

sill  ~  J  —  •• 

i.e.,  polar  angles  $  must  be  counted  off  from  the  perpendicular 

to  the  direction  of  the  velocity  of  undisturbed  flow.  Then  with 

<t>  *  0,  we  have  w„  =  0,  w,  ■  w,  and  the  expression  for  w„  is 
r  u  r 

converted  into  the  equation  for  determining  c^: 


0  =  teM„  sin  |  (0  f-  c,)J. 


Hence  it  is  clear  that  c^  =  0.  Thus  we  obtain  the  following  ex¬ 
pressions  for  the  velocity  components  wr  and  wu: 

sm  (  j/ yq-|  ?], 

vj„  —  4  cos  (  | /"iTp  ')' 

Using  expiessions  (35)  and  (tl)  of  Chapter  I,  it  is  possible  to 
pass  from  the  maximum  gas  velocity  to  critical 


=  a 


and  to  write  the  expressions  for  wp  and  in  the  following  form: 


t£,/=a^  l/"rr! sln  (  Vr+\  ?)• 

f). 


With  $  =  0  we  will  obtain  w  =  0,  w  =  w  =  a  ,  i.e..  the  speed 

r  u  Hp  r 

of  undisturbed  flow  is  equal  to  the  critical  speed  of  sound. 

How  let  us  find  tr.t_-  value  of  full  velocity  for  each  of  the 
rays:  v  — •  (  «*'J  r  “l-  From  equations  (19)  and  (20)  we  will  obtain 


:?[>  •:  *!l- 


- 1 
*+T 


(2*0 


2 

Thus  after  determining  by  formula  (21)  the  value  X  for  the 
corresponding  values  of  we  will  be  able  from  formulas  (22)-(25) 
to  calculate  completely  the  state  of  the  gas  for  each  of  the  rays 
passing  through  the  vertex  of  the  angle.  With  $  ■  0  X  -  1  is 
obtained,  with  $  >  0  we  have  X  >  1 ,  In  proportion  to  the  increase 
in  the  polar  angle  the  gas  velocity  increases,  and  the  pressure, 
density,  and  temperature  decrease. 


As  can  be  seen  from  expression  (21),  with  a  certain  value 
of  the  polar  angle  the  velocity  coefficient  can  achieve  the  maximum 


value 


when  the  pressure,  temperature,  and  gas  density  are  equal  to  zero. 
It  is  obvious  that  a  further  Increase  in  velocity  is  impossible, 
and,  consequently,  the  rotation  of  flow  will  be  discontinued. 

In  other  words,  there  is  an  extreme  value  of  polar  angle  -ermined 
from  the  condition 
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s,nl(}'  r+i 

Hence  it  follows  that 

_  n  | '  S  -ill 

?,m  — T|  (26) 

Let  us  note  that  the  solution  obtained  is  useful  for  all 
values  of  velocity  of  a  supersonic  undisturbed  flow,  and  not  only 
in  the  case  A^  ■  1.  If  the  velocity  of  undisturbed  flow  is  greater 
than  the  speed  of  sound,  then  computation  according  to  formula 
(21)  should  be  begun  not  from  the  zero  polar  angle  (♦  *  0),  but 
from  that  value  of  angle  ($  )  which  corresponds  to  the  given 
velocity  of  the  undisturbed  flow  ( A h  )  •  From  formula  (21)  it 
follows  that 

?-  —  |  iZ-j  arc  sin  |/  -  I).  ( 27 ) 

The  suitability  of  the  solution  obtained  for  any  value  of  velocity 
is  based  on  the  fact  that  in  this  problem  along  any  characteristic 
the  velocity  and  the  remaining  parameters  of  the  gas  do  not  change, 
i.e.,  on  any  char  cteristic  the  flow  is  uniform  and  parallel.  And 
therefore  for  the  rotation  of  the  flow,  which  proceeds  to  the  right 
of  this  characteristic,  the  prehistory  of  the  flow  cannot  be 
important,  i.e.,  this  value  of  A  is  achieved  as  a  result  of  the 
acceleration  of  gas  during  preliminary  rotation  from  A  =  1  and 
<t>  *  0  to  A  -  A  and  $  »  <p  or  rotation  begins  Immediately  at  the 
value  of  the  velocity  coefficient  A  *  A ^ .  Thus,  in  the  case 
A^  >  1  with  <p  £  flow  remains  undisturbed,  i.e.,  all  the  param¬ 
eters  of  the  gas  retain  their  value.  With  ♦  >  the  parameters 
of  the  gas  are  calculated  from  the  formulas  (22)— (25)  obtained 
above.  It  is  necessary  only  to  remember  that  at  a  velocity  of 
undisturbed  flow  greater  than  the  speed  of  sound  angles  must  be 
counted  off  not  from  the  perpendicular  to  the  direction  of  un¬ 
disturbed  flow,  but  from  the  straight  line  making  up  angle  i>  +  a 

H  H 

with  the  direction  of  undisturbed  flow,  where  aH  ■  arc  sin  jjp 

H 
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(Fig .  4.13)  is  the  angle  of  weak  disturbance,  l.e.,  the  angle 
between  the  characteristic  and  the  direction  of  the  assigned 
undisturbed  flow. 


Fig.  4.13,  Diagram  of  the 
computation  of  angles  $  with 


In  order  to  obtain  a  demonstrative  picture  of  flow  around  an 

external  obtuse  angle,  let  us  find  the  form  of  the  flow  lines. 

For  this  let  us  compose  the  differential  equation  of  the  flow 

lines  in  polar  coordinates.  Let  us  recall  that  the  direction  of 

the  tangent  to  the  flow  line  at  every  point  of  it  coincides  with 

the  direction  of  the  velocity  vector  at  this  point.  Let  us  take 

two  infinitely  close  radius  vectors,  making  with  each  other  the 

angle  d<J>,  and  let  us  draw  at  point  A  of  the  first  radius  the 

segment  of  the  flow  line  AC,  the  velocity  vector  w  *  AE,  directed 

tangentially  to  the  flow  line  at  point  A,  and  the  circular  arc 

AB  of  radius  r  (Fig.  4.1*0.  Let  us  examine  the  infinitesimal 

rectangular  curvilinear  triangle  ABC.  The  tangent  of  angle  A 

of  this  triangle  is  equal  to  the  relation 

tiC  dr_ 

AU  =  rdf ' 


But  the  angle  between  curves  AB  and  AC  is  equal  to  the  angle 
between  their  tangents  AF  and  AE,  l.e.,  tg  ( £  EAI!)  *  dr/rd4>.  The 
velocity  vector  w is  decomposed  into  components  wr  and  wy.  From 
triangle  ADE  it  is  evident  that  tu  [J.  UF. A) =v,j'wm.  But  from  the 

construction  it  i3  clear  that  L  UF.A-^a  ^  tAP,  Thus, 


m t  »« * 


(28) 


Equation  (28)  is  the  differential  equation  of  flow  lines  in  polar 
coordinates . 
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Fig.  4.14.  For  determining 
the  Flow  line  during  flow 
around  an  external  obtuse 
angle . 

KEY:  (1)  Flow  line. 


In  the  case  of  flow  around  the  angle  w^  and  wy  are  determined 
by  formula  (19)  and  (20),  therefore  differential  equation  (28) 
take3  the  form 


dr 

r  =  V  k- 1  T  \ 

cm  V  r-i-rt 


df. 


It  can  also  be  rewritten  in  this  form: 


ir  FB-S-'h'lO'fi’)! 


Integrating  this  ’lfferential  equation,  we  find 

In  r  =  —  In  cos  ^ j f  *  jq  'fj  -}■  In 

where  through  in  rQ  is  designated  the  arbitrary  integration 
constant.  After  Involution  we  will  obtain 


*  H 


(29) 


Equation  (29)  is  the  equation  of  flow  lines  in  polar  coordinates. 
Here  rQ  Is  the  length  of  the  radius  vector  of  the  flow  lino  of 
the  flow  line  with  $  =  0,  i.e.,  in  an  undisturbed  flow.  From 
equation  (29)  it  is  evident  that  all  the  flow  lines  are  similar 
curves  with  the  center  of  similitude  in  the  vertex  of  the  angle. 
Distance  along  the  normal  between  two  adjacent  flow  lines  increases 
In  the  direction  of  flow. 
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Now  let  us  find  angle  6,  between  the  tangent  to  the  flow 
line  and  the  direction  of  undisturbed  flow  which  moves  at  the  speed 
of  sound,  i.e.,  the  angle  to  which  the  flow  Is  turned  after 
reaching  the  appropriate  ray,  constituting  the  angle  $  with  a 
perpendicular  to  the  direction  of  the  velocity  of  undisturbed 
flow  (with  X  ■  1).  For  this  let  us  examine  Fig.  U .  15  •  Here  w 
is  the  velocity  vector  at  point  3  directed  tangentially  to  the 
flow  line.  Angle  a  is  the  local  angle  of  the  propagation  of 
weak  disturbances.  This  angle  la  equal,  as  is  known,  to  the  angle 
between  the  direction  of  velocity  w  and  characteristic  BE  at  the 
particular  point.  Angle  6  is  the  unknown  angle  of  rotation  of  flow. 
From  the  figure  it  is  clear  that  £ABD=zh,  and  angle  ABC  ■  a.  Then 
from  triangles  ABC  and  ABD  we  have 

A  —  r.  —  f — «  and  ^  A  =  -j — & 


Fig.  ^.15.  The  connection  between 
angles  a,  $,  and  6  during  flow 
around  an  obtuse  angle. 

KEY :  (1)  Flow  line. 


Thus 


or 


*  — 


8==*-}  (30) 

The  angle  of  propagation  of  weak  disturbances 

a-=trcsln^.  (31) 

Thus  for  the  calculation  of  the  angle  of  rotation  of  flow  <5,  which 
corresponds  to  the  assigned  value  of  angle  4 1,  it  is  necessary  to 
perform  the  following  operations: 
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1)  determine  by  formula  (21)  the  velocity  coefficient  X  for 
the  assl.gned  value  of 

2)  by  formula  (25)  determine  the  Mach  number, 

3)  by  formula  (31)  determine  the  angle  a,  and,  finally, 

14 )  calculate  angle  6  according  to  formula  (30)  for  the  assigned 
value  of  4.  Thus  we  will  obtain  the  angle  of  rotation  of  flow  5 
as  a  function  of  the  polar  angle 

Up  to  now  the  independent  variable  was  the  polar  angle  $ 
and  all  the  gas  parameters  were  calculated  as  a  function  of  this 
angle.  In  actuality  the  value  of  the  circumfluous  obtuse  angle, 
i.e.,  the  value  of  the  angle  of  rotation  of  flow  6q,  and  the 
value  of  the  velocity  of  incident  flow  are  usually  known. 

According  to  these  data  it  is  necessary  to  determine  all  parameters 
of  the  gas  (velocity,  pressure,  temperature,  etc.)  after  the 
rotation  of  flow  around  the  assigned  obtuse  angle.  Thus  for 
practical  calculations  it  is  convenient  to  compile  a  table,  where 
as  the  basic  parameter  the  angle  of  rotation  of  flow  6  is  accepted, 
and  all  the  remaining  parameters  of  the  gas  are  calculated  in  the 
function  of  this  angle.  Such  a  table,  calculated  from  formulas 
( 21 )-  ( 25 ) »  (30)  and  (3D,  is  given  in  the  appendix  to  the  book 
on  pages  1007-1009.  It  is  necessary  to  use  this  table  in  the 
following  manner:  from  the  given  speed  of  undisturbed  flow  w 
the  velocity  coefficient  X  is  determined.  Further  the  fictitious 
angle  of  notation  of  flow  <$h  which  corresponds  to  value  X^  is 
sought  (angle  to  which  the  flow  which  flows  at  the  speed  of  sound 
should  turn  in  order  to  achieve  the  assigned  velocity  w  ).  Then 
angle  6^=6^+  6q  is  found,  where  is  the  assigned  angle  of 
rotation  of  flow  (Fig.  A.l6).  For  a  value  from  the  table  values 

>■». ,  ”■ ,  r*  and  M  are  extracted;  they  determine  respectively  the 

velocity  coefficient,  pressure,  density,  temperature,  and  Mach 
number  after  the  rotation  of  flow  around  the  assigned  obtuse  angle. 
Curves  4>(5),  M(6),  ar.d  a(6)and-~  =  f(S)  are  depicted  in  Fig.  Dl7. 
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Fig.  ^.16.  The  flow  line  of 
a  supersonic  flow  which  flows 
around  an  external  obtuse  angle. 
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Fig.  u.17.  Auxiliary  curves  for  the  calcu¬ 
lation  of  supersonic  flow  around  an  ex¬ 
ternal  obtuse  angle  (k  *  l.tf). 

If  desired  it  is  possible  to  determine  the  form  of  the  flow 
line  according  to  formula  (29),  after  assigning  value  rQ  and  a 
series  of  values  $  from  $  ■  ♦  to  ♦  ■  ♦  (Fig.  4,l6). 

For  determining  the  angle  of  rotation  of  flow  6Q  depending 
on  the  initial  and  final  velocity  it  is  possible  to  use  the  simple 
formula  proposed  by  A.  Ya.  Cherkez  which  approximates  well  the 
precise  relationships  and  the  tabulated  data  with  k  -  1.4: 


8,  =  7.8(*J-^ 


(32) 


Here  ar.d  X  respectively  are  the  velocity  coefficients  of  flow 

before  and  after  rotation.  With  >  <  2.3  >  0.000b)  the  error 

p0 

for  the  determination  of  angle  <5^  frorn  this  formula  dees  not 
usually  exceed  1°  . 

The  given  theory  of  flew  cf  a  supersonic  flow  of  gas  around 
an  external  obtuse  angle  is  applied  for  the  solution  of  a  large 
number  of  specific  problems  of  gas  dynamics;  some  of  them  we  will 
examine  below. 

§  4 .  Flew  Around  a  Plane  Wail 

As  suite  the  supersonic  flew  of  gas  flows  at  an  assigned 
velocity  over  a  plane  fixed  wall.  At  point  C  (Fig.  A. 18)  the 
wall  is  broken,  but  the  pressure  in  space  after  point  C  is  less 
than  the  pressure  in  the  undisturbed  flow  along  the  wall.  Then 
exactly  as  in  the  case  cf  the  flow  about  nr  external  obtuse  angle, 
point  C  will  be  the  disturbance  source.  Flow,  flowing  around 
point  C,  will  turn  itself  on  a  certain  angle  6.  Its  velocity 
will  increase,  an-  the  pressure  in  the  flow  will  drop  to  the  value 
of  the  pressure  which  exists  in  space  beyond  point  C.  The  picture 
of  flow  In  tnis  case  is  completely  similar  to  the  flow  arcund  the 
external  obtuse  angle.  The  only  difference  is  that  in  the  case  of 
the  flow  around  the  obtuse  angle  the  angle  of  rotation  of  flow  6 
is  assigned  and  it  is  required  to  find  all  parameters  of  the  gas 
after  rotation,  and  in  the  case  cf  the  flow  around  a  half-infinite 
plane  wall  being  examined  by  us  the  pressure  in  the  flow  after 
rotation  is  assigned  and  it  is  required  tc  find  the  angle  of 
rotation  of  flow  and  all  the  remaining  parameters  of  the  gas. 

The  angle  6  defines  the  boundaries  which  separate  the  deviated 
flow  of  gas  from  the  fixed  ges  ur.dcr  tne  wall  (dotted  line  in 

For  calculating  the  flew  arcund  a  plane  half-infinite  wall  It 
is  possible  tc  use  Table  on  pages  ICC 7-1009 .  Through  the  assigned 


Fig.  U . 1 8 .  Diagram  of  the  super¬ 
sonic  flow  around  a  wall. 


magnitude  of  pressure  the  angle  of  rotation  of  fxow  and  all  the 
remaining  parameters  of  the  gas  are  found. 

It  j.s  easy  to  calculate  the  maximum  angle  6  ,  to  which  the 

max 

gae  flew  which  deaende  from  a  plane  wall  can  turn.  This  angle  is 
the  angle  of  rotation  of  flow,  the  initial  velocity  of  which  is 
equal  to  the  speed  of  sound  during  outflow  into  a  vacuum. 

Let  us  assume  in  formula  (22)  p  -•  0.  Then 

II _ *  +  1 _ )  a 

A  - -j  — 

Substituting  A  *  A  into  formula  (27),  we  find 

max 

—  7  V  a- l* 

Since  with  A  =  A  from  (25)  we  have  M  =  «,  then  a  =  arc  sin  rr  ■  0. 

max  ’  n 

Then  from  formula  (30)  we  obtain 

*)-/• 

With  k  =  l.U  values  <p  and  6  will  be  4  =  220°27',  £  „  = 

max  max  max  max 

=  130°27'.  Hence  it  follows  that  the  flow  which  flows  from  a 

plane  wall  into  a  vacuum  does  not  fill  the  entire  free  space 

under  the  wall.  Ray  <t>  *  4  „  „  separates  this  flow  from  the  void 

under  the  wall.  It  is  clear  that  this  position  is  correct  not 

only  for  the  case  A^  =  1,  but  also  with  A^  >  1.  The  angle  of 

rotation  of  such  a  flow  during  outflow  into  a  vacuum  is  equal  to 

-  6  .  where  <5  is  the  fictitious  angle  of  rotation  of  flow 

which  corresponds  to  the  assigned  value  A  .  This  critical  angle, 

by  which  the  supersonic  flow  of  assigned  velocity  c*.n  turn,  let  us 

designate  6  .  Thus, 

np  ’ 
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The  dependence  of  6np  on  Mach  number  of  undisturbed  flow  (with 

k  =  1.4)  is  presented  in  the  chart  of  Fig.  4. 19.  With  M  =  1  we 

have  6  =0  and  6  =6  .  With  M  =  « 

H  np  max 

*■  =  *««  and  *„,  =  0. 


Fig.  4.19.  The  critical  angles 
of  rotation  of  flow  in  a  shock 
wave  and  during  the  flow  around 
an  external  obtuse  angle. 


If  the  supersonic  flow  should  flow  around  an  obtuse  angle 
for  which  6  >  6np,  then  after  vhe  rotation  of  flow  around  the 
vertex  of  the  angle  the  flow  blows  away  and  follows  not  on  wall, 
but  on  the  ray  which  corresponds  to  6  =  6np;  between  the  ray  and 
the  wall  a  vacuum  is  formed.  This  phenomenon  can  be  called  the 
a eparaticn  of  eupereonic  flow . 

§  5-  Flew  Around  a  Convex  Curvilinear 
Wall 


In  order  to  compose  a  representation  of  the  picture  which 
appears  during  flow  around  a  convex  curvilinear  wall  let  us 


217 


examine  first  one  of  the  flow  lines  obtained  during  flow  around 
an  obtuse  angle  and  accept  it  for  the  projection  of  a  solid  wall 
(Fig.  4.20).  Above  this  wall  the  flow  parameters  are  known, 
since  they  will  remain  the  same  as  they  were  above  the  corresponding 
(now  solidified)  flow  line  during  flow  around  an  angle. 


Pig.  4.20.  Diagram  of  supersonic 
flow  around  a  convex  curve. 


Past  every  point  of  the  streamlined  curved  line  passes  a 
rectilinear  characteristic,  along  which  all  the  gas  parameters 
remain  constant.  The  state  of  the  gas  on  every  characteristic  is 
determined  from  the  angle  of  rotation  of  flow  6,  which  corresponds 
to  this  characteristic  and  is  equal  to  the  angle  between  the 
characteristic  which  is  tangential  to  the  wall  at  the  initial 
point  and  the  direction  of  undisturbed  flow.  During  the  calcu¬ 
lation  of  the  gas  parameters  it  is  necessary  to  make  U3e  of  the 
previously  derived  formulas  or  the  table  of  Appendix  I  to  the  book 
on  pages  1007-1009- 

Let  us  note  that  the  same  accurately  qualitative  picture  takes 
place  during  the  flow  around  a  convex  curvilinear  wall  of  any  form. 
It  is  necessary  only  that  the  convexity  of  the  wall  be  directed 
always  to  the  side  of  the  gas.  In  order  to  show  this,  let  us 
replace  the  arbitrary  curved  wall  by  an  inscribed  broken  line 
which  consists  of  a  succession  of  rectilinear  segments  (Fig.  4.21a). 
Flow  around  such  a  broken  line  is  reduced  to  flow  around  a 
succession  of  external  obtuse  angles,  and  therefore  can  be  calcu¬ 
lated  completely.  The  flow  pattern  is  shown  in  Fig.  4.21b.  If 
now  we  increase  infinitely  the  number  of  vertexes  of  the  broken 
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Fig.  4,21.  Transfer  from  flow  around  a 
broken  wall  to  tne  flow  around  a  convex 
curve . 


line  inscribed  into  this  curve,  then  in  the  end  we  will  obtain 
flow  around  a  curve,  whereupon  It  is  clear  that  through  every 
point  of  curve  passes  the  rectilinear  characteristic,  along  which 
the  gas  parameters  are  not  changed  (Fig.  4.21c). 

In  order  to  calculate  the  flow  around  an  arbitrary  curve  of 

a  convex  wall  it  is  necessary  to  know  only  the  angle  of  rotation, 

i.e.,  the  direction  of  the  tangent  for  every  point  of  the  wall. 

If,  for  example,  the  form  of  the  wall  is  assigned  by  an  equation 
in  the  form  y  =  ;.  (x)  (x-axis  is  directed  along  the  velocity  vector 
of  undisturbed  flow),  then,  differentiating  this  equation,  we 
will  find  the  tangent  angle  with  the  x-axis  for  every  value  of 
abscissa  x,  equal  to  the  angle  of  rotation  of  flow  6. 

Thus 

ia=3fCtgl/(-«)V 

Knowing  <5,  it  is  easy  to  determine  all  the  gas  parameters,  acting 

exactly  the  same  as  In  the  case  of  flow  around  an  obtuse  angle. 

Specifically  it  is  possible  to  find  the  distribution  of  velocity 
and  pressures  along  the  wall.  During  flow  around  a  curved  convex 
wall,  Just  as  during  flow  around  an  angle,  the  gas  is  accelerated. 
The  gas  velocity  increases  continuously  and  the  pressure  drops. 

If  it  turns  out  that  at  any  point  of  the  wall 
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then  flow  separation  will  occur. 


The  determination  of  the  form  of  the  flow  lines  during  flow 
around  a  convex  wall  of  arbitrary  form  Is  a  more  difficult  task, 
and  we  will  not  examine  it  here.  The  strict  theory  of  flow  around 
a  curved  wall  was  developed  by  I.  A.  Kibel  and  S.  A.  Khri stianovlch . 

§  6.  Outflow  from  a  Unit  Two-Dimensional 
Nozzle  with  Oblique  Section  into  Space 
with  Reduced  Pressure 

Let  us  examine  the  outflow  of  a  supersonic  flow  of  gas  from 
a  two-dimensional  nozzle.  Let  the  nozzle  provide  a  constant 
velocity  in  its  section  and  the  pressure  in  the  free  space  into 
which  the  gas  escapes  is  less  than  the  pressure  in  the  nozzle- 
section  plane.  The  theory  of  flow  around  a  plane  wall  given 
above  makes  it  possible  to  determine  the  direction  of  the  Jet 
boundaries  directly  after  the  nozzle  section. 

The  behavior  of  the  gas  near  the  edges  of  the  nozzle  A  and  B 
(Fig.  4.22)  Is  precisely  the  same  as  during  flow  around  one  plane 
wall.  Near  each  of  the  edges  the  flow  will  turn  by  such  an  angle 
5  that  the  pressure  in  the  flow  will  become  equal  to  the  assigned 
pressure  in  free  space.  Consequently  the  Jet  as  a  whole  Is 
expanded  during  outflow.  The  angle  of  rotation  of  flow  6  around 
each  of  the  edges  can  be  found  from  the  assigned  magnitudes  of 
velocity  and  pressure  in  the  nozzle  section  and  the  pressure  in 
free  space  Just  as  during  the  flow  around  one  plane  wall.  This 
angle  6  determines  the  direction  of  the  Jet  boundaries  behind  the 
nozzle  section.  Along  the  entire  free  boundary  of  the  Jet  there 
is  a  constant  value  of  velocity  wnich  corresponds  to  external 
pressure  and  can  be  calculated  easily  according  to  the  formulas 
and  table  given  above. 

The  beams  of  the  rectilinear  characteristics  outgoing  from 
points  A  and  B  intersect  as  is  shown  in  the  figure.  After  the 
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Fig.  4.22.  The  different 
systens  of  outflow  from  a 
nozzle  with  an  oblique 
section. 


Intersection  of  characteristics 
the  flow  velocity  changes,  and, 
as  this  follows  from  §  2  cf  Chapter 
III,  the  characteristics  cease 
to  be  rectilinear.  This  fact 
considerably  complicates  the  calcu¬ 
lation  of  further  sections  of  the 
J  et . 


If  the  nozzle-section  plane 
is  not  perpendicular  to  the  axis 
of  flow,  then  such  a  nozzle  Is 
called  a  nozzle  with  an  oblique 
eeotion.  The  presence  of  in  oblique 
section  disturbs  the  symmetry  of 
flow  and  considerably  complice tes 
the  calculation  of  the  flow  appear¬ 
ing  in  this  case.  The  study  cf  out¬ 
flow  from  channels  with  an  oolique 
section  has  important  practical 
value,  since  such  an  outflow  takes 
place  during  the  operation  of 
steam  and  gas  turbines,  where 
usually  the  nozzle  vehicles  are 
channels  with  an  oblique  section. 


Let  us  examine  the  supersonic 
outflow  of  gas  from  a  two- 

dimensional  nozzle  with  an  oblique  section  into  space  in  which 
the  pressure  is  less  than  the  pressure  in  the  flow  within  the 
nozzle.  The  oblique  edge  is  formed  during  the  displacement  of 
edge  B  of  the  nozzle  relative  to  edge  A  backwards,  against  the 
flow.  In  the  case  of  minor  displacement  of  edge  B,  l.e.,  with 
a  small  slant  of  the  section  plane  AB  (Fig.  4.22b),  obviously 
an  unsymmetrlc  free  Jet  will  be  obtained.  In  this  case  the  area 
of  Intersection  of  the  beams  of  the  characteristics  outgoing  from 
edges  A  and  B  is  moved  tc  point  A. 
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Consequently  the  rectilinear  characteristics  outgoing  from 
edge  A  begin  to  be  bent  earlier  than  in  the  case  of  a  direct 
section.  behind  the  section  plane  AB  the  Jet  is  expanded.  The 
angles  of  rotation  of  flow  near  each  of  the  edges  A  and  B 
obviously  are  the  sane  as  in  the  case  of  a  direct  section. 

The  extreme  position  of  edge  B  for  a  flow  of  such  a  form  is 
that  position  cf  it  in  which  the  "first"  characteristic,  carried 
out  from  edge  B,  passes  accurately  past  edge  A.  Such  a  case  is 
depicted  in  Fig.  4.22c.  The  picture  of  flow  near  edge  B  is 
similar  as  before  to  the  flow  around  one  plane  wall.  Thus  the 
direction  of  the  jet  boundary  behind  edge  B  is  retained  as 
previous  ana  it  can  be  determined  easily.  The  characteristics 
outgoing  from  edge  A  will  begin  to  be  bent  immediately  after  point 
A.  This  ccrr.plicat.es  the  determination  of  the  second  Jet  boundary 
behind  point  A. 

V 

If  after  edge  A  we  make  a  directing  deflector,  realized  on 
the  flow  line  which  corresponds  to  the  rotation  of  flow  around 
edge  B  (Fig.  4.22d),  then  flow  can  be  calculated  completely. 

The  flow  around  edge  B  at  the  assigned  external  pressure  is 
analogous  to  the  flow  around  an  external  obtuse  angle.  Thus  the 
form  cf  the  flow  line  can  be  determined  by  formula  (29). 

Thus  we  obtain  the  shape  of  directing  deflector  AC.  Pressure 
cn  ray  BC  is  equal  to  the  assigned  external  pressure,  as  a  result 
of  which  behind  ray  BC  the  jet  again  becomes  parallel  and  uniform. 
The  velocity  in  this  Jet  is  greater  than  the  velocity  within  the 
nozzle  in  cross  section  BD.  The  Jet  is  deflected  from  the  nozzle 
axis  by  the  angle  6,  determined  by  the  ratio  of  external  pressure 
to  the  pressure  within  the  nozzle  in  cross  section  BD. 

Displacing  edge  B  still  further  back,  we  will  obtain  the  case 
cf  outflow  from  an  oblique  section  as  depicted  in  Fig.  4.22e. 

Here  the  "first"  charac* eristic  outgoing  from  edge  B  comes  to  the 
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opposite  wall  within  the  nozzle  at  a  certain  point  left  of  A. 
Precise  calculation  of  flow  near  the  section  of  the  wall  between 
the  Indicated  point  and  point  A  and  the  determination  of  the  Jet 
boundary  behind  edge  A  is  a  sufficiently  complex  problem.  If 
as  in  the  preceding  case  we  make  a  directing  deflector,  having 
placed  its  beginning  in  the  point  of  encounter  of  the  first 
characteristic  with  the  wall  A,  then  we  will  reduce  the  case  in 
question  tothe  preceding  one. 

The  effectively  applicable  cases  of  outflow  from  an  oblique 
section  are  the  cases  b,  d,  and  e.  In  cases  c  and  d  the  approxi¬ 
mate  computation,  defining  the  discharge  velocity  and  the  angle 
of  rotation  of  the  Jet  as  a  whole  just  at  in  the  case  d,  is  used, 
i.e.,  the  small  change  in  the  flow  parameters  connected  with  the 
disturbance  of  the  picture  of  flow  near  edge  A  accepted  during 
the  calculation  is  disregarded. 

Let  us  emphasize  again  that  in  all  practically  applicable 
cases  of  outflow  from  a  plane  channel  with  an  oblique  section  into 
space  with  reduce,  pressure  the  flow  in  the  oblique  section  under¬ 
goes  expansion,  and  the  Jet  obtains  an  additional  deviation;  in 
this  case  the  discharge  velocity  increases  as  compared  with  the 
velocity  which  can  be  provided  by  the  same  nozzle  with  a  direct 
section . 
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CHAPTER  V 

ONE-DIMENSIONAL  GAS  FLOWS 

§  1.  Adiabatic  Gas  Plow  wit  I,  Friction. 

Critical  I;.o  pi  on  of  the  Flow 

Lot  us  examine  the  steady  flow  of  gas  in  a  tube  of  constant 
cross  section  in  the  presence  of  friction  but  without  heat  exchange 
with  environment . 

The  equation  cf  continuity  in  this  case  (0  *  const,  F  =  const) 
takes  the  following  form: 


pV  as  COlUt, 

cr  in  differential  form 

df  _ dm 

»  C=1  •  * 

The  differential  equation  of  state 

dp  =  gfUpdT-±Tdp). 

From  equations  (1)  and  (2)  we  obtain 

df=gRdT-gRT%. 


(1) 


(2) 


(3) 
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Using  the  Bernoulli  equation  in  differential  form 


-f +  *>'-+ gdL,,* =0 

and  the  known  expression  for  the  speed  of  sound 

a'  =  kgRT. 

we  convert  expression  ( 3)  to  the  new  form 

gRdT  +  fr-'jy-Z  +  gdL^Q.  (I*) 

In  view  of  the  fact  that  the  process  in  question  is  energy 
Isolated,  the  stagnation  temperature  along  the  tube  does  not  change 
Tq  =  const.  This  is  equivalent  to  the  condition 

or,  taxing  Into  ac  'ount  the  known  equalities  AR  =  c  -  c  ,  c  =  kc  , 

r  *  ^  v 

eRdT=s-t=. !«,*£.  (5) 

Substituting  (5)  into  (A),  we  arrive  at  the  relation  which  connects 
the  velocity  change  along  the  tube  of  constant  cross  section  with 
the  work  of  forces  of  friction: 


=  (6) 

It  is  important  that  the  friction  is  a  one-sided  action:  the 
work  of  the  forces  of  friction  is  always  positive  (dLTp  >  0). 
Therefore,  according  to  the  relation  (6)  under  the  effect  of 
friction  the  subsonic  flow  (M  <  1)  is  accelerated  (dw  >  0),  and 
the  supersonic  flow  ( M  >  1)  is  slowed  down  ( dw  <  0).  The  continuous 
transition  through  the  sj eod  of  sound  under  the  action  only  by 
friction  is  Impossible. 
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Le us  derive  t : : c  formulas  which  determine  the  change  in  the 
'■?.  ro  cf  rao  ale  nr  the  Insulated  tube  In  the  presence  of 


1  u  view  vf  the  fact  that  trie  process  in  the  gas  Is  energy 
i.-rolaU  d,  the  stagnation  temperature  Is  not  changed: 

Tt\  =  Th  =  const  (  7 ) 

The-  th-err.odyr.amic  temperature ,  If  we  use  equations  (92)  of  Chapter 
I  and  ( 7 } ,  is  determined  from  the  relation 


‘-r^Txr 


(8) 


As  a  result  of  the  constancy  of  stagnation  temperature,  the  critical 
velocity  along  the  tube  also  does  not  change;  hence  the  ratio  of 
the  coefficients  of  velocity  is  equal  to  the  ratio  of  the  velocities 
on  the  basis  of'  the  equation  of  the  continuity  -  the  inverse 
density  ratio 


*1 


(9) 


After  substituting  equalities  (8)  and  (9)  into  the  equation  of 
state,  we  obtain  tne  dependence  of  the  pressure  on  the  velocity 
coefficient : 


P> 

Pi 
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*  —  l 


\  — 


k  - 1 

*+T 
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•■l 


(10) 


In  view  cf  the  constancy  cf  stagnation  temperature,  the  total 
pressure  Is  proportional  to  the  density  of  '.he  stagnated  gas1 


‘This  results  from  the  equation  of  state  and  formula  (72)  ir. 
Chapter  I . 
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Pa  ('•I  Pi  I  ^ 1  >, 


Hence  or.  the  las  It  of  ' 1 0 )  we  obtain 


/,  _ *_7- 1  >,\rt  . 

Pa  _ ».»  _  *.  \  ’ 

P»l  f»l  l  I  ^  1  n  j 

V“*“rT>1/ 


Let  us  give  X.,  any  constant  value,  and  we  will  consider  X-,  as 
a  variable  and  parameters  T- ,  p5,  p2>  PQ2,  po?  as  ^unctions  of  the 
variable  It  was  established  above,  on  the  basis  of  relation 

that  the  friction  accelerates  the  subsonic  and  slows  down  the 
supersonic  flow.  Then  it  is  necessary  to  consider  X^  as  increasing 
with  subsonic  and  decreasing  with  supersonic  flow.  Therefore, 
according  to  dependences  (3),  (9)  and  (10),  the  thermodynamic 
temperature,  density  and  static  pressure  along  the  insulated  tube 
under  the  effect  of  friction  decrease  in  subsonic  and  increase  in 
sup sonic  flew.  -rom  equality  (11)  it  fellows  that  in  the  critical 
cross  section  when  >2  =  1  the  total  pressure  pQ2  has  a  minimum 
value,1  but  then  from  expression  (102/  of  Chapter  I  it  follows  that 
In  the  critical  cross  section  t.ne  entropy  reaches  a  maximum  value. 
The  total  pressure  arid  the  density  of  the  stagnated  gas,  in 
accordance  with  equality  (11),  both  ir.  subsonic  and  supersonic  flew 
along  t.ne  tube  decrease,  and  only  one  parameter  -  the  stagnation 
temperature  -  is  r.ot  changed. 


'it  Is  possible  tc  be  convinced  cf  this  by  differentiating 
the  equality  (11)  with  respect  to  X ^ .  Dy  substituting  one  into 

the  expression  of  the  h-riWdve  instead  cf  ,  we  obtain 
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Figure  '3.1  'hricts  curves  cf  temperature,  density,  pressure, 
stagnation  temperature,  and  total  pressure  in  the  insulated  tube 
as  a  function  of  the  velocity  coefficient  Xj,  when  X^  *  0.1  for 
subsoil ie  flow,  Xj  =  P.3  for  supersonic  flow,  and  k  =  1.^.  The 
arrows  at  tne  flgu re;-  indicate  the  direction  of  the  course  of  the 


coefficient  in  a  tube  cf 
constant  cress  section. 


§  2 .  Flow  in  a  Tube  cf  Constant 
Cross  Section 


Let  us  invest  -."ate  the  effect  of  friction  on  the  change  in 
parameters  of  the  turbulent  gas  flew  ir.  tubes  cf  constant  diameter. 
Fcr  thic  let  us  replace  work  cf  the  force  of  friction  in  relation 
(6)  with  the  expression  convent icnal  in  hydraulics 


4 


?.2S 


w/  **. 


(12) 


here  c  Is  the  coefficient  of  friction  in  the  tube,  D  -  diameter  of 
the  tube,  dx  -  length  of  the  infinitesimal  section  of  tne  tube. 
Then  we  obtain 


/,ii  •  .  M*  tfx 

(M*  —  1)  —  ==  —  C  A  -j  . 

By  using  expression  (45)  of  Chapter  I  and  the  constancy  of  critical 
velocity  in  the  tube,  from  which  follows  the  equality 

dxa  A 

»  “  r  • 

let  us  turn  in  relation  (6)  from  the  M  number  to  the  coefficient 
of  critical  velocity  X: 

{p  ~  '^“rpT'Ty*  (13) 

Let  us  allow  in  the  first  approximation  that  the  coefficient 
of  friction  in  the  tube,  both  in  subsonic  and  supersonic  flows, 
does  not  depend  on  the  M  number  and,  consequently,  on  the  velocity 
coefficient  X. 


In  rough  tubes  the  value  c  for  incompressible  fluid  does  not 
depend  on  the  Reynolds  number  P  and  is  determined  from  formula1 


(>.74+2  In  1]*' 


(14) 


where  e  =  2h/D  =  h/r  is  the  relative  roughness  of  the  tube  (h  - 
the  height  of  the  projections  of  the  roughness). 


‘See  "Problems  of  turbulence,"  page  29,  ONTI ,  1936. 
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Let  us  examine,  further,  the  friction  In  the  so-called 
technically  smooth  tubes.  The  technically  smooth  tube  is  charac¬ 
terised  by  the  fact  that  the  projections  cf  roughness  In  it  are 
covered  with  a  laminar  sublayer.1  The  t'ockness  of  the  sublayer 
decreases  with  an  increase  in  the  R  number;  therefore,  the  same 
tube  with  lew  F.  is  smooth  but  with  .arge  H  is  rough  (Fig.  5.2). 


c\t  3.0  3.0  3.3  3.0  3.0  3.0  0.0  O.t  0,0  0,0  0,0  S.O  3.3  3.0  3.0  3J  0.0 
Fig.  5-2.  Dependence  of  the  coefficient  of 
friction  t  on  R  in  tubes  with  different  rough¬ 
ness  according  to  experiments  of  Nikuradze. 

In  technically  smooth  tubes,  for  the  turbulent  flow  of 
incompressible  fluid  the  coefficient  of  friction  depends  on  the  R 
’lumber  and  can  be  determined  by  the  formula 

C- 0.0032 +  (15) 

where  R  =  pwD/p . 

"or  more  detail  about  the  laminar  sublayer  see  Chapter  VI. 
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Since  in  the  tube  of  constant  cross  section,  according  to  the 
equation  of  continuity  pw  =  const,  then  the  R  number  along  the 
length  of  the  tube  changes  insignificantly  (only  because  of  a 
viscosity  change) . 

Thus,  we  approximately  assume  the  coefficient  of  friction  in 
the  tube  to  be  a  constant  value: 


C^contL 

In  this  case  equation  (13)  is  easily  integrated: 


t  1 
If-f! 


—  In 


>j_  2*  xt< 


(16) 


here  X-^  is  the  value  of  the  velocity  coefficient  at  the  beginning 
of  the  tube  x  »  0,  and  X2  is  the  value  of  the  velocity  coefficient 
in  an  arbitrary  cross  section  of  the  tube  at  a  distance  of  x  *  x? 
from  the  beginning.  With  the  aid  of  expression  (16)  it  is  possible 
to  determine  the  value  of  the  velocity  coefficient  in  the  arbitrary 
cross  section  of  the  tube  if  the  velocity  coefficient  at  the 
beginning  of  the  tubes  X^,  the  diameter  cf  the  tube  D,  the  coeffi¬ 
cient  of  friction  b,  and  the  index  of  ideal  adiabatic  curve  k  are 
known . 

2 

Let  us  introduce  the  function  4>(X)  *  1/X  +  2  In  X  and  call 

the  dimensionless  quantity  which  is  on  the  right  side  of  equation 

(16) 


the  normalized  length  of  the  tube.  Then  equation  (16)  can  be 
presented  in  the  form 


?(5'l)  —  <?(Xt)  =  £ 


(17) 


Thus ,  a  change  in  the  flow  velocity  between  the  two  cross 
sections  of  the  tube  is  suer,  that  a  difference  of  the  functions 
4 f a )  in  them  is  equal  to  the  normalized  length  of  this  section 
cf  the  tube.  By  using  the  graph  of  function  (J> C X )  (Fig.  5.3),  H 
is  possible  to  determine  the  change  in  the  coefficient  of  the  flow 
velocity  along  the  length  of  the  tube  depending  on  values  X  and  £ . 
Function  $(>.)  when  X  =  1  has  a  minimum  equal  to  4>  ( X )  =  1.  Therefore, 
at  the  rated  value  >-  the  value  of  the  difference  on  the  left  side 

x. 

of  equation  (l7)  and,  consequently,  also  the  normalized  length  of 
the  Luces  x  cannot  be  more  than  a  certain  critical  value  determined 
from  condition  X ^  =  1: 


Z«p  =  ?(>i)“  >• 


(18) 


Actually,  let  us  equate  to  zero  the  derivative  of  the  normalized 
length  x  with  respect  to  X£  when  X^  =  const: 


'if. 

dK, 


=  0. 


Hence  we  find 


)■»=>  I. 


Since  when  X,,  =  1 


<**1 

d‘l 


Then  condition  X^  =  1  determines  the  maximum  cf  the  value  of  the 
normalized  length  of  the  tube  for  the  assigned  value  of  the 
velocity  coefficient  at  the  inlet  into  the  tube  X^.  Since  equation 
(17)  is  correct  not  only  for  the  entire  tube,  but  also  for  any 
section  of  it,  it  follows  from  it  that  the  velocity  equal  to  the 
speed  of  sound  can  be  achieved  only  in  the  outlet  section  of  the 
tube.  Actually,  if  we  assume  that  the  velocity  coefficient  X  is 


232 


V  M  u  IS  V)  14  A 

Fig.  5-3-  Graph  of 
function 

(f().)  =  ^r+2  JnX. 


equal  to  unity  in  any  intermediate  cross  section  of  the  cylindrical 
tube,  then  from  equation  (17),  recorded  for  the  subsequent  section 
of  the  tube,  we  obtain 


Since,  by  definition,  function  $(X)  >  1  (Fig.  5.3),  then  this  case 
is  not  real. 

It  was  shown  above  that  with  flow  in  the  cylindrical  tube  with 
friction,  the  subsonic  flow  is  accelerated  and  the  supersonic  - 
braked,  and  the  maximally  possible  state  in  both  cases  with  a 
continuous  change  in  the  parameters  is  the  critical  regime,  i.e., 
the  achievement  by  the  flow  of  the  speed  of  sound  in  the  outlet 
section  of  the  tube.  Equation  (17)  makes  it  possible  to  establish 
the  quantitative  connection  between  the  change  in  velocity  and  the 
normalized  length  of  the  tube  x*  If  at  the  Inlet  into  the  tube 
the  flow  is  subsonic  and  the  velocity  coefficient  of  it  Is  equal 
to  X^,  and  If  the  normalized  length  of  the  tube  is  less  than  the 
critical  value  determined  by  formula  (18),  then  at  outlet  from  the 
tube  the  flow  will  be  also  subsonic,  whereupon  from  equation  (17) 


If  flow  at  the 


it  follows  that  the  velocity  coefficient 
inl't  i :■  subsonic  and  the  normalised  length  of  the  tube  is  equal 
to  the  critical  (maximum)  value  for  the  given  A.  ,  then  at  the 
outlet  from  the  tube  the  flow  velocity  is  equal  to  the  speed  of 
sound  and  A.,  =  1  . 

If  finally  the  normalized  length  of  the  tube  is  greater  than 
maximum  determined  from  formula  (18),  then  equation  (17)  does  not 
have  a  solution  for  A^(<K\0)  <  1)-  This  means  that  the  taken 
initial  value  of  the  velocity  coefficient  A^  cannot  be  realized. 

At  the  beginning  of  the  tube  with  assigned  normalized  length  x>  the 
flow  velocity  cannot  exceed  the  value  obtained  from  formula 

?(>.)=/. +  1.  (19) 

since  in  this  case  the  velocity  at  the  outlet  from  the  tube  is 
equal  to  the  critical  velocity,  and  through  the  tube  the  maximally 
possible  gas  flew  rate  per  second  occurs. 

Figure  5.^  depicts  the  dependence  of  the  maximum  value  of  the 

velocity  coefficient  at  the  inlet  into  the  tube  A„  on  the  dimen- 

np 

sionless  length  of  the  tube  x/D  for  the  subsonic  flow  when  £  =  0.015 
and  k  =  1.4.  At  these  values  of  £  and  k 

x  *  +  l  l  ^  -- 

It  should  be  noted  that  the  obtained  change  in  the  velocity 
coefficient  (formula  ( 1 6 )  )  ,  both  when  A^  <  1  and  A^  >  1,  corresponds 
to  the  completely  definite  change  in  the  total  and  static  pressure 
of  the  gas  (see  formulas  (10)  and  (11)  §  1).  Everywhere  above  we 
assumed  that  such  a  pressure  change  can  always  be  realized: 
this  was  the  condition  in  the  retention  of  the  constant  value  A^ 
with  a  change  In  the  normalized  length  of  the  tube  up  to  the 
obtaining  of  A^  =  1.  If  for  some  reason  or  other  the  indicated 
change  in  pressure  is  Impossible,  for  example,  at  the  assigned 
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value  of  the  velocity  coefficient  at 
the  beginning  of  the  tube  on  its 
length . 

magnitude  of  a  drop  in  pressures  at  the  inlet  and  outlet,  then  the 
flow  In  question  with  the  assigned  initial  velocity  coefficient 
can  prove  to  be  unreal.  This  question  is  examined  in  more  detail 
below  in  i  7 . 

V.'ith  supersonic  flow,  for  which  formula  (16)  Is  also  suitable, 
the  following  systems  are  possible.  If  with  the  assigned  initial 
velocity  X ^  the  normalized  length  is  less  the  maximum  (x  <  XHp)» 
then  at  the  end  of  the  tube  supersonic  flow  (X?  >  1)  is  obtained. 

If  the  normalized  length  is  equal  to  the  maximum  ( x  =  X  )»  then 

K  p 

the  velocity  at  the  end  of  the  tube  is  equal  to  the  critical 
velocity  Uj  »  1).  If  the  normalized  length  calculated  according 
to  formula  (17)  is  more  than  the  maximum,  determined  according  to 
formula  ( 18)  at  the  assigned  value  of  the  velocity  coefficient  at 
the  beginning  of  the  tune  \ ^ ,  then  the  smooth  braking  of  supersonic 
flow  for  the  extent  of  the  entire  tube  is  impossible;  in  a  certain 
cross  section  of  the  tube  a  shock  wave  occurs,  after  which  the 
accelerated  subsonic  flow  is  established. 

Determining  the  position  of  this  shock  wave  can  be  carried 
out  in  the  following  manner.  Let  the  supersonic  velocity  at  the 
beginning  of  the  tube  X^,  the  length  of  tube  x,  diameter  of  the 
tube  D,  coefficient  of  friction  t  and  the  index  of  ideal  adiabatic 
curve  k  be  assigned,  v.'e  compute  according  to  formula  (17)  the 
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ncrmul  Jz.ed  length  cf  the  tube  y.  According  to  formula  (IS)  we 

del  ermine  the  maximum  normalized  length  x  and  are  convinced  of 

ah  p 

the  fact  that  the  true  normalized  length  is  greater  than  the 
maximum,  (x  >  x  _)•  In  this  case,  as  was  shown,  in  a  certain  cross 

K  p 

section  at  a  distance  of  xc><  from  the  beginning  of  the  tube  a  shock 
wave  appears.  For  simplicity  we  assume  that  the  shock  wave  is 
normal,  and  then  the  velocity  coefficients  before  the  shock  (*') 
and  after1  the  shack  (>.")  are  connected  by  relation  (16)  of  Chapter 
III 


I. 

T.re  velocity  coefficient  before  the  shock  (X1)  can  be  found  from 
formula  (16): 


'  1  «.*  ■  Z*  r  Kn  ■ 

k.  x.f  ,n  XJ  —  —  Xc«* 


(20) 


The  velocity  coefficient  after  the  shock,  where  the  accelerated 
subsonic  flow  (X"  <  1)  is  established,  is  connected  with  the  lengtn 
of  the  subsonic  section  of  the  tube  at  the  end  of  a  stall  (X0  =  1) 
which  takes  by  formula  (18): 

p!  —  1  “  F *  ~  *+l  *  — =  X  - 


v/hence 


X”-  1  —  lnX-'  =  x_X£ir  (21) 

By  solving  together  the  two  equations  (20)  and  (21)  with  two 
unknowns  (xCH,  X1),  we  arrive  at  the  equation  with  one  unknown, 
according  which  the  velocity  before  the  shock  Is  calculated: 


,  I  ,  I  .  P 
*  +if  * 


(22) 


after  v.-hich  according  to  formula  (21)  the  location  of  the  .chock 
is  determined. 

Formulas  (20),  <"21),  and  (22)  for  determining  the  location  -  f 
the  shock  wave  are  inconvenient,  since  according  to  them  it  is 
necessary  to  conduct  the  calculations  by  the  method  of  successi"e 
approximations.  It  is  possible  to  recommend  auxiliary  graphs 
(Fig.  t.5),  which  substantially  simplify  the  calculations.  Curve 
(1)  corresponds  to  the  auxiliary  dependence 

+  (2i) 

Curve  (2)  represents  function  (21): 

y  —  —  A'"  —  1  —  in  1'*. 

Curve  (3)  corresponds  tc  function  ( 1 8 )  : 

x.p=qr-1-»ni- 

Let  us  explain  the  method  of  the  use  of  these  curves  ir.  a 
concrete  example.  Let  a  tube  with  the  normalized  length  x  =  0.6  be 
giver..  According  to  curve  (3)  it  is  evident  that  in  this  cube 
there  will  be  the  critical  regime  (>2  =  1)  at  the  value  of  the 
velocity  coefficient  at  the  inlet  ^  =  1.95-  Let  us  check  first 
the  flow  pattern  in  the  tube  in  the  case  of  A-^  >  1 . 9  5  >  for  example, 
for  A i  =  2.2.  According  to  formula  (16)  it  is  possible  tc  calculate 
the  velocity  at  the  end  of  the  tube 

or,  in  accordance  with  notation  (23) 

?»  =  ¥»  — X- 
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dilating  supersonic  flow  in  a  tube 
of  constant  cross  section. 

KEY:  (1)  without  a  shock. 

On  curve  (1)  when  A^  =  2.2  we  find  point  ^  »  1.78,  whence 

—  1,78  —  0,G0  =  1,18, 

which  on  curve  (1)  corresponds  to  the  value  of  the  velocity  coeffi¬ 
cient  at  the  end  of  the  tube  A^  =  l.^J.  Thus,  in  the  tube  which 
has  the  normalized  length  x  “  0.6,  at  the  initial  value  of  the 
velocity  coefficient  A^  *  2.2  there  occurs  smooth  braking  of  the 
supersonic  flow  up  to  the  value  of  the  velocity  coefficient 
A  p  =  l.lJ  . 

Let  us  now  assume  that  the  tube  has  a  normalized  length 
greater  than  maximum  (x  >  X  )»  i.e.,  in  this  example  A  <  1.95. 

K  p  1 

Let  us  assume  that  A ^  =  1.8.  Then  according  to  curve  (3) 

z.p  =  0,18,  i.e.,  X.p<* 


238 


In  this  case  in  the  tube  a  shock  wave  appears,  as  a  result  of  which 
In  the  section  of  the  tube  with  a  length  of  x  -  XCH  subsonic  flew 
is  established,  whereupon,  as  can  be  seen  from  the  comparison  of 
curves  (2)  and  (3)>  the  critical  length  of  the  tube  is  substantially 
increased.  To  search  for  the  location  of  the  shock  wave,  we 
transform  formula  (20)  with  the  aid  of  notations  (23).  Then  the 
distance  from  the  beginning  of  the  tube  to  the  cross  section  in 
which  there  occurs  the  shock  wave  is  equal  to 

(25) 


But,  on  the  other  hand. 


Ey  replacing  the  last  term  on  the  right  side  of  this  formula 
according  to  (25),  we  obtain 

?i  — X  —  ?'  —  (/  —  /.«.)•  (26) 

Now,  using  the  curves  of  Fig.  5.5,  let  us  determine  the  location 
of  the  shock  wave  in  the  tube  when  <*  1.8.  According  to  curve 
(1),  we  find 


?i  =  ua. 


whence 


9,— 1,48  — 0,60  =  0,88. 

It  remains  tc  find  the  value  A’  at  which  the  distance  between 
curves  (1)  and  (2)  is  equal  according  to  (26) 

9'  — (X  —  Xc)  —  0.38. 

According  to  Fig.  5.5  we  obtain 
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X'=U.  #’=».!  8. 


'  ch  corresponds  according  to  formula  (?'■)  to  the  normalized 
distance  from  the  beginning  of  the  tube  to  the  shock  wave: 

Xo,  ==?i 


Calculated  and  Pi  otted  on  Fig.  5.6  by  the  described  method 
according  to  curves  of  Fig.  5.5  are  curves  of  the  change  in  the 
v-.  ]  celt v  coefficient  X  <=  f(x)  in  a  tube  with  normalized  length 
>,  *  C.6,  which  are  obtained  at  different  values  cf  the  velocity 
coefficient  X  ^  at  the  beginning  of  the  tube  (when  x  B  0).  As  we 
see,  the  shock  wave  is  located  nearer  to  the  beginning  of  the  tube, 
the  less  the  initial  supersonic  gas  velocity.  Values  of  subsonic 
velocity  after  the  shock  wave  lie  in  all  cases  on  the  universal 
curve  which  corresponds  to  formula 


Fig.  5.6,  Curves  of  distribution  of 
values  of  the  velocity  coefficient  in 
a  tube  v.vltn  normalized  length  x  =  0.6 
at  different  initial  velocities  and 
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V.'r.en  >, ^  »  1.6  the  shook  is  located  at  the  beginning  of  the  tube 
( >.  1  ■  X  * )  ,  l.e.,  the  section  of  the  supersonic  flow  is  completely 
eliminated.  The  gas  flow  in  the  tube  with  the  assigned  drop  in  the 
pressures  is  examined  in  §  7. 

§  3.  Motion  of  Preheated  Gas 
Along  a  Tube  of  Constant  Cross 
Section  1 

The  process  of  the  heat  feed  introduces  a  special  form  of 
resistance:  with  the  preheating  of  the  moving  gas  the  total 
pressure  drops. 

We  will  examine  the  motion  of  gas  in  the  tube  depicted  on 
Fig.  5.7.  Let  us  designate  X  and  Xp  as  the  velocity  coefficients 
in  the  corresponding  cross  sections.  Let  the  velocity  in  the  tube 
be  low  : 


X,  <1  and  X,<1. 

Let  us  resort  to  the  following  idealized  diagram.  Gas  enters 
into  the  tube  X-r  from  the  channel  with  a  large  cross  section  T 
(Fig.  5.7).  On  section  I-X  the  flow  without  losses  and  heat 
exchange  is  realized.  The  heat  feed  is  achieved  only  in  the 
cylindrical  tube  X-T.  After  this  the  gas,  without  losses  and 
heat  exchange,  escapes  into  the  wide  channel  II.  Despite  the  fact 
that  in  channels  I  and  II  the  velocity  is  low,  and  hydraulic 
losses  can  be  disregarded,  values  of  the  total  pressure  in  cross 
sections  I  and  II  are  dissimilar;  as  we  will  now  show,  as  a  result 
of  preheating  the  total  pressure  in  the  second  channel  is  less. 


‘See  Abramovich,  G.  N.,  on  a  thermal  critical  region  in  gas 
flow,  Rep  rts  of  the  Academy  of  Sciences  of  the  USSR,  No.  7, 

Vol .  5^  ,  19^6  . 
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Fig.  5.7.  On  the  determining 
of  thermal  resistance. 

According  to  the  Bernoulli  equation 

*5  •} 

/>«  i  —  ?.  i  .  />. — -  h  v  * 

Hence  a  change  in  the  total  pressure 

Pm  -/•«  « 0*.  --/»()  I  (o.  -  K  *J):  (27) 

From  the  equation  of  continuity  o xw  *  Prwr  lt:  follows  that  if  as 
a  result  of  preheating  the  gas  density  decreases,  then  its  velocity 
increases,  and,  therefore,  the  static  pressure  drops. 

From  the  momentum  equation  it  is  possible  to  determine  the 
drop  in  static  pressure  with  preheating  in  the  section  X-F  (disre¬ 
garding  the  friction) : 

Pt~  /»r  =  P.W.  (».  — » J 

or 

After  substituting  this  difference  into  equation  (27),  we  have 

P**--Pn  ~P,  2  “Pi  j'-  (28) 

Hence  it  1  r.  apparent  that  with  the  preheating  of  the  slowly  moving 


2A2 


gas,  the  magnitude  of  the  losses  is  low.  At  a  considerable  velocity 
they  cannot  be  disregarded. 


It  Is  not  difficult  to  explain  the  discovered  "thermal" 
resistance  from  the  viewpoint  of  thermodynamics.  In  the  example 
examined  the  expansion  of  gas  in  the  converging  nozzle  section, 
then  its  preheating  at  reduced  pressure,  and  finally  compression 
in  the  diffuser  occur.  But  such  a  cycle  is  contrary  to  the  usual 
cycle  of  the  thermal  machine  in  which  the  heat  feed  proceeds  at 
increased  pressure.  Because  of  this  the  process  in  question  is 
connected  with  the  absorption  and  not  the  release  of  energy. 


It  is  possible  to  propose  another  method  of  the  thermodynamic 
interpretation  of  "thermal  resistance."  As  is  known,  an  increase 
in  entropy  in  the  gas  depends  both  on  the  quantity  of  the  supplied 
heat  and  on  the  temperature  level : 


i 


With  the  same  quantity  of  heat  the  increase  in  entropy,  consequently, 
the  more  the  losses,  the  lower  the  mean  temperature  of  the  process, 
l.e.,  the  higher  the  flow  velocity. 


Let  us  estimate  the  effect  of  the  heat  feed  on  the  gas  flow 
rate  in  the  tube.  Let  us  assume  that  the  outflow  of  gas  occurs 
through  the  tube  of  constant  cross  section  (Pig.  5.8)  In  which  the 
gas  temperature  Increases  from  the  value  of  Tx  to  Tr .  Eelng 
limited  by  the  case  of  low  speeds  (A  <<  1)  at  which  the  absolute 
value  of  pressure  is  changed  Insignificantly,  we  will  obtain 


“V 


r. 

r. 


r, 


From  the  momentum  equation,  disregarding  the  friction,  resistance, 


/».—  Pt  —  — 
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we  have 


■1 


TT 

Fig.  5.8.  Taking  the  effect  of  pre¬ 
heating  on  the  gas  flow  rate  in  a 
tube  into  consideration. 


and  by  definition 


Ptt—Pt 

Then 

P„  -P,  -p.)  4-  (*,  - />.)  =  ±  p«®5  [2  £  —  l].  (29) 

Here  =  pQ  is  the  total  pressure  in  the  vessel  of  which  the  gas 
escapes,  and  pr  =  p^  is  the  static  pressure  in  the  outlet  section 
of  the  tube. 

The  mass  flow  rate  of  the  gas  with  the  assigned  drop  ir. 
pressures  H  =  ( -  p^)  is  equal  to 

where  F  is  the  cross  section  of  the  tube.  Since  from  (29)  it 
follows  that 


then  the  ratio  of  tr.  s  flow  rates  in  the  absence  and  the  presence 

of  preheating  in  the  tube 


As  we  see,  the  heat  feed  with  the  assigned  drop  in  pressures  leads 
tc  a  decrease  in  the  mass  flow  rate  of  gas  with  a  simultaneous 
increase  in  the  discharge  velocity. 

Let  us  investigate  now  the  pressure  drop  across  section  X-r 
of  the  tube  at  .tgh  subsonic  spe^d  of  the  gas  flow. 

At  the  considerable  rates  of  flow  the  gas  density  with 
preheating  decreases  not  only  due  to  an  increase  in  the  temperature, 
but  also  as  a  result  of  a  decrease  in  the  static  pressure.  In 
connection  with  this  the  gas  velocity  increases  along  the  tube  more 
rapidly  than  the  temperature  does.  The  speed  of  sound,  which  is 
proportional  to  the  square  root  of  the  absolute  temperature, 
increases  along  the  tube  considerably  more  slowly  than  does  the 
flow  velocity.  Because  of  this  M  =  w/a  along  the  length  of  the 
tube  increases. 

The  flow,  which  has  any  initial  velocity,  is  possible  because 
of  the  corresponding  preheating  up  to  the  critical  velocity 
(Mr  *1).  At  the  high  Initial  value  of  the  M  number  insignificant 
preheating  is  required.  The  lower  the  speed,  the  greater  the 
critical  preheating  is  necessary.  But  it  is  not  possible  to 
transfer  the  flow  in  the  cylindrical  tube  into  the  supersonic 
region  by  any  preheating.  This  phenomenon  is  called  thermal 
cri  tical  region.  1 

It  is  natural  that  after  the  critical  region  Is  achieved  at 
the  end  of  the  tubes,  the  flow  velocity  at  the  beginning  of  the 
tube  cannot  be  Increased  by  any  methods.  If  upon  achieving  the 
critical  region  the  preheating  of  the  gas  is  continued,  then  the 
value  of  the  critical  speed  at  the  end  of  the  tube  increases,  and 
the  velocity  at  the  beginning  of  the  tube  decreases.  In  other 


lThe  basis  cf  the  phenomenon  of  thermal  critical  region  is 
given  in  more  detail  in  the  following  paragraph. 


words,  the  assigned  quantity  of  heat  corresponds  to  a  completely 
defined  limiting  value  of  the  M  number  at  the  beginning  of  the 

t  U  0  V  • 


The  enthalpy  of  the  stagnated  gas  is  comprised  of  the  enthalpy 
in  trie  flow  and  heat  equivalent  of  the  kinetic  energy: 


As  a  result  of  the  heat  feed,  the  enthalpy  at  the  end  of  the  tube 
is  more  than  that  at  the  beginning  by  the  value  of  the  supplied 
quantity  of  heat 


Q  =  U,-Ur 


Hence  we  obtain 


-  r..)  =  f,(7V -  Tt)  4-  £<«•;  (31) 

Equation  (31),  together  with  the  equations  of  continuity, 
momentum  and  state,  forms  a  system  sufficient  for  determining  four 
unknown  parameters  of  gas  -  Pr,  Pr ,  T^,  wr  -  at  the  end  of  the 
t  ube . 


From  the  momentum  equation  we  have 

Pr  (ft  ~  1 )  “  “  »•)• 


Inserting  in  this  equation  values  px  and  pp  from  the  equation  of 
state 


p,  r, 
r,  r. 


-1=5- 

Pt 


and  taking  into  account  that  according  to  formula  (311)  of  Chapter  I 

2 

kpr/pr  =  ap ,  we  will  obtain 
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(32) 


{ 


h  T,  \  ft  I 


The  ratio  of  temperatures  T  and  T  can  be  presented  in  the  form 

X  r 


Aw* 


r>. 

T,, 


1 


AtP}  * 


Introducing  the  critical  velocity 


a 


Kp.r’ 


we  obtain 


r, 

t. 


Y*- 

Jjr 


•fe'feri 


i 


*-L 


( 


2 

Inserting  into  (32)  this  expression  for  T  /Tp  and  replacing  Mr 
according  to  formula  (^5)  of  Chapter  I,  we  arrive  at  the  quadratic 
equat  ion 


(33) 


and  solving  which,  we  find1 


or 


— 'nq 

Lh-i/t 

v-v 1 

(3*0 


(35) 


‘One  of  the  roots  of  the  equation,  which  corresponds  to  the 
subsonic  flow  velocity,  is  obtained  with  the  -  sign,  and  the 
second  root  (with  the  +  sign)  gives  the  solution  for  the  supersonic 
flow  velocity. 
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Equation  (35)  is  used  wher.  the  state  of  the  gas  at  the 
; . e inning  of  the  tale  is  knowr  .  If  the  gas  velocity  at  the  end 
of  the-  tube  is  reduced  to  the  critical,  then  it  is  convenient  to 
u;s  equation  (3^), 

In  tne  absence  of  preheating  (Tq  =  TQr)  pr  =  px> 

If  at  the  end  of  the  tube  the  tnermal  critical  region  (Ap  =  1) 
occurs  ,  then  equation  (3*0  takes  the  following  form: 


=  |/l— 

ft  *T  V  T„ 


(36) 


In  t ; :  1  .=•-  case 


wt — gRTit . 


The  limiting  value  of  the  velocity  at  the  beginning  of  the  tube  in 
this  case  is  equal  to 


!®.  !oP=a.pr(l±:j/ 


(37) 


Having  divided  both  parts  of  equality  (37)  by  a^p  x,  we  can  turn 
to  the  velocity  coefficient: 


Since 


t  m  eri 


|  f  f*  t 


(38) 
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Data  on  the  change  of  the  maximum  subsonic  velocity  at  the  Inlet 
Into  the  tube  with  the  variation  of  preheating  are  given  in  the 
following  table: 


' 

2 

4 

e  ' 

r 

l*il  i* 

1 

0,41 

0,27 

0,22 

0,17 

A  decrease  in  the  velocity  at  the  beginning  of  the  tube  (when 
Xx  <  1)  with  the  intensification  of  preheating  in  conditions  of 
the  thermal  critical  region  is  explained  by  a  decrease  in  the  gas 
flow  rate.  In  fact,  with  the  thermal  critical  region  the  gas 
velocity  increases  in  proportion  to  the  square  root  of  the  tempera¬ 
ture  : 


w,=a,~V  T„ 


and  the  gas  density  decreases  more  rapidly  than  does  the  value  1/T 
(in  view  of  a  decrease  in  the  pressure): 


it 

rv* 


and  therefore  the  gas  flow  rate 


0  = 

Since  density  at  the  beginning  of  the  tube  does  not  depend  on  the 
preheating,  then  the  drop  in  the  gas  flow  rate  leads  to  a  decrease 
in  the  velocity  at  the  beginning  of  the  tube.  Small  values  of  the 
velocity  coefficient,  at  the  inlet  of  the  combustion  chamber,  which 
are  obtained  with  great  preheating,  lead  to  the  large  overall 
dimensions  of  the  engine.  With  an  Increase  in  the  velocity  of 
flight  the  initial  temperature  T^x  and  limiting  value  of  the 
velocity  at  the  inlet  Into  the  combustion  chamber  are  increased. 
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t  he 


According  to  trie  momentum  equation,  a  drop  In  pressure  in 
tube  is  equal  to 


p.  _  j  =  ft": 

p,  Pt 


On  the  basis  of  formulas  (3*0  and  (45)  of  Chapter  I,  we  have 


*TT  » 


2 

ir+T 


a 


i 

«p.r» 


and  therefore 


Pm 

Pr 


H- 


r+T 

a-  i 


is 


(39) 


A  maximum  pressure  change  is  obtained  upon  reaching  the  thermal 
critical  region  (X  =1).  In  this  case  on  the  basis  of  (36) 

"*o> 


Here  the  -  sign  corresponds  to  A  >  1,  and  the  +  sign  corresponds 

tc  X  <  1.  By  achieving  when  Xx  <  ll  a  very  great  preheating 

( T.  /T.  -*•  0),  it  is  possible  to  reduce  the  pressure  to  the 
Ox  Or  ’ 

following  value : 


or  when  k  *  1.4 


Pi 

Pt 


’The  case  Xx  >  1  will  be  discussed  below. 
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Let  us  recall  that  the  pressure  drop  necessary  for  obtaining 
the  critical  velocity  in  the  nozzle  is 


i . e . ,  when  k  =  1 . 4 


£*-=>1.89. 

Ptf 

Let  us  determine  now  the  drop  in  total  pressure  in  the 
cylindrical  tube.  At  the  beginning  and  end  of  the  tube  we  have, 
respectively , 


pi  —  ^  *— 1  £i _ / 1  *— i  >t\n 

P,t  V  A+l  V  *  P,r~  V  r+T^j 


Having  divided  the  first  equation  by  the  second,  we  will  obtain 


p,  p.,  '  rn*«\ 

Pt  i  Pr  i  * —  l  / 

»  PF11'/ 


Hence  the  coefficient  of  total  pressure  in  the  tube  is  equal  to 


<., = p-  •- = *  /  *-irr!*s  f7 


m) 


The  greatest  drop  in  total  pressure  is  obtained  with  the  thermal 
critical  region.  By  substituting  expressions  (38)  and  (40)  into 
equailty  (41),  we  obtain  for  these  flow  conditions 


„{,±y  ■-feifer* 


(4l) 
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H*  re  the  upper  signs  correspond  to  the  regime  A  >  1.  The 
dependence  cf  t  he  change  in  total  pressure  with  the  thermal  critical 
r-giofi  in  t r : e  tube  on  the  ratio  of  stagnation  temperatures, 
calculated  for  Ax  <  1  according  to  formula  (42),  is  represented  in 
the  following  table  (k  *  1.4): 


h  r/f>  i 

1 

1,5 

2 

4 

6 

B 

CO 

9«P 

1 

0,80 

0,8ft 

0,82 

0,8! 

0,80 

0,70 

As  we  see,  when  X  <  1  the  losses  in  total  pressure  with  real 
preheating  (Tnr/T„„  ~  4-8)  are  obtained  of  the  same  order  as  those 
V/ itl:  infinitely  great  preheating. 

Thus,  when  A  <  1  and  k  =  1.4  the  total  pressure  at  the  end 
of  the  preheating  ie  not  lees  than  R0%  of  the  total  pressure  at 
the  beginning  of  the  preheating . 


For  greater  clarity  of  the  results,  let  us  transform  expression 
(42)  somewhat.  For  this  from  (38)  we  will  obtain  the  connection 
between  the  critical  preheating  of  the  gas  (A  «  1)  and  the 
corresponding  value  of  the  Initial  velocity  up  to  the  preheating; 


(T,A  (1-MlJ* 
4A« 


(42a) 


Hence  it  follows  that  at  the  maximally  possible  gas  velocity  up  to 
2 

preheating  (A  =  k  +  1/k  -  1),  the  critical  preheating  does  not 
exceed  values 


(hi) 

\7*  l/«p  Mil  (*  — 


I)  (*+•)’ 


which  when  k  =  1.4  gives  ( V^Ox^p  .max  *  2-0^ 


r-y  substituting  (42a)  into  (42)  and  selecting  the  signs 
according  to  the  physical  sense  of  the  problem,  we  have 
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(42b) 


Hence  it  follows  that  when  Xx  =»  0,  i.e.,  woo,  «s  ^ 

when  >.x  =  1,  i.e.,  T0f./T0x  ■  1.  or  -  1,  and  when  X*  •  k  +  1/k  -  1, 

l-e->  T0r/T0x  =  k2/k2  -  X»  °kP  *  °‘ 


Curves  oHp(Xx)  and  (T0r./T0x)Rp  =  f(Xx),  obtained  with  the  aid 
of  formulas  (42a)  and  (42b),  are  plotted  on  Pig.  5.9. 


a 

1 


US 


0  /  t 

Pig.  5-9.  Dependence  of  the  degree 
of  preheating  and  coefficient  of 
total  pressure  on  the  flow  velocity 
at  critical  region  (X  -  1). 

It  was  shown  above  that  at  the  low  rates  of  the  gas  flow 
along  the  tube  with  the  heat  feed  in  the  case  of  a  constant  drop 
in  pressures,  the  intensification  of  preheating  leads  to  a 
reduction  <n  the  gas  flow  rate. 

In  §  6  it  will  ce  shown  that  with  a  constant  drop  in  pressures 
the  preheating  causes  a  decrease  in  the  gas  flow  rate  at  high 
flew  rates. 


5  4.  General  Conditions  of  the 
Transit ior.  frorr.  Subsonic  Flow  to 
Supv  rooni c  Flew  and  ’/ice  Versa 

In  the  previous  paragraphs  it  was  snown  that  with  the  heat 
feed  or  the  accomplishment  of  work  due  to  friction  in  the  gas 
moving  along  the  cylindrical  tuoe  at  subsonic  velocity  an  increase 
In  Mach  number  occurs;  the  same  phenomenon  is  observed  in  subsonic 
flow  during  flow  without  a  heat  exchange  and  friction  In  the 
converging  tube. 

It  will  be  proved  below  that  the  change  in  M  number  in  the 
gar-  flow  occurs  not  only  under  the  effect  of  friction  and  thermal 
and  geometric  effects,  but  also  with  the  change  in  the  gas  flow 
rate  in  the  channel  and  upon  the  completion  of  mechanical  work. 

The-  indicated  effects  produce  a  change  in  the  M  number  both  in  the 
subsonic  and  in  supersonic  flow  of  gas. 

Let  us  examine  in  general  the  effect  of  these  effects  on  the 
flow  velocity  of  the  gas.  For  simplicity  we  will  consider  the 
gas  to  be  ideal.  The  mass  flow  rate  of  the  gas  is  equal  to 
G  *  gpwF. 

Hence  after  differentiation  and  term-by-term  division  by  G, 
we  have 


_ dF  JL.4f.JL.**  (4  3) 

(J  —  y  T  ,  I  V  ' 

Differentiating  the  equation  of  state  for  an  ideal  gas  (p  =  gpRT) , 
we  obtain 


dp  —  cfUyJ  T  -|-  7tfp> 


1- 


’?)• 


(44) 
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or 


A  comparison  of  expressions  (It 3)  and  (44)  gives 


0!'.  the  other  hand,  from  the  Bernoulli  equation  in  different- 3 ftl  form 
(formula  (yl)  in  Chapter  I),  we  have 

~gdL~gdL,r  (it  6) 


where  L  is  the  technical  work,  and  L  is  the  work  due  to  friction. 

TP 

Comparing  (45)  and  (46),  and  eliminating  terms  which  contain 
density  and  pressure,  we  octain 


,,  .T  .  a’  !iO  dF 

«wr  +  T(«->, 


-i-V 


«•'  dm 
'  m)  m 


gdL-1rB<iL,f=‘0- 


(47) 


p 

Used  here  is  expression  for  speed  of  sound  (a  =  kgRT) .  It 
is  possible  to  get  rid  cf  the  term  which  contains  temperature 
( gRdT)  with  the  aid  of  the  differential  equation  of  energy 


„  =  dl  +  Ad  Jg)  -r  ML  «  —rr,-  gRdT  *r  ML,  ( 1 8 ) 


where  Q  is  the  heat  applied  to  the  gas  from  without  ,  and 

Hap  . 

d(  =  ofdr  =  .ARt— ~-jd7  -  the  increase  in  enthalpy.  Substituting  (48) 

into  (47)  and  producing  the  elementary  conversions,  we  arrive  at 
the  relation  which  connects  speed  change  in  the  gas  flov/  rate  with 
the  external  actions  (geometric,  flow  rate,  mechanical,  thermal 
and  friction) : 


■1  h' 
F 


‘L° 

U 


(49) 


This  relation  ’•••'a?  established  by  L.  A.  Vulia1  and  was  called 
the  condition  of  the  inversion  of  effect.  The  feature  of  this 
v.  loi.  consists  in  the  fact  that  the  sign  of  its  left  side 
er.ah't-f  exon  the  transition  of  the  value  of  velocity  through  the 
critical.  Therefore,  the  nature  of  the  effect  of  separate  physical 
effects  on  the  gas  flee  is  the  opposite  with  subsonic  and  supersonic 
regimes.  The  effects  which  produce  acceleration  in  the  subsonic 
flow  (narrowing  of  the  channel,  the  feed  of  the  additional  mass  cf 
gas,  the  aocompl i aliment  of  work  by  gas,  friction  and  heat  feed, 

IF  <  o ,  dO  >  0,  dL  >  0,  dQHap  >  0,  lead  to  a  slowing  down  of  the 
supersonic  flew;  the  effect  of  the  opposite  sign  (expansion  of  tne 
channel,  the  suction  of  the  gas,  imparting  of  mechanical  energy  to 
the  (-.'in  and  heat  removal,  dF  >  0 ,  dQ  <  0 ,  dL  <  0 ,  dQwap  <  0),  lead 
to  a  slowing  down  of  the  subsonic  and  acceleration  of  the  supersonic 
flow.:.  Hence  there  follows  the  important  derivation  that  under  the 
effect  of  one-way  action  the  velocity  of  the  gas  flow  aan  be 
reduced  to  the  critical  but  cannot  be  transferred  through  it.  For 
example,  by  means  of  the  heat  feed  it  is  possible  to  accelerate 
the  subsonic  flow  but  only  until  M  ■  1  is  obtained.  In  order  to 
transfer  the  subsonic  flow  into  the  supersonic,  it  is  necessary 
to  ccan&e  the  effect  sign,  i.e.,  in  zone  M  »  1  begin  to  remove  the 
heat.  Such  is  the  substantiation  of  the  phenomenon  of  the  thermal 
critical  region  in  the  combustion  chamber  described  in  the  foregoing 
paragraph.  The  preheating  of  the  gas  in  supersonic  flow  and 
further  braking  will  become  possible  only  in  such  a  case  when, 
beginning  with  M  ■  1,  we  switch  over  to  the  cooling  of  the  gas. 

Let  uc  examine  each  of  four  effects  separately. 

In  this  case  we  will  obtain  in  addition  to  the  known  Laval 
nozzle  (geometric  effect)  three  additional  methods  indicated  by 


:Vulis,  L.  A.  Reports  of  the  Academy  of  Sciences  of  the  USSR, 
No.  B,  Yol.  ,  19^6;  Yulis,  L.  A.  Thermodynamics  of  gas  flows. 

Energoi zdat ,  1950. 
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L.  A.  Vulis  of  the  transition  through  the  speed  of  sound,  i.e., 
flow,  mechanical  and  thermal  nozzles. 

n 

The  geometric  nozzle,  i.e.,  the  known  Laval  nozzle,  is  the 
channel  in  which  only  because  of  the  imparting  to  it  of  the 
corresponding  shape  it  is  possible  to  carry  out  a  transition  from 
subsonic  velocity  to  supersonic.  In  this  special  case  of  a 
striotly  geometric  effect  on  flow  ( dP  ¥  0)  other  effects  are  absent, 
i.e.,  the  gas  flow  rate  (dO  ■  0)  is  not  changed,  there  is  no 
exchange  of  heat  and  woi-k  with  the  environment  (dQ  __  »  0,  dL  =  0), 

H  a  P 

and  there  is  no  friction  (dL„  ■  0). 

TP 

But  then  the  relation  (49)  turns  into  the  previously  obtained 
equality  (1)  of  Chapter  IV: 

(M* -!)£  =  £. 

Without  discussing  for  a  second  time  the  study  of  the  flow  in 
the  Laval  nozzle,  let  us  recall  only  that  the  acceleration  of 
flow  in  the  subsonic  part  of  the  Laval  nozzle  (M  <  1)  is  obtained 
by  means  cf  the  narrowing  of  the  channel  (dP  <  0),  but,  beginning 
from  the  critical  cross  section  (M  ■  1),  for  obtaining  the  supersonic 
flow  and  its  further  acceleration,  it  is  necessary  to  change  the 
effect  sign,  i.e.,  expand  the  channel  ( dF  >  0). 

The  flow  of  an  ideal  gas  in  a  geometric  nozzle  (Pig.  4.1)  in 
the  absence  of  friction  is  isentroplc.  In  the  critical  cross 
section  (M  «=  1)  of  the  nozzle  the  effect  passes  through  the  minimum 

(dF  =  0)  . 

The  flow  nozzle  makes  it  possible  to  obtain  a  transition 

through  the  speed  of  sound  because  of  a  change  in  'the  gas  flow' 

rate  in  the  tube  of  constant  cross  section  (dF  *  0)  in  the  absence 

of  an  exchange  with  the  environment  of  work  (dL  =  0)  and  heat 

(dQ  =  0)  and  without  friction  (dL  =0).  In  this  case  relation 

nap  “  P 

(49)  takes  the  following  form: 

2bl 


(M«— l)£ 


The  accelerat  icn  of  otien  (dw  >  0)  is  reached  here  because 
of  the  feed  of  the  additional  mass  of  gas  in  the  subsonic  part  of 
the  channel  and  suction  of  the  gas  in  its  supersonic  part.  In  the 
critical  cross  section  (M  =  1)  the  gas  flow  rate  and,  therefore, 
the  current  density  pass  through  the  maximum. 


The  flow  nozzle  in  principle  is  similar  to  the  geometric 
nozzle.  If  we  divide  the  flow  in  the  flow  nozzle  into  separate 
ctre~~3  of  constant  flow  rate,  then  each  of  them  is  a  geometric 
r,oz  z  .  with  the  narrowest  cross  section  in  the  area  of  the  critical 
region  (M  =  1);  however,  the  narrowing  of  the  elementary  streams 
in  it  is  achieved  by  means  of  the  narrowing  of  the  overall  channel 
and  because  of  the  feed  and  removal  of  additional  quantities  of 
gas  ( Fj  g .  5.10). 


Fig.  5.10.  Diagram  of 
flow  in  a  flow  nozzle. 


It  is  natural  that  the  change  of  state  of  an  ideal  gas  In  the 
flow  nozzle  (without  friction)  occurs  according  to  the  isentropic 
law. 


The  mechanical  nozzle  gives  one  additional  principally  possible 
means  of  the  transition  through  the  speed  of  sound:  because  of  the 
technical  work  In  the  absence  of  other  effects  (dF  *  0 ,  dG  =  0 , 


dQ 


nap 


0  ,  dL 
’  rp 


0)  . 


It.  this  case  the  fundamental  relation  (49)  appears  thus: 

(M-  -l>£—  fit. 
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from  which  it  follows  that  if  the  gas  flow  accomplishes  work 
(aL  >  0),  for  example,  on  the  turbine  wheel,  then  in  the  subsonic 
regime  (M  <  1)  it  is  accelerated  ( dw  >  0)  arid  in  the  supersonic 
(*.;  >  1)  decelerated  (dw  <  0).  With  the  supply  of  work  to  the  gas 
(dL  <  0),  i.e.,  on  the  compressor  blades,  in  the  subsonic  flow 
deceleration  is  observed,  and  in  supersonic  flow  acceleration  is 
observed . 

The  continuous  transition  through  the  speed  of  sound  in  the 
mechanical  nozzle  is  obtained  with  a  change  in  the  effect  sign 
in  the  critical  cross  section.  In  principle,  by  passing  the 
subsonic  flow  of  the  gas  through  the  turbine,  it  is  possible  to 
accelerate  it  up  to  the  critical  velocity;  after  this  it  is 
necessary  to  release  it  through  the  compressor,  and  then  the 
accelerating  supersonic  flow  v'  11  be  obtained  (Fig.  5.11). 


Fig.  5.11.  Diagram  of  a 
mechanical  nozzle. 

KEY:  (1)  Critical  region. 

Thus,  supersonic  mechanical  nozzle  should  consist  of  a  series- 
connected  turbine  (in  the  region  M  <  1)  and  compressor  (in  the 
region  M  >  1),  between  which  the  critical  cross  section  ( II  =  1) 
is  located. 

A  feature  of  the  mechanical  nozzle  is  the  fact  that  the 
stagnation  parameters  pass  in  its  critical  arose  section  through 
the  minimum.  In  fact,  the  enthalpy  equation  for  the  mechanical 
nozzle  can  be  written  in  the  following  way: 

AL. 


Here  i h  arid  are  values  of  total  enthalpy  cf  the  gas  In  the 
initial  and  arbitrary  cross  sections  of  the  nozzle,  respectively, 
and  !,  Is  the  technical  work  by  the  Ideal  gas  between  the  initial 
ana  arbitrary  cross  sections  of  the  nozzle.  Therefore,  In  the 
ubsonlc  part  of  the  mechanical  nozzle,  where  the  gas  accomplishes 
work  (cn  the  turbine),  i.e.,  L  >  0,  the  total  enthalpy  (the 
stagnation  temperature)  decreases  iQ  <  1q  h> 

In  the  supersonic  area,  where  mechanical  energy  is  fed  to  the 
gas  (L  <  0),  there  occurs  an  increase  in  the  total  enthalpy  in 
comparison  with  its  value  in  the  critical  cross  section: 

or 

it  is  possible  to  be  convinced  by  a  different  method  in  the  fact 
that  the  total  pressure  and  density  of  the  stagnation  gas  pass 
together  with  the  stagnation  temperature  in  the  critical  cross 
section  of  the  mechanical  nozzle  past  the  minlmurris.  For  two 
arbitrary  cross  sections  of  the  ideal  mechanical  nozzle,  which  is, 
by  definition,  the  channel  cf  constant  cross  section,  we  have 


__  a •  Pi*i 

m 

In  view  of  the  absence  of  friction  and  thermal  conductivity,  the 
parameters  of  gas  in  such  a  nozzle  are  changed  as  with  the  ideal 
adiabatic  process: 


Taking  into  account  that  the  ratio  of  values  of  the  speed  of  sound 


i 


we  obtain  the  following  simple  dependences  between  the  value  of  the 
M  number  ar.J  parameters  of  the  gas  in  the  ideal  mechanical  nozzle: 


Thus,  a  monotomc  increase  tn  the  value  of  the  M  number  in 
the  mechanical  nozzle  is  accompanied  by  a  monotonia  drop  in 
temperature ,  pressure  and  density. 

Curves  of  the  change  in  the  parameters  of  flow  and  braking 
in  the  supersonic  mechanical  nozzle  when  =  0.1  are  represented 
on  Figs.  5.12  and  5.13- 
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Fig.  5.12 


Fig.  5.13. 


Fig.  5.12.  Dependence  of  gas  parameters  on  M_  number  in  the 
mechanical  no2zle  when  =  0 . 1 ;  k  =  1 .  4 . 

Fig.  5.13.  Dependence  of  the  stagnation  conditions  on  the 
number  in  the  mechanical  nozzle  when  =  0.1;  k  =  1.4. 

From  expression  (50)  it  follows  that  the  maximum  velocity 
of  outflow  from  the  mechanical  nozzle  is  not  at  all  limited 


w,  f,  \M ,/ 

since  when  +  “  we  have  w^  ■*  «,  This  result  should  not  be  of 
a  surprise,  since  in  the  supersonic  section  of  the  mechanical 
nozzle  energy  will  be  fed  to  tne  gas  (dL  <  0). 


The  thermal  nozzle,  still  not  realized,  gives  the  possibility 
in  principle  of  the  transit!  of  the  gas  flow  through  the  speed 
of  sound  because  of  one  additional  -  purely  thermal  -  effect  in  the 
absence  of  other  effects,  i.e.,  in  a  cylindrical  tube  (dF  *  0),  with 
the  constant  gas  flow  rate  (dG  =  0),  without  the  accomplishment  of 

mechanical  work  (dL  =  0)  and  without  friction  (dL  =  0).  The 

t  P 

fundamental  relation  (^9)  in  connection  with  the  thermal  nozzle 
takes  the  following  form: 

(M  = 

The  acceleration  of  gas  (Gw  >  0)  in  subsonic  flow  (M  <  1)  is  here 
connected  with  the  heat  feed  (dQHap  >  0)  and  in  supersonic  flow  - 
with  its  removal  (dQ  <  0).  The  heat  feed  with  the  supersonic 

H  3p 

regime  and  the  heat  removal  with  the  subsonic  regime  produce  the 

slowing  down  of  the  flow  (dw  <  0).  Thus  in  order  to  convert 

subsonic  flow  in  supersonic  by  means  of  a  thermal  nozzle,  in  the 

subsonic  section  of  the  latter  it  is  necessary  to  increase  the 

enthalpy  of  the  gas,  and  in  supersonic  -  reduce  it,  i.e.,  in  the 

critical  cross  section  of  the  thermal  nozzle,  where  the  quantity 

of  heat  fed  to  the  gas  passes  through  the  maximum  (dQ  a  =0), 

h  ap • h p 

it  follows  to  change  the  effect  sign. 

The  stagnation  temperature  in  the  critical  cross  section  of 
the  thermal  nozzle  (in  the  opposite  case  of  the  mechanical  nozzle) 
reaches  a  maximum  value;  this  ensues  from  the  equation  of  enthalpy, 
which  in  connection  with  the  thermal  nozzle  takes  the  following 

f  c  rm : 


/»■  —  U  —  Qti»r 


From  the  foregoing  paragraph,  which  contains  the  theory  of 
thermal  resistance  ,  it  follows  that  with  the  heat  feed  to  the  gas 
flow  the  total  pressure  in  it  drops,  and  with  the  heat  removal  - 
it  increases.  Formulas  of  thermal  resistance  were  derived  in 
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connection  with  the  case  of  the  flow  of  gas  without  friction  along 
a  tube  of  constant  cross  section,  i.e.,  precisely  to  the  case  of 
tne  thermal  nozzle. 

From  this  theory  it  follows  that  the  total  pressure  in  the 
critical  cross  section  of  the  thermal  nozzle,  just  as  in  the 
mechanical  nozzle,  passes  through  the  minimum.  The  density  of 
the  stagnated  gas,  directly  proportional  to  the  total  pressure  and 
inversely  proportional  to  the  stagnation  temperature,  reaches  a 
minimum  value  in  the  critical  cross  section. 

In  the  ideal  nozzles  examined  above,  geometric,  flow  and 
mechanical,  a  change  in  the  state  of  the  gas  was  isentropic,  i.e., 

it  was  described  by  the  equation  of  the  ideal  adiabatic  curve 

,  k  . 

p/p  =  const. 

In  the  thermal  nozzle  in  connection  with  the  feed  and  heat 
removal  the  entropy  changed. 

Let  us  investigate  the  thermodynamic  process  which  takes  in 
the  thermal  nozzle.1  The  differential  form  of  the  equation  of 
momentum,  in  connection  with  the  cylindrical  tube  in  the  absence 
of  friction,  takes  the  following  form: 


dp=~pwdv. 


The  continuity  equation  in  this  case  (dF  =0,  dG  =  0)  gives 


‘See  Vulis  L.  A.  On  the  transition  through  the  speed  of  sound 
in  gas  flew.  Reports  of  the  Academy  of  Sciences  of  the  USSR, 

No.  8,  Vcl.  5 ^ ,  19^6. 
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hence 


For  the  polytropic  process  with  the  constant  polytropic 
exponent  p/pn  =  const,  after  di fferent iaticn 1  we  have 

£=/•£=!.£,  (52) 

f  « 

2 

since  the  speed  of  sound  in  the  gas  a  =  kp/p.  Equating  the  right 
sides  of  expressions  (51)  and  (52),  we  note  that  the  polytropic 
exponent  in  the  thermal  nozzle  is  a  substantially  variable  value 


n  =  *M*.  (  5  3 ) 


Formula  (53)  shows  the  presence  of  two  characteristic  cross 
sections  in  the  thermal  nozzle. 

In  the  cross  section  where  M  =  l//k,  the  local  importance  of 
the  polytropic  exponent  lr  equal  to  unity:  n  »  1 ,  i.e.,  the 
elementary  thermodynamic  process  in  this  cross  section  is  Isothermal 
( dT  =  0),  and,  therefore,  the  gas  temperature  here  passes  through 
the  maximum. 

In  the  critical  cross  section  the  therms.)  nozzle,  i.e. , 
when  M  =  1,  the  pol.vtropir  o-<p»!ieM  on  the  oasis  of  formula  (53) 
is  equal  to  the  index  o'  the  ideal  adiutu*  tc  curve:  n  =  k,  i.e., 
here  there  occurs  the  e  emcr.tar i.ent  ropi  c  process  di-r!  nf.  which, 
as  has  already  beer.  ii,dlcat'-c  at  o  ve ,  the  quantity  of  heat  ruj  pi  i  >-  i 
to  the  gas  and  the  st  a.  •  i ;  e.  t  i  on  temperature  pass  through  the 
maximum  (dQH^  -  '1 ,  d'l.;  =  . 
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From  the  isothernal  to  the  critical  cross  sections  of  the 
thermal  npzcle  an  interesting  phenomenon  is  observed:  a  tempera¬ 
ture  decrease  of  the  gas  (dT  <  0)  with  the  heat  feed  ( dQ  >  0)  . 
In  this  sect',  on  of  the  nozzle  the  increase  in  kinetic  energy  of 
the  gas  is  greater  than  the  increase  in  total  enthalpy. 

To  search  for  the  dependence  of  the  gas  pressure  on  M  number 
in  the  thermal  nozzle  without  friction  we  utilize  the  equation  of 
momentum  in  the  following  form: 


Pi  +  Piw*  =*P*  +  P*«J; 


(5*0 


hence 


Pi(  -j- AM,*)=p«(l 


or 


Pi  rnni  * 


(55) 


In  other  v;ords ,  the  gas  pressure  in  the  thermal  nozzle  with  an 
increase  in  M  number  monotonically  decreases  despite  the  increase 
in  total  pressure  in  the  supersonic  part. 


The  dependence  of  the  gas  density  and  rate  of  flow  in  the 
ti  ermal  nozzle  on  M  number  can  be  found  by  the  following  method: 

fc»i *t'  r,wf 


.n:  ! 


eqo 


an.i  cent  .liiuitv 


have 


lj  Pj  l>»  Pi  _  •». 
I«  Pi  fl  '  F«  **' 


M’,  S  ?i 


r  er.-ieiice  ( 55)  »  we  obtain 


p, _ Wj _ M)  I  -1’  AM} 

f,  —  w,~  MJ  I  +*M{  * 


(  56  ) 


f  r  wh Ich  it  is  clear  that  gas  density  along  the  thermal  nozzle 
monotonia ally  decreases  with  an  increase  in  H  number. 


The  gas  temperature  in  the  thermal  noz2le  as  a  function  of 
'•!  numoer  can  be  obtained  by  the  division  of  equality  (55)  into 

equal  !  t.y  (  5b  )  : 

(57) 

S'.  —  Mil  1  +  AMlJ  • 

As  It  is  not  difficult  to  be  convinced  from  expression  (57),  the 
l  a  nature  curve  has  a  maximum  at  point1 


i 

t 


In  any  two  cross  sections  of  the  thermal  nozzle  with  an 
identical  temperature  (T?  =  T^)  values  of  the  M  numbers,  as  this 
appears  from  expression  (57),  are  connected  by  the  following 
dependence : 


I.ot  d-'-rivo  t:.c-  formulas  for  the  stagnation  parameters  in 
’hr  t r.:..:ie.  These  formulas  acquire  a  simpler  form  if  in 
t:.'.r  n  ’  T  r.u::ii  er  ir  replaced  with  the  velocity  coefficient  A,  for 
•..>  .  :  *  '  '  iu  tj  use  t i ■  e  known  relation  (U6)  of  Chapter  I, 

:.*• .  i  !.-•  stagnation  temperature,  using  formula  ( *12)  of 

T.u;  ’  .-r  .  ,  quality 

*  .•  r  :  *.i.:  in  ir.:  .-«!  !tv  (r7)  we  will  consider  M,  and  T,  as  con- 

1  u 

•  a..'.  vrTi  .  r;..:V  Derivative  dT^/dM^  to  zero,  we  find 
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after  substituting  (57)  here,  after  preliminarily  reDlacing  M  by  ) 
according  tc  formula  (^5)  of  Chapter  I,  we  obtain 


t.,  —  1 T 


(58) 


The  total  pressure  in  the  thermal  nozzle  can  be  obtained  witn 
the  aid  of  formula  (72)  of  Chapter  I  from  the  expression 


» 


hence,  by  using  equality  (55) >  we  come  to  the  following  dependence: 


p.t 

p„ 


1  +  M 

t+t; 


I 


(59) 


The  density  of  the  stagnated  gas  in  the  thermal  nozzle  car. 
be  determined  by  means  of  the  division  of  expression  (59)  into 
expression  (  58 ) : 


I  +  >! 


i 


v 


(60) 


Curves  of  the  change  in  flew  parameters  in  the  thermal  nozzle, 
depending  on  number  M,  when  =  0.1,  are  given  on  Figs.  5.1^  and 
5.15. 


Let  us  determine  the  quantity  of  heat  (3)  which  must  te  fed 
in  the  thermal  nozzle  In  order  to  change  the  gas  velocity  from  ary 


t 
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^r(J) 


(61) 


It  sharply  decreases  with  an  .increase  in  the  initial  gas 
(X^),  v;hich  is  indicated  or.  the  graph,  of  Fig.  5-16.  The 
possible  discharge  velocity  from  the  thermal  nozzle (when 
according  tc  equality  (56),  depends  on  the  initial  value 


velocity 
maximal ly 

K  =  rx>') 

4  *2  '  > 
of  the 


number 


Specifically,  if  we  take  a  reading  from  the  critical  cross  section, 
i . e  .  ,  assume  that 1 


M(«i,  tp,  =  o;p, 


Fig.  5.1b.  Dependence  of  critical 
preheating  in  a  tube  of  constant 
cross  section  on  the  initial  value 
of  the  velocity  coefficient. 


'it  should  be  considered  that  in  connection  with  the  heat  feed 
the  value  of  the  critical  velocity  along  the  length  of'  the  nozzle 
is  changed. 


i-c.  the  !’.  ;!!■  described  "cure"  designs  of  supersonic 
r.ocz  1  e.; ,  combine. •:  configurations  are  fundamentally  possible.  The 
most  a  1  combine-:  nozzle  is  the  so-called  "semi-thermal  nozzle," 

in  v.-.’.io;.  t  he  subsonic  section  is  thermal  and  supersonic  geometric 
(fir.  :  .17'.  In  such  a  nozzle  the  gas  is  accelerated  from  a 
certain  Initial  subsonic  value  of  velocity  up  to  the  critical 
velocity  in  the  cylindrical  tube  1-2  because  of  the  heat  feed,  and 
the  t  ranuition  to  supersonic,  speed  and  further  acceleration  of 
fl ■■■■:  achieved  without  heat  exchange  in  the  expanding  tube  2-3. 

.  u j  eolation  of  the  subsonic  section  of  the  semi-thermal  nozzle 
is  contone  fed  according  to  formulas  of  the  thermal  nozzle,  while 
that  ci  tiie  supersonic  section  is  conducted  according  to  formulas 
'.y.  t  he  c me  trie  nozzle. 


Fig.  5-17.  Diagram,  of  a 
semi -thermal  nozzle. 

KEY:  (1)  Critical  region. 
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t  us  ccm.par’e  the  semi-thermal  nozzle  with  the  geometric 
identical  finite  value  of  octal  enthalpy  (i,0),  having  in 
at  in  the  semi -thermal  nozzle  the  preheating  of  the  gas  us 
I s bed  in  the  cylindrical  tube  1-2,  and  in  the  geometric 
the  same  quantity  of  heat  is  fed  to  the  gas  up  to  its 
inlet.  Values  cf  the-  discharge  velocity  from  both  nozzles 
ut i cal,  since  in  critical  cross  sections  the  value  of  the 
ion  temperatur-  is  the  same.  The  total  pressure  at  the 
of  the  semi -thermal  nozzle  is  lower  in  connection  with  th-- 
of  thermal  re.;  i  stance  in  » so  subsonic  section,  and 
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therefore  the  static  pressure  at  the  outlet  from  the  semi-thermal 
r.czzle  is  lower . 


Let  us  examine  the  example  of  the  semi-thermal  nozzle  with  toe 
initial  gas  velocity,  which  corresponds  to  the  value  of  the  velocity 
coefficient  =  0.2.  In  this  case  the  dimensionless  quantity  of 
tr.e  preheating  of  the  gas  tn  the  subsonic  section  of  the  nozzle, 
according  to  expression  (61) ,  should  be  equal  to 


Qruu  — 


=  3,73. 


The  losses  of  total  pressure  in  the  semi-thermal  nozzle  ( >. ^  =  1) 
can  be  calculated  according  tc  formula  (59): 


i 


When  X.  =  0.2  and  k  =  1.9  we  have 


s 


nr  — 


0,82. 


The  total  pressure  in  the  geometric  nozzle  maintains  a  constant 
value  : 
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Therefore,  the  static  pressure  at  the  cutlet  from  the  semi-thermal 
nczzle  with  the  same  diner, ''elocity  differ?  a  times  from 
static  pressure  at  the  outlet  <Vcm  the  geometric  nozzle: 
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where  >  1  o  tne  velocity  coefficient  of  the  out  flow  from  the 

,  ar.d  t Is  the  total  pressure  in  the  initial  cross  section 
or"  tire  nozzle.  With  equal  drops  in  the  pressure 

Vpti.ot  \p*i]t 

the  velocity  of  discharge  from  the  semi-thermal  nozzl -  is  less  than 
that  from  tire  geometric  nozzle  (l^nT  <  this  results  from 

equal  r  t y 
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vrhier:  connects  the  ratio  cl  the  static  pressure  to  the  total 
pressure  v:!th  the  velocity  coefficient.  For  example,  when 
ori_  =  0.8?  and  X,  =  2  the  velocity  coefficient  of  outflow  from  the 
.semi-thermal  nozzle  A  t  =  1.97,  i.e.,  1.5?  less  than  the  velocity 
coefficient  of  outflow  from  the  geometric  nozzle. 

In  examining  the  different  types  of  the  nozzles  intended  for 
transition  through  the  speed  of  sound,  in  all  cases  we  had  in  mind 
the  transition  from  subsonic  to  supersonic  velocity.  The  obtained 
formulas  are  suitable  principally  for  the  reverse  case,  i.e.,  the 
smooth  conversion  of  supersonic  flow  into  subsonic;  however,  with 
the  braking  of  supersonic  flow  there  can  arise  shock  waves,  which 
complicate  the  phenomenon. 


Let  us  discuss  now  briefly  the  Joint  development  of  two  or 
several  effects.  As  a  first  example  let  us  analyze  the  case  of 
the  geometric  nozzle  with  friction.  The  fundamental  relation  (1*9) 
ir.  this  case  takes  the  form 


The  most 
crit ical 


interesting  feature  of  this  nozzle  is 
velocity  is  obtained  in  its  divergent 


the  fact  that  the 
part,  since  when  i'i 
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and  in  the  narrow  cross  section  (dF  a  0  when  dw  >  0)  the  subsonic 
velocity  and  M  <  1  occur. 

Let  us  now  explain  the  chief  characteristics  of  the  geometric 
nozzle  with  heat  exchange.  From  the  fundamental  relation  (^9)  in 
this  case  we  have 


The  location  of  the  critical  cross  section  (M  =  1)  is  determined 
by  the  equality 


g  *-l 


dQur 


With  the  heat  feed  (dQHap  >  0)  -  for  example,  with  the  afterburning 
of  gases  in  the  nozzle  -  the  critical  velocity  is  reached  in  the 
divergent  part  of  the  nozzle  (dF  >  0),  and  with  the  heat  removal 
(^Hap  <  i-e-»  the  heat  transfer  through  the  nozzle  walls,  the 

critical  velocity  is  reached  in  the  convergent  section  of  the 
nozzle  (dF  <  0).  In  the  first  case  in  the  narrow  cross  section  of 
the  nozzle  (dF  *  0) ,  there  occurs  subsonic  velocity  and  In  the 
second  case  -  supersonic  velocity. 


By  the  same  means  it  is  possible  to  investigate  the  Joint 
effect  in  the  gas  flow  of  any  other  actions.  In  this  case 
it  is  important  to  emphasize  that  in  accordance  with  equation  (49) 
the  transition  from  M  <  1  to  M  >  1  requires  in  any  event  a  sign 
change  of  the  total  action. 

In  conclusion  let  us  note  one  fact  which  sometimes  leads  to 
misunderstandings  in  the  qualitative  analysis  of  laws  governing 
seme  flows.  In  connection  with  this  let  us  again  return  to  equation 
(49). 
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Above  in  the  analysis  of  the  equation  of  momentum  (92)  of 
Chapter  T,  we  noted  that  independently  of  the  processes  occurring 
■ the  flow,  a  change  in  the  rate  of  flow  is  always  caused  b.y  the 
action  cf  the  force  of  friction,  applied  forces,  and  also  the 
difference  i  r>  forces  of  pressure  on  the  chosen  element  of  gas  flow. 
The  different  forms  of  the  external  action  in  different  ways 
affect  tiie  static  pressure  in  the  flow.  The  meaning  of  the  joint 
solution  of  equations  (d3)— ,  as  a  result  of  which  relation  (49) 
was  obtained,  was  reduced  so  that  the  value  of  the  pressure  gradLent 
in  f low  is  expressed  by  external  actions;  the  value  dp  in  this 
case  was  excluded  from  the  momentum  equation  or  the  Bernoulli 
equation  (46)  . 

In  the  analysis  of  equation  (49)  it  is  revealed  that:  a)  a 
change  in  trie  gas  velocity  is  caused  by  such  factors  which  are  not 
connected  with  direct  force  action  on  the  flow  (for  example,  the 
heat  feed),  b)  the  total  effect  in  a  number  of  cases  turns  out  to 
be  opposite  to  that  which  can  be  expected  on  the  basis  of  the 
analysis  of  the  action  of  applied  forces.  Actually,  for  example, 
the  force  of  friction  which  always  acts  opposite  to  the  direction 
of  motion  in  subsonic  flow  leads  not  to  braking  but  acceleration 
of  the  flow.  The  latter  means  that  in  flow  with  friction  there 
occurs  such  a  reduction  in  the  static  pressure  that  the  force  of 
pressure  acting  in  the  flow  exceeds  the  force  of  friction. 

In  exactly  the  same  manner  as  with  the  feed  of  mechanical 
energy  to  the  subsonic  gas  flow,  its  pressure  is  increased  so  that 
the  force  of  pressure  acting  counter  to  flow  exceeds  the  applied 
force  which  caused  it.  As  a  result  the  flow,  to  which  the  applied 
force  is  applied  in  the  direction  of  motion  when  M  <  1,  is  not 
accelerated  but  braked. 

Thus,  above,  in  the  analysis  of  external  actions  on  the  gas 
flow,  it  was  assumed  everywhere  that  in  the  flow  there  appear 
appropriate  pressure  gradients,  which  as  a  final  result  determine 


the  change  in  the  rate  of  the  flow.  Thus,  for  instance,  for  the 
acceleration  of  the  subsonic  gas  flow  in  the  thermal  nozzle  (i.e., 
when  F  *  const)  the  pressure  at  the  inlet  into  the  nozzle  should 
exceed  the  outlet  pressure  by  the  value  which  is  determined  by  the 
initial  and  final  M  numbers  (see  formula  (55)). 

Having  the  same  meaning  are  above  obtained  relationships 
between  static  pressures  of  the  gas  in  flow  with  friction  (50), 
flow  with  the  feed  of  mechanical  energy,  and  so  on.  In  many 
instances,  however,  it  is  known  in  advance  that  in  the  flow  in 
question  there  is  no  longitudinal  pressure  gradient.  The  change 
in  the  gas  velocity  In  ^his  case  (dp  *  0)  is  completely  determined 
by  the  equation  of  momentum  in  the  form 

f  av/tf  —  yr  (rfP-f  dP,p), 

where  dPTp  is  the  force  of  friction,  and  dP  is  the  applied  force. 
Hence  it  follows  that  in  isobarlc  flow  both  at  subsonic  and  super¬ 
sonic  velocities  the  friction  leads  to  a  decrease  in  the  velocity; 
the  applied  forces  which  act  on  the  flow  or  the  applied  external 
mechanical  energy  (dP  <  0)  always  accelerate  the  gas  flow;  the 
heat  feed  when  dp  =  0  does  not  at  all  change  the  velocity  of  the 
directed  motion  of  gas,  since  in  this  case  there  are  no  applied 
forces . 

An  example  of  isobarlc  flow  can  be,  in  particular,  supersonic 
flow  in  a  solid  wall.  The  boundary  layer  near  such  a  wall  is 
formeu  as  a  result  of  the  continuous  braking  of  the  flow  by  forces 
of  external  action  (friction).  In  summation,  the  velocity  of  the 
flow  in  it  decreases  when  p  =  const  fro.  the  supersonic  to  the 
small  subsonic  value. 

In  exactly  the  same  manner  the  isobarlc  supersonic  Jet,  being 
mixed  with  the  fixed  atmospheric  air,  accelerates  its  particles 
to  the  supersonic  velocity  by  means  of  a  one-sided  mechanical 
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-  tiv-  feed  of  the  nomentum  in  the  collision  of  particles 
f  r  .  '  and  air. 

with  further  flow  in  any  stream  filament  within  the  isobaric 
supersonic  Jet  there  occurs  continuous  braking  -  with  the  transition 
throe.-:,  the  speed  of  sound  -  down  to  low  speeds,  and  also  because 
of  one-sided  external  action  -  the  transfer  of  momentum  into  the 
er.vi  ron ment  . 


These  examples  do  not  contradict  the  laws  established  above 
and  the  equation  of  the  transformation  of  actions  (^9).  The  fact 
is  that  in  the  presence  of  any  external  action  the  condition  in 
Isoi  s'.-i  cl  ty  (p  =  const)  can  be  fulfilled  only  with  a  completely 
defined  change  in  the  cross-ae ctional  area  P. 

Thus,  for  instance,  at  subsonic  flow  in  a  cylindrical  tube 
with  friction  the  velocity  of  the  gas  increases,  and  the  static 
pressure  drops.  In  order  that  the  pressure  in  the  flow  is 
constant,  the  channel  must  be  made  divergent,  i.e.,  the  geometric 
effect  dF  >  0  must  be  added  to  the  effect  of  friction.  Since 
independently  of  the  shape  of  the  channel  with  flow  with  friction 
the  total  pressure  is  lowered,  then  in  such  an  Isobaric  flow  the 
gas  velocity  Is  decreased. 


§  p.  On  the  Propagation  of 
Detonation  and  Burning  in  Oases1 


The  creator  of  the  theory  of  the  propagation  of  detonation 
in  gases  is  the  well-known  Russian  physicist  V.  A.  Mikhel'son 
who  devoted  in  1889  the  work  "On  the  normal  ignition  speed  of 
fulminating  gas  mixtures"  to  this  problem.2 

The  outstanding  theoretical  and  experimental  studies  in  the 
field  of  burning  and  detonation  belong  to  N.  N.  Semenov,  Ya.  B. 
Zel'dovich,  D.  A.  Frank-Kamenet sly ,  K.  I.  Shchelkln  and  other 
Soviet  scientists.1 

The  propagation  of  the  flame  in  a  combustible  gas  mixture, 
without  depending  on  the  mechanism  of  ignition  (by  thermal 
conductivity  with  slow  burning  or  by  a  shock  wave  with  detonation), 
is  subordinated  to  the  fundamental  laws  of  gas  dynamics  ana, 
therefore,  can  be  described  by  equations  of  the  conservation  of 
mass,  momentum  and  energy. 

The  flame  front  is  a  thin  layer  of  gas  of  virtually  constant 
cross  section,  on  both  sides  of  which  values  of  the  velocity  of 
motion  (relative  to  the  wave  front),  temperature,  pressure  and 
other  parameters  are  different.  In  accordance  with  this,  the 
flame  front  can  be  treated  as  a  surface  of  nonremovable 
discontinuity  (thermal  shock). 


kIn  this  section  an  expanded  presentation  of  the  following 
work  is  given:  Abramovich.  G.  N.  and  Vulis,  L.  A.,  On  the 
mechanics  of  the  propagation  of  detonation  and  burning.  Reports 
of  the  Academy  of  Sciences  of  the  USSR,  Vol.  55 ,  Issue  2,  19^7. 

2Michel'son,  V.  A.,  Complete  collected  works,  Vol.  1,  M., 

1930. 

3See,  for  example,  Zel'dovich,  Ya.  B.,  Theory  of  the  burning 
and  detonation  of  gases.  Publishing  House  of  the  Academy  of 
Sciences  of  the  USSR,  19^* 
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in  the  contemporary  concept  the  detonation  wave,  which  is 
r  s-o: abated  in  the  combust ible  gaseous  medium,  is  two-layered.  The 
first  layer  is  an  adiabatic  shock  wave,  with  the  passage  through 
which  the  gas  is  greatly  heated.  In  chemically  active  gas  this 
heating,  if  it  is  sufficiently  intensive,  can  cause  ignition. 

Ik  connection  with  the  fact  that  the  shock  wave  thickness  is 
negligible  border  of  the  mean  free  path  of  the  molecule),  within 
limits  its  process  of  burning,  apparently,  is  developed  not  ir. 
the  state.  Therefore,  the  area  in  which  there  occurs  burning 
forms  a  second,  more  extended,  but  virtually  also  very  thin  layer 
whicn  adjoins  directly  to  the  shock  wave  (Pig.  5.18). 

Fig.  5.18.  Diagram  of  the 
detonation  wave:  A  -  fresh 
mixture,  B  -  products  of 
combustion;  I.  shock  wave, 

II.  combustion  zone. 
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The  heating  of  the  gas  with  its  passage  through  the  shock 
wave  in  detonation  burning  in  essence  replaces  the  preheating 
with  its  thermal  conductivity  in  normal  burning. 

Let  us  examine  the  phenomenon  of  detonation  in  conditions  of 
a  one-dimensional  problem.  In  the  case  for  a  plane  shock  wave 
according  to  the  known  relation  (15)  of  Chapter  III,  the  product 
of  the  gas  velocity  relative  to  the  wave  front  (taken, 
respectively.  In  frcnt  of  and  behind  the  front)  is  equal  to  the 
square  of  the  critical  velocity: 

XT,®,  =  alf. 
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The  value  is  the  velocity  of  the  propagation  of  the  shock 
wave  {in  our  case,  the  detonation  wave  in  a  fixed  gas).  For  the 
study  of  the  process  it  is  convenient  to  consider  that  the  gas 
flows  at  a  rate  of  w1  to  the  region  of  detonation,  and  the  wave 
front  is  fixed.  This  Inverted  scheme  of  the  phenomenon  is 
accepted  by  us  in  the  subsequent  presentation. 

Shock  wave  (pressure  shock),  as  is  known,  is  propagated  at 
a  hypercritical  velocity  (w.  >  eu_),  and  therefore  the  gas 
velocity  behind  the  wave  front  is  always  lower  than  the  critical 
velocity  (w,  <  aui_).  In  other  words,  the  process  of  burning 
with  detonation,  as  with  slow  burning,  occurs  in  the  subsonic 
part  of  the  gas  flow. 

At  the  end  of  the  second  layer  of  the  detonation  wave,  as 
a  result  of  the  heat  feed  with  burning,  the  gas  velocity  is 
higher  than  at  first,  and  the  pressure  is  respectively  lower. 

Thus,  the  first  layer  of  the  detonation  wave  is  a  compression 
shock,  and  the  second  layer,  where  burning  occurs,  is  the 
expansion  shock.  The  approximate  nature  of  the  distribution  of 
the  pressure  and  gas  velocity  in  the  detonation  wave  is  shown 
on  Fig.  5.1b. 

Let  us  turn  to  the  calculation  of  the  shock  wave. 

In  the  calcualtion  of  the  change  in  the  state  of  the  gas 
in  the  first  layer  of  the  plane  detonation  wave,  we  can  use 
relations  for  the  normal  shock  wave. 

For  the  case  in  question  it  is  important  that  in  the  first 
layer  of  the  detonation  wave  (adiabatic  shock  wave)  the  stagnation 
temperature  remains  constant  TQ1  *  TQ2.  Consequently,  the 
critical  velocity  in  the  first  layer  does  not  change  ■  a2Hpf 

whereas  in  the  products  of  combustion  its  value  is  increased 
T03  >  TQ1  and,  respectively,  a^rtp  >  a]_Hp-  This  circumstance 
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rust  be  considered  subsequently  in  the  calculation  of  the  velocity 
coefficients : 
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From  the  continuity  equation  *  P2W2  anc*  exPress^on  (16)  of 

Chapter  III,  let  us  find  for  a  change  in  density  and  velocity 
the  relation 
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(62) 


The  lav;  cf  pressure  change  in  the  normal  shock  wave  can  be 
obtained  from  the  momentum  equation  in  the  form  of  the  known 
equality  (21)  of  Chapter  III 
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From  (62)  and  (63)  it  follows  that  the  change  in  gas  temperature 
in  the  shock  wave 
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For  example,  at  the  velocity  of  propagation  of  the  shock  wave 
*■  2000  m/s,  the  initial  temperature  of  the  gas  »  ^00°K, 

R  ■  30  kgm/kg*deg  and  k  ■  1.4  we  have  =  2400°K,  a^Mp  s  900  m/s, 
X^  t  2.2,  X2  :  0.46,  to  which  corresponds  T2  s  2300°K. 


There  are  no  doubts  that  in  this  case  the  shock  wave  can 
cause  the  ignition  of  the  combustible  gas  mixture. 

Let  us  now  study  the  calculation  of  the  combustion  zone. 


It  is  natural  that  all  formulas  derived  in  §5  3  and  4  for 
he  case  of  che  preheating  of  gas  in  a  cylindrical  tube  are  also 


suitable  for  calculating  the  second  (thermal)  layer  of  the 
detonation  wave,  since  in  the  derivation  of  the  indicated  formulas 
the  length  of  the  tube  was  not  important  (the  friction  and 
thermal  conductivity  through  the  side  surface  were  disregarded). 


For  calculating  the  state  of  the  gas  in  the  second  (subsonic) 
layer  of  the  detonation  wave  -  in  the  region  of  burning  -  it  is 
most  simple  to  resort  to  the  relation  (58)  between  the  stagnation 
temperature  and  the  velocity  coefficient 
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whence  after  the  solution  of  biquadratic  equation,  we  obtain  the 
following  expression: 


or 


(66) 

(67) 


Rejected  here  are  the  roots  which  give  the  supersonic  solutions, 
since  the  combustion  zone  where  the  relative  velocities  are 
lower  than  the  speed  of  sound  (X^  <  1)  is  examined;  furthermore, 
we  assume  that  TQ1  ■  tq4)'  Tlie  velocity  coefficient  -  directly 
after  the  shock  wave  -  is  usually  considerably  less  than  unity; 
if  in  this  case  the  relative  temperature  increment  of  braking 
in  the  region  of  burning  is  small  (Tq^/T^  t  1),  then  formula  (67) 
can  be  substantially  simplified: 


o 

(since  under  the  assumptions  made  <<  1).  Thus, 


(68) 


where  ATq  *  Q/cp,  ^  §  is  the  quantity  of  heat  which  is  liberated 
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with  the  combustion  of  a  unit  weight  of  mixture.  From  formula 
(6s)  It  is  evident  that  with  weak  heating  (&T^/Tq^  t  0)  the 
velocity  coefficient  for  the  products  of  combustion  is  close  to 
the  velocity  coefficient  aft  ex'  the  shock  wave. 


'With  the  intensifying  of  the  shock  wave,  i.e.,  with  an 
increase  in  the  velocity  of  propagation  of  the  shock  wave,  the 
stagnation  temperature  of  the  initial  mixture  ■  T ^  sharply 
increases  according  to  the  known  equality  (^2)  of  Chapter  I 


r., «  — r=r~> 
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In  this  case  the  temperature  in  the  flow  in  front  of  the  region 

of  turning  T ,  sharply  increases.  In  the  limit  when  M,  ■  *>  and 
_ _ _ _ _  <■  i- 

=  y  JJLJ.  we  have  ••  TQ2  ■  on  and  T0  ■  With  an  increase 

in  temperature  T2 ,  in  connection  with  the  increasing  role  of 
thermal  dissociation,1  the  absolute  difference  in  ‘.he  stagnation 
temperatures  somewhat  decreases: 

Consequently,  with  the  intensification  f  the  shock  wave  both  the 
relative  heating  of  the  gas  ATQ/T01  \v*  the  velocity  coefficient 
of  the  combustion  products  decreases. 

This  is  evident  most  distinctly  if  into  formula  (68),  Instead 
of  the  variable  stagnation  temperature  we  Introduce  the  constant 
temperature  of  the  cold  gas: 


*The  thermal  dissociation  is  the  phenomenon  of  partial 
decomposition  of  the  products  of  burning  observed  at  high 
temperatures  and  also  at  low  pressures;  a  reaction  occurs  in 
tne  opposite  direction  and  Is  accompanied  by  an  absorption  of 
heat . 
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The  burning  which  occurs  behind  the  front  of  a  very 
powerful  shock  wave  begins  at  such  a  high  thermal  level  that  it  can 
cause  only  a  relatively  small  increase  in  stagnation  temperature. 
Therefore,  in  the  limit 

i.e.,  the  detonation  wave  approaches  with  the  usual  shoc.k  wave. 

Let  us  study  the  steady-state  condition  of  detonation. 

The  considerations  given  make  it  possible  to  imagine  the 
process  of  the  formation  of  the  stationary  wave  of  detonation  in 
the  following  form.  Usually  the  detonation  wave  appears  as  the 
result  of  local  explosion  in  the  combustible  mixture.  In  the 
region  of  the  explosion  very  high  pressures  are  developed  and 
directed  from  it  is  a  very  powerful  shock  wave.  In  transit 
through  the  cold  combustible  mixture,  this  wave,  as  was  noted 
above,  causes  considerable  heating  of  the  gas  and  can  lead  it 
up  to  ignition.  Precisely  in  this  case,  behind  the  shock-wave 
front  there  follows  the  region  of  burning  which  forms  the  wave 
detonation  in  totality  with  the  shock  wave.  Since  near  the 
explosion  center  the  propagation  velocity  of  the  wave  and  its 
Intensity  are  very  great,  the  relative  gas  velocities  at  the 
beginning  of  the  region  of  burning  and  at  the  end  of  It  are 
close  to  each  other  and  substantially  lower  than  the  critical 
velocity : 

*2  s  *3  «  1. 

However,  with  distance  from  the  blast  center  the  detonation  wave 
is  attenuated,  and  the  propagation  velocity  of  it  A^  decreases. 

In  connection  with  this  there  occurs  a  reduction  in  the 
stagnation  temperature  at  the  beginning  of  the  region  of 
burning  (Tq2)  and  an  increase  in  the  velocity  coefficient  of 
the  gas  (A^).  In  this  case  the  relative  heating  of  gas 
(ATq/Tq^)  and  the  velocity  of  motion  (68)  of  the  combustion 
products  ( A ^ )  increase.  It  is  obvious  that  when  the  detonation 
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wavo  is  attenuated  so  much  that  A ^  w.tll  be  raised  up  to  the 

critical  value  (A-  ^  =  1),  a  further  deceleration  of  detonation 
5  HP 

v; ill  prove  to  be  impossible1). 

Consequently,  the  detonation  process,  which  began  from  the 
explosion,  continuously  weakens,  until  the  progagation  velocity  is 
lowered  to  a  minimum  value  which  corresponds  to  the  onset  of  the 
‘  her-,  a  critical  region  in  the  combustion  zone  .  Prom  this  point 
on .  t  :.t  pr op Ion  of  the  .intonation  wave  acquires  a  stable 
i  ■  !  ■  v.ry  1  'i "  t  ur-.* . 


v-r, .>  shown  ! si  i  -i ,  further  acceleration  and  transition  to 
.••••••’  ;  i  .  v  possible  solely  with  a  change  in  the 

-■ !  b'  .*  v f  fee this  case  upon  the  transition  from  the 

''■nr.  :  i  on  in  v.  he  .ior.bi.-st  ion  zone  to  its  removal,  beginning 

fr  -  ■  t*  itita.  ?!  ;;a  section  (thermal  nozzle).  Thus,  .  »e 

of  t-.e  i  hv  ;•,•••>•  i  i  t.i'I'ica;  region  in  the  zone  of  combustion 
leal.:  to  the  vsi v.  i  1  s.'iner.l  of  stationary  values  A^,  \2,  and  A^ • 


iv*'  oar,  jevc-j-.".*!.!:  r.r«.-  coefficient  of  the  propagation  velocity 
>'•'  t  nt-  atfeajy- s-. at ••  a-.  ^nation  wave,  after  substituting  value 
) ,  -  j  into  r-q..i  ,i.  i or,  (i/v).  In  this  case 


a  !'■  1. 1-  t-cli’av:--* 


f he  radicals 


(71) 


r„ 

r„ 


\  ».  I  ' 


(72) 


*  AV.,,  we  also  obtain 
F 


■r>  -,  M  -1 

fit  \  ^  I 


(73) 


tin  simple  shock  wave,  formed  as  a  result  of 
teii.g  propagated  in  the  inert  medium,  with 
blurt  center  completely  degenerates  into  an 


28<J 


The  last  two  expressions,  just  as  equation  (.65),  retain 
identical  form  with  the  substitution  in  them  of  velocity 
coefficients  A^  and  Aj.  Thereby  a  change  in  the  stagnation 
temperature  is  connected  here  either  with  the  propagation  velocity 
of  detonation  (A^)  or  with  the  maximum  propagation  velocity  of  the 
combustion  zone  (A^).  It  is  important  that  the  maximum  value  A^ 
is  retained  without  depending  on  the  mechanism  of  ignition,  i.e., 
it  is  related  both  to  the  detonation  and  the  steady-state  flame 
propagation. 

Let  us  turn  to  the  calculation  of  the  propagation  velocity 
of  the  wave. 

Let  us  designate  for  brevity  the  thermal  characteristic  of 
the  combustible  mixture 

~~  f»l  _ I'Af,  A 

r,  =Tr  =  d- 

From  formulas  (69)  and  (72)  we  have 


whence  the  square  of  the  velocity  coefficient  of  the  wave 
propagation  is  equal  to 


I  +  2» 


!  +  ■)» 


k—  1 
*4-1 


\  4- 


(7H) 


In  equation  (7*0  botn  signs  before  the  radical  correspond  to 
the  real  values  of  the  velocity  coefficient.  The  positive  sign 


'in  meaning  this  value  is  equal  to  the  ratio  of  the  quantity 
of  liberated  heat  to  the  initial  gas  enthalpy  $  B  Q/cpT1-  For 

example,  for  a  cold  (T^  c  300°  abc )  mixture  of  gasoline  with  air 
(when  a  ;  1)  ♦  :  6.5* 


2.45 


corresponds  to  detonation  burning  ( X ^  >  1),  i.e.,  the  propagation 
velocity  of  the  shock  wave.  The  negative  sign  corresponds  to 
the  propagation  of  the  slow  burning.  It  should  be  noted  that 
formula  (74)  also  with  a  negative  sign  is  suitable  for  detonation. 
In  this  case  it  connects  the  velocity  coefficient  directly  behind 
the  shock  front  A^  (Instead  of  A^)  with  value  »  ATq/T^ 

(instead  of  $  =  AT./T,  ) . 

C  1 

In  practically  interesting  cases  where  *  >  1,  instead  of 
expression  (7*0,  it  is  possible  with  an  error  of  less  than  2% 
to  accept  approximately: 

a)  for  the  propagation  velocity  of  the  stationary  wave  of 
detonation 


— : nr=rr  • 


(75) 


l+<»- 


V+T 


t)  for  the  maximum  propagation  velocity  of  the  wave  of 
burning 


X* _  * 

*•— nr*!' 


(76) 


Using  the  known  connection  between  the  velocity  coefficient 
and  the  M  number,  it  Is  possible  to  obtain  also  similar 
dependences  of  the  M  number  for  v  s  of  detonation  and  burning 
on  the  thermal  characteristic  of  t»>_*  ga3  mixture. 

Figure  5.19a  and  5.19b  show  graphs  of  the  dependence 
>.,  =  /(»)  and  M,  =  F(») 

for  the  gas  mixture  (when  k  *  1.4),  The  upper  branches  of  both 
curves  (in  the  supersonic  region  of  motion  A^  >  1,  >  1) 

correspond  to  the  steady  minimum  propagation  velocity  of 
detonation  and  tne  lower  branches  (in  the  subsonic  region 
A.  <  1 ,  <  1 '  —  the  maximum  rate  of  combustion,  i.e.,  the 

maximally  possible  velocity  of  the  normal  propagation  of  the 
flame . 
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Figure  5- 19a.  Dependence  of  the  extreme  value  of  the  coefficient 
of  the  propagation  velocity  of  the  wave  of  burning  on  the  thermal 
characteristic  of  the  mixture:  1  -  region  of  unsteady  detonation; 

2  -  steady-state  regime  of  detonation;  3  -  maximum  rate  of 
combustion;  -  region  of  normal  burning. 

Figure  5- 19b.  Dependence  of  the  extreme  value  of  the  M  number  for 
the  wave  propagation  of  burning  on  the  thermal  characteristic  of 
the  mixture:  1  -  region  of  unsteady  detonation;  2  -  steady-state 
regime  of  detonation;  3  -  maximum  rate  of  combustion;  k  -  region 
of  normal  burning. 

We  arrive  at  the  single  concept  of  the  propagation  velocity  of 
burning.  In  this  case  in  the  supersonic  region  (above  the  curve) 
the  values  which  correspond  to  the  nonstationary  state  of  detonation 
lie,  whereas  in  the  subsonic  region  (below  the  curve)  there  is  a 
countless  multitude  of  values  which  correspond  to  the  stationary 
normal  propagation  of  burning  at  the  low  speeds  of  flow  of  the  gas. 
Finally,  the  conditions  which  correspond  to  the  shaded  area 
(Figs.  5.19a  and  5.19h)  cannot  be  realized  in  connection  with  the 
phenomenon  of  the  thermal  critical  region  (i.e.,  the  impossibility 
to  transfer  to  the  speed  of  sound  during  the  heat  feed). 


By  precisely  thi3,  apparently,  one  should  explain  the  fact 
that  the  transition  from  slow  burning  to  detonation,  as  experiments 
in  the  tubes  show,  is  always  achieved  intermittently. 
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One  should  note  one  interesting  feature  of  the  curves  obtained. 
As  can  be  seen  from  the  graphs,  tne  most  insignificant  thermal 
effect  suffices  in  order  that  the  maximum  rate  of  combustion 
becomes  substantially  lower  and  the  detonation  velocity 
substantially  higher  than  the  sonic. 


Let  us  give  the  calculation  of  pressures  with  detonation  and 
burning. 


The  calculation  of  the  maximum  expansion  shock  in  the  flame 
front  attained  with  the  thermal  critical  region  can  be  produced 
by  means  of  the  momentum  equation.  In  the  case  of  X^  =  =  1 

we  have1 


but  in  these  conditions 


whence,  on  the  basis  of  dependence  (71),  we  obtain 

iS-  O  7) 

Thus,  the  maximum  pressure  drop  in  the  gas  flow  in  the  region  of 
burning  is  equal  to 


/It 

p. 


=  l 


(78) 


'in  order  to  obtain  this  expression,  let  us  write  the  momentum 
equation  (9*0  of  Chapter  I  for  our  case: 


or 


but 


Pi—  P.  —  »,) 


P«  "  *Pi  \ 
t!?j  «»! 


jMfT.  «*,*. 

*  k„.  I  t»,/t 


*Pi  «1 


=  MJ  =  t. 
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or  on  the  basis  of  expression  (72) 


Pi _ •  1,1  -  _  |  I  ,  ^  |  -  I 

a  —  ,  +  *T+r|-,+AriTV 


(79) 


In  this  case  the  value  of  the  velocity  coefficient  both  in 
detonation  and  in  the  extreme  case  of  normal  burning  is  taken  from 
the  relation  (7*0. 


If  we  use  equality  (75),  then  the  following  approximation 
formula  of  the  pressure  drop  in  the  second  region  of  the  wave 
of  detonation  (for  $  >  1)  is  found: 

£l,s,1  4-  «4-»*  +.»  (80) 

Pt  »+8,+t  ‘ 


Correspondingly,  equality  (76)  leads  to  the  approximation 
expression  of  a  drop  in  pressures  for  the  maximum  rate  of  the 
normal  burning: 


(81) 


The  pressure  change  in  transit  through  the  entire  region  of 
detonation,  which  consists  of  an  adiabatic  shock  wave  and 
combustion  zone,  will  be  obtained  in  the  division  of  equality 
(63)  into  (79): 


Pi _ Pl  El  —  M  4- 1 

Pi  Pi  Pi  *+t  —  (*—  i)M  ' 


(82) 


Very  simple  dependences  are  obtained  for  a  density  change  of 
the  gas.  At  the  maximum  speed  of  normal  burning,  on  the  basis  of 
the  equation  of  continuity  and  expressions  (77)  and  (72),  we 
obtain 


ft 

h 


(83) 
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With  the  steady-state  condition  of  detonation  burning,  using 
equalities  (16)  of  Chapter  III  and  (62),  we  have 


Pi  _  Pi.  Pi.  _ 

Pi  Pi  P!  “  *f+T  * 


(84) 


Let  us  discuss  in  more  detail  some  general  properties  of  the 
one-dimensional  nonadiabatic  waves,  and  let  us  give,  in  particular, 
the  calculating  equations  for  determining  the  absolute  velocity  of 
propagation  of  the  wave.  Prom  the  momentum  and  continuity  equations 
it  follows  that  in  any  case  of  the  shock  wave  (in  disregarding 
forces  of  friction)  the  following  relation  is  correct: 


(85) 


On  the  other  hand,  the  equation  of  enthalpy,  taking  into  account 
the  equation  of  state  of  an  ideal  gas,  gives  for  the  pressure  Jump 
with  any  feed  (or  removal)  of  heat1 


Pi  —  Pi 


<p+;^77<«i.p-<P> 


(86) 


'Let  us  write  the  equation  of  enthalpy  (25)  of  Chapter  I  for 
gas  before  and  after  the  shock  wave 

or,  by  replacing  from,  the  equation  of  state  T  "  RgP 

Pi  «■  P.g#r«  —  ££  Pi»J.  Pi  *=  Pi**  rn  ~  Pi"* 

By  subtracting  from  the  second  equation  the  first,  taking  into 
account  the  equalities 


*  —  I  .  2* 

iff  ~  2*  '  •  a»r  ~  i+TiRT• 

and  the  law  of  the  momenta,  we  obtain  (86). 
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From  equations  (85),  (86)  and  continuity,  it  is  not  difficult  to 
derive  the  relation  between  velocities  for  the  arbitrary  pressure 
J  ump : 

(«■?»  —  «•»)  =»  «S,|,a’i  —  a|,P«V  (87) 


( 


f 


In  the  particular  case  when  the  heat  feed  is  absent  and 
ai  „  *  a,  *  we  again  obtain  the  relation  (16)  of  Chapter  III  for 

X  H  p  j  H  p 

the  adiabatic  shock  wave. 

In  the  case  of  interest  to  us  of  the  steady-scate  detonation 
(or  the  propagation  of  burning  at  the  maximum  rate),  when  the 
thermal  critical  region  begins,  i.e.,  X,  -  1  and  w,  ■  a,  , 

J  J  P 

equation  (87)  assumes  the  form 

(®i  °'«i»  (88) 

whereupon  for  the  detonation 


for  the  slow  burning 

Just  as  In  the  dimensionless  equations  given  previously,  we  have 
here  two  solutions: 

Wi  —  —  V  <ij«p  «!.p*  C89) 

which  correspond  to  the  minimum  rate  of  the  propagation  o." 
detonation  (with  the  +  sign)  and  the  maximum  speed  of  slow 
burning  (with  the  -  sign). 

The  obtained  general  relations  are  used  for  any  nonadiabatic 
pressure  Jumps  without  depending  on  the  mechanism  of  heat 
liberation.  We  saw  that  in  the  two  cases  examined  above  of  the 
propagation  of  the  flame  front  immediately  the  thermal  shock 
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I 


m 


,  -  W- 
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(i.e.,  the  combustion  zone)  represented  both  with  detonation  and 
with  normal  burning  the  expansion  shock  in  the  subsonic  flow. 

It  is  not  difficult  to  indicate  the  case  of  the  thermal  compression 
shock  in  the  supersonic  flow.  We  have  in  mind  the  well-known 
condensation  shocks,  which  are  accompanied  by  the  transition  from 
a  higher  supersonic  velocity  to  a  lower  but  still  supersonic 
velocity.  And  in  this  case  the  equations  and  derivations  given 
above  remain  valid. 

In  conclusion  let  us  investigate  the  flow  of  gases  behind 
the  wave  front. 

Obtained  above  were  the  fundamental  principles  characterizing 
the  gas  flow  passing  through  the  region  of  the  shock  of  detonation 
or  flame  with  a  fixed  front,  i.e.,  in  a  reversed  scheme.  Let  us 
examine  now  which  form  all  relations  will  acquire,  if  we  pass  to 
the  normal  scheme  when  the  gas  is  fixed,  and  in  it  the  wave  of 
detonation  or  burning  at  the  rate  w1  is  propagated.  In  this  case 
behind  the  shock-wave  front  there  follow  the  still  not  ignited 
particles  of  gas  with  the  velocity 

w,  = 

and  moving  behind  the  region  of  burning  are  products  of  burning 
with  the  velocity 

tr,  =  «•,- 

where  we  understand  w^  and  wr  as  aosolute  velocities.  It  is  not 
difficult  to  see  that  in  the  case  of  the  detonation 

i.e.,  the  flame  front  and  products  of  burning  move  in  the  same 
direction  as  does  the  shock-wave  front,  but  only  the  particle 
velocity  in  the  flame  front  is  higher  than  in  the  products  of 
burning : 

tc-t>oy 

In  the  case  of  normal  burning,  when 

“'l  =  sv 

29  2 


the  value  wr  Is  negative,  l.e.,  the  directions  of  motion  of  the 
products  of  burning  and  flame  front  are  opposite. 

As  it  was  established,  with  the  steady-state  condition  of 
detonation  and  with  the  maximum  rate  of  normal  burning,  there 
occurs 

in  consequence  of  which  in  these  conditions  the  rate  of  the  motion 
of  products  of  burning  is  equal  to 

—  a,,,. 

where  according  to  dependence  (89)  obtained  above 

k'i = oup  ±  v  — a!,,  • 

Hence  we  arrive  at  the  following  expression  for  the  propagation 
velocity  of  products  of  burning  in  cases  of  stationary  detonation 
and  the  maximum  state  of  the  normal  burning: 

v, «*»  »  Van,  —  (9°) 

The  plus  sign  corresponds  to  detonation,  and  the  minus  sign  -  to 
normal  burning. 


Let  us  now  find  the  values  of  velocity  coefficients.  For  the 
shock-wave  front  we  obtain  A^  -  wi^ainp'  For  particles  following 
directly  after  the  shock-wave  front. 


since  alKp  -  a2Hp. 
(90)  we  have 


tX>  “Vs 


(9D 


Finally,  for  products  of  burning  according  to 


Hence  by  means  of  (12)  we  find 


K 


(92) 
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Positive  values  of  Xr  are  obtained  with  detonation  (X^  >  1),  and 
negative  values  are  obtained  with  normal  burning  (X^  <  1).  In  the 
case  of  X^  =  1  we  have  X  *  0,  i.e.,  with  the  motion  of  the  wave 
at  the  speed  of  sound  the  gas  remains  fixed,  which  completely 
corresponds  to  the  physical  nature  of  the  phenomenon1. 

The  greatest  value  of  the  rate  of  products  of  normal  burning 
X  ■  -1  is  obtained,  naturally,  in  the  fixed  mixture  of  infinite 
caloricity  [>  *  «,  i.e.,  X^  -  0,  see  (76)]. 

The  maximum  of  the  rate  of  products  of  detonation  is  reached 
also  with  infinite  caloricity  [with  (75)  0  =  oo,  XJssayi-jj  »  but  in 
this  case,  as  it  is  not  difficult  to  see  from  (92),  it  is  equal  to 


Thus,  the  absolute  uelooity  of  the  motion  of  the  burned 
particles  ig  aluaye  legs  than  the  epeed  of  sound.  This  result 
is  valid  both  during  normal  burning  and  detonation. 

Meanwhile  as  it  is  not  difficult  to  see  from  (91),  the 
velocity  of  unburned  particles  (at  the  beginning  of  the  combustion 
zone)  in  the  case  of  detonation  can  be  more  than  sonic;  this  is 
obtained  in  the  state 

X,  =  X,  —  i->  j,  i.e.,  when  X|  —  X*  —  I  >  0 . 

Solving  this  inequality,  we  obtain 

».<;2  and  M,>2. 


‘Above  [see  (7*0]  it  was  shown  that  X^  ■  1  is  obtained  only 

with  zero  caloricity  of  the  mixture,  when  the  detonation  and 
burning  degenerate  into  the  usual  shock  waves. 
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The  maximum  value  of  this  velocity,  obviously,  is  obtained  in  the 

2  k+1 

state  Mj  «  *  and  X1  «  and  it  is  equal  to 

if  k  -  1.4,  then  Xy  max  -  2.04  and  Mx  max  -  3.4. 

An  interesting  result  will  be  obtained  if  we  connect  the 
absolute  gas  velocity  at  the  beginning  and  end  of  the  zone  of  the 
detonation  burning: 

te,  ) , 

Hence,  by  using  dependences  (91),  (92)  and  (72),  we  find  the 
following  simple  relation: 

(93) 

i.e.,  with  detonation  the  partiole  speed  before  the  flame  front 
ie  always  twioe  higher  than  the  velooity  of  the  burned  particlee. 

The  pressures  both  behind  the  shock-wave  from  (p^)  and  at 
the  end  of  the  combustion  zone  (p^),  obviously,  are  not  changed 
from  the  fact  that  we  changed  the  motion,  i.e.,  they  can  be 
determined  by  formulas  (63)  and  (79)*  It  is  possible,  however, 
by  means  of  (92)  to  give  to  formula  (79)  the  following  very 
simple  form: 


Here  the  minus  sign  is  taken  during  normal  burning  and  the  plus 
sign  during  detonation.  In  the  limiting  cases  of  normal  burning 
Ur  ■  -1)  and  detonation  (Xr  ■  ^) ,  we  obtain,  respectively,  for 
the  maximum  rate  of  normal  burning 
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and  for  the  minimum  rate  of  detonation 


ft 


=*  2. 


(96) 


With  the  encounter  of  products  of  burning  with  a  poorly 
streamlined  body,  there  will  occur  a  pressure  increase  up  to 
value  Pq^ ,  which  for  both  these  states  is  found  from  the  same 
expression,  which  corresponds  to  the  isentropic  process  of 
compression : 


I 

\ 


AN  I  )  * 


(97) 


The  more  considerable  increase  in  pressure  occurs  with  a 
cessation  of  the  particles  of  the  still  unignited  gas  moving  at 
the  rate  of  w^.  In  the  state  of  ^  <  1  the  same  isentropic 
dependence  acts: 


» 


(98) 


For  supersonic  conditions  ( A ^  >  1),  when  braking  begins  from  the 
normal  shock  wave,  which  converts  the  flow  to  subsonic  velocity 
Ax  «  ^  and  the  pressure  determined  by  formula  (63) 


* 


„_A-I 

1  *3EL, 

'"“rpi  li 


(99) 


we  have  with  the  total  stagnation 


or  finally 


A-  I  I  \rrT 

A  +  H;) 


(100) 
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2  k-f  1 

In  the  extreme  case  X1  ■  i.e.,  *x  ■  2.04  (when  k  •  1.4),  we 

obtained  the  maximum  pressure  increase  with  braking 

Pt 

or  in  comparison  with  the  pressure  in  products  of  burning 

30. 

P\ 

With  the  encounter  of  the  gases  following  directly  behind  the 
detonation,  with  a  sharp-nosed  obstruction  an  oblique  shock  wave 
can  arise  instead  of  a  normal  wave.  In  the  latter  case  a 
pressure  increase  with  the  braking  of  the  gases  proves  to  be  less. 

5  6.  Calculation  of  Gas  Plows  by 
Means  of  Gas-Dynamic  Functions 

Established  above  were  the  numerical  relationships  between 
the  pressure,  density,  temperature  and  velocity  coefficient  of 
che  gas  flow  and  also  the  stagnation  parameters  for  some  cases  of 
the  gas  flows.  These  equations  contain  the  parameters  of  the  gas, 
in  particular,  the  velocity  coefficient  X,  in  high  and  fractional 
powers,  and  therefore  their  conversion,  the  obtaining  of  explicit 
dependences  between  the  parameters  in  general,  and  the  solution 
of  the  numerical  problems  frequently  represent  considerable 
difficulties.  At  the  same  time,  in  examining  the  different 
equations  of  gas  flow,  derived,  for  example,  in  §  4  of  Chapter  I 
and  §  4  of  Chapter  V,  it  is  possible  to  note  that  the  value  of 
the  velocity  coefficient  X  enters  into  them  in  the  form  of  several 
frequently  encountered  combinations  or  expressions  which  were 
called  gas-dynamic  functions .  Given  to  these  functions  are 
abbreviated  notations,  and  their  values,  depending  on  value  X  and 
the  adiabatic  index  k,  are  calculated  and  reduced  to  tables. 

The  gas-flow  calculation  by  means  of  tables  of  gas-dynamic 
functions  received  widespread  acceptance  and  is  at  present 
conventional.  Besides  the  reduction  In  the  calculating  work,  the 
advantage  of  the  calculation  with  the  use  of  gas-dynamic  functions 
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1..  t  i',..!.-; i.  j.-raii  j  c  simplification  in  the  conversions  in  the 

’•".l $•:>  la  t on  of  the-  fundamental  equations,  which  makes  it  possible 
'•  vsi!.,  jfjvr.-rr5*;  ,  the  solutions,  of  very  complex  problems. 
v:m,  o  x  L-..t  !  or.  the  basic  qualitative  laws  governing  the 

f i'.»w  oi'l  tru*  relation  between  parameters  of  the  gas  flow  are  more 
r-vealej .  ms  it  will  be  possible  to  see  below,  the  use  of 
i;-i -.1  > > i  i". *. f'-i.'.'t  Ion?  makes  it  possible  to  conduct  the  calculation 
or  tr.a^.  gat.  flows,  taking  into  account  the  compressibility 

r :  v'.  u  *2 ) y  - :  siifij-ir  as  the  calculation  of  flows  of  an 
ii. i'l1.*:  f  lull  1  >  conducted. 

'  •  i  <  ;  oit-.i -.•••  t  !i<-  basic  gas-dynamic  functions  from  those 
LcL:.4  usoa  l’.  present  and  in  a  number  of  examples  illustrate  their 
us  v-vl  >'  lun  of  different  problems. 

'it,  fir'i  ar.u  simplest  group  of  gas-dynamic  functions  is 
for  It.-  sate  of  simplicity  in  the  recording  of 
v e  1 1 r.  .1. o r : v > > i, |  o  f--tween  the  p  rameters  in  the  flow,  the  stagnation 
i  ■: r t ;■  tic.  v.  iocity  coefficient  of  the  gas.  In  5  3  of 
Cl,* l  ‘.tr  i,  by  means  of  the  transformation  of  the  equation  of 
>:t  i.iiipy,  ■.■I,’,  ijiiecl  formula  (^2) 


r 

r. 


* — i 

*n 


i*. 


:h  ■;  ■.iii.-.-.cio  the  si  ignation  temperature  TQ  with  the  temperature 
t flow  if.n  the  velocity  coefficient  A.  Let  us  denote 


1 


ft  ~\ 

■ft+l 


X»  =  t(X). 


(101) 


•  ••■>  i  '  f  fr  rap  ter  3  expressions  (72)  and  (73)  were  obtained  for 
r-d  of  ,'r;.r:iuurv  and  density  in  the  flow  to  the  total  pressure 
ar.j  iKy  of  trie  i nentropically  stagnant  gas.  Let  us  introduce 

y ".  he  no*:  at  1  or* a 


t 


(102) 
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ao3) 


The  connection  between  gas-dynamic  functions  t(X),  tt(X)  and  e(X) 
results  from  the  obvious  relationship  between  values  p,  p  and  T: 

It  should  be  noted  that  equations  (101),  (102)  and  (103)  connect 
the  parameters  of  the  gas  in  the  aame  arose  section  of  the  flow 
and  are  valid  independently  of  the  flow  pattern  and  processes 
occurring  in  the  gas:  the  transition  from  parameters  in  the  flow 
to  parameters  of  the  stagnated  gas  by  definition  occurs  on  the 
ideal  adiabatic  curve.  The  nature  of  the  change  in  the  gas- 
dynamic  functions  t(X),  ir(X)  and  e(X),  depending  on  X,  is  shown 
on  Fig.  5.20:  with  an  Increase  in  X  from  zero  to  the  maximum 
value  —  j/ ~t_j  functions  t(X),  it(X)  and  e(X)  monotonically 
decrease  from  unity  to  zero.  This  completely  corresponds  to 
their  physical  meaning:  at  very  low  velocities  (X  -*■  0)  the 
parameters  in  the  flow  virtually  do  not  differ  from  the  parameters 
of  the  completely  stagnant  gas;  with  an  increase  in  the  velocity 
up  to  the  limiting  value  (M  -*■  *,  X  -*•  X_av),  the  temperature, 
pressure  and  density  of  the  gas  at  the  finite  value  of  the 
stagnation  parameters  tend  to  zero. 


Having  available  graphs  or  tables  in  which  for  each  value  of 
X  values  of  functions  n ( X ) ,  e(X),  and  t(X)  are  given,  it  Is 
possible  to  determine  rapidly  the  stagnation  parameters  according 
to  parameters  in  the  flow  and  vice  versa.  Such  tables  for  values 
k  *  1.^0  and  1.33  are  given  at  the  end  of  the  book.  Given  there 
are  auxiliary  graphs,  which  can  be  used,  instead  of  the  tables, 
if  high  accuracy  of  the  calculations  is  not  required. 


Example  1.  In  section  1  of  the  subsonic  part  of  an  ideal 

Laval  nozzle  the  following  are  known:  pressure  in  the  flow 
2 

P1  =  16  kg/cm  ,  stagnation  temperature  TQ1  »  *»00°K,  and  velocity 
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=j-^  ~  ' 


Fig.  5-20.  Graphs  of  gas-dynamic 
functions  t(A),  e(A),  and  tt  ( X ) 
when  k  =  1.4. 

we  write 


coefficient  A^  =  0.6.  It  is 
required  to  determine  the 
velocity  coefficient  and 

gas  pressure  in  section  2, 
where  the  temperature  is 
equal  to  273°K. 

Since  the  stagnation 
temperature  and  total  pressure 
of  the  gas  in  the  ideal 
nozzle  in  question  are  not 
changed,  TQ2  *  TQ1  and 
P02  =  Pqi •  Using  the  first 
equality  and  relation  (101), 


7* 

T.T- 


After  substituting  the  assigned  values  7?2  and  TQ1,  we  find 
t(\.,)  -  0.6825  and  from  the  tables  determine  (when  k  =  1.40) 

A^  =  I.38.  Thus,  the  unknown  section  is  located  in  the  supersonic 
part  of  the  nozzle.  We  further  use  the  condition  of  constancy  of 
the  total  nozzle  pressure.  By  expressing  the  total  pressure  in 
terms  of  the  pressure  in  the  flow  and  function  n ( A )  according 
tc  (102),  we  obtain 


For  A ^  =  0.6  and  A^  =  1 . 38  in  the  tables,  we  find  the  values  of 
functions  tt  ( A  )  and  determine 


Pt 


“  O.K05J 


5.23  kg/cm2. 


Let  us  find  now  at  the  same  initial  data  what  the  gas  temperature 

will  be  in  the  section  3  of  the  nozzle,  where  the  gas  pressure  is 

2 

equal  to  the  atmospheric  p^  =  1.033  kg/cm  .  Let  us  write 


r  (>,>  =  *  i 

P«» 


p,l 


or  MM**?, 


«(*,) 
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Hence  we  find 

and  then  from  the  tables  we  determine  the  value  X^  *  1.85-  This 
value  of  the  velocity  coefficient  in  the  table  corresponds  to 
t(Xj)  =  0.^296.  Further,  we  easily  find  the  gas  temperature  in 
section  3 

r,  =  T„-  (>.,)  =  400  •  0,4196  =  171,5  *K. 

Thus  other  problems  connected  with  the  determination  of  the 
dependence  between  the  gas  parameters  in  different  cross  sections 
of  the  flow  are  solved. 


Let  us  examine  further  the  two  gas-dynamic  functions  which 
are  used  in  the  equation  of  the  gas  flow  rate.  Let  us  substitute 
into  the  expression  of  the  gas  flow  rate  per  second,  in  terms  of 
the  cross  section  of  the  area  F  G  =  ywF,  the  relations  which 
express  the  specific  weight  of  the  gas  y  and  flow  velocity  w  in 
terms  of  stagnation  parameters  Pq  and  Tq  and  the  velocity 
coefficient  X: 


)  -arA1 


Then  we  will  obtain 


Y**  4n"r- 


(105) 


After  multiplying  both  sides  of  this  equation  by  a,t=  y  ^egk,-fl<T^ 
after  cancellations  we  have 


1 


(106) 


This  equation  expresses  the  gas  flow  rate  in  this  cross  section  in 
terms  of  the  total  pressure,  the  critical  speed  of  sound  and  the 


certain  function  of  the  velocity  coefficient 


*('  -  r-fnx,)r_,=>'(X>> 


where  e(A)  is  the  gas-dynamic  function  (103)  introduced  above. 
The  new  gas-dynamic  function  q(A)  is  defined  as  the  value 
proportional  to  the  product  Ae(A): 


•«-(*£  f**(' 


(107) 


The  proportionality  factor  is  selected  so  that  when  A  *  1  we  have 
q(A)  =  1.  Because  of  this  the  gas-dynamic  function  q(A)  acquires 
the  physical  meaning  of  the  dimensionless  current  density: 


where  (pw)  is  the  maximum  value  of  the  current  density  (with 

K  P 

the  assigned  stagnation  parameters),  which  corresponds  to  the 
flow  at  the  speed  of  sound.  Actually, 


__p»_  _  l_  ft  JZ.  iIL>  x 
P.  mD 


x-i-i-rn 

\  *  J 


«<>> 


The  graph  of  function  q(A)  is  given  on  Fig.  5.21.  With  an 

increase  in  the  velocity  coefficient  A  from  zero  to  unit,  the 

value  q(A)  Increases  from  zero  to  its  maximum  value  q(A)  *  1  and 

further  is  again  lowered  to  zero  at  value  A  ■  A  .  Thus,  the 

max 

current  density  is  maximum  when  q(A)  =  1  and  is  decreased  both 
with  a  decrease  and  an  increase  in  the  velocity  in  comparison 
with  the  critical  value.  The  same  value  of  function  q(A) 
corresponds  to  two  possible  values  of  the  velocity  coefficient, 
one  of  which  is  more  and  the  other  less  than  unity. 


Substituting  function  q(A)  into  expression  (106),  we  have 


a 

K 


(106) 
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By  replacing  in  (108)  quantity  aun  by  Its  value,  we  obtain  the 

K  p 

following  formula  for  the  calculation  of  the  gas  flow  rate  (see 
also  I  1  of  Chapter  IV): 


where 


0  =>  m 


Kf. ; 


(109) 


In  the  following  table  values 
of  N  for  different  values  of  k  are 
given : 

k  1.67  1,4  1,33  1.33  1.30  1.23  1,10 
N  0.723  0,033  0,070  0,073  0,007  0.038  0,628 

For  air  (k  *  1.4,  R  ■  29.27  kg-m/ 
kg*deg)  the  numerical  coefficient 
in  equation  (109)  m  *  0.3965 
[deg°’^»s“1].  For  exhaust  gases 
in  turbojet  engines  (k  *  1.33, 

R  *  29.4  kg-m/kg-deg)  m  *  O.389. 
For  powder  gases,  on  the  average 
it  is  possible  to  consider  that 
m  *  0.343.  With  flow  at  the  speed 
of  sound  q ( X )  ■  1,  equation  (109)  is  reduced  to  expression  (8) 
obtained  in  Chapter  IV  for  the  calculation  of  the  gas  flow  rate 
through  the  Laval  nozzle  according  to  the  parameters  of  gas  in  the 
nozzle  throat  area. 

In  the  solution  of  a  number  of  problems,  it  is  required  to 
connect  the  gas  flow  rate  not  with  the  total  but  with  the  static 
pressure  in  the  flow.  It  is  easy  to  obtain  such  a  connection 
from  expressions  (lhfM  nr  (109)  if  we  replace  in  their  right 
sides  the  value  of  tot  ax  ..ressure 


Fig.  5-21.  Graphs  of  gas- 
dynamic  functions  q(X),  y(X) 
when  k  ■  1.4. 
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Then  we  obtain  the  relations 


0 

g 


n 


»p 


:k-h(khf 


and 


Q=  in 
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Yu  * 


where  the  function 


i 


(110) 


(111) 


(112) 


is  the  second  gas-dynamic  function  with  the  aid  of  which  it  is 
possible  to  calculate  the  gas  flow  rate  (see  Fig.  5.21).  Its 
values,  just  as  the  values  of  function  q(A),  for  different  values 
of  k  are  given  in  tables  and  on  auxiliary  graphs  at  the  end  of 
the  book.  With  an  increase  in  A  function  y(A)  monotonically 
increases,  whereupon  when  A-A  ,  y(A)  ■*  “.  Both  formula  (109) 
and  formula  (111)  express  the  gas  flow  rate  by  means  of  parameters 
of  its  state  in  the  cross  section  of  the  flow  in  question,  and 
that  is  why  they  are  valid  independently  of  the  nature  of  the 
processes  occurring  in  the  flo w  of  gas.  Formulas  (109)  and  (111) 
are  conveniently  used  in  the  compilation  of  equations  of 
continuity  for  the  gas  flow,  whereupon  for  each  cross  section 
there  can  be  selected  that  formula  which  corresponds  better  to 
the  assigned  or  unknown  values. 


Expressions  (109),  (111)  and  the  equations  of  continuity 
compiled  with  their  aid  directly  lead  to  a  number  of  dependences 
derived  earlier  by  a  more  complex  means  and  also  make  it  possible 
to  solve  various  problems  quite  simply.  Let  us  give  several 
examples  of  the  calculation. 
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Example  2.  Determine  the  dependence  between  the  area  of 
any  cross  section  of  an  ideal  Laval  nozzle  and  the  velocity 
coefficient  of  the  flow  in  this  cros3  section,  i.e.,  find  the 
law  of  a  change  in  the  area  in  the  Laval  nozzle.  Since  for  any 
cross  section  of  an  ideal  nozzle,  the  flow  rate,  total  pressure 
and  stagnation  temperature  are  identical,  then  from  (109)  it 
follows  that  Fq(X)  ■  const.  Since  for  critical  cross  sections 
q(MHp  ■  1,  then  Fq(X)  »  FHp  or  p —  ”  q7D>  i«e*»  the  cross- 

H  p 

sectional  area  of  the  nozzle  varies  indirectly  proportional  to 
the  value  of  function  q(X).  In  accordance  with  the  graph  of 
function  q(X),  this  means  that  with  an  increase  in  the  velocity 
the  area  decreases  at  subsonic  velocities  and  increases  at 
supersonic  velocities,  having  a  minimum  when  X  ■  1. 

Example  3*  In  the  section  of  the  cylindrical  tube  between 
the  two  cross  sections  1  and  2  as  a  result  of  hydraulic  losses 
(friction,  local  resistances)  the  total  pressure  of  the  moving 
gas  is  lowered.  The  losses  of  total  pressure  between  cross 
sections  1  and  2  are  estimated  by  the  value  of  the  coefficient 
of  total  pressure  a  -  Po2'/poi  <  ^  ’  Determine  the  nature  of  the 
change  in  the  velocity  and  static  pressure  of  the  gas  in  the 
tube  in  the  absence  of  heat  exchange  with  the  environment.  Let 
us  write,  after  making  use  of  formula  (109),  the  condition 
of  the  equality  of  the  gas  flow  rates  in  cross  sections  1  and  2: 

Cii  r‘q  =.  p"F'q  (i  |) 

Kr„  "  v  t h  * 

Since  in  this  case  F1  E  Fj  and  *  TQ2,  then 

Hence  according  to  the  assigned  values  of  X^  and  o,  it  Is 
possible  with  the  aid  of  tables  of  gas-dynamic  functions  to 
determine  X^.  The  obtained  result  is  valid  both  for  subsonic 
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and  supersonic  flow  velocities.  Since  o  <  1,  then  q(A2)  >  q(A^). 

From  this  inequality  it  follows  (see  the  plotted  function 
q(A)  on  Fig.  5.21)  that  in  the  presence  of  flow  friction  (when 
G  ■  const,  F  *  const,  Tq  •  const)  the  velocity  of  the  subsonic 
flow  along  the  length  of  the  tube  increases,  and  the  velocity 
of  the  supersonic  flow  decreases. 

In  order  to  determine  the  change  in  static  pressure,  it  is 
possible  to  compare  with  each  other  values  p^  ■  and 

p2  =  P02JI^2^‘  However,  a  more  clearly  unknown  result  can  be 
obtained  from  the  condition  of  the  equality  of  the  gas  flow 
rates  if  we  use  in  this  case  expression  (111) 

or  Pi  _  yiK) 

Vr„  vt»  Pi  jmm* 

Since  function  y(  A)  is  increasing,  then  hence  we  conclude  that 
in  the  presence  of  resistance,  in  accordance  with  the  change  in 
the  velocity  coefficient  found  above,  the  static  pressure  will 
decrease  if  the  flow  velocity  is  subsonic  and  increase  if  the 
velocity  is  supersonic. 

Example  4.  Determine  the  velocity  coefficient  and  static 
pressure  of  the  air  p2  at  outlet  from  the  diffuser,  if  it  is 
known  that  at  the  inlet  to  the  diffuser  the  total  pressure 
Pm  *  3  kg/cm  ,  the  velocity  coefficient  A,  ■  0.85,  the  area 

Vi  J. 

ratio  of  the  outlet  and  inlet  sections  F2/F^  "  2.5  ant*  th® 
coefficient  of  total  pressure  o  ■  Pqj/Pqi  “  0.9^.  To  solve 
the  problem  we  write  the  equation  of  continuity,  using  formula 

(109) 

Pi Jj 1 1  hj  hif W  !*«) 

rr,:  "  \'t»  * 

Disregarding  the  heat  exchange  through  walls  of  the  diffuser,  we 

1  Pl 

have  T02  •  TQ1,  and  therefore,  q(A2)  -  ±  p  qU^).  According  to 
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tables  for  X^  *  0.85  is  find  q(X^)  *  0.9729.  Then  q(X2)  * 

»  0. 425‘ 0.9729  •  0.413,  to  which  corresponds  A2  ■  0.27  and 

71  ( A ^ )  =  0.9581.  Prom  the  relation  (102)  we  have  p2  *  Po2Tt^2^  " 

-  op01n(X2)  or  p2  -  0.94.3.0. 9581  -  2.7  kg/cm2. 

Example  5.  With  the  compressor  testing,  in  its  outlet  cross 

section,  the  area  of  which  F  ■  0.1  m2  the  static  pressure  p  ■  4.2 
2 

kg/cm  and  the  stagnation  temperature  of  the  air  TQ  ■  480°K  are 
measured.  Determine  the  total  pressure  of  the  air  if  its  flow 
rate  0  ■  50  kg/s. 

From  the  equation  of  flow  rate  (m)  we  determine  the  function 
y(A)  in  terms  of  the  known  value  of  the  static  pressure  of  the 
air : 


yO) 


nj/f, 

m/it' 


■Vi|'lhO~ 

n;i/Tr"i.2.o,r.'fuT 


T.-i 


From  the  tables  of  gas-dynamic  functions,  we  find  chat  the  values 
X  =  0.406  and  7?  (A)  *  0.907  correspond  to  this  value  y(X).  Hence 
the  total  air  pressure  pQ  *  p/rr(A)  *  4.2/0.907  *  4.63  kg/cm2. 


If  we  do  not  use  gas-dynamic  functions,  then  the  similar 
calculations  which  are  frequently  made  in  the  processing  of 
experimental  data  must  be  carried  out  by  a  more  complex  method, 
by  means  of  successive  approximation. 


Let  us  examine  the  gas-dynamic  functions  which  are  used  in 
the  equation  of  the  momentum  of  gae.  The  sum  of  the  per-second 
momentum  and  force  of  pressure  of  the  gas  in  the  cross  section 
of  the  flow  in  question  can  be  called  the  total  momentum  of 
flow  I 


v>-\-ph  = 


(113) 


if  in  (113)  we  substitute  the  relations 


v  =  £  —  yRT  —  SR r, ( I  -  >  *j 


then  we  obtain 

-J  .+W--JK+ (HD 

After  the  opening  of  the  brackets  and  simplifications,  we  reduce 
expression  (lUt)  to  the  form 

u  -\-pF=  — jj—  (115) 


where 


z().)=X-|c|.  (116) 

The  graph  of  the  gas-dynamic  function  z(^)  is  given  in  Fig.  5.22. 
The  minimum  value  of  function  z(A)  •  2  corresponds  to  the  critical 
rate  of  flow  (A  «  1).  Both  in  subsonic  and  supersonic  flows 
z(A)  >  2;  any  real  flow  conditions  do  not  correspond  to  values 
z(A)  <  2.  It  is  easy  to  see  that  with  the  replacement  of  value 
A  by  the  value  opposite  to  it  A1  *  1/A  the  value  of  function  z(A) 
does  not  change.  Thus,  one  value  of  z(A)  can  correspond  to  two 
mutually  opposite  valuee  of  tha  velocity  ooeffiaient  A  -  one  of 
them  determines  the  subsonic  and  the  other  the  supersonic  gas 
flow.  Let  us  note  also  that  function  z(A),  unlike  all  remaining 
gas-dynamic  functions,  does  not  depend  on  the  value  of  the 
adiabatic  index  k. 


Expression  (115)  for  the  momentum  of  flow  considerably 
simplifies  recording  and  transformation  of  the  equation  of  the 
momentum  of  gas.  It  proves  to  be  extremely  useful  in  the 
solution  of  a  wide  range  of  problems  of  gas  dynamics  as,  for 
example,  in  the  calculation  of  flows  with  shock  waves,  heat  feed 
«nd  cooling,  flows  with  friction  and  with  a  shock  during  sudden 
expansion  of  the  channel,  in  the  calculation  of  the  process  of 
the  mixing  of  flows,  in  the  determination  of  forces  which  act  on 
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walls  of  the  channel,  in  the  calculation  of  reactive  thrust,  and 
so  on. 


Fig.  5.22.  Graphs  of  gas- 
dynamic  functions  z(X),  f(X), 
r  (X )  when  k  ■  1 .  . 


The  following  two  examples 
make  it  possible  to  show  visually 
how  the  solving  of  problems  Is 
simplified  when  using  relation 
(115).  In  the  first  of  them  the 
previously  solved  problems 
(Chapter  III  §  1)  of  the  normal 
shock  wave  is  examined,  and  In 
the  second  -  the  problem  of  the 
flow  of  the  preheated  gas  in  the 
cylindrical  tube. 

Example  6.  Determine  the 
relationships  between  the  gas 


parameters  before  and  after  the  normal  shock  wave. 


The  relationship  between  the  gas  parameters  in  the  shock 
wave  was  established  above  by  us  on  the  basis  of  the  fact  that 
with  transition  through  the  normal  shock  the  total  energy,  flow 
rate  and  momentum  of  flow  are  maintained  constant.  Let  us  write 
the  same  equations  with  the  use  of  gas-dynamic  functions. 


The  equation  of  momentum  or  the  momentum  of  the  flow 

~g  “'i  T  Cifl  =  — t 

taking  into  account  expression  (115),  assumes  the  form 

From  equations  of  the  conservation  of  flow  rate  and  total  energy, 
we  have 

a'-n»  or  <\r, 
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Taking  this  into  account  and  reducing  the  corresponding  values  of 
flow  rate  and  speed  of  sound  in  the  momentum  equation,  we  obtain 

z(XL)  =  z(X2). 

This  equation  has  two  solutions:  either  X2  ■  X^ ,  which 

corresponds  to  the  shock-free  flow  with  the  constant  gas  parameters, 

or 


which  corresponds  to  the  normal  shock.  The  same  expression  -  the 
basic  kinematic  relation  of  the  theory  of  shock  waves  -  was 
obtained  above,  see  formula  (16)  in  Chapter  III. 

According  to  the  known  value  of  the  velocity  coefficient, 
with  the  aid  of  the  equation  of  continuity,  a  change  in  the 
total  and  static  pressures  in  the  shock  wave  is  easily  determined. 
Since  F2  *  and  TQ-,  *  TQ1,  then  by  using  formulas  ( 10 9 )  and  (111), 
it  is  possible  to  present  the  equation  of  continuity  for  the 
flow  of  gas  before  and  after  the  shock  in  the  form 

r„n>,)  or  r,yO, 

Hence,  taking  into  account  that  X5  -  -t—,  it  follows  that 

1 

pQ2/p01  •  qU-j^/q  P2/P1  *  These  relations  are 

equivalent  to  equations  (2**)  and  (21)  of  Chapter  III  but  are 
obtained  by  a  considerably  simpler  means. 

Example  7.  The  gas  which  moves  in  the  cylindrical  tube  is 
heated  by  means  of  heat  exchange  through  the  walls  of  the  tube. 

As  a  result  of  the  heat  feed  the  stagnation  temperature  of  the  gas 
is  increased  from  t00°K  at  the  inlet  into  the  tube  to  800°K  at  the 
outlet  from  it.  The  velocity  coefficient  of  flow  at  the  inlet 
Into  the  tube  X^  •  0.^.  It  is  required  to  determine,  disregarding 
friction,  the  coefficient  of  flow  velocity  after  preheating  and 
also  the  change  in  the  total  and  static  pressures  in  the  flow. 


310 


The  fundamental  relation  which  determines  the  laws  governing 
the  gas  flow  in  the  cylindrical  tube  with  the  heat  feed  will  be 
obtained  from  the  equation  of  momentum.  In  this  case  it  takes  the 
form  of 

~  ®i  4-  Pi?  *=»  —  ®,  +  PiK 

since  the  heat  feed  is  not  connected  with  the  force  effect  on  the 
flow,  and  the  forces  of  pressure  in  the  initial  and  final  cross 
section  are  the  only  forces  which  produce  a  change  in  the 

momentum  of  the  gas.  After  replacing  expressions  for  the  momenta 

of  the  flow  of  gas  according  to  relation  (115)  and  considering 
that  the  heat  capacity  of  the  gas  and  the  adiabatic  index  with 
preheating  do  not  change,  we  will  obtain 

WW-vW  or  *<*•>«*<»»> 

Since  when  ^  »  0.4  we  have  z(X1)  =  2.9,  tnen 

=  2.0}/  -Jg.  -3.W. 

With  the  aid  of  the  tables  of  function  «(X)  or  the  direct 
calculation  from  the  quadratic  equation  X^  +  l/^  *  2.05.  we 
determine  the  two  possible  values  of  the  velocity  coefficient  at 
the  outlet:  XI,  ■  0.8,  X'-j  ■  1/X£  »  1.25.  The  real  solution  will 

be  only  the  first  solution,  since  by  preheating  it  is  not  possible 

to  transfer  the  subsonic  flow  into  supersonic  (see  §  4) 

By  knowing  the  coefficient  of  flow  velocity  X^  ■  0.8,  it  is 
easy  to  determine  the  change  in  the  total  and  static  pressures  in 
the  process  of  preheating.  To  do  this,  just  as  in  the  foregoing 
example,  it  is  possible  to  use  the  equation  of  continuity  from 
which  for  the  given  case  (G  «  const,  P  =  const)  it  follows  that 


r*t _ .  7  n  ■>  |  f  t i, , 

p»  ~nf,i  V  7,,' 

Pt  _  y<>.)  | fl-1 

r>  yo.)  V  r„ 


|  f  WHl 

'•i/iVnT  V 


«i.ti  (H  >  .  r  ‘MU! 
i.nl'f  y  ..jiki" 


=-  o,r.M. 
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i--.; \.  •?  total  and  static  pressures,  as  a  result  of  the 
prehe-f-irif  of  the  raa.  decrease.  The  obtained  value  p*/p^  -  0.648 
,i:.d  toot  r.- '.at  lot. ship  of  the  static  pressures  of  the  gas  In 
the  ini  .  5* ;  final  cross  sections  of  the  section  of  the  tube 

li.  ^  j  :  •«•••;! _r.  nest  be  created  In  order  to  maintain  at  this 

p  to  i:  -  assigned  magnitude  of  the  velocity  coefficient  at 


i in;  ■  i..m  os  the  conservation  of  momentum  makes  it 

vc  i.-h  some  general  laws  governing  the  flow  in  a 

cyi  Ir.'drie’j  1.  tuba  w]».h  preheating  or  cooling.  Thus,  for  instance, 

:t  ...  ...  .:>-••  tout  with  an  Increase  in  the  ratio  T02//T01  the 

;  ■'  Itt  z  ■,  X  ,t )  (when  z(X^)  =  const)  always  decreases. 

1  .  *••  i :  h  the  nature  of  the  course  of  function  z(A) 

..  .  t  hi..  means  that  with  an  Increase  in  preheating  in 

is  flow  the  velocity  coefficient  increases,  while  in 
-u;  erc.tt  ic  <  1  iw  it  decreases  .  in  both  cases  the  flow  velocity 
>iil  at  |  the  critical  value  X2  ■  1  at  which  function  z(A ) 

j  .  u  1  e  value  z(Xg)  *  2.  This  causes  the  value 

o:  rv- 1  i  i. ;■/  ?. visible  preheating  for  the  assigned  initial 

p 

v  'cjftv  (7.  ->”T . .  )  _  ■>  z  ( X ,  )/4 ,  For  the  values  of  the  parameters 

•  ti  -,‘i  max  1 

taKot.  If.  t  bin  example  the  maximum  value  of  the  preheating 
e-.rrc-3i.wid?  to  “  840°K.  From  the  equations  of  flow  rate  it 
‘  ?  : . _■> r. e.  1 »: ;  e  o.ec.  .  rmlne  the  pressure  ratio  P2'/pl  necessary  for 

•  he  real  5  ia:  3  ori  of  ,iuch  conditions  while  maintaining  X^  *  const. 

With  an  A  rr:  ivr.se  in  the  preheating  above  the  indicated  value, 

w  i  1 .  obtain  ;:(»..)  <  2,  which  indicates  the  physical  impossibility 
of  prv.’.eut  ing  it  the  assigned  rate  of  flow  at  the  inlet. 

After  replacing  in  relation  (115)  the  product  P-a„  with 
its  vif.e  u  '.c-t ••nl/jg  to  (108)  or  (110),  we  obtain  the  expression 
to:  ti,.*  .in  o-  the  gas  flow  in  the  first  case  in  terms  of 

the  t  io;8.t  ii-t-  and  in  the  second  case  In  terms  of  the  static 

f  ,v .O-ii!  -j ; 
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and 


i 


Let  us  introduce  the  notations  for  the  two  new  functions  of  the 
velocity  coefficient  X  which  enter  into  the  right  sides  of  these 
expressions : 


i  S 

f  >>(» -T^T»Y' 

1  i  Aziii# 

.  '  k  -4  •  i  »*  -  i  i  F^P 


(117) 

(118) 


By  substituting  these  notations,  we  finally  obtain 


9.  7 o  }  pi¬ 
ll  ‘ 

°  u>.\  j,r 


pJ:m 

pr 

mV 


(119) 

(120) 


Function  r(X)  is  introduced  as  the  value  opposite  to  the  product 

y ( X )  2 ( X )  in  order  to  facilitate  the  use  of  the  tables  (product 

y ( X ) z (X )  rapidly  increases  with  an  increase  in  X,  approaching 

infinity  at  ).  +  X  ;  value  r(\)  changes  within  the  limits  of 
ms  x 

unity  to  zero).  The  graphs  of  functions  f(X)  and  r(X)  are  given 
on  Fig.  5-22) 


Equations  (119)  and  (120)  show  the  number  of  properties  of 
the  momentum  of  gas  flow.  Let  us  focus  attention  on  the  fact 
that  on  the  right  side  of  these  equations  there  are  no  values  of 
gas  flow  rates  and  temperature  or  critical  velocity.  Hence  it 
follows  that  if  at  the  assigned  cross-sectional  area  F  and 
velocity  coeff'ccient  X  the  total  or  etatio  pressure  in  the  flow 
is  constant ,  then  the  momentum  retains  a  constant  value 
independently  of  the  temperature  and  gas  flow  rate . 
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The  physical  meaning  of  this  consists  in  the  fact  that  with 
a  change  in  temperature  (or  stagnation  temperature)  in  the  gas 
when  '•  =  const  the  velocity  of  flow  varies  directly  proportional 
and  the  flow  rate  inversely  proportional  to  the  square  of  the 
temperature  so  that  the  product  Gw  remains  constant.  Let  us 
note  that  function  f(\)  in  the  region  of  the  subsonic  and  low 
supersonic  velocities  changes  very  little  (approximately  10  56 
in  the  interval  >-  =  0.55-1.35).  Hence,  according  to  (119),  it 
follows  that  the  momentum  of  the  gas  flow  at  constant  total 
pressure  and  cross-sectional  area  weakly  depends  on  value  A  over 
a  wide  range  of  its  change  and  is  determined  basically  by  the 
value  of  product  pQF. 

Expressions  (119)  and  (120)  for  the  momentum  of  gas  are  very 
convenient  in  the  solution  of  problems  connected  with  the 
determination  of  forces  which  act  on  the  part  of  the  gas  on  walls 
Gf  the  channel,  which  is  necessary,  in  particular,  in  the 
calculation  of  the  reactive  thru3t  of  different  engine 
installations . 

For  the  reactive  thrust  of  rocket  engine,  above  (§  8  of 
Chapter  I)  we  obtain  the  expression 

P  =  y*,-r(P,—  PJFw 

This  formula  determines  the  thrust  of  a  jet  engine  of  any  type 
when  operating  at  the  place  when  the  initial  momentum  of  the  air 
which  enters  into  the  engine  is  equal  to  zero.  We  convert  this 
formula  with  the  aid  of  the  relations  obtained  above,  for  which 
on  its  right  side  we  replace  the  expression  of  the  momentum  of  gr s 
in  the  nozzle  exit  section  according  to  formulas  (119)  and  (120). 
In  the  first  case  we  obtain 

P ~ r' PuPj  or  P i^b,/ v’-j)  —  i ,,  (121) 

where  nQ  *  P{ja/PH  is  the  available  pressure  ratio  in  the  nozzle. 


In  exactly  the  same  manner  It  is  possible  to  obtain  the  second 
expression 

'“WSvot-'I  °r  '’-Wrfe-']-  <122> 

where  n  *  p  /p  is  the  so-called  off -design  ratio  of  the  nossle, 
l.e.,  the  ratio  of  the  static  pressure  of  the  gas  in  the  nozzle 
edge  to  the  atmospheric  pressure. 

Formula  (121)  is  very  convenient  for  the  calculation  of 
reactive  thrust  and  is  widely  applied  in  the  calculation  of 
engines.  The  velocity  coefficient  A  is  determined  by  the  type 

cl 

of  the  jet  nozzle  and  by  the  available  pressure  ratio.  If  the 

nozzle  is  made  nonexpanding  and  the  pressure  ratio  exceeds  the 

critical  value,  then  A  -  1;  for  a  supersonic  nozzle  A  »  A 

s.  a  pacs 

at  all  values  of  n ~  greater  than  the  computed  value  and  in  the 

considerable  part  of  the  range  II-  <  11  .  Hence  it  follows  that 

0  pacs 

over  a  wide  range  of  conditions  of  contemporary  engines  A  =  const, 

d 

and  by  formula  (121)  the  linear  dependence  of  the  reactive  thrust 

on  the  value  of  the  available  pressure  ratio  H0  is  defined,  since 

f(A  )  *  const.  Let  us  recall  that  also  when  A  ?  const  the 
a  a 

value  of  function  f(A)  is  very  little  affected  in  the  considerable 
region  of  the  subsonic  and  supersonic  velocities. 

Formula  (122)  is  convenient  for  the  calculation  of  thrust  in 
conditions  when  the  static  pressure  in  the  nozzle  edge  is  equal 
to  the  atmospheric  pressure  and  n  =  1.  Such  conditions  exist,  in 
particular,  at  the  subsonic  speed  of  the  outflow  of  gas  from  the 
nozzle,  and  also  in  the  operation  of  supersonic  nozzles  in 
design  conditions. 

Let  us  note  that  for  the  calculation  of  reactive  thrust, 
according  to  (121)  and  (122)  it  is  not  required  to  know  the  gas 
flow  rate  and  its  temperature.  The  temperature  change ,  ae  can  be 
seen  from  (121)  and  (122),  uhen  p  -  conet,  pn  =  conet  and 
F  =  const  doee  not  at  all  affect  the  thrust  level,  which  is 
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connected  with  the  mutually  inverse  dependence  of  the  discharge 
velocity  and  gas  flow  rate  on  temperature. 

Expressions  (121)  and  (122)  can  be  used  also  for  the 
calculation  of  the  thrust  of  jet  engines  in  flight;  in  this  case 
on  the  right  side  it  is  necessary  to  subtract  the  so-called  input 
momentum  of  the  airflow  G  w  /g,  where  G  is  the  rate  of  air  flow 
and  w  -  the  flight  velocity  (see  §  8  of  Chapter  I). 

Let  us  examine  the  examples  of  the  use  of  given  expressions 
of  reactive  thrust. 

Example  8.  Determine  how  the  value  of  reactive  thrust  depends 
on  l ne  velocity  coefficient  of  the  gas  at  nozzle  exit  when 
n.  =  const. 

From  formula  (121)  it  directly  follows  that  if  F  ■  const 
and  nQ  =  const,  then  the  dependence  of  the  thrust  on  the  velocity 
coefficient  A  is  determined  by  a  change  in  function  f(A).  Under 

a 

these  conditions,  however,  with  a  change  in  A,  the  gas  flow 
rate  changes, 

There  Is  great  practical  interest  in  another  case  of  the 
change  in  the  velocity  coefficient  A  .  when  the  flow  rate  per 

a 

second  and  the  initial  parameters  of  the  gas  are  maintained 

constant.  This  condition  can  be  realized  if  in  the  constant 

throat  area  of  the  supersonic  nozzle  F  we  ewange  the  discharge 

up 

area  F  .  The  nature  of  the  dependence  of  thrust  on  value  A  in 

^  El 

this  case  will  make  it  possible  to  determine  the  rational  expansion 
ratio  of  the  nozzle  for  an  engine  with  the  assigned  parameters 
and  gas  flow  rate.  Equations  (120)  and  (121)  are  not  completely 
convenient  for  such  a  calculation,  since  they  Include  the  two 
variables  A&  and  F&.  Therefore,  let  us  transform  the  equation  F& 
by  means  of  the  equation  of  the  flow  rate 

f?  m  qvtT,  _ 
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Taking  into  account  the  relationship  between  functions  f(X),  q(X) 
and  z ( X ) ,  we  obtain 


In  the  design  conditions  of  the  outflow  of  gas,  i.e.,  with 
expansion  up  to  atmospheric  pressure,  the  velocity  coefficient  is 
determined  from  the  relation 

In  terms  of  this  value  X  the  design  expansion  ratio  of  the  nozzle 

a 

F  /F  =  1/q ( X  )  and  the  value  of  reactive  thrust  in  design 

cl  K  p  61 

conditions  are  sought.  In  this  calculation  the  losses  in 

total  pressure  between  cross  sections  F  and  F  are  not  considered. 
r  Hp  a 

Let  us  assume  that  k  =  1.33  and  nQ  »  25;  then  In  the  design 
operating  mode  of  the  nozzle 

r.(J.J=^  =  0.04.  >4  •=  1 ,97.  =  0,279. 

*(*,)»  1^477. 


The  discharge  area  of  such  a  nozzle  is  equal  to  FHp/Q^a)  * 

*  3-58FHp,  and  the  thrust  P  =  1  •1<17p0aFKp.  The  values  of  P 

at  other  values  of  X  ,  i.e.,  other  values  of  F  .  are  determined 

a  a 

with  the  aid  of  tables.  Results  of  such  calculations  are  given 

on  Fig.  5.23.  Shown  there  are  values  F  /F  for  each  value  of  X  . 

a  wp  a 

From  the  graph  it  is  evident  that  the  greatest  thrust  value  is 

obtained  with  the  total  nozzle  expansion,  i.e.,  with  the  design 

conditions  of  the  outflow.  However,  the  nature  of  the  functional 

dependence  of  thrust  on  the  velocity  coefficient  is  such  that 

even  with  a  noticeable  reduction  in  the  value  X„  and  F  /F  in 

a  a  up 

comparison  with  their  values  in  design  conditions,  the  magnitude 
of  the  thrust  decreases  Insignificantly.  Thi3  makes  it  possible 
in  certain  cases  to  use  nozzles  with  an  incomplete  expansion  of 
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Pig.  5.23.  Change  in 
';hrust  with  the  assigned 
initial  parameters  and 
gas  flew  rate  depending 
on  the  velocity 
coefficient  at  the  nozzle 
exit  (Example  8). 


the  gas  and  with  the  low  super¬ 
critical  pressure  rations  PqPh  to 
use  even  the  simple  nonexpandlng 

nozzles  in  which  A_  ■  1.0.  If  one 

SI 

considers  that  in  a  nozzle  with 
incomplete  expansion  there  will  be 
less  losses  of  friction,  then  the 
reduction  in  thrust  in  comparison 
with  the  design  conditions  will 
be  even  less. 

At  the  same  time,  as  can  be 
seen  from  Fig.  5.23,  when  A  >  A  , 

a  pa  L  H 

the  thrust  sharply  decreases,  i.e., 
it  i3  inexpedient  to  use  the 
nozzle  with  the  overexpansions  of 
the  gas,  even  if  one  does  not 
consider  the  increased  losses  of 


friction  in  it  and  the  possibility  of  the  formation  of  shock  waves. 


With  the  outflow  of  gas  into  a  vacuum  (ph  *  0)  the  thrust 
value  varies  in  proportion  to  the  value  of  the  function  z(A),  i.e., 
monotonlcally  Increases  with  an  Increase  in  A  >  1.  Actually, 

CL 

in  this  case  the  design  conditions  are 


s (>.)■ 


■ ---  “0: 

p* « 


A« ' 


>  co. 


Since  the  nozzle  of  the  outlet  area  cannot  be  made  infinite, 

such  design  conditions  cannot  be  realized.  At  any  final  value 

FaFnp  the  thrust  of  the  engine,  which  operates  in  a  vacuum,  will 

be  less  than  a  theoretically  possible  value.  However,  from  graphs 

of  functions  z(A)  and  q(A)  it  is  evident  that  with  a  considerable 

decrease  in  F  /F  the  reduction  in  the  thrust  is  not  very  large, 
a  kp 

Thus,  if  instead  of  F  /F  —  00  we  take  (when  k  *  1.33)  F  F  «  10, 
’  a  mp  a  Mp  ’ 

q(A  )  =  0.1,  A  =  2.208,  then  the  thrust  value  with  respect  to 

a  a 

the  maximum  theoretical  value  (when  A  ■  A  ■  2.657)  will  be 

a  Ilia  X 
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JL„  1(LiL 

^lUII 


2.601 

57533 


o.M; 


when  F  /F  ■  20,  i.e.,  when  q(Xc)  ■  0.05  and  Ae  ■  2.313,  P/P„ev  * 

a  Kp  ci  ci  nax 

-  2.7^5/3.033  -  0.905. 


Examined  in  the  following  example  la  the 
of  compressible  gas  with  the  sudden  expansion 
which  is  encountered  In  a  number  of  practical 
(i  5  of  Chapter  I)  we  solved  this  problem  for 
velocities,  when  it  was  possible  to  disregard 
of  the  gas. 


problem  of  the  flow 
of  the  channel, 
problems.  Above 
flow  at  low 
the  density  change 


Example  9.  For  the  measurement  of  the  rate  of  air  flow  in 
the  pipeline,  Installed  on  its  straight  section  i3  a  metering 
nozzle  with  the  flow  passage  cross-sectional  area  F2  equal  to 
0.^5  of  the  area  of  the  pipeline  F^  ■  F^  (Fig.  5.24).  It  is 
required  to  determine  the  losses  of  total  pressure  which  appear 
in  the  flow  behind  the  nozzle  a3  a  result  of  a  sudden  expansion 
of  the  channel  and  also  the  velocity  coefficient  after  the 
alignment  of  the  velocity  field,  if  according  to  results  of 
pressure  measurements  p1  and  Ap  the  velocity  coefficient  of  the 
flow  in  the  nozzle  X2  -  0.52  is  known.  Determine  also  the 
reduction  in  stawc  pressure  in  pipeline  caused  by  the  installation 
of  nozzle. 


Fig.  5.24.  Diagram  of  the 
installation  of  the  nozzle 
for  the  measurement  of  the 
gas  flow  rate  (Example  9). 


Let  u3  write  the  equation  of 
the  momentum  for  the  section  of 
the  flow  between  cross  sections  - 
and  3,  disregarding  the  wall 
friction  and  taking  into  account 
that  at  the  subsonic  velocities  of 
the  air  in  the  nozzle  the  static 
pressure  is  constant  in  the  whole 
cross  section  2: 
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or 


*|  itf(  j-^1^4  —  ~  U>)  —"Pit" 4  *— 


Let  us  now  replace  the  expressions  of  momenta  according  to 

(115),  and  let  us  express  the  static  pressure  p  by  means  of  the 

z 

equation  of  the  flow  rate  (110).  The  equation  of  the  momentum 
takes  the  form 


■  ‘jj-  fl«p  l<  0- 1)  —  *  (>, 


■  *J1|,»+l\rT  o  I  IP,  \ 

**  m  7  ■*-*')* 


After  cancellation  we  obtain 


*0  «)  —  *<>»)  +  (-■£—) 


I  (P, 

yTK\p. 


From  this  equation  according  to  values  and  F3/F2  ^e  velocity 
coefficient  X^  after  the  expansion  of  the  tube  is  determined. 

Let  us  note  that  the  result  does  not  depend  on  values  of  the 
pressure  and  gas  temperature  and  is  changed  little  depending  on 
the  adiabatic  index  k.  After  substituting  into  the  latter 
equation  the  assigned  values  X2  ■  0.52,  z(X2)  •  2.44,  y(X2)  »  0.859, 

-  0.45,  we  obtain  z(X3)  •  2.44  +  1.57?  1.22  -  4.68; 

hence,  according  to  tables  we  find  X^  »  0.225,  q ( X ^ )  *  0.3475, 
y(X3)  -  0.358. 


The  losses  of  total  pressure  of  the  air  between  cross  sections 
2  and  3  is  determined  from  the  equation  of  continuity 

P%tPi  1  0- ,)  P%\F 1 9  It,) 

V  TY,  V  r7t  ' 

With  the  help  of  tables,  hence  we  find 


/»., 


Fi  9  O  A 


0,«  •  0,7100 
.  o,ub 


0,W*. 
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In  order  to  determine  the  change  in  the  static  pressure,  it  is 
necessary  preliminarily  to  find  the  value  of  the  velocity 
coefficient  of  the  flow  in  the  tube  in  front  of  the  nozzle.  Let 
us  write  the  equation  of  the  equality  of  the  rate  of  air  flow 
in  cross  sections  1  and  2,  whereupon,  taking  into  account  that 
the  length  of  section  1-2  Is  small,  the  contours  of  the  nozzle 
are  smooth  and  the  flow  f?  s  with  acceleration,  we  consider  the 
total  pressure  of  the  air  in  cross  sections  1  and  2  to  be 
identical.  In  this  case  the  equation  of  continuity  takes  the 
form  Fiq(X1)  ■  F2q(A2).  Hence  we  find  q(A^)  *  0.iJ5’0.7309  ■  0.329, 
\1  *  0.213,  y(A1)  -  0.338.  It  is  easy  to  see  that  similarly 
there  can  be  obtained  the  result  if  between  cross  sections  1  and 
2  there  are  losses  of  total  pressure,  being  evaluated  by  the 
coefficient  o  *  Po2/p01*  the  value  of  which  is  known.  In  this 
case  we  obtain 


f  O  t)Bjr  (>»)• 

A  change  in  the  static  pressure  on  the  entire  section  between 
cross  sections  1  and  3  can  be  determined  from  the  equation  of 
continuity 


1  ~T„  1  r„  * 

Since  TQ,  *  T__  and  F.  -  F., ,  we  have  pVPi  ■  y(A,)/y(AO  ■ 

=  0.338/0.358  -  0.9^.  J 

Such  a  result  can  be  obtained  also  from  the  relation 

g,  />,,  <>  ■>  _  .  *  1  >  1  > 

0 1)  ’  «  i'  i>* 

Since  A ^  >  X^,  i.e.,  <  irU^),  hence  it  is  apparent  that  as 

a  result  of  an  increase  in  ‘.he  flow  velocity  in  the  tube  a 
reduction  in  the  static  pressure  here,  as  in  other  local 
resistances  when  X  <  1  and  F^  ■  F^,  is  somewhat  larger  than  a 
reduction  in  the  total  pressure.  In  this  case,  in  view  of  the 
smallness  of  the  velocity  coefficients  in  the  tube  X^  and  X ^ ,  this 
distinction  is  small. 
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In  the  following  example  we  will  again  return  to  the 
examination  of  the  flow  of  the  gas  being  preheated  in  the 
cylindrical  channel.  Unlike  the  analysis  carried  out  in  5  3  of 
Chapter  V  and  in  Example  7  of  this  section,  we  will  examine  the 
case  where  a  drop  in  pressures  in  the  flow  ia  assigned.  This 
determines  a  number  of  features  of  the  flows  which  could  not  be 
revealed  above,  when  it  was  assumed  to  be  that  a  drop  in  the 
pressures  is  always  sufficient  for  the  maintaining  of  the 
assigned  velocity  coefficients  at  the  beginning  and  end  of  the 
tube . 


Example  10.  The  afterburner  of  a  turbojet  engine 
is  a  cylindrical  tube  installed  after  the  turbine  with  a  nozzle 
of  variable  area  at  the  outlet  (5.25).  In  the  chamber  there 
occurs  the  burning  of  the  additionally  injected  fuel,  in 
consequence  of  which  the  gas  temperature  is  increased.  Let  the 
flow  parameters  of  the  gas  at  the  inlet  into  the  chamber  be 
Pqi  -  1.98  kg/cm^,  Tq1  *  880  K,  and  *  O.H.  These  values 
should  be  maintained  constant  independently  of  the  value  of 
preheating  of  the  gas,  otherwise  the  operating  mode  of  the 
turbine  and  compressor  will  be  changed. 


MjH  _ 


Let  us  determine  a  maximally 
possible  increase  in  gas 
temperature  and  the  magnitude  of 
losses  of  total  pressure  in  the 
chamber  in  these  conditions. 


Pig.  5*25.  Diagram  of  an 
afterburner  of  a  turbojet 
engine:  a  -  initial 
position  of  the  nozzle, 
b  -  opened  nozzle 
(Example  10). 


The  assigned  initial  flow 
parameters  determine  the  gas  flow 
rate.  As  can  be  seen  from  the 
expression  of  the  flow  rate  (109), 
the  more  the  stagnation  temperature  at  chamber  outlet,  the  larger, 
other  conditions  being  equal,  the  cross-sectional  area  of  the 
nozzle  should  be.  Therefore,  maximally  possible  preheating  of 
the  gas  corresponds  to  the  total  opening  of  the  nozzle. 
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Let  us  allow  that  the  nozzle  Is  made  in  such  a  way  that  with 
full  expansion  the  area  of  its  outlet  section  is  equal  to  the 
area  of  the  chamber,  i.e.,  F,  •  P2  ■  (position  b  on  Fig.  5.25). 
The  ratio  of  the  total  pressure  at  the  inlet  into  the  chamber  to 
atmospheric  pressure  at  the  earth  Dq  ■  Pqj/Ph  ■  1.98/1.033  *  1.92. 

This  value  somewhat  exceeds  the  critical  value  (when  k  ■  1.33), 
/lctl\  k 

l —j— Ik-1  ■  1.85.  Therefore,  if  the  total  pressure  of  the  flow 
with  preheating  of  the  gas  was  maintained  constant,  then  in  the 
outlet  section  the  rate  of  flow  was  equal  to  the  speed  of  sound 
and  "  1*  However,  as  we  saw  above  (see  Example  7),  with  the 
heat  feed  to  the  flow  its  total  pressure  is  lowered,  and  there¬ 
fore  in  this  case  it  can  be  found  that  Pq^/Ph  *  1.85,  and  the 
discharge  velocity  will  be  subsonic. 


( 


In  order  to  explain  this,  let  us  write  the  equation  of  the 
momentum  of  flow,  expressing  the  momentum  in  cross  section  1 
in  terms  of  the  known  total  pressure  according  to  formula 
(119)  and  in  cross  section  3  -  in  terms  of  the  static  pressure 
p^  (120),  whereupon  for  the  present  we  assume  that  the  pressure 
p,  is  equal  to  the  atmospheric  pressure  p  ,  i.e.,  conditions  of 
the  outflow  are  subsonic.  The  wall  friction  and  change  in  the 
adiabatic  index  are  disregarded: 


i 


7TQ' 


3 

-% 


Hence  (when  k  ■  1.33)  we  find 


r  * >  **  rJ  < >  1 1  “  i  r"  n‘  w,1» 


* 


I 

[ 


and,  further,  according  to  the  tables  *  0.91,  i.e.,  tt ( x ^ )  * 

-  0.6048,  f(X3)  *  1.2525,  zUj)  ■  2.01 

Conditions  of  the  outflow  of  gas  will  actually  be  subsonic, 
no  matter  how  great  the  preheating  in  the  chamber  was:  the 
assigned  total  pressure  of  the  gas  which  is  being  lowered  in 
the  process  of  the  heat  feed  is  insufficient  for  the  producing 
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of  sonic  velocity  of  outflow  into  the  atmosphere.  If  the  total 
pressure  pQ1  was  high,  for  example,  p^  ■  2 . 4  kg/cm  ,  then  from 
the  latter  formula  It  would  follow  that  r(A^)  ■  0.398*  this  value 
is  less  than  the  critical,  since  r(l)  *  0.^29.  Consequently,  at 
such  a  pressure  the  outflow  conditions  would  be  critical  and 
A2  *  1.0. 

The  value  found  of  the  velocity  coefficient  of  flow  at 
nozzle  outlet  (*2  <  1  or  A^  *  1)  makes  it  possible  to  find  all 
the  flow  parameters.  For  determining  the  gas  temperature  it  is 
convenient  to  use,  for  example,  the  momentum  equation  (115), 
from  which  it  follows  that 


r.,« 


IBM  ‘K. 


This  is  the  limiting  value  of  the  stagnation  temperature  at  the 
nozzle  outlet.  If  we  increase  the  preheating  of  the  gas  above 
this  value,  then  the  flow  velocity  at  the  inlet  into  the  chamber 
will  be  lowered. 


In  order  to  determine  the  total  pressure  of  the  gas  in  the 
outlet  section,  in  this  case,  it  is  possible  to  use  the  relation 
p>03  =  pH  /tt(Aj)  «  1 . 033/0- 60^8  ■  1.71  kg/cm2,  which  is  correct 
when  X2  <  1,  i.e,,  when  p^  *  PH>  By  knowing  P03»  we  compute 
the  coefficient  of  total  pressure  o  —  Pos^Ol  "  1.71/1.98  ■  O.865. 

To  determine  the  changes  in  the  total  and  static  pressures 
in  the  process  of  preheating,  it  is  possible  to  obtain  simple 
relations,  if  we  write  the  equality  of  the  momenta  of  gas  in  the 
initial  and  final  cross  section  in  the  form  of 


p.,Fjot)T=p^Fj^t\  and  p,f. 


1 

Mui’ 


■p.f, 


r  !>.>• 


Hence  we  obtain 


P„ 


/Kr 


P>  _/<>,) 
p,  fiVf 
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These  relations  are  valid  in  any  flow  conditions  of  the  gas. 
Specifically,  for  conditions  in  this  example  we  determine 
o  *  1.0822/1.2525  »  0.865. 

The  expressions  obtained  for  0  and  P3P3.  are  convenient  for 
the  analysis  of  the  nature  of  pressure  change,  determination  of 
the  maximum  losses  or  total  pressure  and  for  obtaining  certain 
other  results  found  by  a  more  complex  means  in  i  3  of  Chapter  V. 

Thus,  for  instance,  from  the  equation  for  determining  a  it 
follows  that  the  preheating  of  the  gas  leads  to  a  reduction  in 
the  total  pressure  both  in  subsonic  and  supersonic  flows. 
Actually,  since  with  preheating  the  value  of  the  velocity 
coefficient  always  approaches  unity  (it  increases  when  X  <  1  and 
decreases  when  X  >  1),  then  according  to  Fig.  5.22  the  value 
of  function  f(X)  in  the  process  of  preheating  aiways  Increases, 
f(X^)  5  f^)  and  a  <  1.  Since  in  the  region  of  subsonic 
velocities  the  limits  of  the  change  in  value  f(X)  are  small 
(^25%),  then  the  coefficient  of  total  pressure  o  when  X  <  1 
cannot  be  lower  than  the  certain  limiting  value 

.  =/<°»  1.00 

”  Uivf  •  °>7W  (*  «  1  Al). 

In  supersonic  flow,  according  to  Fig.  5.22,  any  values  of  the 
coefficient  of  total  pressure  (0  <  a  <  1)  are  possible. 

On  the  other  hand,  with  respect  to  a  change  in  function 
value  r(x),  it  Is  possible  to  establish  the  nature  of  a  change  1 
the  static  pressure  in  the  flow  of  the  preheated  gas.  At  the 
subsonic  velocity,  when  the  velocity  coefficient  with  the 
preheating  of  the  gas  increases,  we  have  (see  Fig.  5-22)  r(X^)  c 
<  r(x1)  or  <p^,  i.e.,  the  static  pressure  In  the  flow  decreas 
A  maximum  change  ln  the  static  pressure,  obviously,  is  equal  to 

rM)  I 
r  (0)  =  *n  • 
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i  Supersonic  flow,  when  A^  <  A^,  we  have  r(A^)  >  r(A^)  or 

!  >  i-  . 

■  -.1 ,  w l-.'r,  the  preheating  of  the  supersonic  f  low  _  l  of 

tit-  roiurf. ion  in  total  pressure,  the  static  pressure  increases  as 
j  u  decrease  in  the  velocity  coefficient  of  the  flow. 

vi:-.',  -ill  '.:cur,  if  while  maintaining  the  assigned  pressure 
;uji.  (we  Increase  the  gas  temperature  above  the  value 

u&tftined  auve  •  1835°,  i.e.,  increase  the  preheating? 

!/•-•  1 1.«;  diverted  from  the  examiration  of  the  acting  drop  in 
n  U®  basis  of  the  forrrula  derived  in  Example  ?  ,  it 
.  ...  A  t  -  v  ’  u  e  to  arrive  at  the  conclusion  that  since  A  ^  <  1 
tner.  with  an  increase  in  the  preheating  the  velocity 
>:■  j  i'.t  .  *  *i;'»  A,  will  increase,  approaching  A  *  1.  However,  this 

c  .  incorrect ,  since  when  using  this  formula  always  it  is 
r  ,  c  keep  in  mind  that  the  results  obtained  from  it  are 
Vi.  ' :  i,nds i*  the  condition  of  the  sufficiency  of  the  preeaure 

dv.,pt.  wt-L-iy  or.  the  flow,  the  more  the  preheating,  the  greater 
tee  pressure  ratio  P^j/P*  should  be.  This  was  repeatedly  indicated 
at.ve  in  s-'.Aving  the  problems. 

r';ct  j.t'.ly,  .n  this  case  when  ■  const  with  an  increase  in 

i  ii.g  the  losses  of  total  pressure  of  gas  increase  and  the 
to prv.i.-jure  of  the  gas  in  the  outlet  section  of  the  tube  is 
1  -o.i ,  if  cor.aequence  of  which  there  is  a  decrease  in  the 

ve  it  y  vuef  flcient  A^,  which  depends  only  on  the  ratio  of  the 

total  ;< r;j  static  pressures  in  the  flow: 

r0t)  =  p$!p„  *=  pt  ’} ptl. 

•  if  •-  const,  then  with  an  increase  in  the  preheating, 

.?■  o  is  lowered,  the  value  of  the  velocity  coefficient  -.t 
e  ( t „  be  >  outlet  does  not  increase  but  decreases.  The 

"ti  ■  .•  .'efficient  of  the  flow  at  the  inlet  into  the  tube 
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In  order  to  determine  the  actual  values  of  the  velocity 
coefficients  at  the  inlet  and  outlet  with  the  assigned  magnitudes 
of  preheating  and  drop  in  pressures  between  the  inlet  and 

output  section,  it  is  necessary  to  find  the  joint  solutions  of 
the  equation  (see  Example  7) 

9  rM 

from  one  of  the  following  equations  which  express  the  constancy  of 
the  assigned  drop  in  pressures,  for  example: 


( 


( 


f.. 

r’u, 


-f&S— 


or 


|  /  hi 

/ti  v r  /•* 


uct/iut. 


if  the  ratio  of  total  pressures  is  assigned; 


P, 

Pi  '0,t 


c*t  11*4 


ft. 

Pi 


cy.!>l.f  \fT".  -a 

y(>i>V  t„ 


(•M 


if  the  ratio  of  static  pressures  is  assigned; 


Pi 


mmToT)  . .  or 


/»»! 


i/  r.;  > 

vi>.;  K  r.,~ 


C'lllU, 


if  the  ratio  of  the  total  pressure  at  the  inlet  to  the  static 
pressure  at  the  outlet  from  the  tube  (available  pressure  ratio) 
is  assigned.  The  latter  case  is  encountered  most  frequently.  The 
Joint  solution  of  the  equations  is  most  conveniently  conducted 
by  the  graphic  method  with  the  aid  of  tables  of  gas-dynamic 
functions . 


Common  in  the  examples  examined  above  of  the  gas  flow  was  the 
fact  that  the  flow  velocity  was  directed  along  the  axis  of  the 
channel . 

In  a  number  of  problems  of  applied  gas  dynamics  it  is 

necessary  to  calculate  such  flows  in  which  the  vector  of  absolute 

aae  velocity  comprises  a  certain  angle  with  the  axis  of  the  flow. 

Besides  the  axial  velocity  w  ,  which  determines  the  gas  flow  rate 
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and  momentum  along  the  axis  of  the  flow,  here  there  are  velocity 
components  in  the  plane  perpendicular  to  the  axis  -  radial  w^  or 
circular  w  velocity  of  the  particles  of  gas.  Serving  as  an 
example  can  be  the  flow  of  twisted  gas  in  the  annular  channel, 
which  is  encountered  in  different  vortex  apparatuses  (circular 
component),  or  the  expansion  of  the  supersonic  gas  Jet  escaping 
into  the  atmosphere  with  a  large  excess  pressure  (radial  component). 

If  the  gas  parameters  in  the  flow  cross  section  can  be 
assumed  to  be  constant,  then  for  calculating  such  flows  methods 
and  formulas  given  in  this  section  can  be  used. 

At  first  glance  it  can  be  shown  that  for  this  it  suffices  in 
all  the  derived  relations  to  take  only  the  axial  component  of 
velocity  into  consideration.  This,  however,  is  not  so,  since 
at  the  assigned  stagnation  conditions  the  value  of  the  temperature, 
static  pressure,  and  gas  density  will  also  depend  on  the  value 
of  the  circular  (radial)  velocity  component;  changes  in  the  latter 
will  affect  the  rate  of  discharge  and  momentum  of  flow.  The 
fact  is  that  according  to  the  equation  of  energy  and  the 
relations  (101),  (102)  and  (103)  obtained  from  it,  the  connection 
between  the  parameters  in  the  flow  and  stagnation  parameters  i3 
determined  by  a  change  in  the  absolute  velocity  (or  the  velocity 
coefficient  calculated  according  to  the  absolute  velocity  and 
total  stagnation  temperature),  Independently  of  the  angle  being 
composed  by  the  velocity  vector  with  the  axis. 

Let  us  show  how  to  generalize  the  relations  obtained  above 
for  the  case  of  motion  from  the  tangential  (radial)  velocity 
component.  Let  us  examine  the  one-dimensional  flow  of  gas  with 
the  stagnation  parameters  pQ  and  TQ  and  the  absolute  velocity  w 
making  up  the  angle  a  with  the  axis  of  the  flow.  The  gas  flow 
rate  per  second  through  the  cross  section  of  area  P,  perpendicular 
to  the  axis,  is  equal  to 

0  =  \Fw.  =  ffw  cot  x. 
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where  w  Is  the  axial  component  of  the  gas  velocity.  In  the  same 

cl 

way  as  in  the  derivation  of  formula  (109),  hence  it  is  possible 
to  obtain 

0=i=/rhC1  “iTT  cos  *- '**7^  cos*' 


where 


The  latter  relation  can  be  rewritten  in  the  form 

n  inrSlO'*)  (123) 

°  ~m~YU  • 

where 

9jtX.a)  =  ?(X)  CO$*  (12^4 ) 

is  the  gas-dynamic  function  q(X),  generalized  for  the  case  of  the 
flew  of  gas  with  the  velocity  component  in  the  plane  perpendicular 
to  the  axis.  In  exactly  the  same  manner  it  is  possible  to  obtain 
the  formula  similar  to  (ill) 

(125) 

v  «# 

where 

><(X,a)=jp(l)co**.  (126) 

Thus,  if  angle  a  is  assigned,  then  for  the  calculation  of  the  gas 
flow  rate  and  compilation  of  the  equations  of  continuity,  the 
same  formulas  as  when  a  -  0  are  used,  since  the  generalized 
functions  q(X,  a)  and  y(X,  a)  are  determined  from  angle  a  and 
from  values  q(X)  and  y(X)  for  the  velocity  coefficient  in  the 
absolute  flow  of  the  gas. 

The  momentum  of  the  flow  of  gas  in  the  direction  of  the  axis 
/  —  *  w.  =  | » co>  3 
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By  converting  this  expression  similar  to  the  way  in  which  this 
was  dor.e  in  the  solution  of  formula  (115),  we  have 


I  **?[»***  4. -JX-J  «*?[>. 

K  \  - 


or  after  the  simplifications 

UK  '  I  '  -*  cos‘»-.-*  "*•'»  t  *1 


where 


(127) 

(128) 


Expression  (127)  is  similar  to  the  expression  obtained  when  a  —  0 
but  contains  instead  of  z(A)  the  generalized  function  z(A,  a), 
the  graph  of  which  is  given  on  Fig.  5>26.  When  a  ■  0  function 
z(A,  a)  is  reduced  to  z(A)  =  A  +  1/A j  the  minimum  value  of  it 
z(A)  »  2  corresponds  A  ■  1.  When  a  j*  0  the  minimum  values  of 
function  z(A,  a)  are  less  than  two,  whereupon  with  an  increase 
in  angle  a  the  minimums  of  the  curves  are  displaced  into  the 
region  of  supersonic  velocity. 


For  the  conducting  of  numerical  calculations,  it  is  possible 
to  compile  tables  of  function  z(A,  a)  or  a  grid  of  curves  more 
detailed  than  on  Fig.  5-26,  at  different  values  of  a  (see  the 
graph  in  the  appendix). 


Fig.  5.26.  Graph  function 

z( A  ,  a ) . 
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Formulas  (123)  and  (127)  make  it  possible  to  establish  the 
nature  of  a  density  change  of  the  current,  cross-sectional  area, 
specific  impulse  and  other  values  which  characterize  the  gas  flow, 
depending  on  the  velocity  coefficient  X  and  angle  a  between  the 
velocity  vector  and  the  axis.  However,  here  we  will  not  discuss 
this . 

When  using  generalized  functions  q(X,  a),  y(X,  a),  z(X,  a) 
and  their  combinations,  all  the  equations  obtained  in  this  section 
can  be  used  for  calculating  flows  with  a  circular  or  radial 
component  of  velocity. 

Example  11.  The  twisted  flow  of  gas  moves  in  the  annular 
channel  between  two  cylindrical  surfaces  (Fig.  5.27).  The 
velocity  coefficient  of  the  flow  at  the  channel  inlet  X^^  «  0.85, 
and  the  direction  of  absolute  velocity  is  assigned  by  angle 
*  30°  to  the  axis  of  the  channel.  With  channel  flow  the 
stagnation  temperature  of  the  gas  is  reduced  from  900°  to  700°K 
as  a  result  of  the  thermal  conductivity  through  the  walls  into 
the  environment.  Disregarding  the  friction  and  also  a  change  in 
the  parameters  on  the  radius  of  the  channel,  determine  the 
parameters  of  the  gas  at  outlet  from  the  channel.  The  adiabatic 
index  k  *  1.^0. 


As  above,  in  the  examination 
of  flow  in  the  cylindrical  channel 
with  the  heat  feed,  we  obtain  the 
fundamental  equation  from  the 
condition  of  the  constancy  of  the 
momentum  of  gas  in  cross  sections 
of  the  channel.  In  this  case 
this  condition  takes  the  form 


Fig.  5.27.  Twisted  gas 
flow  in  the  annular 
channel  (Example  11). 
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By  substituting  the  assigned  values  of  the  stagnation  temperatures 
and  the  value  of  function  z(A^,  a^)  *  2.055  (see  Pig.  5*26),  we 
obtain 

*  (>•«  •«)  “  J.-'U. 

This  value  of  the  function  can  correspond,  generally  speaking, 
to  different  combinations  of  values  A2  and  a2,  and  therefore  for 
determining  these  values  we  use  the  condi.tion  of  the  constancy 
of  the  moment  of  momentum  (see  S  6  of  Chapter  1).  Since  the 
mean  radius  of  the  channel  does  not  change  and  there  are  no 
moments  of  applied  forces,  then  in  the  flow,  independently  of  the 
occurring  processes,  the  circular  velocity  component  should  be 
constant.  Therefore, 

■>,,  sj«lt  or  •«  *!• 

Hence  we  determine 

>,  »ln  a,  «a  X,  tin  »,  vz  «=  0,85  •  0,5  =  0,48Z 

The  Joint  solution  of  the  two  obtained  equations  is  most  conveniently 
carried  out  graphically.  Being  given  a  number  of  values  of  angle 
a2,  we  find  the  values  of  the  velocity  coefficient  m  0.482/sin 
corresponding  to  them;  substituting  these  values  a2  and  X2  into 
z(A,  a),  we  plot  the  graph  of  this  function.  The  point  of  curve 
where  z(A,  a)  •  2.33  corresponds  to  values  of  parameters  In  the 
outlet  section  of  the  channel,  and  in  this  case  we  find  A 2  *  0.72, 
a2  ■  H2° .  In  the  calculations  it  is  possible  also  to  use  an 
auxiliary  graph  or  tables  of  function  z(A,  a). 

The  condition  of  the  retention  of  the  gas  flow  rate  in  cross 
sections  1  and  2,  when  using  expression  (123)»  makes  it  possible 
to  determine  the  ratio  of  total  pressures  of  the  gas  -  the 
coefficient  of  total  pressure: 

_  0.0T29  ■  0,865  ,  /“SB  ,  1A 

/»♦  I  ?<>.-)  c o»»,  r  r„  o'lAWI  .  0,743  K  705“  1,10 
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(cooling  of  the  flow  Is  accompanied  by  an  increase  in  the  total 
pressure ) . 


( 


A  cnange  in  the  static  pressure  Is  easy  to  determine  from 
the  relation 

or  from  the  equation  of  the  equality  of  the  flow  rates  recorded 
in  form  (125). 

In  conclusion  let  us  list  the  introduced  gas-dynamic  functions 
and  the  relationships  between  them: 

1.  The  simplest  functions  which  express  the  relationship 
between  the  gas  parameters  in  the  flow  and  stagnation  parameters: 


< 


•«=[> 


in  this  case 


2.  The  functions  which  make  it  possible  to  express  the  gas 
flow  rate  by  the  total  pressure 

7<>)  =  CU(X) 


or  by  the  static  pressure 


y(>>— mT)  0=5 


By  means  of  these  functions  we  obtain  the  two  expressions  for 
the  gas  flow  rate 

o  =  w  m  pjy<h 
Vt,  Vt% 
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HR 


j,|i 


3.  The  function 


t  (X)=sX-|*y» 


with  the  aid  of  which  the  momentum  of  the  gas  flow  can  be 
represented  in  the  form  of  the  product  of  the  stagnation  temperature 
(critical  speed  of  sound)  by  the  gas  flow  rate 

U.  Functions  f(A),  r(A),  with  the  aid  of  which  the  momentum 
of  the  gas  flow  is  expressed  in  terms  of  the  total  or  static 

pressure ; 

/(>.)= 

Correspondingly  we  obtain  two  expressions  for  the  momentum  of 
the  gas  flow: 


The  constant  which  enters  into  the  expressions  for  functions  q(A), 
y(X),  f(A),  and  r(A) 


I 

‘mT V 


wf- 


is  equal  to  1.577  for  k  ■  1.4  and  1,588  for  k  ■  1.33« 


5.  Functions  q(A,  a),  y(A,  a)  and  z(A,  a),  which  make  it 
possible  to  propagate  the  methods  examined  above  and  design 
formulas  for  the  case  of  gas  flow  from  the  circular  or  radial 
component  velocity. 


6.  In  the  solution  of  some  problems  derivatives  of  different 
gas-dynamic  functions  are  also  used.  By  means  of  differentiation 
and  simple  transformations,  it  is  possible  to  obtain  their 
expressions  in  terms  of  initial  functions. 
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For  example, 


and  so  on. 


What  Is  the  meaning  of  simplifications  being  obtained  in  the 
recording  of  fundamental  equations  with  the  aid  of  gas-dynamic 
functions? 


As  can  be  seen  from  the  examples  given  above,  the  major 
advantage  of  the  expressions  obtained  here  is  that  they  contain 
euoh  flow  parameters  the  nature  of  change  in  whiah  oan  be  easily 
established  from  eonditione  of  the  problem,  for  example,  the 
constancy  of  stagnation  temperature  Tq  in  adiabatic  flows  and 
an  increase  in  Tq  with  the  heat  feed,  the  retention  of  total 
pressure  p^  in  the  isentropic  flow  and  a  drop  Pq  in  the  presence 
of  losses,  and  so  on.  By  the  selection  of  the  corresponding 
expression  for  the  flow  rate  or  momentum,  it  is  possible  to 
reduce  to  a  minimum  a  number  of  unknown  parameters  in  the  funda¬ 
mental  equations.  In  this  case  it  is  frequently  possible  to  find 
the  unknown  values  directly  from  the  initial  equations,  avoiding 
the  bulky  transformations. 

Let  us  note  some  general  rules  which  are  useful  in  the 
solution  of  equations  in  general  form  and  calculations  with  the 
aid  of  tables  of  gas-dynamic  functions. 

In  all  cases  when  the  general  or  numerical  expression  of  the 
value  of  the'  velocity  coefficient  X  or  any  one  of  its  functions 
are  obtained,  it  is  possible  to  consider  that  all  the  gas-dynamic 
functions  and  coefficient  X  (from  the  tables  or  graphs)  are  known. 
This  is  the  basic  condition  in  the  simplification  of  the 
calculations,  since  it  eliminates  the  need  for  obtaining  in 
explicit  form  the  dependences  between  X  and  its  functions.  In  the 
numerical  calculations  one  should  consider  that  functions  t(X), 
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tt  (  a  )  and  e(X)  in  the  region  of  low  velocities  and  function  q(X), 
z(X)  and  f(X)  at  sonic  speeds  are  changed  very  little  with  a  change 
in  value  X.  Therefore,  in  the  indicated  regions  an  insignificant 
error  in  the  value  of  the  functions,  can  lead  to  a  great  error  in 
the  calculation  of  the  velocity  coefficient  X.  Such  calculations 
should  be  avoided,  and  as  far  as  possible,  in  these  cases,  other 
equations  which  include,  for  example,  functions,  y(X)  and  r(X) 
should  be  used.  If  this  for  any  reason  is  impossible,  then  it  is 
necessary  to  conduct  all  preliminary  calculations  with  a  high 
degree  of  accuracy.  It  is  understandable  that  in  these  regions 
it  Is  not  recommended  to  determine  X  according  to  the  Indicated 
functions  by  means  of  graphs.  In  particular,  this  is  related  to 
function  z(X),  which  over  wide  limits  of  the  change  in  X  (from 
0.65  to  1.55)  varies  in  value  by  a  total  of  10?.  Therefore,  for 
the  determination  of  X  in  terms  of  the  value  of  function  z(X)  In 
the  region  of  sonic  speeds,  it  is  possible  to  calculate  the 
possible  values  of  X  directly  from  the  equation 

whence 

i,  —  *<?•)*  _ 3 

a  «<>■>*  KiWPV 

In  order  to  avoid  the  error  connected  with  the  subtraction  of 
close  values,  the  supersonic  solution  is  located  by  the  first  and 
the  subsonic  solution  by  the  second  of  these  expressions. 

Prom  the  examples  examined  in  this  section,  it  is  possible 
to  see  the  efficiency  of  the  method  of  calculation  with  the  use 
of  gas-dynamic  functions  in  the  solution  of  sufficiently  complex 
problems  which  are  of  practical  use. 
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§  7.  Qa 3  Flow  with  Friction  in 
the  Cylindrical  Tube  with  the 
Assigned  Magnitude  of  the  Ratio 
of  Pressures  at  Inlet  and 
Outlet 


Using  the  relations  derived  in  the  foregoing  section  let 
additionally  explain  some  laws  governing'  the  one-dimensional  gas 
flow  in  a  cylindrical  tube  with  friction.  In  5  §  1  and  2  it 
was  established  that  the  friction  leads  to  an  increase  in  the 
velocity  of  subsonic  flow  and  a  decrease  in  the  velocity  of 
supersonic  flow,  whereupon  in  both  cases  the  maximum  conditions 
correspond  to  the  critical  velocity  in  the  outlet  section  of  the 
tube. 


The  results  obtained  in  §  2  are  valid,  however,  only  when 
the  velocity  coefficient  at  the  inlet  into  the  tube  A^  is 
maintained  constant,  which  requires  the  creation  of  a  quite 
definite  drop  in  the  pressures  in  the  flow  for  each  mode  and 
each  value  of  the  normalized  length  of  the  tube.  In  actuality, 
most  frequently  it  iu  the  opposite:  the  assigned  value  is  the 
drop  in  pressures  between  the  inlet  and  outlet  sections  of  the 
tube,  and  values  of  the  velocity,  flow  rate  and  other  flow  para¬ 
meters  are  determined  by  the  acting  drop  in  pressures  and  by  the 
resistance  in  the  section  of  the  tube  in  question.  For  flow 
in  the  inlet  of  the  tube  the  most  characteristic  value, 
which  is  usually  known  or  can  be  easily  determined,  is  the  total 
pressure  PQ^i  for  the  characteristic  of  flow  at  the  outlet  from 
the  tuDe,  it  is  Important  to  know  the  static  pressure  in  the 
environment  or  reservoir  where  the  gas  escapes  from  the  tube  p  . 

If  the  flow  velocity  in  the  outlet  section  is  less  than  the  speed 
of  sound,  then  static  pressure  of  the  flow,  as  is  known,  is 
equal  to  the  external  pressure,  i.e.,  p2  »  ph.  If  A^  -  1,  then 
in  the  outlet  section  of  the  tube  p2  1  PH-  Finally,  when  X2  >  1 
also  conditions  when  p2  <  ph  are  possible. 

Let  us  call  the  value  nQ  =  p^/p^  the  available  pressure  ratio. 
The  flow  parameters  in  the  cylindrical  tube  defined  basically  by 
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the  value  of  the  available  pressure  ratio  the  process  is 

actually  as  though  it  were  an  outflow  of  gas  from  the  vessel  with 
pressure  p ^  into  a  medium  with  pressure  pH  through  the  channel 
with  the  assigned  resistanoe .  Therefore,  in  the  examination  of 
the  law  governing  flow  with  friction,  it  is  necessary  to  consider 
the  value  of  the  available  pressure  ratio  in  the  flow;  without 
this  the  obtained  results  can  prove  to  be  unreal. 


Let  us  assume,  for  example,  that  at  subsonic  velocity  at  the 
inlet  into  the  tube  the  available  pressure  ratio  Hq  is  less  than 
the  critical  pressure  ratio 


II 


*»• 


i\*=> 


■m 


for  air  n  »  1.893.  Due  to  friction  the  total  pressure  of  the 

H  P 

flow  along  the  length  of  the  tube  is  decreased,  and  therefore  in 
the  outlet  section  of  the  tube  P02/PH  <  Pqi/Ph  <  1-893.  This 
means  that  the  flow  escapes  from  the  tube  under  the  action  of  the 
subcrltical  pressure  ratio,  and,  consequently,  the  velocity  of 
such  a  flow  will  always  be  subsonic.  No  matter  how  much  it  is 
possible  to  increase  the  normalized  length  of  the  tube  it  is 
impossible  to  obtain  value  ■  1:  the  drop  in  the  pressures 
acting  in  the  flow  is  insufficient  for  producing  the  sonic  speed 
of  outflow  at  the  outlet  from  the  tube. 


Thus,  the  conclusion  obtained  previously  that  with  an  increase 
in  the  normalized  length  of  the  tube  up  to  the  maximum  (critical) 
value,  the  flow  velocity  at  outlet  from  the  tube  reaches  the  speed 
of  sound  and  is  valid  only  in  such  a  case  when  a  sufficient 
(depending  on  values  A^  and  x)  pressure  ratio  J1q  is  provided. 

Let  us  show  how  the  calculation  of  flow  parameters  with  flow 
in  the  tube  with  friction  is  produced  if  A^  <  1  and  the  value  of 
the  available  pressure  ratio  is  assigned. 
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Let  us  write  the  equation  of  continuity  for  flow  in  the  x , 
whereupon  flow  rate  in  the  inlet  section  is  expressed  with  r.h- 
aid  of  formula  (109)  in  terms  of  the  total  pressure,  and  the  t'iow 
rate  in  the  exit  section  is  expressed  by  the  3tatic  pressor-;  wJtn 
the  aid  of  formula  (111) 


VTu  VT„  * 

Since  for  the  adiabatic  flow  in  a  cylindrical  tube  «  v  and 
*  F.  ,  then  hence  it  follows  that 

c  1 


If  ^2  <  1,  then,  as  was  noted,  p2  ■  pH  or 

=  ?(>,)■  i  \?'i) 

Equation  (129),  which  mutually  connects  'aJuv-.  the  •/ tlou'.iy 
coefficients  in  the  inlet  and  outlet  section.1  of  the 

assigned  value  nQ  and  <  1,  s  correct  without  .vpe'  yung  '•■n 
the  flow  pattern  and  length  of  the  tube.  On  the  other  ho  .h .  the 
change  in  parameters  of  the  gas  in  the  tube  Ie  tv- 

value  of  the  coefficient  of  friction  and  by  the  .  f  the 

tube.  Earlier  in  §  2  the  formula  describing  the  rhat.v-.;  It.  the 
flow  parameters  as  a  result  of  the  frlctK..  was  obtained: 

<  1 3  ' 

7k  x 

where  / = r-  Jj  is  the  normalized  length  of  t  he  tutc  .  Kqu.v  loo 
(130)  establishes  the  dependence  between  the  velocity  coo f  hi e  1 c 
X  and  Xj  of  the  assigned  value  x  •  Ec/rat  1  ,  •  29 ,  an  j  (130  ; 

can  be  considered  as  the  system  of  t  wo  i  with  two  uu:. .  .• , 

the  roots  of  which  determine  values  ,  sr-i  >...  u:  <•  function  of 
the  assigned  values  nQ  and  by  u-s«-  v 1 1 -a  s  c-f  tno  velc.f-.y 
coefficients  is  determined  the  res.  f  ..  c  .y.  i  1  c  ?  oi.s  of  tr...  as 
through  the  tube  with  the  assignee  a 1 1.  ‘  •■>■...  i  1  .-.r 

under  the  action  of  the  availatlv  :  :---a  ■  •>  . 


Let  as  examine  some  of  the  following  properties  of  the  flow 
rj~.  subsonic  speed  of  the  flow  at  the  inlet  into  the  tube.  In 
trie  first  place  let  us  compare  the  one-dimensional  subsonic  gas 
flow  in  the  tube  in  the  presence  of  friction  with  an  ideal  flow 
with  the  identical  available  pressure  ratio  Hq.  A  change  in  the 
gas  parameters  along  the  length  of  the  tube  is  connected  with 
friction,  and  therefore  in  an  ideal  flow,  when  Pq£  *  poi’  the 
gas  parameters  are  constant  in  all  the  cross  sections  of  the  tube. 
Thu.  velocity  coefficient  in  the  outlet  section  X.,  =  X^  <  1,  which 
in  an  ideal  case  is  determined  by  the  value  of  the  available 
pressure  ratio  ( X 2 )  =  1/Hq  is  more  than  that  during  flow  with 
friction,  when  pQ„  <  P01»  and  vt ( X ? )  =  1/oHq.  The  more  the 
normalized  length  of  the  tube,  the  larger  will  be  the  total  losses 
cf  pressure  and  the  less  will  be  the  flow  velocity  at  the  outlet 
from  the  Lube  as  compared  with  the  velocity  in  the  ideal  case  of 
t : . e  flow.  Thus,  it  is  necessary  to  keep  in  mind  that,  although 
with  flow  in  the  tube  with  friction  the  velocity  of  the  flow 
along  the  length  of  the  tube  increases ,  its  greatest  value,  the 
outlet  velocity,  always  remains  less  than  that  with  the  same 
pressure  ratio  n  in  the  case  of  the  flow  without  friction  (for 
example,  a  very  short  tube,  when  x  -  0)-  The  more  the  normalized 
length  of  the  tube,  the  lese  (at  given  nQ)  the  flow  velocity  both 
at  the  outlet  and  inlet. 

It  is  Interesting  to  note  that  if  -  ust,  then  when 
Xj  <  1  the  change  in  the  normalized  length  of  the  tube  x  always 
leads  to  a  change  in  the  inlet  velocity  of  the  tube.  Independently 
of  the  larger  or  smaller  value  x  of  its  critical  value  for  the 
given  X^  <  1.  The  retention  of  X^  =  const  with  a  change  in  the 
normalized  length  of  the  tube  and  Xj  <  1  requires  a  corresponding 
change  in  value  in  the  available  pressure  ratio:  the  longer  the 
tube,  the  larger  the  value  nQ  necessary  for  maintaining  the  assigned 
conditions  at  the  inlet,  i.e.,  the  retention  of  the  gas  flow 
rate . 
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On  the  other  hand,  if  at  the  assigned  length  of  the  tube 
(X  =  const)  we  increase  the  pressure  ratio  IIq,  then  the  velocities 
at  both  the  inlet  and  at  outlet  will  increase  until  the  value  X2 
reaches  the  critical  value  X2  =  1.  A  further  increase  in  IIq 
changes  neither  X^  nor  X2;  however,  in  the  outlet  section  of  the 
tube  a  surplus  pressure  in  comparison  with  the  environment 
(reservoir)  will  be  established.  For  these  conditions  equation 
(129)  is  incorrect,  since  with  its  derivation  it  was  assumed  that 
P2  =  ph;  the  relation  between  the  flow  parameters  is  determined 
only  by  equation  (130)-  From  the  continuity  condition  it  is 
possible  only  to  find  the  minimum  required  value  nQ  at  which  the 
mode  with  X2  =  1  and  assigned  value  X^  is  established,  3ince 
accor  '.ng  to  equation  (129) 


_  yH)  (H-Uiiti  i _ 

r*-/  w:>- 


Since  q  ( X^ )  <  1,  from  the  latter  relation  it  is  evident  that  with 
flow  in  the  tube  with  friction  the  critical  outlet  velocity  is 
established  with  the  pressure  ratio  of  H0  >  TIKp>  where  the  II 
is  the  pressure  ratio  necessary  for  obtaining  X  =  1  during  flow 
without  friction.  The  conditions  X2  *  1  for  this  value  X^  begins 
with  an  increase  in  the  normalized  length  x  up  to  the  value 


*— x«,= ?(>.,)— 1.  (13D 

and  in  this  case  condition  n„  j.  n_  .  should  be  observed. 

0  0  min 


Fig.  5.28.  Relationship 
between  parameters  of 
subsonic  flow  at  the  inlet 
and  outlet  sections  of  the 
cylindrical  tube  in  the 
presence  of  friction. 
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Figure  5.28  gives  results  of  the  calculations  of  subsonic 
flow  in  the  tube  with  friction.  The  graph  illustrates  the  basic 
regularities  of  the  flow  given  above  and,  in  particular,  shows 
that 


a)  when  A^  =  const  with  an  increase  in  the  normalized  length 

X  value  X2  increases,  whereupon  always  A^  <  <_  1; 

b)  at  a  constant  available  pressure  ratio  n q ,  with  an 
Increase  In  x>  value  A^  is  always  decreased;  A^  is  decreased 
also,  if  A2  <  1; 

c)  for  each  value  of  the  normalized  length x  there  is  a 
completely  defined  value  of  the  pressure  ratio  Pq^/Ph  b  Hq,  which 
corresponds  to  the  assigned  flow  velocity  at  the  outlet  and 
inlet  into  tube,  respectively ; 

d)  the  limiting  value  A^ ,  which  corresponds  to  X2  »  1,  for 
each  value  x  Is  established  with  the  defined  value,  which  is 
Increased  with  an  increase  in  x  of  the  value  of  the  pressure 
ratio  and  does  not  increase  with  a  further  increase  in  nQ. 

Let  us  now  examine  the  features  of  flow  with  friction  with 
supersonic  velocity  at  the  inlet  into  the  tube.  From  formula 
(130)  it  follows  that  if  the  normalized  length  of  the  tube  is 
less  than  the  critical  value,  determined  for  the  given  value  of 
^  >  1  by  formula  (131),  then  along  the  length  of  the  tube  the 
flow  velocity  will  decrease,  remaining  supersonic.  At  the  outlet 
from  the  tube  with  continuous  braking  of  the  flow,  X^  >  1  will  be 
obtained.  At  a  certain  value  of  the  normalized  length  of  the 
tube,  called  the  critical  from  equation  (130),  it  follows  that 
$(A,,)  =  1,  i.e.,  A 2  "  !•  This  length  corresponds  to  the  maximally 
possible  flow  conditions  with  a  continuous  change  in  velocity  from 
the  assigned  value  h  >  1  to  A,  »  1,  If  x  >  X  ,  then  the 
continuous  braking  of  flow  in  the  tube  is  impossible.  In  this 
case  equation  (130),  which  describes  the  flow  with  a  continuous 
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velocity  change,  does  not  have  solutions  for  X^,  since  from  it 
<p(\2)  <  1  follows.  In  actuality,  here  in  the  initial  section  of 
the  tube  the  supersonic  flow  is  braked  to  a  certain  value 
X'  >  1,  and  then  in  the  tube  there  appears  a  shock  wave,  behind 
which  subsonic  flow  is  established  with  an  increase  in  t  ie 
velocity  along  the  length  of  the  tube  from  value  X"  (after  the 
shock)  to  Xj  <  1>  as  was  noted  above. 

The  location  of  the  shock  and  relative  length  of  the 
supersonic  and  subsonic  sections  of  the  flow,  depending  on  the 
assigned  parameters,  can  be  determined  in  the  following  manner. 
Let  us  designate  the  normalized  length  of  the  tube  from  its 
beginning  up  to  the  shock  wave  (supersonic  section  of  the  flow) 


Let  us  write  equation  (130)  for  sections  with  a  continuous  velocity 
change,  i.e.,  separately  for  the  supersonic  and  subsonic  sections: 

?<>,>- (132) 
r  ('“)  —  r  f'«) —  /«•  (133) 

Let  us  make  a  term-by-term  summation  of  equations  (132)  and  (133), 
assuming  in  this  case  that  the  shock  wave  is  normal,  and  therefore 
the  relation  X"  =  1/X'  is  correct.  As  a  result  we  obtain 

r  0 1)  -  =  (>•*)  -r  ?  (7.)  * 

Let  us  denote 

'»(>•)—  ?(T;  -?(')=**  —  -  4  t"  i.  .  (13U) 

Then  the  latter  equation  can  be  written  in  the  form 

(135) 

Figure  5.29  gives  auxiliary  graph  for  determining  the  function 
4>(X)  from  value  X.  Relation  (135)  establishes  the  relationship 
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between  the  parameters  of  flow,  which  moves  with  friction  in  the 
tube  with  normalized  length  x  when  in  the  tube  a  normal  shock  wave 
appears . 


w>.  ecu 


Fig.  5.29.  Auxiliary  graphs  of 
functions  <J>(A)  and  ♦(A)  in  the 
region  of  supersonic  flow 
velocities 

<?  ■>>=* +  *<>')- 
=  >.*  —  -j[T  —  4  In). 


Entering  into  formula  (135),  besides  the  known  values  of  x 
and  A ^ ,  is  also  the  thus  far  unknown  value  of  the  velocity 
coefficient  at  the  outlet  from  the  tube  A2<  Since  after  the 
shock  the  flow  is  subsonic,  then  ibr  determining  A?  let  us  use 
the  equation  of  continuity 


which  is  correct  both  when  A^  <  1  and  when  A^  >  1.  If  from  this 
equation  it  follows  that  y(A,>)  >_  y(l),  then  A2  *  1  at  y(A2)  <  y(l) 
and  A2  <  1,  Substituting  value  A2  <_  1  thus  found  into  equation 
(135),  let  us  determine  4>  ( A  * ) .  Further  according  to  the  graph 
(Fig.  5.29)  we  find  values  A'  and  4>(A'),  and,  after  using 
equation  (132),  we  compute  the  value  x1  -  the  normalized  length 
of  the  tube  necessary  for  the  shock-free  supersonic  flow  from  A^ 
to  A  1 .  The  value  x^  determines  the  location  of  the  shock  along 
the  length  of  the  tube,  since  when  ;  =  const  we  have  x^/x  *  x^/x* 

With  the  critical  flow  conditions  at  the  outlet  from  the  tube, 
when  A2  =  1,  the  result  of  the  calculation,  as  it  is  easy  to  see. 


does  not  depend  on  nQ:  a  shock  appears  in  the  definite  cross 
section  of  the  tube  Independently  of  the  value  of  the  available 
pressure  ratio.  The  calculation  according  to  formulas  (129) , 

(132)  and  (135)  shows  that  when  <  1  the  shock  wave  with  a 
decrease  in  nQ  will  be  moved  from  its  end  position,  which 
corresponds  to  X ^  =  1,  to  the  inlet  section  of  the  tube.  The 
minimum  value  of  the  available  pressure  ratio,  at  which  the  flow 
with  the  assigned  initial  velocity  coefficient  ^  >  1  Is  possible, 
is  determined  by  the  fact  that  the  shock  wave,  in  moving  upstream, 
will  approach  directly  to  the  inlet  section. 

Let  us  give  an  example  of  the  calculation  of  flow  with  a 
shock  wave  within  the  tube.  Let  us  assume  that  the  velocity 
coefficient  at  the  inlet  into  the  tube  X^  =  1.8  and  the  total 
normalized  length  of  the  tube  x  “  0-6  are  assigned  (at  standard 
values  of  the  coefficient  of  friction  this  corresponds  approximately 
to  30  calibers  of  the  tube).  The  available  ratio  of  total  pressure 
of  the  flow  at  the  inlet  into  the  tube  to  the  static  pressure  in 
the  reservoir,  where  the  gas  escapes  from  the  tube,  is  nc  =  3.0. 

The  critical  value  of  the  normalized  length  of  the  tube  fcr 
the  assigned  value  X^  is  determined: 

(y;e  find  value  <J>(X^)  from  the  auxiliary  graph  of  Fig.  5.29).  Since 
the  assigned  normalized  length  of  the  tube  x  —  0*6  is  more  than 
the  critical  value,  then,  as  was  noted,  the  continuous  braking  of 
the  flow  is  impossible,  and  a  shock  wave  appears  In  the  tube. 

Let  us  determine  the  velocity  coefficient  of  the  flow  at 
the  outlet  from  the  tube  with  the  aid  of  equation  (129): 

or  7>- 

Further  we  substitute  the  obtained  values  of  X^  and  the  assigned 
values  of  X.  and  x  into  equation  (135), which  determines  the  velocity 
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coefficient  of  the  flow  in  front  of  the  shock  4>(A')  =  0.6  +  1.25  - 
-  1.465  =  0.565.  From  the  graph  on  Fig.  5*29  we  find  that  this 
value  1>(A')  corresponds  to  X'  *  1.66  and  (J>(A')  ■  1.375.  We 
determine  the  normalized  length  of  the  supersonic  section  of  flow 
according  to  formula  (132) 

7i  =•?(>.)  —  T  (*')  =  I.IM  —  I  ,.175  -=0,l| 

and  find  the  distance  from  the  inlet  into  the  tube  in  front  of 
the  cross  section  where  the  shock  wave  appears  (when  c  =  const): 


=j  0,154. 


A 


Fig.  5.30.  The  possible 
conditions  of  supersonic 
flow  In  a  cylindrical 
tube  with  friction  with 
the  length  of  the  tube 
greater  than  the  critical 
vrlue.  A^  ■  1.8;  x  ”  0.6 

(example  of  the 
calculation ) 


maximally  possible  conditions 


Thus,  at  a  length  of  approximately 
1 8 56  of  the  total  length  of  the 
tube,  the  supersonic  flow  under 
the  action  of  friction  is  slowed 
down  from  A^  =  1.8  to  X'  *  1.66, 
and  then  in  the  shock  the  velocity 
falls  to  X"  =  0.6;  in  the  remain¬ 
ing  part  of  the  tube  the  subsonic 
flow  is  accelerated  to  X 2  =  0.71 
and  escapes  from  the  tube,  having 
a  static  pressure  equal  to  the 
pressure  in  the  reservoir  p^. 

At  other  values  of  the 
available  pressure  ratio,  the 
position  of  the  shock  will  be 
different.  Figure  5 • 30  gives 
results  of  the  calculation 
according  to  the  given  method  at 
different  values  of  n Q .  The 
•e  determined,  on  one  hand,  by  the 


achievement  of  critical  velocity  at  the  outlet  from  the  tube 


(during  the  calculation  we  assume  that  X^  *  1  and  find  the  most 
remote  shock-wave  position)  from  the  inlet,  and  on  the  other  hand. 
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by  the  emergence  of  a  shock  wave  directly  behind  the  inlet  section 
of  the  tube.  In  this  case  (X^  »  1.8,  x  —  0.6)  the  critical  flow 
conditions  at  the  outlet  is  obtained  when  nQ  »  y(l)/q(X^)  ■ 

»  1.893/0. 4075  =  4.64. 


According  to  formulas  (135)  and  (132),  by  means  of  the 
graph  on  Fig.  5*29,  we  find  4>(X')  —  0.6  +  1  -  1.485  *  0.115, 

X*  =  1.41,  and  4>  ( X  * )  ■  1.185.  We  further  have  -  1-485  - 
-  1.185  =  0.3,  and,  therefore,  x^/x  =  0.3/0. 6  *  0.5. 

The  minimum  value  of  n^,  at  which  supersonic  flow  at  the 
inlet  into  the  tube  is  possible,  corresponds  to  ?<>«)■•  t (j-J  —  0,0  «=. 

=  2.07— o,fl 1.47  or  X^  =  0.66.  Therefore,  we  have 


’H. 


.V(^) 

5a, > 


1.W 

0.1074“ 


i.n. 


For  determining  the  total  and  static  pressure  from  the  value  of  the 
velocity  coefficients  at  the  inlet  and  outlet, it  is  sufficient  to 
write  conditions  of  the  equality  of  flow  rates  of  gas  in  the 
inlet  and  outlet  sections,  having  used  expressions  (109)  or  (111). 


It  was  indicated  above  that  if  the  normalized  length  of  the 
tube  Is  less  than  the  critical  for  this  value  X^,  then  the  laws 
governing  the  flow  with  fr'ction  allow  the  existence  of  the  flow 
with  a  continuous  change  'du^tion)  in  the  supersonic  velocity 
on  the  entire  length.  It  slble  to  show,  however,  that 

together  with  the  complete]  ^ersonic  flow,  here  the  shocked 
flow  within  the  tube  and  the  subsonic  speed  at  outlet  is  also 
possible.  Such  flow  conditions  in  the  case  x  <  XKp  can  exist 
only  in  the  defined  Interval  of  values  Pq]/Ph  =  Hq  which  is  found 
from  the  condition  that  in  the  exit  section  of  the  tube  the 
static  pressure  of  subsonic  flow  should  be  equal  to  the  pressure 
of  the  environment . 
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■  S.  The  Averaging  of  Parameters 
>f  .'.'cnur.iform  Flow 


It*  practice  It  Is  frequently  necessary  to  calculate  gas  flows 
with,  parameters  variable  In  cross  section.  In  a  number  of  cases, 
however,  these  flows  can  be  considered  as  one-dimensional,  with 
some  mean  values  of  the  parameters  in  each  cross  section.  In 
this  case  the  problem  of  the  averaging  of  gas  parameters  in  the 
cross  section  of  the  nonuniform  flow  appears. 

Sometimes  as  the  mean  values  of  the  parameters  we  take  the 
mean  values  in  area,  velocity,  pressure,  temperature,  and  so  on. 

It  is  possible  to  sn^w  however,  that  such  simple  averaging  is, 
generally  speaking,  Incorrect  and  can  lead  to  erroneous  results: 
the  ratio  of  the  mean  values  of  total  and  static  pressures  will 
not  correspond  to  the  mean  value  of  the  velocity  coefficient, 
and  the  gas  flow  rate  calculated  according  to  the  mean  parameters 
will  be  more  or  less  real  and  so  on.  If  the  initial  nonuniformity 
of  flow  is  small,  then  quantitatively  these  errors  are  insignificant; 
with  great  nonuniformity  of  the  parameters  the  error  can  be 
significant.  Therefore,  the  solution  of  the  stated  mission  in 
general  will  be  approached  by  other  means. 

■  *  - 

The  assigned  nonuniform  flow  is  characterized  by  a  number 
of  total  (integral)  values,  that  is,  by  the  gas  flow  rate,  energy, 
momentum,  enthalpy,  entropy,  and  30  on.  Replacing  this  flow  by 
the  one-dimensional  flow  -  the  averaged  -  one  should  try  to 
maintain  the  total  characteristics  (properties)  of  the  flow 
constant.  Since  the  state  of  the  one-dimensional  gas  flow  is 
determined  by  three  independent  parameters  (for  example,  the 
total  pressure  pQ,  stagnation  temperature  Tq  and  velocity 
coefficient  X),  then  in  averaging,  it  is  simultaneously  possible 
to  maintain  only  the  three  total  physical  characteristics  of  the 
initial  flow  constant. 
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The  most  widespread  is  the  method  of  the  determination  of 
mean  values  of  parameters  Pq,  Tq  and  X  while  maintaining 
in  tha  initial  and  averaged  flows  values  of  the  flow  rate  of  the 
gas  total  energy  E  and  momentum  j  identical.  Conditions  G  * 

=  const,  E  ■  const  and  I  *  const  give  the  three  equations  with 
three  unknowns  necessary  for  the  solution  of  the  problem.  Let 
us  assume  that  in  the  cross  section  of  the  initial  nonuniform 
flow  the  temperature  field  and  full  and  static  pressure  fields 
are  known  (assigned  or  measured).  Then  it  Is  possible  to  consider 
at  each  point  of  the  cross  section  the  values  of  total  pressure 
Pq,  stagnation  temperature  Tq  and  velocity  coefficient  X  are 
known.  According  to  value  X,  for  each  point  of  the  cross  section 
gas-dynamic  functions  q(X),  z(X),  etc.,  can  be  found.  For  the 
flow,  as  a  whole,  the  values  of  flow  rate,  momentum  and  energy 
are  determined  by  means  of  Integration  of  the  corresponding 
elementary  expressions  over  the  entire  cross  section.  Thus,  for 
instance,  the  gas  flow  rate  is  equal  to 

Q=  \  JQ  —  \  m^JIh  (136) 

J.  ■  ,1,  1  '• 

If  the  velocity  field  is  assigned  in  the  form  of  a  graph  or  table, 
the  gas  flow  rate  can  be  calculated  according  to  methods  of 
graphic  or  numerical  Integration. 

Tne  total  values  of  energy  E  and  momentum  I  are  determined 
similarly . 

Let  us  turn  to  the  solution  of  the  problem  of  the  averaging 
of  parameters  p0>  TQ  and  X.  Let  us  equate  the  values  of  total 
energy  of  the  gas  calculated  in  one  case  according  to  the  true 
and  in  another  case  according  to  the  mean  values  of  the  gas 
parameters : 


(137) 


We  consider  the  heat  capacity  of  gas  to  be  constant  oyer  the 
entire  cross  section.  Let  us  substitute  into  this  equation  the 
expression  for  the  elementary  gas  flow  rate  and  the  expression 
written  above  for  the  total  gas  flow  rate  in  the  flow.  Hence  we 
obtain  the  first  unknown  value  -  the  mean  stagnation  temperature 
of  the  gas : 


F 
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From  formula  (138)  it  is  evident  that  Tq  is  the  averaged-mass 
value  of  the  stagnation  temperature.  Let  us  use  the  obtained 
average  value  of  the  stagnation  temperature  for  calculation  of 
the  mean  value  of  the  critical  speed  of  sound 


Let  us  find  the  mean  value  of  the  velocity  coefficient  of  flow  X 
from  the  condition  of  the  equality  of  the  effective  momentum  of 
flow  and  tne  momentum  calculated  according  to  the  mean  values 
of  the  parameters.  For  the  sake  of  simplicity  of  the  calculation, 
let  us  express  the  total  momentum  by  means  of  formula  (115)  in 
terms  of  function  z(X),  and  let  us  present  the  elementary  momentum 
according  to  formula  (119)  in  terms  of  the  total  pressure  and 
function  f(X  ).  As  a  result  we  will  obtain 


whence 


pJQ)dP. 


(139) 


In  accordance  with  the  assigned  flow  conditions  of  the  gas  from 
two  values  of  the  velocity  coefficient  X  determined  by  function 
z  (  X  } ,  we  select  the  real  value  X  >  1  or  X  <  1.  The  reason  for 
the  ambiguity  of  solving  the  problem  in  this  case  is  quite  obvious: 
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the  assigned  condition  of  the  retention  of  flow  rate,  momentum 
and  total  energy  will  not  be  disturbed,  if  in  the  averaged  flow 
the  shock  wave  arises;  the  velocity  coefficient  in  this  case 
acquires  a  new  value  opposite  in  magnitude  so  that  function  z(X) 
will  be  a  constant  value  (see  i  6,  Example  6). 

After  determining  the  stagnation  temperature  and  the  velocity 
coefficient  in  the  averaged  flow,  we  find  the  average  value  of 
total  pressure  pQ  from  the  expression  for  the  gas  flow  rate: 


QVf. 
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An  Interesting  relation  can  be  obtained  if  we  use  the  momentum 
equation  for  determining  the  average  total  pressure: 


Hence  we  have 


P 4 


j ‘^pJWdP 
=  -/•■/(>)  ' 


Value  f(X)  is  the  value  of  function  f(A)  for  the  value  of  the 
velocity  coefficient  X  averaged  over  the  cross  section  found  above. 
On  the  basis  of  the  theorem  of  the  mean  known  from  integral 
calculus,  the  latter  relation  can  be  presented  in  the  form 

/<>)  \ps‘!f 

p' '"/<*)  r  .* 

Here  f(A)  is  the  value  of  function  f(A)  at  a  certain  point  of 
the  range  of  integration,  i.e.,  at  a  certain  point  of  the  cross 
section  F.  As  has  already  been  indicated,  the  value  of  function 
f ( X )  changes  very  little  over  wide  limits  of  the  change  in  X 
(at  subsonic  and  small  supersonic  velocities).  Therefore,  the 
two  values  of  function  f(A)  in  the  given  cross  section  of  the 
flow  f(\)  and  f(A)  will  be  close  in  value.  Hence,  it  follows  that 
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(141) 


The  obtained  relation  means  that  the  value  of  total  pressure  pQ 
differs  little  from  the  total  pressure  average  in  area  value. 
Calculations  show  that  if  the  velocity  coefficient  \  on  the  cross 
section  changes  within  limits  of  0. 4-1,0  or  1-1.4,  then  the  error 
o:’  the  calculation  pQ  in  the  formula  (141)  usually  does  not 
exceed  2-3". 

frorr.  f  .r,d  values  TQf  X  and  pQ  all  the  remaining  parameters  of 
tne  average  ;  flow,  speed  w,  density  p  and  so  on,  are  unambiguously 
determined,  let  us  note  that  the  mean  values  of  the  parameters, 
which  satisfy  the  conditions  stated  in  the  problem,  are  obtained 
quite  definite  independently  nf  the  method  and  order  of  the 
solution  of  the  fundamental  equations,  although  in  this  case 
expressions  different  in  appearance  can  be  obtained. 

Let  us  discuss  the  physical  meaning  of  the  obtained  averaged 
flow  parameters.  It  is  easy  to  see  that  values  of  parameters  Tq 
pQ  and  X  and  others  are  equal  to  the  appropriate  parameters  of 
such  a  gas  flow  which  can  be  formed  during  the  alignment  (for 
example,  because  cf  turbulent  mixing)  of  the  initial  nonuniform 
flow  in  the  heat-insulated  tube  of  constant  cross  section  with¬ 
out  friction  against  the  walls;  in  this  case  the  flow  rate, 
momentum  and  total  energy  of  the  gas  will  also  maintain  constant 
values.  In  other  words,  the  found  equivalent  (averaged)  flow 
can  be  actually  obtained  during  the  flow  of  the  Initial  gas 
without  external  actions.  If  we  calculate  and  compare  the 
entropy  of  the  gas  in  the  nonuniform  and  averaged  flow,  then 
it  will  appear  that  the  averaged  parameters  correspond  to 
the  larger  value  of  entropy.  This  is  explained  by  the  fact  that 
with  the  mixing  of  the  gas  particles  at  different  velocities 
losses  to  shock  appear,  the  total  kinetic  energy  decreases,  and 
the  thermal  energy  Increases. 
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In  connection  with  this,  t r.e  given  i  ethod  of  averaging  it, 
certain  cases  can  prove  t.e  b<.  unacceptable .  Thus,  for  instance, 
if  according  to  the  neat;  vai„v:;  of  f  * ow  parameters  in  tna  v  »  !-■ 
section  or  the  compressor  fo  f  j  sue).  ovt l.v-J »  we  calculate  T  ; 

efficiency,  then  the  value  iets  t.-.v»r,  rest  will  be  ootalrcc,  s,.o.» 
to  the  real  losses  (increase  in  *r*  rer,V  >  in  the  proc-sr-  of  t;t. 
compression  of  gas  will  tv  a  .'-in;  t  !.«.*  v  he  en  \  lea  1  lussvs,  whU'i. 
appear  as  a  result  of  the  ai ort.r.em « oneo  replt-.c em-M  of  the  real 
flow  parameters  by  tie  ncf.r.  vu'.tcs.  There  fere  ,  when  according  to 
the  meaning  of  the  t  ro'olen  it-  Is  required  to  evaluate  the  work 
capacity  of  the  ini''.?'.  .-.f  gas,  it  is  advantageous,  as 

L.  I.  Sedov  and  J .  .  Ctr;:  nyy  i:io  i.-at  c-d ,  to  carry  out  averaging 

in  order  to  maintain  the  total  quant Ity  of  the  entropy  of  gas 
constant  1 . 

For  determining  th?  three  parameters  of  the  averaged  flow, 
besides  the  condition  of  the  retention  of  entropy,  we  also  use 
equations  of  the  constancy  of  flow  rate  and  total  energy. 

The  mean  values  of  the  parameters  we  compute  by  the  following 
way.  From  equation  (136)  we  find  the  total  gas  flow  rate.  Further, 
as  above,  from  the  equation  of  energy  (138)  we  determine  the 
stagnation  temperature  fQ.  The  condition  of  the  constancy  of 
entropy  (see  §  7,  Chapter  1)  in  the  averaged  and  real  flow  is 
written  in  the  form 


This  equation  includes  only  one  unknown  parameter  -  the  average 
total  pressure  pQ.  For  determining  p0,  for  dG  we  substitute  its 
value  obtained  above  and  then  convert  the  equation  to  the  form 


lSedov,  L.  I.,  Chernyy,  G.  G.,  On  the  averaging  of  nonuniferm 
flows  of  gas  in  channels.  Theoretical  hydromechanics, 

Collection  of  articles.  Mo.  12,  Issue  4.  Oborongiz,  1959. 
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.  requom iy  the  stagnation  temperature  TQ  can  be  considered 
identical  in  all  points  c.  the  cross  section,  i.e.,  we  assume 
T„  =  !.. .  Ir.  this  case  equation  (142)  takes  the  form 

1 1. /*.=M  !<*/*«*  (1^3) 

«K 

Conseq'  .y,  the  average  value  of  total  pressure  is  found  by  the 
averaging  f  the  logarithm  of  total  pressure  in  the  initial  flow 
with  respect  to  the  flow  rate.  The  integrals  of  the  right  side 
of  equations  ( 1 h 2 )  and  (143)  are  calculated  usually  by  means  of 
grand  jo  or  numerical  Integration.  If  the  velocity  in  the  initial 
‘low  is  variable  over  the  cross  section,  then  values  of  pQ 
calculated  according  to  formulas  (142)  and  (143)  will  always  be 
more  than  values  of  p^  determined  for  the  same  conditions 
according  to  formula  (140)  (when  I  =  const). 


We  find  the  velocity  coefficient  of  flow  from  the  equation 
of  the  flow  rate 


(144) 


in  connection  with  the  indicated  increase  in  total  pressure  p0, 
this  value  of  q(X)  proves  to  be  less  in  value  than  that  found 
earlier.  This  means  that  the  average  velocity  in  the  subsonic 
flow  will  be  less  and  in  supersonic  larger  than  the  corresponding 
values  obtained  with  the  first  method  of  averaging.  In  both 
cases  this  means  that  the  momentum  of  flow  averaged  over  entropy, 
proportional  tc  the  value  of  function  z(A),  will  be  greater  than 
the  total  momentum  of  the  initial  nonuniform  flow. 


Other  methods  of  the  averaging  of  parameters  of  nonuniform 
flaw  arc  possible.  However,  it  is  obvious  that  with  any  method 
of  the  averaging  of  parameters  of  nonuniforn,  flow,  only  part  of 
its  total  characteristics  Is  retained,  and  some  properties  of  flow 


are  unavoidably  lost.  We  saw  that  in  the  first  case  with  averaging 
the  entropy  and  in  the  second  case  the  momentum  of  flow  were  changed. 
It  is  possible  to  indicate  other  conditionalities  connected  with 
the  process  of  the  averaging  of  parameters.  So,  let  us  assume 
that  in  the  initial  flow  the  static  pressure  p  is  equal  over  “he 
entire  cross  section.  After  the  replacement  of  the  real  parameters 
by  average  ones,  the  static  pressure  p  calculated  according  to 
pQ  and  X  will  prove  to  be  different  than  that  in  the  initial  flov;. 

The  same  is  possible  in  the  relation  to  the  value  of  the  velocity 
coefficient,  total  pressure,  etc.,  if  they  arc  constant  on  the 
cross  section  of  the  initial  flow.  Hence  it  follows  that  in  each 
real  case  it  is  necessary  to  select  such  a  method  of  averaging 
which  would  most  fully  reflect  the  features  of  the  assigned 
problem.  Thus,  for  Instance,  in  the  calculation  of  losses  of 
efficiency  it  is  rational  to  use  the  averaging  of  the  flow 
parameters  with  which  the  condition  of  the  retention  of  entropy 
is  satisfied.  With  the  averaging  of  the  parameters  of  flow  which 
escape  from  the  jet  nozzle,  such  a  method  will  be  unacceptable, 
since  in  this  case  the  most  significant  is  the  retention  of  the 
real  value  of  the  momentum  of  flow,  which  characterizes  the 
reactive  thrust. 


Let  us  note  further  one  feature  of  the  determination  of  the 
average  parameters  of  gas  In  the  supersonic  flow. 


Let  us  assume  that  at  all  points  of  the  cross  section  of  the 
supersonic  flow  the  value  of  the  stagnation  temperature  Tq  is 
constant.  Let  us  determine  the  mean  values  of  the  parameters 
in  such  a  flow,  using  the  second  of  the  methods  of  the  averaging 
examined  above  with  which  in  the  averaged  flow  the  actual  values 
of  total  energy,  entropv  and  flow  rate  of  the  gas  are  retained.  From 
the  equation  of  energy  we  obtain  the  obvious  result  of  =  T  y 
From  equation  (1^3)  we  find  the  value  p^.  The  third  pararr.ete  •  - 
the  mean  velocity  coefficient  \  -  is  found  from  the  equation  of 
the  flow  rate 


_ I  7* .  i'  _p.-ji'nrlF 

TrT 


hence  when  7q  =  Tq  we  have 


m  \  P.‘l(‘)dF. 


(145) 


The  total  momentum  of  the  initial  nonuniform  flow,  according  to 
(119),  is  equal  to 

J  pJ0  )dF. 

<F, 


In  order  that  the  averaged  flow  at  the  value  of  total 
pressure  found  above  would  have  the  same  momentum,  the  velocity 

v  — 

coefficient  in  it  should  satisfy  the  relation  X 

(146) 

*  i>) 


In  general  the  value  X  will  differ  from  X.  Actually,  the 
condition  of  the  conservation  of  momentum  is  given  by  the  fourth 
equation  for  determining  the  three  unknown  values;  such  a  system 
of  equations  will  be  inconsistent.  However,  in  the  given  case  of 
averaging  there  are  some  features.  Let  us  replace  in  expression 
(146)  the  value  of  function  f(x)  in  terms  of  (117)  and,  after 
using  the  theorem  of  the  mean,  carry  out  beyond  the  Integral 
sign  a  certain  mean  value  of  function  z(X).  As  a  result  we  will 
obtain 

P<Fz  (X)  q  (>.)  =  i  (X)j^  ptq  (X)  dF 

or 


By  comparing  this  expression  with  equation  (145),  we  note  that 
they  differ  only  by  the  factor  on  the  right  side,  and  therefore 


(147) 
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In  the  region  of  supersonic  velocity  function  z(A)  (Fig.  5-22) 
changes  very  little:  with  an  Increase  in  the  velocity  from  sonic 
to  the  maximum  (from  A  =  1  to  >.  -  A  )  the  value  z(A)  increases 
a  total  by  e,40?  (k  =  1.40),  and  in  this  case  the  value  of  the 
pressure  ratio  p/pQ  drops  from  0.528  to  zero.  If  we  examine  the 
degree  of  irregularity  of  flows  really  being  encountered,  then 
value  z(A)  within  the  limits  of  the  cross  section  usually  changes 
by  not  more  than  15-20?.  Therefore,  the  two  mean  values  of  the 
function  in  this  Interval  z(A)  and  z(A)  will  differ  little  from 
each  other. 

The  calculations  carried  out  for  supersonic  flows  of  different 
laws  of  the  change  in  the  velocity  coefficient  in  the  cross 
section  snow  that  even  with  a  very  great  nonuniformity  of  flow  - 
for  example,  during  a  change  in  the  total  pressure  pQ  of  5-10 
times  when  p  =  const  -  the  factor  of  the  right  side  of  equation 
(147)  differs  from  unity  by  a  total  of  0.5-1. 5?.  Therefore,  it 
is  possible  to  consider  that  q(A)  *  q(iT),  i.e.,  the  results  of 
the  determination  of  the  mean  velocity  coefficient  from  the 
equation  of  the  flow  rate  and  momentum  equation  virtually  coincide. 
The  accuracy  of  this  approximate  relationship  is  higher,  the  more 
values  of  A  In  the  flow;  however,  also  at  moderate  supersonic 
velocities  (A  >  1.2-1. 3)  the  distinction  between  values  A  and  \ 
consists  of  fractions  of  »  percent1. 

Thus,  with  averaging  by  the  indicated  method  of  flow 
parameters  at  high  supersonic  velocities  and  stagnation  temperature 
constant  in  cross  section,  simultaneously  with  a  high  degree  of 
acourasy  four  integral  relationships  are  satisfied ,  and  these 
express  trie  equality  of  total  energy,  flow  rate,  momentum  ar.d 
entropy  in  the  initial  and  averaged  flow.  The  condition  TQ  =  const 

‘dee  Cherkez,  A.  Ya.,  On  certain  features  of  the  averaging 
of  parameters  in  supersonic  gas  flow.  Izvestlya  of  the  Academy 
of  Sciences  of  the  USSR ,  OTM,  No.  4,  1962. 
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is  in  this  case  very  significant,  since  otherwise  the  value  q(A), 
obtained  from  the  equation  of  flow  rate,  will  depend  on  the 
distribution  iaw  of  the  stagnation  temperature  and  can  differ  as 
much  as  possible  from  value  q(A),  found  from  the  momentum 
equation,  which  does  not  include  the  value  TQ.  The  physical 
meaning  of  the  obtained  result  consists  in  the  fact  that  at  high 
supersonic  speed  and  Tq  =  const,  substantial  changes  in  the 
pressures,  densities  and  other  flow  parameters  insignificantly 
change  the  velocity  magnitude.  Changed  even  less,  in  proportion 
to  the  value  of  function  z(A),  is  the  value  of  the  momentum  of 
the  gas  with  its  assigned  flow  rate:  an  increase  in  the  momentum 
to  a  considerable  degree  is  compensated  by  a  reduction  in  the 
static  pressure  so  that 

—  W-\-pF  —  const- QL 

The  indicated  property  of  supersonic  flows  means  the  possibility 
cf  a  one-dimensional  examination  and  the  use  of  methods  given 
in  this  chapter  for  calculating  flows  with  very  great  nonuniformity. 

Thus,  for  instance,  shown  in  Chapter  VII  is  the  high  accuracy 
of  such  a  calculation  in  connection  with  the  flow  in  cross 
section  of  which  the  static  pressure  changes  10-20  times  (initial 
section  of  the  supersonic  jet). 
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CHAPTER  VI 

BOUNDARY  LAYER  THEORY 

§  1.  Basic  Concepts  of  a  Boundary 
layer 


The  widely  developed  theory  of  motion  of  an  ideal  fluid 
usually  gives  a  completely  satisfactory  picture  of  real  flows, 
with  the  exception  of  the  areas  in  immediate  proximity  to  the 
surface  of  a  streamlined  body.  In  these  areas,  the  forces  of 
internal  friction  or  viscosity  forces  which  are  decisive  in  the 
emergence  of  resistance  of  bodies  during  motion  in  liquid  acquire 
vital  importance.  Disregard  of  these  forces  leads  to  the  fact 
that  the  resistance  of  a  body,  uniformly  moving  in  unlimited  space 
turns  out  to  be  equal  to  zero,  which  contradicts  experimental 
data . 


The  amount  of  friction  force  acting  on  a  unit  of  area,  i.e., 
the  stress  of  friction  is  designated  usually  as  t.  The  stress 
of  friction  in  the  boundary  layer  according  to  Newton's  hypothesis 
is  proportional  to  the  velocity  gradient  in  a  direction  normal 
to  the  body  surface  (§  4  Chapter  II),  i.e., 


the  proportionality  factor  u  characterizes  the  viscous  properties 
of  the  liquid  and  Is  called  the  coefficient  of  dynamic  viasoai  ty . 


Theoretical  interpretation  of  Newton's  law  (1)  can  be 
obtained  for  gases  on  the  basis  of  the  kinetic  theory.  According 
to  the  assumption  lying  as  the  basis  of  the  kinetic  theory, 
molecules  of  gas  are  found  in  continuous  but  random  movement,  so 
that  gas  as  a  whole  remains  stationary.  The  kinetic  energy  of 
this  random  movement  of  molecules  represents  the  thermal  energy 
of  the  gas.  Let  us  assume  now  that  along  with  the  random  move¬ 
ment  of  molecules  there  is  regulated  movement  of  finite  (very 
large  ir.  comparison  with  the  separate  molecules)  masses  of  the 
gas  parallel  to  a  certain  plane  SQ,  whereby  the  speed  of  this 
notion  u  is  proportional  to  distance  y  from  the  plane  in  question 
(Fig.  6.1).  At  arbitrary  distance  y^  let  us  conduct  plane 
parallel  to  SQ ,  and  let  us  examine  the  transfer  of  momentum 
b>. -cause  of  the  random  movement  of  the  molecules  through  this 
plane.  The  molecules  which  pass  through  the  plane  from  the 
bottom  upwards  possess  less  momentum  in  the  direction  of  velocity 
u  than  the  molecules  which  pass  downward,  and  because  of  this  the 
velocity  of  a  layer  of  gas  lying  higher  than  plane  will 
decrease,  while  the  velocity  of  a  layer  of  gas  lying  lower  than 
plane  S^,  -  will  increase.  To  obtain  the  quantitative  char¬ 
acteristic  of  this  interaction,  let  us  perform  the  following 
simplified  calculations.  Let  us  assume  that  in  a  unit  of  volume 
on  the  average  there  are  found  N  molecules  which  have  an  average 
velocity  of  random  movement  c.  In  the  direction  perpendicular 
to  plane  it  moves  N/3  molecules,  whereby,  of  them,  N/6  move 
from  the  top  downward  and  Just  as  many  move  from  the  bottom  upward. 
During  time  dt  through  area  dS  on  plane  in  each  direction 
there  pass  l/6NcdSdt  molecules.  Let  us  introduce  yet  another 
concept  of  the  mean  free  path.  Under  mean  free  path  l  is  implied 
that  average  distance  which  the  molecules  cover  between  collisions 
with  each  other.  The  molecule  which  was  found  at  a  distance 
-  lower  than  plane  possessed  momentum 


0  ■> 

i 

(m  -  the  mass  of  the  molecules,  u,  -  the  velocity  of  the  regulated 
motion  in  plane  S^).  Since  on  the  mean  free  path  the  momentum 
is  retained,  then  the  molecules  moving  from  the  bottom  upwards 
transfer  a  momentum  equal  to 

T  dt. 


Fig.  6.1.  Interpre¬ 
tation  of  Newton’s  law 
on  the  basis  of  kinetic 
theory . 

i 

Correspondingly,  there  Is  transferred  downward  the  momentum 


6  Kent  -f-  /j  dS  dt. 


This  transfer  of  momentum  gives  rise  to  the  appearance  of  tan¬ 
gential  stress  t  along  plane  S^.  Since  the  change  in  momentum 
is  equal  to  the  impulse  of  the  acting  force 

-dSdt  =  I AV//I  !u,  +  /)  dSdt  -  i  Kan  J  dSdt, 


then  for  the  tangential  stress  we  obtain  the  expression 


I  ,du 

■—  3 


(2) 


;:il  :h  is  no thir.r 


:n’s  law,  whereby,  u  =  1/3pc1. 


I 


361 


The  more  precise  calculations  made  by  Enskog  and  Chapman, 
considering  the  effect  of  velocity  u  on  the  velocity  distribution 
of  the  molecules  give  a  somewhat  different  numerical  factor 
■j  =  o .  4  9  9  P  c  i . 


In  accordance  with  kinetic  theory,  the  coefficient  of 
dynamic  viscosity  of  gases  should  not  depend  on  pressure  -  its 
value  should  vary  in  proportion  to  the  square  root  from  absolute 
temperature  (since  p  ~  p/T,  c  -  /T,  l  -  T/p).  The  first  conclu¬ 
sion  is  approximately  validated  by  experiment  within  sufficiently 
wide  lirr.it s.  As  concerns  the  increase  in  values  of  u  with  an 
increase  in  the  temperature,  it  occurs  more  rapidly  than  follows 
from  the  kinetic  theory.  A  more  precise  calculation,  taking 
into  account  the  nolecular  attracting  and  repulsion  forces,  leads 
to  formula  which  satisfactorily  agrees  with  the  experimental 
data 


I*. 


f  T  \>,  J  27.r  4-C 

m)  t+t- 


(3) 


where  T  is  expressed  in  °K. 

Values  of  uQ  and  c  for  various  gases  are  given  in  Table  1. 


Table  1. 


Gas 

■ 

Gas 

C° 

V"6 

kgf  •  s 

? 

m 

Air 

122 

1.75 

Hydrogen 

83 

0.85 

hit  rogen 

107 

1.70 

Helium 

80 

OO 

OO 

« — f 

Oxygen 

138 

1.96 

Ammonia 

626 

0.96 
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In  practical  calculations,  however,  it  is  more  convenient 
to  use  the  exponential  dependence  of  y  on  temperature 

i*»  '.  -'Ta)  *  (4) 

The  results  of  calculating  the  coefficient  of  viscosity  of 
air  in  formulas  (3)  and  (4)  (where  u>  *  0.75)  in  the  range  of 
temperatures  from  100  to  1000°K  are  given  in  Fig.  6.2.  The  solid 
curve  corresponds  to  Sutherland’s  formula,  while  the  broken 
line  corresponds  to  the  exponential  formula.  In  this  figure, 
the  experimental  values  of  y  are  shown  by  the  dots. 


Fig.  6.2.  Dependence  of  the  coefficient  of 
dynamic  viscosity  of  air  on  temperature. 

The  coefficient  cf  dynamic  viscosity  for  liquid  bodies 
depends  very  slightly  on  pressure  and  decreases  rather  rapidly 
with  an  Increase  in  temperature.  Since  in  a  liquid  body  the 
mean  free  path  of  a  molecule  is  commensurable  with  the  molecular 
dimension,  the  kinetic  theory  in  this  case  is  unsuitable,  ’’’he 
cohesive  forces  of  the  molecules  under  these  conditions  acquire 
great  significance.  In  view  of  the  complexity  of  the  inter¬ 
action  of  separate  molecules  in  a  liquid  body  at  present  there 
is  no  complete  liquid  theory,  and  therefore,  there  is  nc 
viscosity  theory. 


Let  us  consider  the  laminar  layer  motion  of  a  viscous 
liquid  near  a  solid  wall.  Under  the  action  of  viscosity  forces, 
layers  of  liquid  in  proportion  to  their  proximity  to  the  wall  are 
gradually  slowed  down  and,  at  the  wall  itself  adhere  to  it. 

This  zone  of  flow  of  a  viscous  liquid  located  about  a  streamlined 
body  is  called  the  boundary  layer.  Outside  the  boundary  layer 
the  effect  of  viscosity  is  usually  exhibited  weakly  and  the 
picture  of  flow  is  close  to  that  which  the  ideal  fluid  theory 
gives.  Thus  for  an  analytical  investigation  of  the  flow  of 
viscous  fluids,  the  whole  field  of  flow  can  be  broken  into  two 
areas:  into  the  area  of  the  boundary  layer  near  the  wall,  where 

it  is  necessary  to  consider  the  forces  of  friction,  and  Into  the 
zone  of  flow  outside  the  boundary  layer  in  which  it  is  possible 
tc  disregard  the  forces  of  friction  and  therefore  to  apply  the 
laws  governing  the  theory  of  an  ideal  fluid.  Consequently,  the 
boundary  layer  is  that  zone  of  flow  of  a  viscous  liquid  in  which 
the  values  of  the  forces  of  friction  and  inertia  have  an  identical 
order.  On  the  basis  of  this,  it  is  possible  to  estimate  the 
boundary  layer  thickness. 

For  simplicity,  let  us  examine  the  flow  of  a  liquid  along 
a  flat  plate.  The  x-axi c  is  directed  along  the  plate,  the 
y-axis  -  at  right  angles  to  it.  For  the  motion  which  proceeds 
basically  in  the  direction  of  the  x-axis,  the  force  of  inertia 
pertaining  to  the  elementary  volume  dxdydz  is  equal  to 
Dj^dxdydz,  where  u  is  the  velocity  of  motion  of  the  liquid  in 
the  direction  of  the  x-axls.  For  steady  motion 


_ i’u  lx _ _  dti 
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consequently,  the  force  of  inertia  is  equal  to  pu^dxdydz. 
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The  resultant  force  of  friction  parallel  to  the  direction 
of  motion,  as  can  easily  be  seen  from  Fig.  6.3,  is  equal  to 

!  ’  • :  -  ~  dy  dx  <1:  —  *.  dx  d:  =  fjj,  dx  dy  dz. 

Equating  the  force  of  Inertia  to  the  force  of  friction,  we  obtain 
the  relationship 

du  d~. 

or,  utilizing  Newton’s  law  (1), 


da  d'u 

•  dy‘ 


(5) 


dj/‘ 


Fig.  6.3-  Forces  of 
friction  applied  to 
an  elementary  volume. 


For  a  plate  of  length  l,  the  value  of  3u/$x  is  proportional  to 

Uq/Z,  where  uQ  is  the  velocity  of  external  flow.  Consequently, 

the  force  of  inertia  has  a  value  on  the  order  of  puq/Z.  The 

velocity  gradient  in  the  direction  perpendicular  to  wall,  i.e., 

the  value  of  0u/jy  is  on  the  order  of  uQ/'5 ,  where  <5  is  the 

boundary  layer  thickness.  Thus  the  force  cf  friction  is  pro- 

2 

portional  to  pu^/o  .  Substituting  these  values  of  forces  in 
relationship  (5;,  we  obtain  for  the  boundary  layer  thickness 
the  expression 


( 


is;-  or 


(6) 
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The  dJ  menslonless  quantity  pu^/./u  ■  is  the  Reynolds  number 
calculated  along  the  length  of  the  plate. 

Analogously,  it  is  possible  to  estimate  the  amount  of 
friction  stress  at  the  wall  =  Utilizing  the  values 

'tv  «  ~~ ""  ’'|  5 ~ I  j iFfti; ,  obtained  above,  we  find  the  expression  for 

tne  amount  of  friction  stress: 


2 

Dividing  the  stress  of  friction  by  PUq,  we  obtain  the  connec¬ 
tion  between  the  dimensionless  quantity  t,^/pUq  and  the  Reynolds 
numter 

(7) 

Relationships  (6)  and  (7)  show  that  Reynolds  number  is  the  funda¬ 
mental  characteristic  of  a  laminar  boundary  layer.  Both  the 
boundary  layer  thickness,  i.e.,  the  dimensions  of  the  area  where 
the  forces  of  friction  have  an  essential  effect  and  also  the 
value  itself  of  these  forces  of  friction  are  determined  basically 
by  the  value  of  the  Reynolds  number.  A  similar  result  can  also 
be  obtained  from  the  dimensional  theory. 

For  gases,  the  coefficients  of  dynamic  viscosity  are  low 
(Fig.  6.2),  therefore  the  Reynolds  numbers  will  be  rather  large 
even  at  relatively  low  values  of  the  rate  of  flow.  As  follows 
from  relationship  (6),  the  thickness  of  the  boundary  layer 
because  of  this  is  low  in  relation  to  the  length  of  the  plate, 
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i.e.,  all  the  effect  of  viscosity  Is  concentrates  In  a  thin  layer 
close  to  the  streamlined  surface.  This  conclusion  is  in  good 
agreement  with  the  results  of  experiments  in  the  study  of  low- 
viscous  flows. 

Let  us  explain  these  qualitative  considerations  by  a 
numerical  example.  Let  us  estimate  the  order  of  thickness  of 
the  boundary-layer  at  the  end  of  the  plate  as  a  length  of 
l  =  0.1  m ,  the  air  flowing  past  at  a  temperature  of  T  *  300°K 

at  a  rate  of  un  =  15  m/s.  The  air  density  at  tnis  temperature 

u  2  4 

and  atmospheric  pressure  equal  p  ■  0.120  kgf*s  /m  ,  while  the 

—  P 

coefficient  of  viscosity  u  1. 85*10”  kgf*s/m  (Fig.  6.2), 

To  these  parameters  there  corresponds  a  Reynolds  number 
R,  »  pu^Z/u  t  10^.  According  to  formula  (6),  the  relative 
thickness  of  the  boundary-layer  is  on  the  order  of 
6/1  ~  1/300. 

The  Reynolds,  number  is  the  determining  parameter  -  not  -on  ly 
for  the  o.uantitatlve  characteristics  of  the  boundary  layer,  but 
also  for  the  character  of  flow  itself.  With  small  Reynolds 
numbers,  the  motion  of  the  gas  particles  has  a  regulated  laminar 
nature,  such  a  flow  is  called  laminar.  With  large  Reynolds 
numbers  the  motion  of  the  gas  particles  becomes  irregular, 
uneven  velocity  pulsations  appear,  such  a  flow  is  called 
turbulent. .  The  transition  of  laminar  flow  into  turbulent  occurs 
at  a  specified  value  of  the  Reynolds  number  called  the  critical . 
The  critical  Reynolds  number  is  net  constant  and  depends  to  a 
very  great  degree  on  the  value  of  the  initial  disturbances ,  i.e., 
on  the  intensity  of  turbulence  of  the  incident  flow. 

Experimental  studies  of  the  transition  of  a  laminar  boundary 
layer  to  a  turbulent  on  a  flat  plate  snowed  that  the  critical 
value  of  the  Reynolds  number 


where  is  the  velocity  coefficient  of  the  outflow  from  the 

ini  c,,  in  the  total  pressure  In  the  Initial  cross  section 
of  ine  nozzle.  With  equal  drops  In  the  pressure 
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the  velocity  of  discharge  from  the  seml-thermal  noz?’ ^  Is  less  than 
that  from  the  geometric  nozzle  (^nT  <  l^r);  this  results  from 

e  q  u  ?.  1  j  t 
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wh  1  or:  connects  the  ratio  of  the  static  pressure  to  the  total 

pressure  with  the  velocity  coefficient.  For  example,  when 

onT  =  0.62  and  \ -r  =  ?  the  velocity  coefficient  of  outflow  from  the 

semi-thermal  nozzle  >  ,  =  1.97,  i.e.,  1.5?  less  than  the  velocity 

jnT 

coefficient  of  outflow  from  the  geometric  nozzle. 


In  examining  the  different  types  of  the  nozz.les  intended  for 
transition  through  the  speed  of  sound,  in  all  cases  we  had  in  mind 
the  transition  from  subsonic  to  supersonic  velocity.  The  obtained 
formulas  are  suitable  principally  for  the  reverse  case,  i.e.,  the 
smooth  conversion  of  supersonic  flow  into  subsonic;  however,  with 
the  braking  of  supersonic  flow  there  can  arise  shock  waves,  which 
complicate  the  phenomenon. 


Let  us  discuss  now  briefly  the  Joint  development  of  two  or 
several  effects.  As  a  first  example  let  us  analyze  the  case  of 
the  geometric  nozzle  with  friction.  The  fundamental  relation  (49) 
In  this  case  takes  the  form 


(««•— 


The  most  interesting  feature  of  this  nozzle  is  the  fact  that  the 
critical  velocity  is  obtained  in  its  divergent  part,  since  when  i'i  »  1 


212 


d  f*  _  fch  I.  V.  A 
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and  in  the  narrow  cross  section  (dF  =  0  when  dw  >  0)  the  subsonic 
velocity  and  M  <  1  occur. 

Let  us  now  explain  the  chief  characteristics  of  the  geometric 
nozzle  with  heat  exchange.  From  the  fundamental  relation  (49)  in 
tills  case  we  have 


The  location  of  the  critical  cross  section  (M  =  1)  is  determined 
by  the  equality 


OF  ,  g»- 1 


dQ, 


With  the  heat  feed  (dQ^^  >  0)  -  for  example,  with  the  afterburning 

of  gases  in  the  nozzle  -  the  critical  velocity  is  reached  in  the 

divergent  part  of  the  nozzle  (dF  >  0),  and  with  the  heat  removal 

(dQ  <  0),  i.e.,  the  heat  transfer  through  the  nozzle  walls,  the 
h  ap 

critical  velocity  is  reached  in  the  convergent  section  of  the 
nozzle  (dF  <  0).  In  the  first  case  in  the  narrow  cross  section  of 
the  nozzle  (dF  *  0) ,  there  occurs  subsonic  velocity  and  in  the 
second  case  -  supersonic  velocity. 


By  the  same  means  it  is  possible  to  investigate  the  Joint 
effect  in  the  gas  flow  of  any  other  actions.  In  this  case 
it  is  Important  to  emphasize  that  in  accordance  with  equation  (49) 
the  transition  from  H  <  1  to  M  >  1  requires  in  any  event  a  sign 
change  of  the  total  action. 


In  conclusion  let  us  note  one  fact  which  sometimes  leads  to 
misunderstandings  in  the  qualitative  analysis  of  laws  governing 
some  flows.  In  connection  with  this  let  us  again  return  to  equation 
(49). 
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A:  eve  in  the  analysis  of  the  equation  of  momentum  (92)  of 
Coup  tor-  T ,  we  noted  that  independently  of  the  processes  occurring 
’ : !  the  flow,  a  change  in  the  rate  of  flow  is  always  caused  by  the 
action  of  the  force  of  friction,  applied  forces,  and  also  the 
di  ffore  rice  i  n  forces  of  pressure  on  the  chosen  element  of  gas  flow. 
The  different  forms  of  the  external  action  in  different  ways 
affect  the  static  pressure  in  the  flow.  The  meaning  of  the  joint 
solution  of  equations  (93)-(97),  as  a  result  of  which  relation  (99) 
was  obtained,  was  reduced  so  that  the  value  of  the  pressure  gradient 
in  flow  is  expressed  by  external  actions;  the  value  dp  in  this 
case  was  excluded  from  the  momentum  equation  or  the  Bernoulli 
equation  (96). 

In  the  analysis  of  equation  (99)  it  is  revealed  that:  a)  a 
cuange  in  the  gas  velocity  is  caused  by  such  factors  which  are  not 
connected  with  direct  force  action  on  the  flow  (for  example,  the 
heat  feed),  b)  the  total  effect  in  a  number  of  cases  turns  out  to 
be  opposite  to  that  which  can  be  expected  on  the  basis  of  the 
analysis  of  the  action  of  applied  forces.  Actually,  for  example, 
the  force  of  friction  which  always  acts  opposite  to  the  direction 
of  motion  in  subsonic  flow  leads  not  to  braking  but  acceleration 
of  the  flow.  The  latter  means  that  in  flow  with  friction  there 
occurs  such  a  reduction  in  the  static  pressure  that  the  force  of 
pressure  acting  in  the  flow  exceeds  the  force  of  friction. 

In  exactly  the  same  manner  as  with  the  feed  of  mechanical 
energy  to  the  subsonic  gas  flow,  its  pressure  is  increased  so  that 
the  force  of  pressure  acting  counter  to  flow  exceeds  the  applied 
force  which  caused  it.  As  a  result  the  flow,  to  which  the  applied 
force  is  applied  in  the  direction  of  motion  when  M  <  1,  is  not 
accelerated  but  braked. 

Tr,us  ,  above,  in  the  analysis  of  external  actions  on  the  gas 
flow,  it  was  assumed  everywhere  that  in  the  flow  there  appear 
appropriate  pressure  gradients,  which  as  a  final  result  determine 


the  change  in  the  rate  of  the  flow.  Thus,  for  instance,  for  the 
acceleration  of  the  subsonic  gas  flow  in  the  thermal  nozzle  (i.e., 
when  F  *  const)  the  pressure  at  the  inlet  into  the  nozzle  should 
exceed  the  outlet  pressure  by  the  value  which  is  determined  by  the 
Initial  and  final  M  numbers  (see  formula  (55)). 

Having  the  same  meaning  are  above  obtained  relationships 
between  static  pressures  of  the  gas  in  flow  with  friction  (50), 
flew  with  the  feed  of  mechanical  energy,  and  so  on.  In  many 
instances,  however,  it  is  known  in  advance  that  in  the  flow  in 
question  there  is  no  longitudinal  pressure  gradient.  The  change 
in  the  gas  velocity  in  this  case  (dp  *  0)  is  completely  determined 
by  the  equation  of  momentum  in  the  form 


( 
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where  c'PTp  is  the  force  of  friction,  and  dP  is  the  applied  force. 
Hence  it  follows  that  in  isobaric  flow  both  at  subsonic  and  super¬ 
sonic  velocities  the  friction  leads  to  a  decrease  in  the  velocity; 
the  applied  forces  which  act  on  the  flow  or  the  applied  external 
mechanical  energy  (dP  <  0)  always  accelerate  the  gas  flow;  the 
heat  feed  when  dp  =  0  does  not  at  all  change  the  velocity  of  the 
directed  motion  of  gas,  since  in  this  case  there  are  no  applied 
forces . 

An  example  of  isobaric  flow  can  be,  in  particular,  supersonic 
flow  in  a  solid  wall.  The  boundary  layer  near  such  a  wall  is 
formeu  as  a  result  of  the  continuous  braking  of  the  flow  by  forces 
of  external  action  (friction).  In  summation,  the  velocity  of  the 
flow  in  it  decreases  when  p  =  const  fro.,  the  supersonic  to  the 
small  subsonic  value. 

In  exactly  the  same  manner  the  isobaric  supersonic  jet,  being 
mixed  with  the  fixed  atmospheric  air,  accelerates  its  particles 
to  the  supersonic  velocity  by  means  of  a  one-sided  mechanical 
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not  !<•;,  -  t i . >?  feed  of  the  momentum  in  the  collision  of  particles 
f  i Tir  ar.d  air. 

With  further  flew  in  any  stream  filament  within  the  isobaric 
supersonic  jet  there  occurs  continuous  braking  -  with  the  transition 
ihrourh  the  speed  of  sound  -  down  to  low  speeds,  and  also  because 
of  one-sided  external  action  -  the  transfer  of  momentum  Into  the 
on vi ronment  . 

These  examples  do  not  contradict  the  laws  established  above 
and  the  equation  of  the  transformation  of  actions  (49).  The  fact 
is  that  in  the  presence  of  any  external  action  the  condition  in 
isonari cl ty  (p  =  const)  can  be  fulfilled  only  with  a  completely 
defined  change  in  the  oross-ee ctional  area  F. 

Thus,  for  instance,  at  subsonic  flow  in  a  cylindrical  tube 
with  friction  the  velocity  of  the  gas  increases,  and  the  static 
pressure  drops.  In  order  that  the  pressure  in  the  flow  is 
constant,  the  channel  must  be  made  divergent,  i.e.,  the  geometric 
effect  dF  >  0  must  be  added  to  the  effect  of  friction.  Since 
independently  of  the  shape  of  the  channel  with  flow  with  friction 
the  total  pressure  is  lowered,  then  in  such  an  Isobaric  flow  the 
gas  velocity  is  decreased. 


§  5-  On  the  Propagation  of 
Detonation  and  Burning  in  Oases1 

The  creator  of  the  theory  of  the  propagation  of  detonation 
in  gases  is  the  well-known  Russian  physicist  V.  A.  Mikhel’son 
who  devoted  in  1 88 9  the  work  "On  the  normal  ignition  speed  of 
fulminating  gas  mixtures"  to  this  problem.2 

The  outstanding  theoretical  and  experimental  studies  in  the 
field  of  burning  and  detonation  belong  to  N.  N.  Semenov,  Ya.  B. 
Zel'dovich,  D.  A.  Frank-Kamenet siy ,  K.  I.  Shchelkin  and  other 
Soviet  scientists.9 

The  propagation  of  the  flame  in  a  combustible  gas  mixture, 
without  depending  on  the  mechanism  of  ignition  (by  thermal 
conductivity  with  slow  burning  or  by  a  shock  wave  with  detonation), 
is  subordinated  to  the  fundamental  laws  of  gas  dynamics  ana, 
therefore,  can  be  described  by  equations  of  the  conservation  of 
mass,  momentum  and  energy. 

The  flame  front  is  a  thin  layer  of  gas  of  virtually  constant 
cross  section,  on  both  sides  of  which  values  of  the  velocity  of 
motion  (relative  to  the  wave  front),  temperature,  pressure  and 
other  parameters  are  different.  In  accordance  with  this,  the 
flame  front  can  be  treated  as  a  surface  of  nonremovable 
discontinuity  (thermal  shock). 


lIn  this  section  an  expanded  presentation  of  the  following 
work  is  given:  Abramovich.  G.  N.  and  Vulis,  L.  A.,  On  the 
mechanics  of  the  propagation  of  detonation  and  burning.  Reports 
of  the  Academy  of  Sciences  of  the  USSR,  Vol.  55,  Issue  2,  19^7. 

2Mlchel ' son ,  V.  A.,  Complete  collected  works,  Vol.  1,  M., 

1930. 


3See,  for  example,  Zel'dovich,  Ya.  B.,  Theory  of  the  burning 
and  detonation  of  gases.  Publishing  Mouse  of  the  Academy  of 
Sciences  of  the  USSR,  19^- 
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In  the  contemporary  concept  the  detonation  wave,  which  is 
r  ;•  y.  aerated  in  the  combustible  gaseous  medium,  is  two-layered.  The 
hirst  layer  Is  an  adiabatic  shock  wave,  with  the  passage  through 
which  the  gas  Is  greatly  heated.  In  chemically  active  gas  this 
heating,  11'  it  is  sufficiently  intensive,  can  cause  ignition. 

In  connect  ion  with  the  fact  that  the  shock  wave  thickness  is 
negligible  (order  cf  the  mean  free  path  of  the  molecule),  witnln 
limits  its  process  of  burning,  apparently,  is  developed  not  in 
the  state.  Therefore,  the  area  in  which  there  occurs  burning 
forms  a  second,  more  extended,  but  virtually  also  very  thin  layer 
v.i.lon  adjoins  directly  to  the  shock  wave  (Fig.  5-18). 


Fig.  5-18.  Diagram  of  the 
detonation  wave:  A  -  fresh 
mixture,  B  -  products  of 
combustion;  I.  shock  wave, 
II.  combustion  zone. 


The  heating  of  the  gas  with  its  passage  through  the  shock 
wave  in  detonation  burning  in  essence  replaces  the  preheating 
with  its  thermal  conductivity  in  normal  burning. 

Let  us  examine  the  phenomenon  of  detonation  in  conditions  of 
a  one-dimensional  problem.  In  the  case  for  a  plane  shock  wave 
according  to  the  known  relation  (15)  of  Chapter  III,  the  product 
cf  the  gas  velocity  relative  to  the  wave  front  (taken, 
respectively.  In  front  of  and  behind  the  front)  is  equal  to  the 
square  of  the  critical  velocity: 

u-,®,  alp. 
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The  value  is  the  velocity  of  the  propagation  of  the  shock 
wave  (in  our  case,  the  detonation  wave  in  a  fixed  gas).  For  the 
study  of  the  process  it  is  convenient  to  consider  that  the  gas 
flows  at  a  rate  of  to  the  region  of  detonation,  and  the  wave 
front  is  fixed.  This  Inverted  scheme  of  the  phenomenon  is 
accepted  by  us  in  the  subsequent  presentation. 

Shock  wave  (pressure  shock),  as  is  known,  is  propagated  at 
a  hypercritical  velocity  (w.  >  eu„),  and  therefore  the  gas 

1  P 

velocity  behind  the  wave  front  is  always  lower  than  the  critical 
velocity  (w0  <  a„_).  In  other  words,  the  process  of  burning 

<—  H  p 

with  detonation,  as  with  slow  burning,  occurs  in  the  subsonic 
part  of  the  gas  flow. 

At  the  end  of  the  second  layer  of  the  detonation  wave,  as 
a  result  of  the  heat  feed  with  burning,  the  gas  velocity  is 
higher  than  at  first,  and  the  pressure  is  respectively  lower. 

Thus,  the  first  layer  of  the  detonation  wave  is  a  compression 
shock,  and  the  second  layer,  where  burning  occurs,  is  the 
expansion  shock.  The  approximate  nature  of  the  distribution  of 
the  pressure  and  gas  velocity  in  the  detonation  wave  is  shown 
on  Fig.  5.H'. 

Let  us  turn  to  the  calculation  of  the  shock  wave. 

In  the  calcualticn  of  the  change  in  the  state  of  the  gas 
in  the  first  layer  of  the  plane  detonation  wave,  we  can  use 
relations  for  the  normal  shock  wave. 

For  the  case  in  question  it  is  important  that  in  the  first 
layer  of  the  detonation  wave  (adiabatic  shock  wave)  the  stagnation 
temperature  remains  constant  TQ1  *  T^.  Consequently,  the 
critical  velocity  in  the  first  layer  does  not  change  a^Kp  ■  a2Hp» 
whereas  in  the  products  of  combustion  its  value  is  increased 
Tq^  >  and,  respectively,  a^Kp  >  a^Kp.  This  circumstance 
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must  te  considered  subsequently  In  the  calculation  of  the  velocity 
ccef fie  ier.t  s  : 


From  the  continuity  equation  «  P2W2  anc*  expression  (16)  of 

Chapter  III,  let  us  find  for  a  change  in  density  and  velocity 
the  relation 


The  law  cf  pressure  change  in  the  normal  shock  wave  can  be 
obtained  from  the  momentum  equation  in  the  form  of  the  known 
equality  (21)  of  Chapter  III 


& 

Pi 


1  — rern-' 

1  ~  jTflH' 


(63) 


From  (62)  and  (63)  it  follows  that  the  change  in  gas  temperature 
in  the  shock  wave 


(64) 


For  example,  at  the  velocity  of  propagation  of  the  shock  wave 
w^  »•  2000  m/'s ,  the  Initial  temperature  of  the  gas  ■  400°K, 

R  *  30  kgm/kg-deg  and  k  »  1.4  we  have  =  2400°K,  alHp  =  900  m/s, 

\ ^  t  2.2,  >>2  t  to  which  corresponds  T2  t  2300°K. 


There  are  no  doubts  that  in  this  case  the  shock  wave  can 
cause  the  Ignition  of  the  combustible  gas  mixture. 

Let  us  now  study  the  calculation  of  the  combustion  zone. 

It  is  natural  that  all  formulas  derived  in  51  3  and  4  for 
the  case  of  the  preheating  of  gas  in  a  cylindrical  tube  are  also 
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suitable  for  calculating  the  second  (thermal)  layer  of  the 
detonation  wave,  since  in  the  derivation  of  the  indicated  formulas 
the  length  of  the  tube  was  not  important  (the  friction  and 
thermal  conductivity  through  the  side  surface  were  disregarded). 


For  calculating  the  state  of  the  gas  in  the  second  (subsonic) 
layer  of  the  detonation  wave  -  in  the  region  of  burning  -  it  is 
most  simple  to  resort  to  the  relation  (58)  between  the  stagnation 
temperature  and  the  velocity  coefficient 


T»  >1(1  +>!>' 
T7,  >10  +i|i‘ 


>101  + l)' 

Mii+V 


(65) 


whence  after  the  solution  of  biquadratic  equation,  we  obtain  the 
following  expression: 


}  _  I  1 


or 


(66) 

(67) 


Rejected  here  are  the  roots  which  give  the  supersonic  solutions, 
since  the  combustion  zone  where  the  relative  velocities  are 
lower  than  the  speed  of  sound  (X^  <  1)  is  examined;  furthermore, 
we  assume  that  TQ1  »  T0<?'  veloclty  coefficient  X^  -  directly 

after  the  shock  wave  -  is  usually  considerably  less  than  unity; 
if  in  this  case  the  relative  temperature  increment  of  braking 
in  the  region  of  burning  is  small  (To3^Toi  :  then  formula  (67! 

can  be  substantially  simplified: 

^r+Ti/rl;^  ]frZ 

2 

(since  under  the  assumptions  made  X^  <<  1).  Thus, 

(68) 

where  AT0  *  Q/c  ,  If  Q  I3  the  quantity  of  heat  which  is  liberated 
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with  the  combustion  of  a  unit  weight  of  mixture.  From  formula 
;  e  .■  it  is  evident  that  with  weak  heating  (AT^/T^  t  0)  the 
veiccity  coefficient  for  the  products  of  combustion  is  close  to 
the  velocity  coefficient  after  the  shock  wave. 


With  the  intensifying  of  the  shock  wave,  i.e.,  with  an 
increase  in  the  velocity  of  propagation  of  the  shock  wave,  the 
stagnation  temperature  of  the  initial  mixture  Tq^  *  Tq£  sharply 
increases  according  to  the  known  equality  (42)  of  Chapter  I 


r«. 


...  _  Tj 


(69) 


in  this  case  the  temperature  in  the  flow  in  front  of  the  region 
of  turning  T-,  sharply  increases.  In  the  limit  when  ■  *>  and 
=  j/  *££  we  have  »  «  and  ■  °°.  With  an  increase 

in  temperature  T^,  in  connection  with  the  increasing  role  of 
thermal  dissociation,1  the  absolute  difference  in  the  stagnation 
temperatures  somewhat  decreases: 


Tu  —  r«. 

Consequently,  with  the  Intensification  of  the  shock  wave  both  the 
relative  heating  of  the  gas  ATq/Tq^  ard  the  velocity  coefficient 
of  the  combustion  products  decreases. 


This  is  evident  most  distinctly  if  into  formula  (68),  instead 
of  the  variable  stagnation  temperature  we  Introduce  the  constant 
temperature  of  the  cold  gas: 


X,  »» 


I 

TT 


(70) 


'The  thermal  dissociation  is  the  phenomenon  of  partial 
decomposition  of  the  products  of  burning  observed  at  high 
temperatures  and  also  at  low  pressures!  a  reaction  occurs  in 
tne  opposite  direction  and  is  accompanied  by  an  absorption  of 
heat . 
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The  burning  which  occurs  behind  the  front  of  a  very 
powerful  shock  wave  begins  at  such  a  high  thermal  level  that  it  can 
cause  only  a  relatively  small  increase  in  stagnation  temperature. 
Therefore,  in  the  limit 

Pllnp  r- 1 

i.e.,  the  detonation  wave  approaches  with  the  usual  shoc.k  wave. 

Let  us  study  the  steady-state  condition  of  detonation. 

The  considerations  given  make  it  possible  to  imagine  the 
process  of  the  formation  of  the  stationary  wave  of  detonation  in 
the  following  form.  Usually  the  detonation  wave  appears  as  the 
result  of  local  explosion  in  the  combustible  mixture.  In  the 
region  of  the  explosion  very  high  pressures  are  developed  and 
directed  from  it  is  a  very  powerful  shock  wave.  In  transit 
through  the  cold  combustible  mixture,  this  wave,  as  was  noted 
above,  causes  considerable  heating  of  the  gas  and  can  lead  it 
up  to  ignition.  Precisely  in  this  case,  behind  the  shock-wave 
front  there  follows  the  region  of  burning  which  forms  the  wave 
detonation  in  totality  with  the  shock  wave.  Since  near  the 
explosion  center  the  propagation  velocity  of  the  wave  and  its 
intensity  are  very  great,  the  relative  gas  velocities  at  the 
beginning  of  the  region  of  burning  and  at  the  end  of  it  are 
close  to  each  other  and  substantially  lower  than  the  critical 
velocity : 

X2  ;  X3  <<  1. 

However,  with  distance  from  the  blast  center  the  detonation  wave 
is  attenuated,  and  the  propagation  velocity  of  it  X^  decreases. 

In  connection  with  this  there  occurs  a  reduction  in  the 
stagnation  temperature  at  the  beginning  of  the  region  of 
burning  (T02)  and  an  increase  in  the  velocity  coefficient  of 
the  gas  (X2).  In  this  case  the  relative  heating  of  gas 
(ATq/Tq^)  and  the  velocity  of  motion  (68)  of  the  combustion 
products  (X^)  increase.  It  is  obvious  that  when  the  detonation 
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■  vo  \z  attenuated  so  iriuch  that  X ^  will  be  raised  up  to  the 

“it. 'cal  value  (X,  =  1),  a  further  deceleration  of  detonation 

1  H  P 

ill  prove  to  be  Impossible1). 

Consequently,  the  detonation  process,  which  began  from  the 
q.loolon,  continuously  weakens,  until  the  progagation  velocity  is 
rwered  to  a  minimum  value  which  corresponds  to  the  onset  of  the 
a"  critical  region  lr  the  combustion  zone.  From  this  point 
...  the  propagai on  of  the  .intonation  wave  acquires  a  stable 
1  •  ;  .  •.  .  1..  ur  *  . 


tii.  shown  n.  j  ,  further  acceleration  and  transition  to 
;  ■  t  oosible  solely  with  a  change  in  the 

!  g.  :.{;•>  v f  fee :  -  t  his  case  upon  the  transition  from  the 
n.  :  ior.  ir.  the  corAiv-stlon  zone  to  its  removal,  beginning 

•.  .  v- •  i :  i :  a .  vr..;?  section  (thermal  nozzle).  Thus,  he 
of  the  t  i.v:  .v.i  i  cr:  tied.’  region  in  the  zone  of  combustion 
•a i.;  to  tv.  vst.v;. i  1  srovni.  of  stationary  values  X^,  X2,  and  X^. 


ive  car.  ie'.cj-r.ij.i  tu<:  coefficient  of  the  propagation  velocity 
lot-  .vtea-Jjr-stat.i  chi  ,na*. .  ici.  wave,  after  substituting  value 

=  i  jritc  r  q.i  ji  i  or.  (ho).  In  this  case 


(71) 


a  or  rclea'-*  the  radicals 


r„ 

r« 


./»!  +  •  i.» 

TVTI 


(72) 


*  6'.'^,  we  also  obtain 
M  -it*  (I -HI* 

r„  i  ~rar/  • 


(73) 


'-.hi.-,  '.hi  o'.mple  shock  wave,  formed  as  a  result  of 
h-  being  pro  pagated  In  the  inert  medium,  with 

i  .»•  ftv'o  :  t.«  h  i.i.  i.  center  completely  degenerate.;  into  an 
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The  last  two  expressions,  just  as  equation  (.65),  retain  | 

identical  form  with  the  substitution  in  them  of  velocity 

coefficients  X^  and  X^.  Thereby  a  change  In  the  stagnation  \ 

temperature  is  connected  here  either  with  the  propagation  velocity  \ 

of  detonation  (X^)  or  with  the  maximum  propagation  velocity  of  the  f 

combustion  zone  (X^).  It  is  important  that  the  maximum  value  X^ 
is  retained  without  depending  on  the  mechanism  of  ignition,  i.e.,  , 

it  is  related  both  to  the  detonation  and  the  steady-state  flame 
propagation.  ] 

a 

Let  us  turn  to  the  calculation  of  the  propagation  velocity 
of  the  wave. 


Let  us  designate  for  brevity  the  thermal  characteristic  of 
the  combustible  mixture  : 


1  ^ _ j  r, _ ^ 


r. 

{ 

From  formulas  (69)  and  (72) 

we 

have 

&  1 1 

T 

*  4- 

tv 

whence  the  square  of  the  velocity  coefficient  of  the  wave 
propagation  is  equal  to 


(7H) 


In  equation  (7*0  botn  signs  before  the  radical  correspond  to 
the  real  values  of  the  velocity  coefficient.  The  positive  sign 


‘in  meaning  this  value  is  equal  to  the  ratio  of  the  quantity 
of  liberated  heat  to  the  initial  gas  enthalpy  $  =  Q/CpT^..  For 

example,  for  a  cold  (T^  ;  300°  abc )  mixture  of  gasoline  with  air 
(when  a  ;  1 ) >  :  6.5. 


■j 


4 

•  A 


mm- 


corresponds  to  detonation  burning  (X^  >  1),  i.e,,  the  propagation 

velocity  of  the  shock  wave.  The  negative  sign  corresponds  to 

the  propagation  of  the  slow  burning.  It  should  be  noted  that 

formula  (74)  also  with  a  negative  sign  is  suitable  for  detonation. 

In  this  case  it  connects  the  velocity  coefficient  directly  behind 

the  shock  front  (instead  of  A^)  with  value  =  ATq/T^ 

(instead  of  $  «  AT„/T, ) . 

0  1 


In  practically  interesting  cases  where  ♦  >  1,  instead  of 
expression  (74),  it  is  possible  with  an  error  of  less  than  2% 
to  accept  approximately: 

a)  for  the  propagation  velocity  of  the  stationary  wave  of 
detonation 


x;  =  - 


2  +  41 


,  -  .n  *  —  i  • 
'+4®  TTT 


(75) 


b)  for  the  maximum  propagation  velocity  of  the  wave  of 
burning 


M  — 


i 

T+ 4l* 


(76) 


Using  the  known  connection  between  the  velocity  coefficient 
and  the  M  number,  it  is  possible  to  obtain  also  similar 
dependences  of  the  M  number  for  es  of  detonation  and  burning 
on  the  thermal  characteristic  of  o..e  gas  mixture. 

Figure  5.19a  and  5.19b  show  graphs  of  the  dependence 
>,=/(»)  and  M,  =  /=■<#) 

for  the  gas  mixture  (when  k  *  1.4),  The  upper  branches  of  both 
curves  (In  the  supersonic  region  of  motion  1>1,  M^>1) 
correspond  to  the  steady  minimum  propagation  velocity  of 
detonation  and  the  lower  branches  (in  the  subsonic  region 
*1  <  1»  Mi  <  1)  ”  the  maximum  rate  of  combustion,  i.e.,  the 
maximally  possible  velocity  of  the  normal  propagation  of  the 
flame . 
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Figure  5- 19a.  Dependence  of  the  extreme  value  of  the  coefficient 
of  the  propagation  velocity  of  the  wave  of  burning  on  the  thermal 
characteristic  of  the  mixture:  1  -  region  of  unsteady  detonation; 
2  -  steady-state  regime  of  detonation;  3  -  maximum  rate  of 
combustion;  4  -  region  of  normal  burning. 

Figure  5.19b.  Dependence  of  the  extreme  value  of  the  M  number  for 
the  wave  propagation  of  burning  on  the  thermal  characteristic  of 
the  mixture:  1  -  region  of  unsteady  detonation;  2  -  steady-state 
regime  of  detonation;  3  -  maximum  rate  of  combustion;  4  -  region 
of  normal  burning. 


We  arrive  at  the  single  concept  of  the  propagation  velocity  of 
burning.  In  this  case  in  the  supersonic  region  (above  the  curve) 
the  values  which  correspond  to  the  nonstationary  state  of  detonation 
lie,  whereas  in  the  subsonic  region  (below  the  curve)  there  is  a 
countless  multitude  of  values  which  correspond  to  the  stationary 
normal  propagation  of  burning  at  the  low  speeds  of  flow  of  the  gas. 
Finally,  the  conditions  which  correspond  to  the  shaded  area 
(Figs.  5.19a  and  5*19b)  cannot  be  realized  in  connection  with  the 
phenomenon  of  the  thermal  critical  region  (i.e.,  the  Impossibility 
to  transfer  to  the  speed  of  sound  during  the  heat  feed). 

By  precisely  this,  apparently,  one  should  explain  the  fact 
that  the  transition  from  slow  burning  to  detonation,  as  experiments 
in  the  tubes  show,  is  always  achieved  intermittently. 
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One  should  note  one  interesting  feature  of  the  curves  obtained. 
As  can  be  seen  from  the  graphs,  tne  most  insignificant  thermal 
effect  suffices  in  order  that  the  maximum  rate  of  combustion 
becomes  substantially  lower  and  the  detonation  velocity 
substantially  higher  than  the  sonic. 

Let  us  give  the  calculation  of  pressures  with  detonation  and 
burning. 

The  calculation  of  the  maximum  expansion  shock  in  the  flame 
front  attained  with  the  thermal  critical  region  can  be  produced 

by  means  of  the  momentum  equation.  In  the  case  of  X,  *  M0  =  1 

1  J  ^ 
we  have1 


Ex. 

P» 


but  in  these  conditions 


whence,  on  the  basis  of  dependence  (71),  we  obtain 

(77> 

Thus,  the  maximum  pressure  drop  in  the  gas  flow  in  the  region  of 
burning  is  equal  to 

<78> 


lIn  order  to  obtain  this  expression,  let  us  write  the  momentum 
equation  (9^)  of  Chapter  I  for  our  case: 


or 


but 


Pt—Pt  =  P,w,  (UP,  —  w,) 


P*  *Pi  \ 

£•?•  =, •*»  ^  M.  _ , 
*P,  a}  —  I- 


-M, 
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or  on  the  basis  of  expression  (72) 

;r='  +  *rfrj-'+*r!f{.  (79> 

In  this  case  the  value  of  the  velocity  coefficient  both  in 
detonation  and  in  the  extreme  case  of  normal  burning  is  taken  from 
the  relation  (74 ) . 

If  we  use  equality  (75),  then  the  following  approximation 
formula  of  the  pressure  drop  in  the  second  region  of  the  wave 
of  detonation  (for  $  >  1)  is  found: 

(80) 

ft  t+«»  +  X  • 

Correspondingly,  equality  (76)  leads  to  the  approximation 
expression  of  a  drop  in  pressures  for  the  maximum  rate  of  the 
normal  burning: 


1+4* 

J+71* 


(81) 


The  pressure  change  in  transit  through  the  entire  region  of 
detonation,  which  consists  of  an  adiabatic  shock  wave  and 
combustion  zone,  will  be  obtained  in  the  division  of  equality 
(63)  into  (79): 

£j.-_  ft.  £l  — _ -L+L 

Pi  P,  p,  A+l  —  (A  —  ijlf*  (o2) 


Very  simple  dependences  are  obtained  for  a  density  change  of 
the  gas.  At  the  maximum  speed  of  normal  burning,  on  the  basis  of 
the  equation  of  continuity  and  expressions  (77)  and  (72),  we 
obtain 


ft  =  —  2  _  2M 

f»  w,  £f+T  l  +  *|  ’ 


(83) 
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With  the  steady-state  condition  of  detonation  burning,  using 
equalities  (16)  of  Chapter  III  and  (62),  we  have 

11=  ™L.  (814  ) 

Pi  Pt  Pi  tH 

Let  us  discuss  in  more  detail  some  general  properties  of  the 
one-dimensional  nonadiabatic  waves,  and  let  us  give,  in  particular, 
the  calculating  equations  for  determining  the  absolute  velocity  of 
propagation  of  the  wave.  From  the  momentum  and  continuity  equations 
it  follows  that  in  any  case  of  the  shock  wave  (in  disregarding 
forces  of  friction)  the  following  relation  is  correct: 


P.-,t (85) 

On  the  other  hand,  the  equation  of  enthalpy,  taking  into  account 
the  equation  of  state  of  an  ideal  gas,  gives  for  the  pressure  Jump 
with  any  feed  (or  removal)  of  heat1 

(86) 


1  Let  us  write  the  equation  of  enthalpy  (25)  of  Chapter  I  for 
gas  before  and  after  the  shock  wave 

(  !»i  ^  ^  J 1  ^  ( f«»  —  f«)  “  A  , 

or,  by  replacing  from  the  equation  of  state  T  ■ 

Pi  -=  Pi*/?f,i  —  £^-Pi»f.  — 

By  subtracting  from  the  second  equation  the  f irBt ,  taking  into 
account  the  equalities 


Aft  A- 1 
It,  “  '  2*  '  • 


"»P  ~  *1T 


and  the  law  of  the  momenta,  we  obtain  (86). 
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From  equations  (85),  (86)  and  continuity,  it  is  not  difficult  to 
derive  the  relation  between  velocities  for  the  arbitrary  pressure 
Jump : 

«|W,(W|  —  tr1)  =  oJ,»tt,i  — (87) 


In  the  particular  case  when  the  heat  feed  is  absent  and 
2  2 

a,  „  ■  ao  „*  we  again  obtain  the  relation  (16)  of  Chapter  III  for 

l K  p  jH  p 

the  adiabatic  shock  wave. 


In  the  case  of  interest  to  us  of  the  steady-state  detonation 

(or  the  propagation  of  burning  at  the  maximum  rate),  when  the 

thermal  critical  region  begins,  i.e.,  X,  ■  1  and  w,  ■  a,  , 

j  j  d  ^  P 

equation  (87)  assumes  the  form 


(®t  —  aH»)'  d!i|  —  a!«p 


whereupon  for  the  detonation 


for  the  slow  burning 


Just  as  In  the  dimensionless  equations  given  previously,  we  have 
here  two  solutions: 

a-,  =  a,„  ±  \  aj„  —  a\^ ,  (89) 

which  correspond  to  the  minimum  rate  of  the  propagation  of 
detonation  (with  the  +  sign)  and  the  maximum  speed  of  slow 
burning  (with  the  -  sign). 

The  obtained  general  relations  are  used  for  any  nonadlabatlc 
pressure  jumps  without  depending  on  the  mechanism  of  heat 
liberation.  We  saw  that  in  the  two  cases  examined  above  of  the 
propagation  of  the  flame  front  immediately  the  thermal  shock 
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(i.e.,  the  combustion  2one)  represented  both  with  detonation  and 
with  normal  burning  the  expansion  shock  in  the  subsonic  flow. 

It  is  not  difficult  to  indicate  the  case  of  the  thermal  compression 
shock  in  the  supersonic  flow.  We  have  in  mind  the  well-known 
condensation  3hocks,  which  are  accompanied  by  the  transition  from 
a  higher  supersonic  velocity  to  a  lower  but  still  supersonic 
velocity.  And  in  this  case  the  equations  and  derivations  given 
above  remain  valid. 

In  conclusion  let  us  investigate  the  flow  of  gases  behind 
the  wave  front. 

Obtained  above  were  the  fundamental  principles  characterizing 
the  gas  flow  passing  through  the  region  of  the  shock  of  detonation 
or  flame  with  a  fixed  front,  i.e.,  in  a  reversed  scheme.  Let  us 
examine  now  which  form  all  relations  will  acquire,  if  we  pass  to 
the  normal  scheme  when  the  gas  is  fixed,  and  in  it  the  wave  of 
detonation  or  burning  at  the  rate  w.^  is  propagated.  In  this  case 
behind  the  shock-wave  front  there  follow  the  still  not  ignited 
particles  of  gas  with  the  velocity 

«,=s«P|  —  «v 

and  moving  behind  the  region  of  burning  are  products  of  burning 
with  the  velocity 

w,  =  tet  -  o’, 

where  we  understand  wx  and  wp  as  aosolute  velocities.  It  is  not 
difficult  to  see  that  In  the  case  of  the  detonation 

H»». 

i.e.,  the  flame  front  and  products  of  burning  move  in  the  same 
direction  as  does  the  shock-wave  front,  but  only  the  particle 
velocity  in  the  flame  front  is  higher  than  in  the  products  of 
burning ; 

“•«>cv 

In  the  case  of  normal  burning,  when 

“I  =  W|  V* 


29  2 


the  value  wr  is  negative,  i.e.,  the  directions  of  motion  of  the 
products  of  burning  and  flame  front  are  opposite. 

As  it  was  established,  with  the  steady-state  condition  of 
detonation  and  with  the  maximum  rate  of  normal  burning,  there 
occurs 


—  4j«i<  or  )^ssi, 

in  consequence  of  which  in  these  conditions  the  rate  of  the  motion 
of  products  of  burning  is  equal  to 

«V  =  a*,  —  ok,. 

where  according  to  dependence  (89)  obtained  above 

fc'i  —  i  V  o**,  —  o'«** 

Hence  we  arrive  at  the  following  expression  for  the  propagation 
velocity  of  products  of  burning  in  cases  of  stationary  detonation 
and  the  maximum  state  of  the  normal  burning: 

o?„.  (90) 

The  plus  sign  corresponds  to  detonation,  and  the  minus  sign  -  to 
normal  burning. 


Let  us  now  find  the  values  of  velocity  coefficients.  For  the 
shock-wave  x'ront  we  obtain  X^  »  For  particles  following 

directly  after  the  shock-wave  front. 


since  alKp  -  a2Kp. 
(90)  we  have 


(91) 


Finally,  for  products  of  burning  according  to 


Hence  by  means  of  (72)  we  find 


K 


25  3 


(92) 


Positive  values  of  >.p  are  obtained  with  detonation  ( A^  >  1),  and 
negat i ve  values  are  obtained  with  normal  burning  (A^  <  1).  In  the 
ease  of  ^  *  1  we  have  Ar  ■  0,  i.e.,  with  the  motion  of  the  wave 
at  the  speed  of  sound  the  gas  remains  fixed,  which  completely 
corresponds  to  the  physical  nature  of  the  phenomenon1. 

The  greatest  value  of  the  rate  of  products  of  normal  burning 
A  _  ■  -1  is  obtained,  naturally,  in  the  fixed  mixture  of  infinite 
caloricity  [4  -  ®,  i.e.,  A^  ■  0,  see  (76)]. 

The  maximum  of  the  rate  of  products  of  detonation  is  reached 
also  with  infinite  caloricity  [with  (75)  ft  =  oo,  X|=sByi-|J  ,  but  in 
this  case,  as  it  is  not  difficult  to  see  from  (92),  it  is  equal  to 


Thus,  the  absolute  velooity  of  the  motion  of  the  burned 
particles  ia  always  less  than  the  speed  of  sound.  This  result 
is  valid  both  during  normal  burning  and  detonation. 

Meanwhile  as  it  is  not  difficult  to  see  from  (91 ),  the 
velocity  of  unburned  particles  (at  the  beginning  of  the  combustion 
zone)  in  the  case  of  detonation  can  be  more  than  sonic;  this  is 
obtained  in  the  state 

X,  =  X4  — J->1.  i.e.,  when  Af  — X,  — l>0. 

Solving  this  inequality,  we  obtain 

and  M|>2. 


‘Above  [see  (7*0]  it  was  shown  that  X^  ■  1  is  obtained  only 

with  zero  caloricity  of  the  mixture,  when  the  detonation  and 
burning  degenerate  into  the  usual  shock  waves. 


29 


» 


( 


The  maximum  value  of  this  velocity,  obviously,  is  obtained  in  the 

2  k+1 

state  M1  »  «  and  X1  ■  and  it  is  equal  to 


> 


i  itm  “ 


if  k  •  1.4,  then  Xx  mRx  -  2.04  and  Mx  max 


3.4. 


( 


An  interesting  result  will  be  obtained  if  we  connect  the 
absolute  gas  velocity  at  the  beginning  and  end  of  the  zone  of  the 
detonation  burning: 

Hence,  by  using  dependences  (9D,  (92)  and  (72),  we  find  the 
following  simple  relation: 

(93) 

i.e.,  with  detonation  the  partiale  speed  before  the  flame  front 
is  always  twioe  higher  than  the  veloaity  of  the  burned  par tioles . 

The  pressures  both  behind  the  shock-wave  from  (p2)  and  at 
the  end  of  the  combustion  zone  (p^)»  obviously,  are  not  changed 
from  the  fact  that  we  changed  the  motion,  i.e.,  they  can  be 
determined  by  formulas  (63)  and  (79).  It  is  possible,  however, 
by  means  of  (92)  to  give  to  formula  (79)  the  following  very 
simple  form: 


*~\±kK.  (94) 

r\ 

Here  the  minus  sign  is  taken  during  normal  burning  and  the  plus 
sign  during  detonation.  In  the  limiting  cases  of  normal  burning 
(Xr  ■  -1)  and  detonation  (Xr  ■  ^) ,  we  obtain,  respectively,  for 
the  maximum  rate  of  normal  burning 


=  » -f-  * 

P I 


(95) 
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X 


I 


and  for  the  minimum  rate  of  detonation 


Pi 

P\ 


=«  1. 


(96) 


With  the  encounter  of  products  of  burning  with  a  poorly 
streamlined  body,  there  will  occur  a  pressure  increase  up  to 
value  Pq3>  which  for  both  these  states  is  found  from  the  same 
expression,  which  corresponds  to  the  isentropic  process  of 
compression: 


4 


(97) 


The  more  considerable  increase  in  pressure  occurs  with  a 
cessation  of  the  particles  of  the  still  unignited  gas  moving  at 
the  rate  of  w  .  In  the  state  of  X^  <  1  the  same  isentropic 
dependence  acts: 


» 


(98) 


For  supersonic  conditions  (X^  >  1),  when  braking  begins  from  the 
normal  shock  wave,  which  converts  the  flow  to  subsonic  velocity 
“  Xx'  and  the  Pressure  determined  by  formula  (63) 


>! 


*  —  i 

OD 


(99) 


we  have  with  the  total  stagnation 


or  finally 
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p  k  +  1 

In  the  extreme  case  A^  ■  j~y,  i.e.,  A^  -  2.04  (when  k  «  1.4),  we 
obtained  the  maximum  pressure  Increase  with  braking 

15. 

Pi 

or  in  comparison  with  the  pressure  in  products  of  burning 

-*’*-30. 

Pi 

With  the  encounter  of  the  gases  following  directly  behind  the 
detonation,  with  a  sharp-nosed  obstruction  an  oblique  shock  wave 
can  arise  Instead  of  a  normal  wave.  In  the  latter  case  a 
pressure  increase  with  the  braking  of  the  gases  proves  to  be  less. 

i  6.  Calculation  of  Gas  Flows  by 
Means  of  Gas-Dynamic  Functions 

Established  above  were  the  numerical  relationships  between 
the  pressure,  density,  temperature  and  velocity  coefficient  of 
the  gas  flow  and  also  the  stagnation  parameters  for  some  cases  of 
the  gas  flows.  These  equations  contain  the  parameters  of  the  gas, 
lr.  particular,  the  velocity  coefficient  A,  in  high  and  fractional 
powers,  and  therefore  their  conversion,  the  obtaining  of  explicit 
dependences  between  the  parameters  in  general,  and  the  solution 
of  the  numerical  problems  frequently  represent  considerable 
difficulties.  At  the  same  time,  in  examining  the  different 
equations  of  gas  flow,  derived,  for  example,  In  i  4  of  Chapter  I 
and  §  4  of  Chapter  V,  it  is  possible  to  note  that  the  value  of 
the  velocity  coefficient  A  enters  into  them  in  the  form  of  several 
frequently  encountered  combinations  or  expressions  which  were 
called  gae -dynamic  functions .  Given  to  these  functions  are 
abbreviated  notations,  and  their  values,  depending  on  value  A  and 
the  adiabatic  index  k,  are  calculated  and  reduced  to  tables. 

The  gas-flow  calculation  by  means  of  tables  of  gas-dynamic 
functions  received  widespread  acceptance  and  is  at  present 
conventional.  Besides  the  reduction  in  the  calculating  work,  the 
advantage  of  the  calculation  with  the  use  of  gas-dynamic  functions 
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I 


i...  t  : simplification  In  the  conversions  in  the 

lut  1  .«t tori  of  the  fundamental  equations,  which  makes  it  possible 
:  jg.vr.-r  a  i ,  the  solutions,  of  very  complex  problems. 

V. Mi  c  ;-h  c.. :  ut,  the  basic  qualitative  laws  governing  the 

f.-.'w  and  the  relation  tween  parameters  of  the  gas  flow  are  more 
:•  resale.;.  /is  it  will  be  possible  to  see  below,  the  use  of 

t:-j  -  —.1;. i !  i  o  .  Ions  r takes  it  possible  to  conduct  the  calculation 

of  gat.  flows,  taking  into  account  the  compressibility 

t-Jr*.  U's ;  '.'j  -  sina-ie  a:,  the  calculation  of  flows  of  an 
ire  c-nirrvosi.i-i.U;  !'  1  u.l  5  la  conducted. 

■  v.  U-:  ■  o  t  ’i> ■  basic  gas-dynamic  functions  from  those 

L-.  useck  at  present  and  in  a  number  of  examples  illustrate  thoir 
:•  t c :•!  .> -. !  .ir,  uf  different  problems. 

Yir  Mi  ar.u  simplest  group  of  gas-dynamic  functions  is 
5;,t  r  >M’.  -M  Mr  lr  sale  of  simplicity  in  the  recording  of 
re  1  it  Me: pc  1 --tween  the  t  arameters  in  the  flow,  the  stagnation 
j  :  r  i  n  :>•;!  in..-  vi.ocity  coefficient  of  the  gas.  In  §  3  of 

fl.fjj.tir  1,  by  sesne  of  the  transformation  of  the  equation  of 
eti1.  i.a  i  pv1  r  t  a  i/ied  formula  (42) 


*  —  I 

*n 


1*. 


■Ci-ith  n.-c-tj.  the  stagnation  temperature  Tq  with  the  temperature 
t M  s.  T  and  the  velocity  coefficient  A.  Let  us  denote 


s  r  *  J  e ;  >  j 

1  ■: 


I 

I 


a  —  J-^-}  a*  ==  x  (x>,  (loi) 

fnaptet-  1  expressions  (72)  and  (73)  were  obtained  for 
pressure  and  density  in  the  flow  to  the  total  pressure 
i.i  of  the  1  tentroplcally  stagnant  gas.  Let  us  introduce 

•  he  nu‘.  ,i!:  2  ora 


* 


(102) 
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1 


I 


< 


(103) 


The  connection  between  gas-dynamic  functions  t(A),  tt  ( X )  and  e(A) 
results  from  the  obvious  relationship  between  values  p,  p  and  T: 


»(/.)  = 


tor 


(104 ) 


It  should  be  noted  that  equations  (101),  (102)  and  (103)  connect 
the  parameters  of  the  gas  in  the  eame  oroee  eeotion  of  the  flow 
and  are  valid  independently  of  the  flow  pattern  and  processes 
occurring  in  the  gas:  the  transition  from  parameters  in  the  flow 
to  parameters  of  the  stagnated  gas  by  definition  occurs  on  the 
ideal  adiabatic  curve.  The  nature  of  the  change  in  tne  gas- 
dynamic  functions  t(A),  tt ( X )  and  e(A),  depending  on  A,  is  shown 
on  Fig.  5.20:  with  an  increase  in  A  from  zero  to  the  maximum 
value  >.iiui  —  |/ J-£j  functions  t(A),  n(A)  and  e(A)  monotonically 
decrease  from  unity  to  zero.  This  completely  corresponds  to 
their  physical  meaning:  at  very  low  velocities  (A  -*  0)  the 
parameters  in  the  flow  virtually  do  not  differ  from,  the  parameters 
of  the  completely  stagnant  gas;  with  an  increase  in  the  velocity 
up  to  the  limiting  value  (M  A  -*•  Am^v),  the  temperature, 

pressure  and  density  of  the  gas  at  the  finite  value  of  the 
stagnation  parameters  tend  to  zero. 


Having  available  graphs  or  tables  in  which  for  each  value  of 
A  values  of  functions  ir(A),  e(A),  and  t(A)  are  given.  It  is 
possible  to  determine  rapidly  the  stagnation  parameters  according 
to  parameters  in  the  flow  and  vice  versa.  Such  tables  for  values 
k  =  1.40  and  1.33  are  given  at  the  end  of  the  book.  Given  there 
are  auxiliary  graphs,  which  can  be  used.  Instead  of  the  tables, 
if  high  accuracy  of  the  calculations  is  not  required. 

Example  1.  In  section  1  of  the  subsonic  part  of  an  ideal 

Laval  nozzle  the  following  are  known:  pressure  in  the  flew 
2 

P1  =  16  kg/cm  ,  stagnation  temperature  *  400°K,  and  velocity 
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0.6.  It  is 


Fig.  5.20.  Graphs  of  gas-dynamic 
functions  t(X),  e(X),  and  u(X) 
whin  k  =  1.4. 

we  write 

*«* 


coefficient  X^ 
required  to  determine  the 
velocity  coefficient  X2  and 
gas  pressure  in  section  2, 
where  the  temperature  T2  is 
equal  to  273°K. 

Since  the  stagnation 
temperature  and  total  pressure 
of  the  gas  in  the  ideal 
nozzle  in  question  are  not 
changed,  TQ2  -  TQ1  and 
p02  "  P 01 •  Using  the  first 
equality  and  relation  (101), 

T+ 

T, T* 


After  substituting  the  assigned  values  T2  and  TQ1,  we  find 
t(X2)  s  0.6825  and  from  the  tables  determine  (when  k  *  1 ♦ U0 ) 

X2  *  1.38.  Thus,  the  unknown  section  is  located  In  the  supersonic 
part  of  the  nozzle.  We  further  use  the  condition  of  constancy  of 
the  total  nozzle  pressure.  By  expressing  the  total  pressure  in 
terms  of  the  pressure  in  the  flow  and  function  tt(A)  according 
tc  (102),  we  obtain 


Pt  _ 

HQ 


or 


tr 


For  X^  =  0.6  and  X 2  =  1.38  in  the  tables,  we  find  the  values  of 
functions  tt(X)  and  determine 


Pt 


'lfl°JL2528 

“  o,«)S3 


5.23  kg/cm2. 


Let  us  find  now  at  the  same  initial  data  what  the  gas  temperature 

will  be  in  the  section  3  of  the  nozzle,  where  the  gas  pressure  is 

2 

equal  to  the  atmospheric  p~  =  1.033  kg/cm  .  Let  us  write 


<■•<>.>  =  *  = 
Pt  1 


pt  t 


or  *(*•>■=?. 


«(*i) 

Pt  - 
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Hence  we  find 


«().,)  =1^0,8053  =  0,052, 

and  then  from  the  tables  we  determine  the  value  X^  *  1-85.  This 
value  of  the  velocity  coefficient  in  the  table  corresponds  to 
t(X^)  ■  0 . 2 96 .  Further,  we  easily  find  the  gas  temperature  in 
section  3 

r,  =  r„-(Xt)  =  -ioo-o,-r>9e  =  \i\XK- 

Thus  other  problems  connected  with  the  determination  of  the 
dependence  between  the  gas  parameters  in  different  cross  sections 
of  the  flow  are  solved. 

Let  us  examine  further  the  two  gas-dynamic  functions  which 
are  used  in  the  equation  of  the  gaa  flow  rate.  Let  us  substitute 
into  the  expression  of  the  gas  flow  rate  per  second,  in  terms  of 
the  cross  section  of  the  area  F  G  =  ywF,  the  relations  which 
express  the  specific  weight  of  the  gas  y  and  flow  velocity  w  in 
terms  of  stagnation  parameters  pQ  and  Tq  and  the  velocity 
coefficient  X: 


iff  =  =  I'Y  /?'/», 


Then  we  will  obtain 


0~&*{' -ifi  '-T 


(105) 


After  multiplying  both  sides  of  this  equation  by 
after  cancellations  we  have 


i 


(106) 


This  equation  expresses  the  gas  flow  rate  in  this  cross  section  in 
terms  of  the  total  pressure,  the  critical  speed  of  sound  and  the 


certain  function  of  the  velocity  coefficient 


where  e(A)  is  the  gas-dynamic  function  (103)  introduced  above. 
The  new  gas-dynamic  function  q(A)  is  defined  as  the  value 
proportional  to  the  product  Ac(A): 

«M-(*4J)rN'-:-TT  *)"•  ao7) 


The  proportionality  factor  is  selected  so  that  when  A  •  1  we  have 
q  ( A )  *  l.  Because  of  this  the  gas-dynamic  function  q(A)  acquires 
the  physical  meaning  of  the  dimensionless  current  density: 


where  (Pw)Hp  is  the  maximum  value  of  the  current  density  (with 
the  assigned  stagnation  parameters),  which  corresponds  to  the 
flow  at  the  speed  of  sound.  Actually, 


_p»_.  _  u  J9.  _  ) 

<}*>*,  ?,  HU 


'HI'P 


>4  (>> 


The  graph  of  function  q(A)  is  given  on  Fig.  5-21.  With  an 

increase  in  the  velocity  coefficient  A  from  zero  to  unit,  the 

value  q(A)  increases  from  zero  to  its  maximum  value  q(A)  ■  1  and 

further  is  again  lowered  to  zero  at  value  A  ■  A  .  Thus,  the 

max 

current  density  is  maximum  when  q(A)  *  1  and  is  decreased  both 
with  a  decrease  and  an  increase  in  the  velocity  in  comparison 
with  the  critical  value.  The  same  value  of  function  q(A) 
corresponds  to  two  possible  values  of  the  velocity  coefficient, 
one  of  which  is  more  and  the  other  less  than  unity. 


Substituting  function  q(A)  into  expression  (106),  we  have 


a 

K 


-  f-h  (*qrj  T1  rJ'9  <4 


(108) 
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By  replacing  in  (108)  quantity  a  by  its  value,  we  obtain  the 

K  p 

following  formula  for  the  calculation  of  the  gas  flow  rate  (see 
also  §  1  of  Chapter  IV): 


where 


c=, 

vf,  ; 


(109) 


m 


-Y 


In  the  following  table  values 
of  N  for  different  values  of  k  are 
given : 

h  1,(57  1.4  1,35  1.33  1,30  1.25  1,10 
N  0,725  O.OS5  0,070  0,073  0,007  0.058  0,628 


For  air  (k  ■  1 .  ll ,  R  ■  29-27  kg-m/ 
kg*deg)  the  numerical  coefficient 
in  equation  (109)  m  *  0.3965 

AC  3 

[deg  ‘J*s  ].  For  exhaust  gases 
in  turbojet  engines  (k  “  1-53. 

R  *  29-^  kg-m/kg-deg)  m  *  0-389. 
For  powder  gases,  on  the  average 
it  is  possible  to  consider  that 
m  *  0.3*43.  With  flow  at  the  speed 
of  sound  q(A)  =  1,  equation  (109)  is  reduced  to  expression  (8) 


Fig.  5-21.  Graphs  of  gas- 
dynamic  functions  q(A),  y(A) 
when  k  *  1 .  *4 . 


obtained  in  Chapter  IV  for  the  calculation  of  the  gas  flow  rate 
through  the  Laval  nozzle  according  to  the  parameters  of  gas  in  the 
nozzle  throat  area. 


In  the  solution  of  a  number  of  problems,  it  is  required  to 
connect  the  gas  flow  rate  not  with  the  total  but  with  the  static 
pressure  in  the  flow.  It  is  easy  to  obtain  such  a  connection 
from  expressions  (3 0Q)  or  (109)  if  we  replace  in  their  right 
sides  the  value  of  total  pressure 


303 


Then  we  obtain  the  relations 


•  i 

fl  ik  f  2  \*  “1  „  • . 

and 


(110) 


Os=i  m 


PJ1SH 
V  t.  * 


where  the  function 


t 


(111) 


(112) 


is  the  second  gas-dynamic  function  with  the  aid  of  which  it  is 

possible  to  calculate  the  gas  flow  rate  (see  Fig.  5.21).  Its 

values,  Just  as  the  values  of  function  q(X),  for  different  values 

of  k  are  given  in  tables  and  on  auxiliary  graphs  at  the  end  of 

the  book.  With  an  increase  in  \  function  y  C X  )  monotonlcally 

increases,  whereupon  when  y(X)  ■*  Both  formula  (109) 

ma  x 

and  formula  (111)  express  the  gas  flow  rate  by  means  of  parameters 
of  its  state  in  the  cross  section  of  the  flow  in  question,  and 
that  is  why  they  are  valid  independently  of  the  nature  of  the 
processes  occurring  in  the  flow  of  gas.  Formulas  (109)  and  (111) 
are  conveniently  used  in  the  compilation  of  equations  of 
continuity  for  the  gas  flow,  whereupon  for  each  cross  section 
there  can  be  selected  that  formula  which  corresponds  better  to 
the  assigned  or  unknown  values. 


Expressions  (109),  (111)  and  the  equations  of  continuity 
compiled  with  their  aid  directly  lead  to  a  number  of  dependences 
derived  earlier  by  a  more  complex  means  and  also  make  it  possible 
to  solve  various  problems  quite  simply.  Let  us  give  several 
examples  of  the  calculation. 


Example  2.  Determine  the  dependence  between  the  area  of 
any  cross  section  of  an  Ideal  Laval  nozzle  and  the  velocity 
coefficient  of  the  flow  in  this  cross  section,  i.e.,  find  the 
law  of  a  change  in  the  area  in  the  Laval  nozzle.  Since  for  any 
cross  section  of  an  ideal  nozzle,  the  flow  rate,  total  pressure 
and  stagnation  temperature  are  identical,  then  from  (109)  it 
follows  that  Fq(X)  ■  const.  Since  for  critical  cross  sections 

q(x)Hp  *  1>  then  *  FMp  or  F"”  MqTT>  1*e<»  the  cros3- 

H  P 

sectional  area  of  the  nozzle  varies  indirectly  proportional  to 
the  value  of  function  q(A).  In  accordance  with  the  graph  of 
function  q(X),  this  means  that  with  an  increase  in  the  velocity 
the  area  decreases  at  subsonic  velocities  and  increases  at 
supersonic  velocities,  having  a  minimum  when  X  •  1. 

Example  3-  In  the  section  of  the  cylindrical  tube  between 
the  two  cross  sections  1  and  2  as  a  result  of  hydraulic  losses 
(friction,  local  resistances)  the  total  pressure  of  the  moving 
gas  is  lowered.  The  losses  of  total  pressure  between  cross 
sections  1  and  2  are  estimated  by  the  value  of  the  coefficient 
of  total  pressure  o  -  Po2,/pol  <  1*  Determine  the  nature  of  the 
change  in  the  velocity  and  static  pressure  of  the  gas  in  the 
tube  in  the  absence  of  heat  exchange  with  the  environment.  Let 
us  write,  after  making  use  of  formula  (109),  the  condition 
of  the  equality  of  the  gas  flow  rates  in  cross  sections  1  and  2 


Cii  (M 

Vt„  y  r;  ’ 

Since  in  this  case  c  and  T^,  -  Tqj*  then 

f  9  <>.)  or  «(>,)*=  !,(>,). 


Hence  according  to  the  assigned  values  of  X^  ar.d  o,  it  Is 
possible  with  the  aid  of  tables  of  gas-dynamic  functions  to 
determine  X^.  The  obtained  result  is  valid  both  for  subsonic 
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and  supersonic  flow  velocities.  Since  c  <  1,  then  q(X2)  >  q(X^). 

From  this  inequality  it  follows  (see  the  plotted  function 
q(X)  on  Fig.  5-21)  that  in  the  presence  of  flow  friction  (when 
r,  -  const,  F  *  const,  TQ  »  const)  the  velocity  of  the  subsonic 
flow  along  the  length  of  the  tube  increases,  and  the  velocity 
of  the  supersonic  flow  decreases. 

In  order  to  determine  the  change  in  static  pressure,  it  is 
possible  to  compare  with  each  other  values  p^  ■  Poin^i)  and 
p„  »  po27r^2^'  However,  a  more  clearly  unknown  result  can  be 
obtained  from  the  condition  of  the  equality  of  the  gas  flow 
rates  if  we  use  in  this  case  expression  (111) 

or  Pi,  —  ■)'<>,) 

ir.,  Vtu  Pi  * 

Since  function  y(  X)  is  increasing,  then  hence  we  conclude  that 
in  the  presence  of  resistance,  in  accordance  with  the  change  in 
the  velocity  coefficient  found  above,  the  static  pressure  will 
decrease  if  the  flow  velocity  is  subsonic  and  increase  if  the 
velocity  is  supersonic. 

Example  4.  Determine  the  velocity  coefficient  X^  and  static 
pressure  of  the  air  P2  at  outlet  from  the  diffuser,  if  it  is 
known  that  at  the  inlet  to  the  diffuser  the  total  pressure 
Pm  =  3  kg/cm2,  the  velocity  coefficient  X,  •  O.85,  the  area 
ratio  of  the  outlet  and  inlet  sections  Fj/F^  ■  2.5  and  the 
coefficient  of  total  pressure  0  •  PQ2/,poi  "  To  solve 

the  problem  we  write  the  equation  of  continuity,  using  formula 
(109) 

ftif 1 1  )  _ | PnP W  {X,) 

’  i  r,;”  Vr,;  ' 

Disregarding  the  heat  exchange  through  walls  of  the  diffuser,  we 

1 

have  TC2  »  TQ1 ,  and  therefore,  q ( Xg )  -  |  |r-  qU^-  According  to 
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tables  for  X^  ■  0.85  ve  find  q(\^)  ■  0.9729-  Then  q(X2)  « 

«  0. 1J25- 0. 9729  •  0.^13,  to  which  corresponds  X2  »  0.27  and 
n(X2)  ■  0.9581.  From  the  relation  (102)  we  have  p2  ■  * 

*  opQ1n(X2)  or  p2  ■  0.91**3,0.958l  ■  2.7  kg/cm2. 

Example  5.  With  the  compressor  testing,  in  its  outlet  cross 

p 

section,  the  area  of  which  F  ■  0.1  m  the  static  pressure  p  ■  h.2 

p 

kg/cm  and  the  stagnation  temperature  of  the  air  Tq  *  480°K  are 
measured.  Determine  the  total  pressure  of  the  air  if  its  flow 
rate  0  ■  50  kg/s. 

From  the  equation  of  flow  rate  (m)  we  determine  the  function 
y(X)  in  terms  of  the  known  value  of  the  static  pressure  of  the 
air : 


>(>) 


nvyi  imT 

»/»/••■*  =  6"v/m  •  4,1 .  li,l  .  10* 


O.O'A 


From  the  tables  of  gas-dynamic  functions,  we  find  that  the  values 
X  *  0.^06  and  n ( X )  *  0.907  correspond  to  this  value  y(X).  Hence 
the  total  air  pressure  pQ  «  p/ir(X)  »  4.2/0.907  ■  4.63  kg/cm2. 


If  we  do  not  use  gas-dynamic  functions,  then  the  similar 
calculations  which  are  frequently  made  in  the  processing  of 
experimental  data  must  be  carried  out  by  a  more  complex  method, 
by  means  of  successive  approximation. 


Let  us  examine  the  gas-dynamic  functions  which  are  used  in 
the  equation  of  the  momentum  of  gas.  The  sum  of  the  per-second 
momentum  and  force  of  pressure  of  the  gas  in  the  cross  section 
of  the  flow  In  question  can  be  called  the  total  momentum  of 
flow  I 


w-\-Ph=  ag  (»+£)• 


(113) 
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If  in  (113)  we  substitute  the  relations 


*”*•*  - r?M = ~tr - fff*). 

then  we  obtain 

? " + ■*- "  K  +  ^  ^('  -  £}»■;].  (1U  > 

After  the  opening  of  the  brackets  and  simplifications,  we  reduce 
expression  (11*0  to  the  form 


y  13  -f-  pf  a=  |  a,,  /  (A^ 


(115) 


wherc- 


}• 


(116) 


The  graph  of  the  gas-dynamic  function  z(*)  is  given  in  Fig.  5.22. 
The  minimum  value  of  function  z(A)  ■  2  corresponds  to  the  critical 
rate  of  flow  (A  «  1).  Both  in  subsonic  and  supersonic  flows 
z ( A  )  >  2;  any  real  flow  conditions  do  not  correspond  to  values 
z(\)  <  2.  It  Is  easy  to  see  that  with  the  replacement  of  value 
A  by  the  value  opposite  to  it  A'  *  1/A  the  value  of  function  z ( A ) 
does  not  change.  Thus,  one  value  of  z(A)  can  correspond  to  two 
mutually  opposite  values  of  tha  velocity  ooeffioient  A  -  one  of 
them  determines  the  subsonic  and  the  other  the  supersonic  gas 
flow.  Let  us  note  also  that  function  z(A),  unlike  all  remaining 
gas-dynamic  functions,  does  not  depend  on  the  value  of  the 
adiabatic  index  k. 


Expression  (115)  for  the  momentum  of  flow  considerably 
simplifies  recording  and  transformation  of  the  equation  of  the 
momentum  of  gas.  It  proves  to  be  extremely  useful  in  the 
solution  of  a  wide  range  of  problems  of  gas  dynamics  as,  for 
example,  in  the  calculation  of  flows  with  shock  waves,  heat  feed 
?nd  cooling,  flows  with  friction  and  with  a  shock  during  sudden 
expansion  of  the  channel,  in  the  calculation  of  the  process  of 
the  mixing  of  flows,  in  the  determination  of  forces  which  act  on 


308 


walls  of  the  channel,  In  the  calculation  of  reactive  thrust,  and 
so  on. 


The  following  two  examples 
make  it  possible  to  show  visually 
how  the  solving  of  problems  is 
simplified  when  using  relation 
(115).  In  the  first  of  them  the 
previously  solved  problems 
(Chapter  III  S  1)  of  the  normal 
shock  wave  Is  examined,  and  In 
the  second  -  the  problem  of  the 
flow  of  the  preheated  gas  In  the 
cylindrical  tube. 

Example  6.  Determine  the 
relationships  between  the  gas 
parameters  before  and  after  the  normal  shock  wave. 

The  relationship  between  the  gas  parameters  In  the  shock 
wave  was  established  above  by  us  or,  the  basis  of  the  fact  that 
with  transition  through  the  normal  shock  the  total  energy,  flow 
rate  and  momentum  of  flow  are  maintained  constant.  Let  us  write 
the  same  equations  with  the  use  of  gas-dynamic  functions. 

The  equation  of  momentum  or  the  momentum  of  the  flow 

~g  “VH’iF,  »  ~f-w,+p,F, 

taking  into  account  expression  (115),  assumes  the  form 

<?.%,»(*«>• 

From  equations  of  the  conservation  of  flow  rate  and  total  energy, 
we  have 

r..~  r„  or 


Fig.  5.22.  Graphs  of  gas- 
dynamic  functions  z(X),  f(X), 
r  (X  )  when  k  ■  1 .  it . 
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Taking  this  into  account  and  reducing  the  corresponding  values  of 
flow  rate  and  speed  of  sound  in  the  momentum  equation,  we  obtain 

z(X^)  B 

This  equation  has  two  solutions:  either  ■  A^,  which 

corresponds  to  the  shock-free  flow  with  the  constant  gas  parameters, 

or 


which  corresponds  to  the  normal  shock.  The  same  expression  -  the 
basic  kinematic  relation  of  the  theory  of  shock  waves  -  was 
obtained  above,  see  formula  ( 1 6 )  in  Chapter  III. 

According  to  the  known  value  of  the  velocity  coefficient, 
with  the  aid  of  the  equation  of  continuity,  a  change  in  the 
total  and  static  pressures  in  the  shock  wave  is  easily  determined. 
Since  F.  »  F.  and  Tn-,  ■  Tm  ,  then  by  using  formulas  (109)  and  (111), 
it  is  possible  to  present  the  equation  of  continuity  for  the 
flow  of  gas  before  and  after  the  shock  in  the  form 

/»*.?<>*) «=/»„*(>,)  or  wOt)' ***!>,>. 

Hence,  taking  into  account  that  X-  *  — r— ,  it  follows  that 

*  A1 

PQ2/P01  "  q(Xl)/q(l^)*  p2/pl  "  yUl)/y(x^)’  These  relations  are 

equivalent  to  equations  (2k)  and  (21)  of  Chapter  III  but  are 
obtained  by  a  considerably  simpler  means. 

Example  7.  The  gas  which  moves  in  the  cylindrical  tube  is 
heated  by  means  of  heat  exchange  through  the  walls  of  the  tube. 

As  a  result  of  the  heat  feed  the  stagnation  temperature  of  the  gas 
is  Increased  from  400°K  at  the  inlet  into  the  tube  to  800°K  at  the 
outlet  from  it.  The  velocity  coefficient  of  flow  at  the  inlet 
into  the  tube  X^  •  0 . h .  It  is  required  to  determine,  disregarding 
friction,  the  coefficient  of  flow  velocity  after  preheating  and 
also  the  change  in  the  total  and  static  pressures  in  the  flow. 
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The  fundamental  relation  which  determines  the  laws  governing 
the  gas  flow  in  the  cylindrical  tube  with  the  heat  feed  will  be 
obtained  from  the  equation  of  momentum.  In  this  case  it  takes  the 
form  of 

^a.,4-p,A,=  ^®I4-P.n 

since  the  heat  feed  is  not  connected  with  the  force  effect  on  the 
flow,  and  the  forces  of  pressure  in  the  initial  and  final  cross 
section  are  the  only  forces  which  produce  a  change  in  the 

momentum  of  the  gas.  After  replacing  expressions  for  the  momenta 

of  the  flow  of  gas  according  to  relation  (115)  and  considering 
that  the  heat  capacity  of  the  gas  and  the  adiabatic  Index  with 
preheating  do  not  change,  we  will  obtain 

a.p ,*-<M «=«»,„*<>.)  Oh  *<*.) -*«*•) 

Since  when  A^  »  0.^  we  have  z(A^)  =  2.9»  then 

*-<>«>  =  2.9 

With  the  aid  of  the  tables  of  function  2(A)  or  the  direct 
calculation  from  the  quadratic  equation  A 2  +  1/X2  *  2.05>  we 
determine  the  two  possible  values  of  the  velocity  coefficient  at 
the  outlet:  A£  *  0.8,  A'2  ■  1/A^  ■  1.25.  The  real  solution  will 

be  only  the  first  solution,  since  by  preheating  it  is  not  possible 

to  transfer  the  subsonic  flow  into  supersonic  (see  §  ^ ) 

By  knowing  the  coefficient  of  flow  velocity  A?  =  0.8,  it  is 
easy  to  determine  the  change  in  the  total  and  static  pressures  in 
the  process  of  preheating.  To  do  this,  just  as  in  the  foregoing 
example,  it  is  possible  to  use  the  equation  of  continuity  from 
which  for  t'ne  given  case  (G  *>  const,  F  *  const)  it  follows  that 


P» i  V  * 1 V  At 
pt_  _  jmu_|  /’/■.r 
Pi  y('.»  V  r„ , 


*  f  Wi <t 
ii.’iiin"  f  ~iwf 
i  M  i  i  s  >  |  r  Vi  AT 
I,  if-1*  V  . -HKI 


-  n.r.iH. 


tv.‘v 


r4ial 


al  and  static  pressures,  as  a  result  of  the 
►  ns,  decrease.  The  obtained  value  p2/p^  “  0.648 
ior.shlp  oi  the  static  pressures  of  the  gas  in 
ina!  ci*oss  sections  of  the  section  of  the  tube 
mLSt  be  created  in  order  to  maintain  at  this 
signed  magnitude  of  the  velocity  coefficient  at 


Vu i;  k'i.  of  the  conservation  of  momentum  makes  It 
:  wtatb.ii.--h  some  general  laws  governing  the  flow  in  a 
;  tube-  »l>.h  preheating  or  cooling.  Thus,  for  instance, 
to  sc-c  tnar.  with  an  increase  in  the  ratio  TQ2/Tq1  the 
.  ::  ■.  x  ,)  (when  z(A 1)  =  const)  always  decreases. 

: ■  f.  'he  nature  of  the  course  of  function  z(A) 

: ,  thi..  means  that  with  an  Increase  in  preheating  in 
: riie  velocity  coefficient  increases,  while  in 
it  oe creases  .  In  both  cases  the  flow  velocity 
t-.'is  the  c'iticax  value  A2  «  1  at  which  function  z(A) 
Ictt  as  '.hie  value  z(A2)  *  2.  This  causes  the  value 
).y  r  -.oible  preheating  for  the  assigned  initial 


i  ,  j  »  z  (A.  )/4  .  For  the  values  of  the  parameters 
rnn/C  i 

example  the  maximum  value  of  the  preheating 
r.  to  Tn2  ■  e*<0&K.  From  the  equations  of  flow  rate  it 
U:  ■j.et-.ii.’tnine  the  pressure  ratio  p^p^  necessary  for 
at -on  of  uuch  conditions  while  maintaining  A^  *  const, 
vi’omt  It:  the  preheating  above  the  indicated  value, 

<■  2,  which  indicates  the  physical  impossibility 
<?  i.eiit  J.ng  it  the  assigned  rate  of  flow  at  the  inlet. 


replacing  in  relation  (115)  the  product  with 

i.’.c-i  nl/ij.;  to  (108)  or  (110),  we  obtain  the  expression 
.iiu  o-  the  gas  flow  in  the  first  case  in  terms  of 
and  in  the  second  case  in  terms  of  the  static 


*  *»  +  pF=> (*) i (A) 
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and 


i 


Let  us  introduce  the  notations  for  the  two  new  functions  of  the 
velocity  coefficient  X  which  enter  into  the  right  sides  of  these 
expressions : 


i 

/(>) = *  o) = (x* + 0(1 


Aw--- 


1  1  _  *  -jit 

k i_Li* ■ 1  1  _ _ _*-H  . 


(117) 

(118) 


By  substituting  these  notations,  we  finally  obtain 


~  w  \  pt- 

1-+* 


rJ'/Ql 

pr 

7  ,  ’ 


(119) 

(120) 


Function  r(X)  is  introduced  as  the  value  opposite  to  the  product 

y ( X )  z(X;  in  order  to  facilitate  the  use  of  the  tables  (product 

y(X )z (X )  rapidly  increases  with  an  increase  in  X,  approaching 

infinity  at  X  +  X  ;  value  r(X)  changes  within  the  limits  of 
ma  x 

unity  to  zero).  The  graphs  of  functions  f(X)  and  r(X)  are  given 
on  Fig.  5-22) 


Equations  (119)  and  (120)  show  the  number  of  properties  of 
the  momentum  of  gas  flow.  Let  us  fccu3  attention  on  the  fact 
that  on  the  right  side  of  these  equations  there  are  no  values  of 
gas  flow  rates  and  temperature  or  critical  velocity.  Hence  it 
follows  that  if  at  the  assigned,  cross-sectional  area  F  and 
velocity  coefficient  X  the  total  or  static  pressure  in  the  flow 
is  constant ,  then  the  momentum  retains  a  constant  value 
independently  of  the  temperature  and  gas  flow  rate. 


3  It 


The  physical  meaning  of  this  consists  in  the  fact  that  wit.n 
a  change  in  temperature  (or  stagnation  temperature)  in  the  gas 
when  •  a  const  the  velocity  of  flow  varies  directly  proportional 
and  the  flow  rate  inversely  proportional  to  the  square  of  the 
temperature  so  that  the  product  Gw  remains  constant.  Let  us 
note  that  function  f(\)  in  the  region  of  the  subsonic  and  low 
super-wunic  velocities  changes  very  little  (approximately  10% 
in  the  interval  >-  =  0.55-1.35).  Hence,  according  to  (119),  it 
follows  that  the  momentum  of  the  gas  flow  at  constant  total 
pressure  and  cross-sectional  area  weakly  depends  on  value  X  over 
a  wide  range  of  its  change  and  is  determined  basically  by  the 
value  of  product  PqF. 

Expressions  (119)  and  (120)  for  the  momentum  of  gas  are  very 
convenient  In  the  solution  of  problems  connected  with  the 
determination  of  forces  which  act  on  the  part  of  the  gas  on  walls 
of  the  channel,  which  is  necessary,  in  particular,  in  the 
calculation  of  the  reactive  thru3t  of  different  engine 
installat ions . 

For  the  reactive  thrust  of  rocket  engine,  above  ( §  8  of 
Chapter  I)  we  obtain  the  expression 

This  formula  determines  the  thrust  of  a  jet  engine  of  any  type 
when  operating  at  the  place  when  the  initial  momentum  of  the  air 
which  enters  into  the  engine  is  equal  to  zero.  We  convert  this 
formula  with  the  aid  of  the  relations  obtained  above,  for  which 
on  its  right  side  we  replace  the  expression  of  the  momentum  of  gas 
in  the  nozzle  exit  section  according  to  formulas  (119)  and  (120). 
In  the  first  case  we  obtain 

P  —  or  l|.  (121) 

where  nQ  =  PQa//pH  ls  the  available  pressure  ratio  in  the  nozzle. 


31^ 


In  exactly  the  same  manner  it  Is  possible  to  obtain  the  second 
expression 

vii-j-'i  (i“> 

where  n  *  p./p  is  the  so-called  off ’•design  ratio  of  the  nozzle, 
i.e.,  the  ratio  of  the  static  pressure  of  the  gas  in  the  nozzle 
edge  to  the  atmospheric  pressure. 


Formula  (121)  is  very  convenient  for  the  calculation  of 

reactive  thrust  and  is  widely  applied  in  the  calculation  of 

engines.  The  velocity  coefficient  X  5s  determined  by  the  type 

of  the  jet  nozzle  and  by  the  available  pressure  ratio.  If  the 

nozzle  is  made  nonexpanding  and  the  pressure  ratio  exceeds  the 

critical  value,  then  X  •  1;  for  a  supersonic  nozzle  X  *  X 

*  a  a  pacM 

at  all  values  of  nQ  greater  than  the  computed  value  and  in  the 

considerable  part  of  the  range  11.  <  n  .  Hence  it  follows  that 

°  0  pacw 

over  a  wide  range  of  conditions  of  contemporary  engines  X  =  const, 

a 

and  by  formula  (121)  the  linear  dependence  of  the  reactive  thrust 
on  the  value  of  the  available  pressure  ratio  JI0  is  defined,  since 
f  ( X  )  ■  const.  Let  us  recall  that  also  when  X„  f  const  the 
value  of  function  f(X)  is  very  little  affected  in  the  considerable 
region  of  the  subsonic  and  supersonic  velocities. 

Formula  (122)  is  convenient  for  the  calculation  of  thrust  in 
conditions  when  the  static  pressure  in  the  nozzle  edge  is  equal 
to  the  atmospheric  pressure  and  n  =  1.  Such  conditions  exist,  in 
particular,  at  the  subsonic  speed  of  the  outflow  of  gas  from  the 
nozzle,  and  also  in  the  operation  of  supersonic  nozzles  in 
design  conditions. 

Let  us  note  that  for  the  calculation  of  reactive  thrust, 
according  to  (121)  and  (122)  it  Is  not  required  to  know  the  gas 
flow  rate  and  its  temperature.  The  temperature  change,  as  can  be 
Been  from  (121)  and  (122),  when  p  =  conet,  p  =  cor.ot  and 
F  =  conet  doee  not  at  all  affect  the  thruet  level,  which  is 
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connected  with  the  mutually  inverse  dependence  of  the  discharge 
velocity  ar.c  gas  flow  rate  on  temperature. 

Expressions  (121)  and  (122)  can  be  used  also  for  the 

calculation  of  the  thrust  of  Jet  engines  in  flight;  in  this  case 

on  the  right  side  it  is  necessary  to  subtract  the  so-called  input 

momentum  of  the  airflow  Gw  /g,  where  is  the  rate  of  air  flow 

e  h  “  e 

and  w  -  the  flight  velocity  (see  §  8  of  Chapter  I). 

Let  us  examine  the  examples  of  the  use  of  given  expressions 
of  reactive  thrust. 

Example  8.  Determine  how  the  value  of  reactive  thrust  depends 
on  the  velocity  coefficient  of  the  gas  at  nozzle  exit  when 
H.  =  const. 

'j 

From  formula  (121)  it  directly  follows  that  if  F  -  const 

s. 

and  nQ  =  const,  then  the  dependence  of  the  thrust  on  the  velocity 
coefficient  A  is  determined  by  a  change  in  function  f(A).  Under 
these  conditions,  however,  with  a  change  in  A,  the  gas  flow 
rate  changes. 

There  is  great  practical  Interest  in  another  case  of  the 
change  in  the  velocity  coefficient  A  ,  when  the  flow  rate  per 
second  and  the  initial  parameters  of  the  gas  are  maintained 
constant.  This  condition  can  be  realized  if  in  the  constant 
throat  area  of  the  supersonic  nozzle  F  we  c.iange  the  discharge 

H  p 

area  F  .  The  nature  of  the  dependence  of  thrust  on  value  A  in 
a  a 

this  case  will  make  it  possible  to  determine  the  rational  expansion 
ratio  of  the  nozzle  for  an  engine  with  the  assigned  parameters 
and  gas  flow  rate.  Equations  (120)  and  (121)  are  not  completely 
convenient  for  such  a  calculation,  since  they  include  the  two 
variables  Afl  and  Ffi.  Therefore,  let  us  transform  the  equation 
by  means  of  the  equation  of  the  flow  rate 

/••„ ,  JW2H.  M  _Qg_. 

”V»  «?(*.)  *<>■•> 
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Taking  into  account  the  relationship  between  functions  f(X),  q(X) 
and  z(X),  we  obtain 


In  the  design  conditions  of  the  outflow  of  gas,  i.e.,  with 
expansion  up  to  atmospheric  pressure,  the  velocity  coefficient  is 
determined  from  the  relation 

«(Xa)  =  j^- 

In  terms  of  this  value  X  the  design  expansion  ratio  of  the  nozzle 

8l 

F  /F  =  l./q ( X  )  and  the  value  of  reactive  thrust  in  design 

E  Hp  6l 

conditions  are  sought.  In  this  calculation  the  losses  in 

total  pressure  between  cross  sections  F  and  F  are  not  considered. 

Hp  a 

Let  us  assume  that  k  =  1.33  and  TI^  *  25;  then  in  the  design 
operating  mode  of  the  nozzle 

r.  (Vfl)  =  i  =  O.W,  X,  n  1 .97.  f  (XJ  =  0,27*. 

»(XJ  =  2^77. 


The  discharge  area  of  such  a  nozzle  is  equal  to  Fur,/q(X  )  * 

K  p  a 

■  3*58FHp,  and  the  thrust  P  ■  1 . 4i7pQaFHp .  The  values  of  P 

at  other  values  of  X  ,  i.e.,  other  values  of  F  ,  are  determined 

a  a 

with  the  aid  of  tables.  Results  of  such  calculations  are  given 

on  Fig.  5.23.  Shown  there  are  values  F  /Fun  for  each  value  of  X  , 

From  the  graph  it  is  evident  that  the  greatest  thrust  value  is 

obtained  with  the  total  nozzle  expansion,  i.e.,  with  the  design 

conditions  of  the  outflow.  However,  the  nature  of  the  functional 

dependence  of  thrust  on  the  velocity  coefficient  is  such  that 

even  with  a  noticeable  reduction  in  the  value  and  F  /F  in 

a  a  Hp 

comparison  with  their  values  in  design  conditions,  the  magnitude 
of  the  thrust  decreases  insignificantly.  This  makes  it  possible 
in  certain  cases  to  use  nozzles  with  an  incomplete  expansion  of 


317 


Fig.  5.23-  Change  in 
thrust  with  the  assigned 
initial  parameters  and 
gas  flow  rate  depending 
on  the  velocity 
coefficient  at  the  nozzle 
exit  (Example  8). 


the  gas  and  with  the  low  super¬ 
critical  pressure  rations  PqPh  to 
use  even  the  simple  nonexpanding 
nozzles  In  which  X  *  1.0.  If  one 

Sl 

considers  that  in  a  nozzle  with 
incomplete  expansion  there  will  be 
less  losses  of  friction,  then  the 
reduction  in  thrust  in  comparison 
with  the  design  conditions  will 
be  even  less. 

At  the  same  time,  as  can  be 
seen  from  Fig.  5.23,  when  X  >  X  , 

a.  P  d  C  H 

the  thrust  sharply  decreases,  i.e., 
it  is  inexpedient  to  use  the 
nozzle  with  the  overexpansions  of 
the  gas,  even  if  one  does  not 


consider  the  increased  losses  of 

friction  in  it  and  the  possibility  of  the  formation  of  shock  waves. 


With  the  outflow  of  gas  into  a  vacuum  (ph  ■  0)  the  thrust 
value  varies  in  proportion  to  the  value  of  the  function  z(X),  i.e., 
monotonlcally  increases  with  an  increase  in  Xfl  >  1.  Actually, 
in  this  case  the  design  conditions  are 


*<>.)■ 


Pt* 


».«X, 


=3  00. 


Since  the  nozzle  of  the  outlet  area  cannot  be  made  infinite, 
such  design  conditions  cannot  be  realized.  At  any  final  value 
FaF«p  the  thrust  of  the  engine,  which  operates  in  a  vacuum,  will 
be  less  than  a  theoretically  possible  value.  However,  from  graphs 
of  functions  z(X)  and  q(X)  it  is  evident  that  with  a  considerable 
decrease  in  F  /F  the  reduction  in  the  thrust  is  not  very  large. 

a  K  p  ° 

Thus,  if  Instead  of  F  /F  -  «  we  take  (when  k  -  1.33)  F  F  ■  10, 

a  kp  a  1 

q(Xa)  =  0.1,  Xa  =  2.208,  then  the  thrust  value  with  respect  to 

the  maximum  theoretical  value  (when  X  ■  X  *  2.657)  will  be 

a  max 
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z  a„Ji_  2,661 

ill*,,)  "P3S 


-0.68; 


when  F  /F  _  ■  20,  l.e.,  when  q(Xe) 

a.  K  p  Cl 

•  2.7^5/3.033  *  0.905. 


0.05  and  Xa  -  2.313,  P/P0ax  - 


Examined  in  the  following  example  Is  the 
of  compressible  gas  with  the  sudden  expansion 
which  Is  encountered  in  a  number  of  practical 
(5  5  of  Chapter  I)  we  solved  this  problem  for 
velocities,  when  it  was  possible  to  disregard 


problem  of  the  flow 
of  the  channel, 
problems.  Above 
flow  at  low 
the  density  change 


of  the  gas. 


Example  9.  For  the  measurement  of  the  rate  of  air  flow  in 
the  pipeline,  Installed  on  its  straight  section  Is  a  metering 
nozzle  with  the  flow  passage  cross-sectional  area  F^  equal  to 
0.45  of  the  area  of  the  pipeline  »  F^  (Fig.  5.24).  It  Is 
required  to  determine  the  losses  of  total  pressure  which  appear 
in  the  flow  behind  the  nozzle  as  a  result  of  a  sudden  expansion 
of  the  channel  and  also  the  velocity  coefficient  A^  after  the 
alignment  of  the  velocity  field,  if  according  to  results  of 
pressure  measurements  p^  and  Ap  the  velocity  coefficient  of  the 
flow  in  the  nozzle  A^  “  0*52  is  known.  Determine  also  the 
reduction  in  stawc  pressure  in  pipeline  caused  by  the  installation 

Let  us  write  the  equation  of 
the  momentum  for  the  section  of 
the  flow  between  cross  sections  - 
and  3,  disregarding  the  wall 
friction  and  taking  into  account 
that  at  the  subsonic  velocities  of 
the  air  in  the  nozzle  the  static 
pressure  is  constant  in  the  whole 
cross  section  2: 

~  —  “.)  ~P>F,  ~P,t\ 


of  nozzle. 


7^ 


Fig.  5.24.  Diagram  of  the 
installation  of  the  nozzle 
for  the  measurement  of  the 
gas  flow  rate  (Example  9). 
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or 


Let  us  now  replace  the  expressions  of  momenta  according  to 

(115),  and  let  us  express  the  static  pressure  p  by  means  of  the 

z 

equation  of  the  flow  rate  (110).  The  equation  of  the  momentum 
takes  the  form 


Ml 

it*"* 


i 

rrn 

i 


After  cancellation  we  obtain 


i 


From  this  equation  according  to  values  A^  an d  F3/F2  the  velocity 

coefficient  after  the  expansion  of  the  tube  is  determined. 

Let  us  note  that  the  result  does  not  depend  on  values  of  the 

pressure  and  gas  temperature  and  is  changed  little  depending  on 

the  adiabatic  index  k.  After  substituting  into  the  latter 

equation  the  assigned  values  A?  *  0.52,  z(X2)  ■  2.4*1,  yU2)  ■  0.859, 

F-,  , 

jr-  -  0.45,  we  obtain  z(X3)  -  2.44  +  1.577  57^9  1.22  -  4.68; 

hence,  according  to  tables  we  find  •  0.225,  qU^)  »  0.3475» 
y(X3)  -  0.358. 


The  losses  of  total  pressure  of  the  air  between  cross  sections 
2  and  3  is  determined  from  the  equation  of  continuity 


Vf"  Vt„  ' 

With  the  help  of  tables,  hence  we  find 


r. 


ojva 

0rH?5  ' 


0,04*. 
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In  order  to  determine  the  change  in  the  static  pressure,  it  is 
necessary  preliminarily  to  find  the  value  of  the  velocity 
coefficient  of  the  flow  in  the  tube  in  front  of  the  nozzle.  Let 
us  write  the  equation  of  the  equality  of  the  rate  of  air  flow 
in  cross  sections  1  and  2,  whereupon,  taking  into  account  that 
the  length  of  section  1-2  is  small,  the  contours  of  the  nozzle 
are  smooth  and  the  flow  f'  a  with  acceleration,  we  consider  the 
total  pressure  of  the  air  in  cross  sections  1  and  2  to  be 
identical.  In  this  case  the  equation  of  continuity  takes  the 
form  F^qU^  »  F2q(A2).  Hence  we  find  qUj)  ■  (M5‘0.7309  ■  0.329, 
A^  «  0.213,  y ( A  )  -  0.338.  It  is  easy  to  see  that  similarly 
there  can  be  obtained  the  result  if  between  cross  sections  1  and 
2  there  are  losses  of  total  pressure,  being  evaluated  by  the 
coefficient  a  ■  Pq2/,Po1*  the  va^ue  *s  known.  In  this 

case  we  obtain 

9  0  t)«=7r  sf  (>  ,). 

r  l 

A  change  in  the  static  pressure  on  the  entire  section  between 
cross  sections  1  and  3  can  be  determined  from  the  equation  of 
continuity 


p,F,yO,\  ^PtFtyO,) 

1  r„  i  J\t  ’ 

Since  Tq1  *  T03  and  F1  *  ,  we  have  ■  yCA^/yU^)  - 

«»  0.338/0.358  -  0.9^. 

Such  a  result  can  be  obtained  also  from  the  relation 

p,  r  .  r.  <>.,1 

Since  A^  >  A^ ,  l.e.,  "(A^)  <  ir(A^),  hence  it  is  apparent  that  as 

a  result  of  an  increase  in  •’.he  flow  velocity  in  the  tube  a 

reduction  in  the  static  pressure  here,  as  in  other  local 
resistances  when  A  <  1  and  F^  -  F^ ,  is  somewhat  larger  than  a 
reduction  in  the  total  pressure.  In  this  case,  in  view  of  the 
smallness  of  the  velocity  coefficients  in  the  tube  A^  and  A ^ ,  this 
distinction  is  small. 
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In  the  following  example  we  will  again  return  to  the 
examination  of  the  flow  of  the  gas  being  preheated  in  the 
cylindrical  channel.  Unlike  the  analysis  carried  out  in  S  3  of 
Chapter  V  and  in  Example  7  of  this  section,  we  will  examine  the 
case  where  a  drop  in  pressures  in  the  flow  is  aeeigned.  This 
determines  a  number  of  features  of  the  flows  which  could  not  be 
revealed  above,  when  it  was  assumed  to  be  that  a  drop  in  the 
pressures  is  always  sufficient  for  the  maintaining  of  the 
assigned  velocity  coefficients  at  the  beginning  and  end  of  the 
tube . 


Example  10.  The  afterburner  of  a  turbojet  engine 
is  a  cylindrical  tube  installed  after  the  turbine  with  a  nozzle 
of  variable  area  at  the  outlet  (5.25).  In  the  chamber  there 
occurs  the  burning  of  the  additionally  injected  fuel,  in 
consequence  of  which  the  gas  temperature  is  increased.  Let  the 
flow  parameters  of  the  gas  at  the  inlet  into  the  chamber  be 
P01  =  1.98  kg/cm2,  TQ1  -  880°K,  and  A1  «  0.4.  These  values 
should  be  maintained  constant  independently  of  the  value  of 
preheating  of  the  gas,  otherwise  the  operating  mode  of  the 
turbine  and  compressor  will  be  changed. 

Let  us  determine  a  maximally 
possible  increase  in  gas 
temperature  and  the  magnitude  of 
losses  of  total  pressure  in  the 
chamber  in  these  conditions. 

The  assigned  initial  flow 
parameters  determine  the  gas  flow 
rate.  As  can  be  seen  from  the 
expression  of  the  flow  rate  (109), 
the  more  the  stagnation  temperature  at  chamber  outlet,  the  larger, 
other  conditions  being  equal,  the  cross-sectional  area  of  the 
nozzle  should  be.  Therefore,  maximally  possible  preheating  of 
the  gas  corresponds  to  the  total  opening  of  the  nozzle. 


Fig.  5.25.  Diagram  of  an 
afterburner  of  a  turbojet 
engine;  a  -  initial 
position  of  the  nozzle, 
b  -  opened  nozzle 
(Example  10). 
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Let  uc  allow  that  the  nozzle  la  made  in  such  a  way  that  with 
full  expansion  the  area  of  its  outlet  section  is  equal  to  the 
area  of  the  chamber,  l.e. ,  F,  ■  P2  ■  (position  b  on  Fig.  5.25). 
The  ratio  of  the  total  pressure  at  the  inlet  into  the  chamber  to 
atmospheric  pressure  at  the  earth  nQ  ■  P01/PH  ■  1-93/1.033  ■  1.92. 
This  value  somewhat  exceeds  the  critical  value  (when  k  ■  1.33), 

■  1.85.  Therefore,  if  the  total  pressure  of  the  flow 
with  preheating  of  the  gas  was  maintained  constant,  then  in  the 
outlet  section  the  rate  of  flow  was  equal  to  the  speed  of  sound 
and  X^  *  1.  However,  as  we  saw  above  (see  Example  7),  with  the 
heat  feed  to  the  flow  its  total  pressure  is  lowered,  and  there¬ 
fore  In  this  case  it  can  be  found  that  Pq^/Ph  <  1.35,  and  the 
discharge  velocity  will  be  subsonic. 

In  order  to  explain  this,  let  us  write  the  equation  of  the 
momentum  of  flow,  expressing  the  momentum  in  c^oss  section  1 
in  terms  of  the  known  total  pressure  pQ1  according  to  Tormula 
(119)  and  in  cross  section  3  -  in  terms  of  the  static  pressure 
p^  (120),  whereupon  for  the  present  we  assume  that  the  pressure 
p,  is  equal  to  the  atmospheric  pressure  p  ,  i.e.,  conditions  of 
the  outflow  are  subsonic.  The  wall  friction  and  change  lr.  the 
adiabatic  index  are  disregarded: 

PtiFJ 


Hence  (when  k  ■  1.33)  we  find 


f  ( >  **  Pj  < '  1  > m  1  r"  n‘ ,M* 


and,  further,  according  to  the  tables  X, 
=  0.6048,  f ( X 3 )  -  1.2525,  z(X3)  =  2.01 


0.91,  i.e.  ,  tt ( X ^ ) 


Conditions  of  the  outflow  of  gas  will  actually  be  subsonic, 
no  matter  how  great  the  preheating  in  the  chamber  was:  the 
assigned  total  pressure  of  the  gas  which  is  being  lowered  in 
the  process  of  the  heat  feed  is  insufficient  for  the  producing 
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of  sonic  velocity  of  outflow  into  the  atmosphere.  If  the  total 

p 

pressure  p  was  high,  for  example,  ■  2.4  kg/cm  ,  then  from 
the  latter  formula  it  would  follow  that  rCA^)  =  0.398;  this  value 
is  less  than  the  critical,  since  r(l)  ■  0.429.  Consequently,  at 
such  a  pressure  the  outflow  conditions  would  be  critical  and 


The  value  found  of  the  velocity  coefficient  of  flow  at 
nozzle  outlet  <  1  or  ■  1)  makes  it  possible  to  find  all 
the  flow  parameters.  For  determining  the  gas  temperature  it  is 
convenient  to  use,  for  example,  the  momentum  equation  (115), 
from  which  it  follows  that 


r» - 


*»  880 


*K. 


This  is  the  limiting  value  of  the  stagnation  temperature  at  the 
nozzle  outlet.  If  we  Increase  the  preheating  of  the  gas  above 
this  value,  then  the  flow  velocity  at  the  inlet  into  the  chamber 
will  be  lowered. 


In  order  to  determine  the  total  pressure  of  the  gas  in  the 
outlet  section,  in  this  case,  it  is  possible  to  use  the  relation 


p03  =  PH  /ir ( A 3 )  -  1.033/0.6048 
when  *2  <  1 >  i.e.,  when  «  p 
the  coefficient  of  total  pressure  a  —  p 


1.71  kg/cm  ,  which  is  correct 
S  P 

/pn1  -'1.71/1.98  -  0.865. 


2  <  1,  i.e.,  when  p^  «  pH<  By  knowing  P03»  we  compute 


03' ^01 


Tc  determine  the  changes  in  the  total  and  static  pressures 
in  the  process  of  preheating,  it  is  possible  to  obtain  simple 
relations,  if  we  write  the  equality  of  the  momenta  of  gas  in  the 
initial  and  final  cross  section  in  the  form  of 


puFjo,)  =^.f|/o1>  and  p,F,  — I— 

r  •'.» 


Hence  we  obtain 


-  =  I' P>.  r  f>l) 

f.i  /»,  ttstj- 
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These  relations  are  valid  in  any  flow  conditions  of  the  gas. 
Specifically,  for  conditions  in  this  example  we  determine 
o  -  1.0822/1.2525  «  0.865. 

The  expressions  obtained  for  0  and  p^p^  are  convenient  for 
the  analysis  of  the  nature  of  pressure  change,  determination  of 
the  maximum  losses  or  total  pressure  and  for  obtaining  certain 
other  results  found  by  a  more  complex  means  in  i  3  of  Chapter  V. 

Thus,  for  instance,  from  the  equation  for  determining  o  it 
follows  that  the  preheating  of  the  gas  leads  to  a  reduction  in 
the  total  pressure  both  in  subsonic  and  supersonic  flows. 
Actually,  since  with  preheating  the  value  of  the  velocity 
coefficient  always  approaches  unity  (it  Increases  when  X  <  1  and 
decreases  when  X  >  1),  then  according  to  Fig.  5.22  the  value 
of  function  f(X)  in  the  process  of  preheating  always  increases, 
f(X^)  >  r ( X ^ )  and  o  <  1.  Since  in  the  region  of  subsonic 
velocities  the  limits  of  the  change  in  value  f(X)  are  small 
('''25*),  then  the  coefficient  of  total  pressure  o  when  X  <  1 
cannot  be  lower  than  the  certain  limiting  value 

.  =/(°>  i.oo 

ml"  /  (i 7 "  uwr  *  °*70i  f* « i;n>. 

In  supersonic  flow,  according  to  Fig.  5.22,  any  values  of  the 
coefficient  of  total  pressure  (0  <  0  <  1)  are  possible. 

On  the  other  hand,  with  respect  to  a  change  in  function 
value  r(x),  it  is  possible  to  establish  the  nature  of  a  change  1 
the  static  pressure  in  the  flow  01'  the  preheated  gas.  At  the 
subsonic  velocity,  when  the  velocity  coefficient  with  the 
preheating  of  the  gas  increases,  we  have  (see  Fig.  5.22)  r(X^)  < 
<  r(x^)  or  cp^,  i.e.,  the  static  pressure  in  the  flow  decreus 
A  maximum  change  in  the  static  pressure,  obviously,  is  equal  to 

rjl)  1 
r  <dj =  mH  • 
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uuj-erson.tc  flow,  when  X^  <  X^,  we  have  r(X^)  >  r(X^)  or 

ij,  with  -he  preheating  of  the  supersonic  f  lo  ..  .te  of 

in  total  pressure,  the  static  pressure  increases  as 
a  decrease  in  the  velocity  coefficient  of  the  flow. 

it  -ill  nccur,  if  while  maintaining  the  assigned  pressure 
.,««•  increase  the  gas  temperature  above  the  value 
i  si.  ve  'it,  -  1835°,  l.e.,  increase  the  preheating? 

■i.  ted  from  the  examiration  of  the  acting  drop  in 

v*,  .r.  u.“  basis  of  the  foruula  derived  in  Example  7,  it 
;  ,s!th‘  to  arrive  at  the  conclusion  that  since  X^  <  1 
<.  ■  ,  tiver  with  an  increase  in  the  preheating  the  velocity 
X,  -.illl  increase,  approaching  X  =  1.  However,  this 
-nvorrect ,  since  when  using  this  formula  always  it  is 
;  .  '  c  keep  in  mind  that  the  results  obtained  from  it  are 
iiJ  y  ukUcr  the  condition  of  the  eufficiency  of  the  pressure 
-  -  f  1  *  y  o»:  the  flow,  the  more  the  preheating,  the  greater 
sturc  ratio  P01/PH  should  be.  This  was  repeatedly  indicated 
:>  salving  the  problems. 

vualiy,  .n  this  case  when  *  const  with  an  increase  in 
I rg  the  losses  of  total  pressure  of  gas  Increase  and  the 
rv'.vjre  cf  the  gas  in  the  outlet  section  of  the  tube  i3 
,  in  consequence  01'  which  there  is  a  decrease  in  the 
j  ocefflclent  X^,  which  depends  only  on  the  ratio  of  the 
r.u  static  pressures  in  the  flow: 

*  0  «)=;>,>„=  ft, 

1....//.  •-  const,  then  with  an  increase  in  the  preheating, 
.,:.v  c  xi  lowered,  the  value  of  the  velocity  coefficient  at 
■L*.  (v.be)  outlet  does  not  increase  but  decreases.  The 
•-.'Efficient  of  the  flow  at  the  inlet  into  the  tube 
.  ...... ,  y  decreases  . 
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In  order  to  determine  the  actual  values  of  the  velocity 
coefficients  at  the  inlet  and  outlet  with  the  assigned  magnitudes 
of  preheating  Tq^/T^  and  drop  in  pressures  between  the  inlet  and 
output  section,  it  is  necessary  to  find  the  joint  solutions  of 
t'ne  equation  (see  Example  -7  ) 

r 

from  one  of  the  following  equations  which  express  the  constancy  of 
the  assigned  drop  in  pressures,  for  example: 

“/feN-"-  or 


if  the  ratio  of  total  pressures  is  assigned; 


At  „/”<>,» 

z-tjf;,'-'™*  or 


?•.  if  = 
a,  yo,)V  r„ 


if  the  ratio  of  static  pressures  is  assigned; 

At  “  ri ~  r,"M  or  ^ rl!  - 

if  the  ratio  of  the  total  pressure  at  the  inlet  to  the  static 
pressure  at  the  outlet  from  the  tube  (available  pressure  ratio) 
is  assigned.  The  latter  case  is  encountered  most  frequently.  The 
Joint  solution  of  the  equations  is  most  conveniently  conducted 
by  the  graphic  method  with  the  aid  of  tables  of  gas-dynamic 
functions . 

Common  in  the  examples  examined  above  of  the  gas  flow  was  the 
fact  that  the  flow  velocity  was  directed  along  the  axis  of  the 
channel . 

In  a  number  of  problems  of  applied  gas  dynamics  it  is 
necessary  to  calculate  such  flows  in  which  the  vector  of  absolute 
a  as  velocity  aompr isee  a  certain  angle  with  the  axis  of  the  flow . 
Besides  the  axial  velocity  w  ,  which  determines  the  gas  flow  rate 

a 
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and  momentum  along  the  axis  of  the  flow,  here  there  are  velocity 
components  in  the  plane  perpendicular  to  the  axis  -  radial  or 
circular  w  velocity  of  the  particles  of  gas.  Serving  as  an 
example  can  be  the  flow  of  twisted  gas  in  the  annular  channel, 
which  is  encountered  in  different  vortex  apparatuses  (circular 
component),  or  the  expansion  of  the  supersonic  gas  Jet  escaping 
into  the  atmosphere  with  a  large  excess  pressure  (radial  component). 

If  the  gas  parameters  in  the  flow  cross  section  can  be 
assumed  to  be  constant,  then  for  calculating  such  flows  methods 
and  formulas  given  in  this  section  can  be  used. 

At  first  glance  it  can  be  shown  that  for  this  it  suffices  In 
all  the  derived  relations  to  take  only  the  axial  component  of 
velocity  into  consideration.  This,  however,  is  not  so,  since 
at  the  assigned  stagnation  conditions  the  value  of  the  temperature, 
static  pressure,  and  gas  density  will  also  depend  on  the  value 
of  the  circular  (radial)  velocity  component;  changes  in  the  latter 
will  affect  the  rate  of  discharge  and  momentum  of  flow.  The 
fact  is  that  according  to  the  equation  of  energy  and  the 
relations  (101),  (102)  and  (103)  obtained  from  it,  the  connection 
between  the  parameters  in  the  flow  and  stagnation  parameters  is 
determined  by  a  change  in  the  absolute  velocity  (or  the  velocity 
coefficient  calculated  according  to  the  absolute  velocity  and 
total  stagnation  temperature),  Independently  of  the  angle  being 
composed  by  the  velocity  vector  with  the  axis, 

Let  us  show  how  to  generalize  the  relations  obtained  above 
for  the  case  of  motion  from  the  tangential  (radial)  velocity 
component.  Let  us  examine  the  one-dimensional  flow  of  gas  with 
the  stagnation  parameters  Pq  and  Tg  and  the  absolute  velocity  w 
making  up  the  angle  a  with  the  axis  of  the  flow.  The  gas  flow 
rate  per  second  through  the  cross  section  of  area  F,  perpendicular 
to  the  axis,  is  equal  to 

0  =  iPwa  —  iPv  cos  *, 
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( 


where  w  Is  the  axial  component  of  the  gas  velocity.  In  the  same 
way  as  In  the  derivation  of  formula  (109) ,  hence  it  is  possible 
to  obtain 

~  /TFT  ^  r)a*» cos  cos  *» 

where 

The  latter  relation  can  be  rewritten  in  the  form 


where 


0  = 


m 


v  r.  * 


(123) 


q±\  *)  =  ?M  cos* 


(12U) 


Is  the  gas-dynamic  function  q(A),  generalized  for  the  case  of  the 
flow  of  gas  with  the  velocity  component  in  the  plane  perpendicular 
to  the  axis.  In  exactly  the  same  manner  it  is  possible  to  obtain 
the  formula  similar  to  (111) 


a=*mp£zS^2l'  (125) 

V  r% 

where 

y(X,a)=y(X)c!Mx  (126) 

Thus,  if  angle  a  is  assigned,  then  for  the  calculation  of  the  gas 
flow  rate  and  compilation  of  the  equations  of  continuity,  the 
same  formulas  as  when  a  —  0  are  used,  since  the  generalized 
functions  q(A,  a)  and  y(A,  a)  are  determined  from  angle  a  and 
from  values  q(A)  and  y(A)  for  the  velocity  coefficient  in  the 
absolute  flow  of  the  gas. 


The  momentum  of  the  flow  of  gas  in  the  direction  of  the  axis 


/  —  ^  — con -\-pF. 
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By  converting  this  expression  similar  to  the  way  in  which  this 
was  done  in  the  solution  of  formula  (115),  we  have 


1  “  i  V w  c,’s  1  ■  •  •  i&n) = '  [>a«>  «•  *  +  ( 1 1  -  Sri *'}] 


or  after  the  simplifications 


where 


(127) 

(128) 


Expression  (127)  is  similar  to  the  expression  obtained  when  a  -  0 
but  contains  Instead  of  z(A)  the  generalized  function  z(A,  a), 
the  graph  of  which  is  given  on  Fig.  5.26.  When  o  ■  0  function 
z(A,  a)  is  reduced  to  z(A)  *  A  +  1/A;  the  minimum  value  of  it 
z(A)  *  2  corresponds  A  *  1.  When  a  /  0  the  minimum  values  of 
function  z(A,  a)  are  less  than  two,  whereupon  with  an  increase 
in  angle  a  the  minimums  of  the  curves  are  displaced  into  the 
region  of  supersonic  velocity. 


For  the  conducting  of  numerical  calculations,  it  is  possible 
to  compile  tables  of  function  z(A,  a)  or  a  grid  of  curves  more 
detailed  than  on  Fig.  5-26,  at  different  values  of  o  (see  the 
graph  in  the  appendix). 


Fig.  5.26.  Graph  function 
z(  A  ,  a) . 
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Formulas  (123)  and  (127)  make  It  possible  to  establish  the 
nature  of  a  density  change  of  the  current,  croBs-sectional  area, 
specific  impulse  and  other  values  which  characterize  the  gas  flow, 
depending  on  the  velocity  coefficient  X  and  angle  a  between  the 
velocity  vector  and  the  axis.  However,  here  we  will  not  discuss 
this . 


When  using  generalized  functions  q(X,  a),  y(X,  a),  z(X,  a) 
and  their  combinations,  all  the  equations  obtained  in  this  section 
can  be  used  for  calculating  flows  with  a  circular  or  radial 
component  of  velocity. 

Example  11.  The  twisted  flow  of  gas  moves  in  the  annular 
channel  between  two  cylindrical  surfaces  (Fig.  5.27).  The 
velocity  coefficient  of  the  flow  at  the  channel  inlet  X^  ■  0.85, 
and  the  direction  of  absolute  velocity  is  assigned  by  angle 
cn^  *  30°  to  the  axis  of  the  channel.  With  channel  flow  the 
stagnation  temperature  of  the  gas  is  reduced  from  900°  to  700°K 
as  a  result  of  the  thermal  conductivity  through  the  walls  into 
the  environment.  Disregarding  the  friction  and  also  a  change  in 
the  parameters  on  the  radius  of  the  channel,  determine  the 
parameters  of  the  gas  at  outlet  from  the  channel.  The  adiabatic 
index  k  =  1.40. 


channel  (Example  11). 

*  (>,.  .,)  =  /(»,.  ,,)  1/  . 

'  'ci 


As  above,  in  the  examination 
of  flow  in  the  cylindrical  channel 
with  the  heat  feed,  we  obtain  the 
fundamental  equation  from  the 
condition  of  the  constancy  of  the 
momentum  of  gas  in  cross  sections 
of  the  channel.  In  this  case 
this  condition  takes  the  form 

*  (hi  *  0- l«  *t) 
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By  substituting  the  assigned  values  of  the  stagnation  temperatures 
and  the  value  of  function  z(A^,  a^)  K  2.055  (see  Fig.  5.26),  we 
cbtain 


This  value  of  the  function  can  correspond,  generally  speaking, 
to  different  combinations  of  values  A 2  an<*  a2»  anc*  therefore  for 
determining  these  values  we  use  the  condition  of  the  constancy 
of  the  moment  of  momentum  (see  §  6  of  Chapter  1).  Since  the 
mean  radius  of  the  channel  does  not  change  and  there  are  no 
moments  of  applied  forces,  then  in  the  flow,  independently  of  the 
occurring  processes,  the  circular  velocity  component  should  be 
constant.  Therefore, 


to,,  =,  «#„  or  >|f4|  «»  =  *.««*«*" 


Hence  we  determine 


>,  dn  a,  «  A,  tin  *,j/~ I*  «  0.85  •  0,5  =  0.48Z 

The  Joint  solution  of  the  two  obtained  equations  is  most  conveniently 
carried  out  graphically.  Being  given  a  number  of  values  of  angle 
oi^,  we  find  the  values  of  the  velocity  coefficient  *  0.482/sln 
corresponding  to  them;  substituting  these  values  and  X2  into 
z(A,  a),  we  plot  the  graph  of  this  function.  The  point  of  curve 
where  z(A,  a)  ■  2.33  corresponds  to  values  of  parameters  in  the 
outlet  section  of  the  channel,  and  in  this  case  we  find  A^  *  0.72, 
a2  ■  42°.  In  the  calculations  it  is  possible  also  to  use  an 
auxiliary  graph  or  tables  of  function  z(A,  a). 

The  condition  of  the  retention  of  the  gas  flow  rate  in  cross 
sections  1  and  2,  when  using  expression  (123),  makes  it  possible 
to  determine  the  ratio  of  total  pressures  of  the  gas  -  the 
coefficient  of  total  pressure: 

<  =  pJJ  =  l/^  _ 0.9T29 •  0,865  /"S53  .  .. 

p„  fliMcmj,  r  r„  _0,‘J0*JI  -0,743  V  703“  1,10 
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(cooling  of  the  flow  is  accompanied  by  an  increase  in  the  total 
pressure ) . 


A  cnange  in  the  static  pressure  is  easy  to  determine  from 
the  relation 


P\  P" 


I  Ifl  °'72M 

l,l0*$8sr 


I.2M 


or  from  th«  equation  of  the  equality  of  the  flow  rates  recorded 
in  form  (125). 


In  conclusion  let  us  list  the  introduced  gas-dynamic  functions 
and  the  relationships  between  them: 


1.  The  simplest  functions  which  express  the  relationship 
between  the  gas  parameters  in  the  flow  and  stagnation  parameters: 


in  this  case 


k 


~  (>•)  —  -  (') « (>.>. 


2.  The  functions  which  make  it  possible  to  express  the  gas 
flow  rate  by  the  total  pressure 

?<>)  =  CU(X) 


or  by  the  3tatlc  pressure 


By  means  of  these  functions  we  obtain  the  two  expressions  for 
the  gas  flow  rate 

o=,mn-^'PJ==mpJ:yO) 

Vt,  Vt,  •; 
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3*  The  function 


i  (>,)  =  1  -f  Y . 

with  the  aid  of  which  the  momentum  of  the  gas  flow  can  be 
represented  in  the  form  of  the  product  of  the  stagnation  temperature 
(critical  speed  of  sound)  by  the  gas  flow  rate 


4.  Functions  f(X),  r(A),  with  the  aid  of  which  the  momentum 
of  the  gas  flow  is  expressed  in  terms  of  the  total  or  static 
pressure : 

/(>.)  =  ^(X),().).  r().)  =  Cyiri7p-). 

Correspondllngly  we  obtain  two  expressions  for  the  momentum  of 
the  gas  flow: 

/=*F/,l)=.  j*. 


The  constant  which  enters  into  the  expressions  for  functions  q(A 
y(A),  f(X),  and  r(A) 


1 

MIT 


~j~)  . 


is  equal  to  1.577  for  k  •  1.4  and  1.588  for  k  ■  1.33. 


5.  Functions  q(A,  a),  y(A,  a)  and  z(A,  a),  which  make  it 
possible  to  propagate  the  methods  examined  above  and  design 
formulas  for  the  case  of  gas  flow  from  the  circular  or  radial 
component  velocity. 


6.  In  the  solution  of  some  problems  derivatives  of  different 
gas-dynamic  functions  are  also  used.  By  means  of  differentiation 
and  simple  transformations,  it  is  possible  to  obtain  their 
expressions  in  terms  of  initial  functions. 
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For  example, 


-■thrM 


and  ao  on. 


What  Is  the  meaning  of  simplifications  being  obtained  in  the 
recording  of  fundamental  equations  with  the  aid  of  gas-dynamic 
functions? 


1 

1 


i 

§ 

§ 


V1 

4 

J 


I 


! 

i 

\ 
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As  can  be  seen  from  the  examples  given  above,  the  major 
advantage  of  the  expressions  obtained  here  is  that  they  contain 
such  flow  parameter e  the  nature  of  change  in  whioh  can  be  easily 
aetabliahed  from  oonditione  of  the  problem,  for  example,  the 
constancy  of  stagnation  temperature  Tq  in  adiabatic  flows  and 
an  increase  in  TQ  with  the  heat  feed,  the  retention  of  total 
pressure  pQ  in  the  isentropic  flow  and  a  drop  pQ  in  the  presence 
of  losses,  and  so  on.  By  the  selection  of  the  corresponding 
expression  for  the  flow  rate  or  momentum,  it  is  possible  to 
reduce  to  a  minimum  a  number  of  unknown  parameters  in  the  funda¬ 
mental  equations.  In  this  case  It  is  frequently  possible  to  find 
the  unknown  values  directly  from  the  initial  equations,  avoiding 
the  bulky  transformations. 

Let  us  note  some  general  rules  which  are  useful  in  the 
solution  of  equations  in  general  form  and  calculations  with  the 
aid  of  tables  of  gas-dynamic  functions. 

In  all  cases  when  the  general  or  numerical  expression  of  the 
value  of  the'  velocity  coefficient  X  or  any  one  of  its  functions 
are  obtained,  it  is  possible  to  consider  that  all  the  gas-dynamic 
functions  and  coefficient  X  (from  the  tables  or  graphs)  are  known. 
This  is  the  basic  condition  in  the  simplification  of  the 
calculations,  since  it  eliminates  the  need  for  obtaining  in 
explicit  form  the  dependences  between  X  and  its  functions.  In  the 
numerical  calculations  one  should  consider  that  functions  x(X), 
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tt  ( A )  and  e ( A )  in  the  region  of  low  velocities  and  function  q(A), 
s(A)  and  f(A)  at  sonic  speeds  are  changed  very  little  with  a  change 
In  value  A.  Therefore,  in  the  indicated  regions  an  insignificant 
error  in  the  value  of  the  functions,  can  lead  to  a  great  error  in 
the  calculation  of  the  velocity  coefficient  A.  Such  calculations 
should  be  avoided,  and  as  far  as  possible,  In  these  cases,  other 
equations  which  include,  for  example,  functions,  y(A)  and  r(A) 
should  be  used.  If  this  for  any  reason  is  impossible,  then  it  is 
necessary  to  conduct  all  preliminary  calculations  with  a  high 
degree  of  accuracy.  It  is  understandable  that  in  these  regions 
it  is  not  recommended  to  determine  A  according  to  the  indicated 
functions  by  means  of  graphs.  In  particular,  this  is  related  to 
function  z(A),  which  over  wide  limits  of  the  change  in  A  (from 
0.65  to  1.5)3)  varies  in  value  by  a  total  of  lOJ.  Therefore,  for 
the  determination  of  A  in  terms  of  the  value  of  function  z(A)  in 
the  region  of  sonic  speeds,  it  is  possible  to  calculate  the 
possible  values  of  A  directly  from  the  equation 

x 

whence 

;  _'<>■)  *  a 

In  order  to  avoid  the  error  connected  with  the  subtraction  of 
close  values,  the  supersonic  solution  is  located  by  the  first  and 
the  subsonic  solution  by  the  second  of  these  expressions. 

From  the  examples  examined  in  this  section,  it  is  possible 
to  see  the  efficiency  of  the  method  of  calculation  with  the  use 
of  gas-dynamic  functions  in  the  solution  of  sufficiently  complex 
problems  which  are  of  practical  use. 
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§  7.  Qas  Flow  with  Friction  in  j 
the  Cylindrical  Tube  with  the  s 
Assigned  Magnitude  of  the  Ratio  i 
of  Pressures  at  Inlet  and  f 
Outlet  | 


Using  the  relations  derived  in  the  foregoing  section  let 
additionally  explain  some  laws  governing'  the  one-dimensional  gas 
flow  in  a  cylindrical  tube  with  friction.  In  §  i  1  and  2  it 
was  established  that  the  friction  leads  to  an  increase  in  the 
velocity  of  subsonic  flow  and  a  decrease  in  the  velocity  of 
supersonic  flow,  whereupon  in  both  cases  the  maximum  conditions 
correspond  to  the  critical  velocity  in  the  outlet  section  of  the 
tube . 


The  results  obtained  in  §  2  are  valid,  however,  only  when 
the  velocity  coefficient  at  the  inlet  into  the  tube  A^  is 
maintained  constant,  which  requires  the  creation  of  a  quite 
definite  drop  in  the  pressures  in  the  flou  for-  each  mode  and 
each  value  of  the  normalized  length  of  the  tube.  In  actuality, 
most  frequently  it  is  the  opposite:  the  assigned  value  i3  the 
drop  in  pressures  between  the  inlet  and  outlet  sections  of  the 
tube,  and  values  of  the  velocity,  flow  rate  and  other  flow  para¬ 
meters  are  determined  by  the  acting  d:op  in  pressures  and  by  the 
resistance  in  the  section  of  the  tube  in  question.  For  flow 
in  the  inlet  of  the  tube  the  most  characteristic  value, 
which  is  usually  known  or  can  be  easily  determined,  is  the  total 
pressure  P0^J  for  the  characteristic  of  flow  at  the  outlet  from 
the  tuoe,  it  is  important  to  know  the  static  pressure  in  the 
environment  or  reservoir  where  the  gas  escapes  from  the  tube  ph- 
If  the  flow  velocity  in  the  outlet  section  is  less  than  the  speed 
of  sound,  then  static  pressure  of  the  flow,  as  is  known,  is 
equal  to  the  external  pressure,  l.e.,  p2  =  PH>  If  A^  *  1,  then 
in  the  outlet  section  of  the  tube  p2  >  PH-  Finally,  when  A^  >  1 
also  conditions  when  p2  <  ph  are  possible. 

Let  us  call  the  value  =  Pqi^Ph  t*ie  ava^lab^e  pressure  ratio. 
The  flow  parameters  in  the  cylindrical  tube  defined  basically  by 


337 


the  value  of  the  available  pressure  ratio  nQ:  the  process  is 
actually  as  though  it  were  an  outflow  of  gas  from  the  vessel  with 
pressure  p  .  into  a  medium  with  pressure  p  through  the  channel 
with  the  assigned  resistance ■  Therefore,  in  the  examination  of 
the  law  governing  flow  with  friction,  it  is  necessary  to  consider 
the  value  of  the  available  pressure  ratio  in  the  flow;  without 
this  the  obtained  results  can  prove  to  be  unreal. 


Let  us  assume,  for  example,  that  at  subsonic  velocity  at  the 
inlet  into  the  tube  the  available  pressure  ratio  IT q  is  less  than 
the  critical  pressure  ratio 


H. 


■dn-r-tr. 


for  air  n  *  1.893.  Due  to  friction  the  total  pressure  of  the 

H  p 

flow  along  the  length  of  the  tube  is  decreased,  and  therefore  in 
the  outlet  section  of  the  tube  Pq2/Ph  <  PqI^h  <  1*893*  This 
means  that  the  flow  escapes  from  the  tube  under  the  action  of  the 
subcritlcal  pressure  ratio,  and,  consequently,  the  velocity  of 
such  a  flow  will  always  be  subsonic.  No  matter  how  much  it  is 
possible  to  increase  the  normalized  length  of  the  tube  it  is 
Impossible  to  obtain  value  \?  •  1:  the  drop  in  the  pressures 
acting  in  the  flow  is  insufficient  for  producing  the  sonic  speed 
of  outflow  at  the  outlet  from  the  tube. 


Thus,  the  conclusion  obtained  previously  that  with  an  Increase 
in  the  normalized  length  of  the  tube  up  to  the  maximum  (critical) 
value,  the  flow  velocity  at  outlet  from  the  tube  reaches  the  speed 
of  sound  and  is  valid  only  in  such  a  case  when  a  sufficient 
(depending  on  values  X ^  and  x)  pressure  ratio  J1Q  is  provided. 

Let  us  show  how  the  calculation  of  flow  parameters  with  flow 
in  the  tube  with  friction  Is  produced  if  <  1  and  the  value  of 
the  available  pressure  ratio  is  assigned. 
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Let  us  write  the  equation  of  continuity  for  flow  in  the  7.  ubc, 
whereupon  flow  rate  in  the  inlet  section  is  expressed  with  tt,-- 
ald  of  formula  (109)  in  terms  of  the  total  pressure,  and  tr.e  *'i  -.w 
rate  in  the  exit  section  is  expressed  by  the  static  pressure  nil  in 
the  aid  of  formula  (111) 


P'lFilO  .) 

Vrtl  /r„  * 

Since  for  the  adiabatic  flow  in  a  cylindrical  tube  T^.,  ■  T(jl  and 
F2  *  Fj,  then  hence  it  follows  that 


J'(^) =£*(*,). 

If  X 2  <  1>  then,  as  was  noted,  p2  *  pH  or 

=  (IS?) 

Equation  (129),  which  mutually  connects  >aluv.  ehe  velocity 
coefficients  in  the  inlet  and  outlet  section!  of  t...te  7. re¬ 
assigned  value  n0  and  X^  <  1,  ia  correct  without  u 

the  flow  pattern  and  length  0;'  the  tube.  On  the  other  ha  :> .  he 
change  in  parameters  of  the  gas  in  the  tube  is  •b.-r.ernine:.'  t-y  it-- 
value  of  the  coefficient  of  friction  and  by  the  ion,'_r .  f  the 
tube.  Earlier  in  §  2  the  formula  describing,  the  chat. it.  the 
flow  parameters  as  a  result  of  the  frictl_..  was  obtained: 

r(  .)  -?(>■«»  —  X.  <  1  3  i  ) 

2k  x 

where  7. “ fljrp 37  is  the  normalized  length  of  rhn  tube.  E'qua’ .loo 
(130)  establishes  the  dependence  between  the  velocity  coo f;'i c  1  -■->.*  .■ 

X  and  X^  of  the  assigned  value  x  •  Equal  ^  out  U29,  and  f  1 3  -  • 
can  be  considered  as  the  system  of  two  i. ..•»}«  with  two  u  a  v.~; , 

the  roots  of  which  determine  values  ,  r,:.i  a:  a  fur.c tin:,  of 

-l  i. 

the  assigned  values  JlQ  and  By  these  v  a !  j»  <•  of  t  n--  ve *(•■".  i\y 
coefficients  is  determined  the  real  f .  ..  •'on-ii  sioi.n  cf  th. 
through  the  tube  with  the  assigned  *  a  if. -rr.:.i  i  u 

under  the  action  of  the  available  or  :  •.  ru  .  s  . 


Let.  us  examine  some  of  the  following  properties  of  the  flow 
'jt  subsonic  speed  of  the  flow  at  the  inlet  into  the  tube.  In 
me  first  place  let  us  compare  the  one-dimensional  subsonic  gas 
flow  in  the  tube  in  the  presence  of  friction  with  an  ideal  flow 
with  the  Identical  available  pressure  ratio  n^.  A  change  in  the 
gas  parameters  along  the  length  of  the  tube  is  connected  with 
friction,  and  therefore  in  an  ideal  flow,  when  p^  *  Poi‘ 
gas  parameters  are  constant  in  all  the  cross  sections  of  the  tube. 
The  velocity  coefficient  in  the  outlet  section  =  A^  <  1,  which 
in  an  ideal  case  is  determined  by  the  value  of  the  available 
pressure  ratio  n(A2)  =  is  wore  than  that  during  flow  with 

friction,  when  pQ2  <  pQ-,  ,  and  <t ( \ p )  =  1/oTIq.  The  more  the 
normalized  length  of  the  tube,  the  larger  will  be  the  total  losses 
of  pressure  and  the  less  will  be  the  flow  velocity  at  the  outlet 
from  the  tube  as  compared  with  the  velocity  in  the  ideal  case  of 
me  flow.  Thus,  it  is  necessary  to  keep  in  mind  that,  although 
with  flow  in  the  tube  with  friction  the  velocity  of  the  flow 
along  the  length  of  the  tube  increaeee ,  its  greatest  value,  the 
outlet  velocity,  always  remaine  leae  than  that  with  the  eame 
pressure  ratio  HQ  in  "-he  aase  of  the  flow  without  friction  (for 
example,  a  very  short  tub:,  when  x  =0).  The  more  the  normalized 
length  of  the  tube,  the  le?~  (at  given  nQ)  the  flow  velocity  both 
at  the  outlet  and  inlet. 

It  is  Interesting  to  note  that  if  nQ  mst ,  then  when 
^2  <  1  the  change  in  the  normalized  length  of  the  tube  x  always 
leads  to  a  change  In  the  inlet  velocity  of  the  tube,  independently 
of  the  larger  or  smaller  value  x  of  its  critical  value  for  the 
given  A  ^  <  1 .  The  retention  of  A^  *  const  with  a  change  in  the 
normalized  length  of  the  tube  and  A^  <  1  requires  a  corresponding 
change  in  value  in  the  available  pressure  ratio:  the  longer  the 
tube,  the  larger  the  value  J1q  necessary  for  maintaining  the  assigned 
conditions  at  the  inlet,  i.e.,  the  retention  of  the  gas  flow 


3*J0 


rate . 


On  the  other  hand,  if  at  the  assigned  length  of  the  tube 
(X  ■  const)  we  increase  the  pressure  ratio  Hq,  then  the  velocities 
at  both  the  inlet  and  at  outlet  will  increase  until  the  value 
reaches  the  critical  value  =  1.  A  further  increase  in  IT ^ 
changes  neither  X^  nor  X^;  however,  in  the  outlet  section  of  the 
tube  a  surplus  pressure  in  comparison  with  the  environment 
(reservoir)  will  be  established.  For  these  conditions  equation 
(129)  is  incorrect,  since  with  its  derivation  it  was  assumed  that 
P2  =  ph;  the  relation  between  the  flow  parameters  is  determined 
only  by  equation  (130).  From  the  continuity  condition  it  is 
possible  only  to  find  the  minimum  required  value  nQ  at  which  the 
mode  with  X^  *  1  and  assigned  value  X1  is  established,  since 
acco.  'ing  to  equation  (129) 


..  _/M-  urn  1  _  11., 

"•""•-WV  2  I 


Since  q(X^)  <  1,  from  the  latter  relation  it  is  evident  that  with 
flow  in  the  tube  with  friction  the  critical  outlet  velocity  is 
established  with  the  pressure  ratio  of  nA  >  n  .  where  the  II 

(J  Kp  Kp 

is  the  pressure  ratio  necessary  for  obtaining  X  =  1  during  flow 
without  friction.  The  conditions  X2  »  1  for  this  value  X1  begins 
with  an  increase  in  the  normalized  length  x  up  to  the  value 


r-x*9= ?(>-.)—  i. 


(131) 


and  In  this  case  condition 


>-  n 


0  min 


should  be  observed. 
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Fig.  5.28.  Relationship 
between  parameters  of 
subsonic  flow  at  the  inlet 
and  outlet  sections  of  the 
cylindrical  tube  in  the 
presence  of  friction. 
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Figure  5-28  gives  results  of  the  calculations  of  subsonic 
flow  in  the  tube  with  friction.  The  graph  illustrates  the  basic 
regularities  of  the  flow  given  above  and,  in  particular,  shows 
that 


a)  when  A^  =  const  with  an  increase  in  the  normalized  length 

X  value  A ^  increases,  whereupon  always  A^  <  ±  1; 

b)  at  a  constant  available  pressure  ratio  Jig,  with  an 
increase  in  x»  value  A  is  always  decreased;  A2  is  decreased 
also,  if  A ^  <  1; 

c)  for  each  value  of  the  normalized  length x  there  is  a 
completely  defined  value  of  the  pressure  ratio  Poi/Ph  “  n0’  whlch 
corresponds  to  the  assigned  flow  velocity  at  the  outlet  and 
inlet  into  tube,  respectively ; 

d)  the  limiting  value  A^ ,  which  corresponds  to  A2  =1,  for 
each  value  x  is  established  with  the  defined  value,  which  is 
increased  with  an  increase  in  x  of  the  value  of  the  pressure 
ratio  and  does  not  Increase  with  a  further  increase  in  nQ. 

Let  us  now  examine  the  features  of  flow  with  friction  with 
supersonic  velocity  at  the  inlet  into  the  tube.  From  formula 
(130 )  it  follows  that  if  the  normalized  length  of  the  tube  is 
less  than  the  critical  value,  determined  for  the  given  value  of 
A^  >  1  by  formula  (131)!  then  along  the  length  of  the  tube  the 
flow  velocity  will  decrease,  remaining  supersonic.  At  the  outlet 
from  the  tube  with  continuous  braking  of  the  flow,  A2  >  1  will  be 
obtained.  At  a  certain  value  of  the  normalized  length  of  the 
tube,  called  the  critical  from  equation  (130),  it  follows  that 
<MA2)  =  1,  i.e.,  A2  »  1.  This  length  corresponds  to  the  maximally 
possible  flow  conditions  with  a  continuous  change  in  velocity  from 
the  assigned  value  A,  >  1  to  A,  «  1.  If  x  >  X  »  then  the 
continuous  braking  of  flow  in  the  tube  Is  impossible.  In  this 
case  equation  (130),  which  describes  the  flow  with  a  continuous 


velocity  change,  does  not  have  solutions  for  X^,  since  from  it 
<J> ( X p )  <  1  follows.  In  actuality,  here  in  the  initial  section  of 
the  tube  the  supersonic  flow  is  braked  to  a  certain  value 
X*  >  1,  and  then  in  the  tube  there  appears  a  shock  wave,  behind 
which  subsonic  flow  is  established  with  an  increase  in  t  ie 
velocity  along  the  length  of  the  tube  from  value  X"  (after  the 
shock)  to  X2  «  1,  as  was  noted  above. 

The  location  of  the  shock  and  relative  length  of  the 
supersonic  and  subsonic  sections  of  the  flow,  depending  on  the 
assigned  parameters,  can  be  determined  in  the  following  manner. 
Let  us  designate  the  normalized  length  of  the  tube  from  its 
beginning  up  to  the  shock  wave  (supersonic  section  of  the  flow) 


between  the  parameters  of  flow,  which  moves  with  friction  In  the 
tube  with  normalized  length  x  when  in  the  tube  a  normal  shock  wave 
appears . 


C'tM  i'Ot 


Fig.  5.29.  Auxiliary  graphs  of 
functions  <f> ( A  )  and  $(A)  in  the 
region  of  supersonic  flow 
velocities 


Entering  into  formula  (135),  besides  the  known  values  of  x 
and  A^,  is  also  the  thus  far  unknown  value  of  the  velocity 
coefficient  at  the  outlet  from  the  tube  X^.  Since  after  the 
shock  the  flow  is  subsonic,  then  fbr  determining  A,,  let  ub  use 
the  equation  of  continuity 


which  is  correct  both  when  A1  <  1  and  when  A^  >  1.  If  from  this 
equation  it  follows  that  y(A?)  >  y(l),  then  X2  =  1  at  y(A2)  <  y(l) 
and  \2  <  1.  Substituting  value  A^  <_  1  thus  found  into  equation 
(135),  let  us  determine  *(A').  Further  according  to  the  graph 
(Fig.  5.29)  we  find  values  A'  and  <f>(A'),  and,  after  using 
equation  (13 2),  we  compute  the  value  x^  ~  the  normalized  length 
of  the  tube  necessary  for  the  shock-free  supersonic  flow  from  A^ 
to  A'.  The  value  x^  determines  the  location  of  the  shock  along 
the  length  of  the  tube,  since  when  (;  *  const  we  have  Xj/x  B  Xj/X- 


With  the  critical  flow  conditions  at  the  outlet  from 
when  A 2  =  l,  the  result  of  the  calculation,  as  it  is  easy 


the  tube, 
to  see, 


does  not  depend  on  11^:  a  shock  appears  in  the  definite  cross 
section  of  the  tube  independently  of  the  value  of  the  available 
pressure  ratio.  The  calculation  according  to  formulas  (129), 

1132 )  and  (135)  shows  that  when  X^  <  1  t^e  shock  wave  with  a 
decrease  in  nQ  will  be  moved  from  its  end  position,  which 
corresponds  to  ^  *  1,  to  the  inlet  section  of  the  tube.  The 
minimum  value  of  the  available  pressure  ratio,  at  which  the  flow 
•with  the  assigned  initial  velocity  coefficient  X^  >  1  is  possible, 
is  determined  by  the  fact  that  the  shock  wave,  in  moving  upstream, 
will  approach  directly  to  the  inlet  section. 

Let  us  give  an  example  of  the  calculation  of  flow  with  a 
shock  wave  within  the  tube.  Let  us  assume  that  the  velocity 
coefficient  at  the  inlet  into  the  tube  X^  =  1.8  and  the  total 
normalized  length  of  the  tube  x  "  0.6  are  assigned  (at  standard 
values  of  the  coefficient  of  friction  this  corresponds  approximately 
tc  30  calibers  of  the  tube).  The  available  ratio  of  total  pressure 
of  the  flow  at  the  inlet  into  the  tube  to  the  static  pressure  in 
the  reservoir,  where  the  gas  escapes  from  the  tube,  is  II Q  =  3.0. 

The  critical  value  of  the  normalized  length  of  the  tube  for 
the  assigned  value  X^  is  determined; 

Uf  -  -  I  : 

(we  find  value  b(X^)  from  the  auxiliary  graph  of  Fig.  5.29).  Since 
the  assigned  normalized  length  of  the  tube  x  “  0.6  is  more  than 
the  critical  value,  then,  as  was  noted,  the  continuous  braking  of 
the  flow  is  impossible,  and  a  shock  wave  appears  in  the  tube. 

Let  us  determine  the  velocity  coefficient  of  the  flow  at 
the  outlet  from  the  tube  with  the  aid  of  equation  (129): 

y  11,7  (>,)«.' JO,  107-*,  s=  I. m  or 

Further  we  substitute  the  obtained  values  of  X^  and  the  assigned 
values  of  X ^  and  x  into  equation  (135).  which  determines  the  velocity 


coefficient  of  the  flow  in  front  of  the  shock  4>(X')  »  0.6  +  1.25  - 
-  1.^65  =  O.365.  From  the  graph  on  Fig.  5.29  we  find  that  this 
value  d  ( X '  )  corresponds  to  X'  *  1.66  and  d(X')  =  1.375.  We 
determine  the  normalized  length  of  the  supersonic  section  of  flow 
according  to  formula  (132) 

Zi  —  7  <>i>—  7  (>■’>  =  l.«V>  —  1,775  =  0.11 

and  find  the  distance  from  the  inlet  into  the  tube  in  front  of 
the  cross  section  where  the  shock  wave  appears  (when  c  B  const): 


£i_7h 
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0,11 

■5/T 


=  0,154. 
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Fig.  5.30.  The  possible 
conditions  of  supersonic 
flow  in  a  cylindrical 
tube  with  friction  with 
the  length  of  the  tube 
greater  than  the  critical 
vrlue.  X^  ■  1.8;  x  -  0.6 

(example  of  the 
calculation ) 


maximally  possible  conditions 
achievement  of  critical  veloc 


Thus,  at  a  length  of  approximately 
18?  of  the  total  length  of  the 
tube,  the  supersonic  flow  under 
the  action  of  friction  Is  slowed 
down  from  X^  =  1.8  to  X'  =  1.66, 
and  then  in  the  shock  the  velocity 
falls  to  X"  =  0.6;  In  the  remain¬ 
ing  part  of  the  tube  the  subsonic 
flow  is  accelerated  to  X^  =  0.71 
and  escapes  from  the  tube,  having 
a  static  pressure  equal  to  the 
pressure  in  the  reservoir  ph> 

At  other  values  of  the 
available  pressure  ratio,  the 
position  of  the  shock  will  be 
different.  Figure  5*30  gives 
results  of  the  calculation 
according  to  the  given  method  at 
different  values  of  nQ.  The 
■e  determined,  on  one  hand,  by  the 
r  at  the  outlet  from  the  tube 


(during  the  calculation  we  assume  that  X?  =  1  and  find  the  most 
remote  shock-wave  position)  from  the  inlet,  and  on  the  other  hand, 


I 


by  the  emergence  of  a  shock  wave  directly  behind  the  inlet  section 
of  the  tube.  In  this  case  (X^  »  1.8,  x  “*  0.6)  the  critical  flow 
conditions  at  the  outlet  is  obtained  when  Hq  =  y(l)/q(X^)  * 

=  1.893/0.4075  =  4.64. 

According  to  formulas  (135)  and  (132),  by  means  of  the 
graph  on  Fig.  5.29,  we  find  $(X')  —  0.6  +  1  -  1.485  »  0.115, 

X'  =  1.41,  and  4>  ( A '  )  ■  1.185.  We  further  have  x  -  1.485  - 
-  1.185  =  0.3>  and,  therefore,  x^/x  =  0.3/0. 6  =  0.5. 

The  minimum  value  of  IK,  at  which  supersonic  flow  at  the 

^  /  I  \ 

inlet  into  the  tube  is  possible,  corresponds  to  t —  0.0  = 
s  2,07  —  o.o 1.47  or  X^  =  0.66.  Therefore,  we  have 


•11. 


y<h) 


\jn 


2,74. 


For  determining  the  total  and  static  pressure  from  the  value  of  the 
velocity  coefficients  at  the  inlet  and  outlet,  it  is  sufficient  to 
write  conditions  of  the  equality  of  flow  rates  of  ga3  in  the 
inlet  and  outlet  sections,  having  used  expressions  (109)  or  (111). 


It  was  indicated  above  that  if  the  normalized  length  of  the 
tube  is  less  than  the  critical  for  this  value  X^,  then  the  laws 
governing  the  flow  with  fr'ction  allow  the  existence  of  the  flow 
with  a  continuous  change  -du-tion)  in  the  supersonic  velocity 
on  the  entire  length.  It  sible  to  show,  however,  that 

together  with  the  complete]  ^ersonic  flow,  here  the  shocked 
flow  within  the  tube  and  the  subsonic  speed  at  outlet  is  also 
possible.  Such  flow  conditions  in  the  case  x  <  XHp  can  exist 
only  In  the  defined  interval  of  values  Pg^/PH  =  Hq  which  is  found 
from  the  condition  that  in  the  exit  section  of  the  tube  the 
static  pressure  of  subsonic  flow  should  be  equal  to  the  pressure 
of  the  environment. 
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s  3.  The  Averaging  or  Parameters 
of  .Wonur.iform  Flo w 

In  practice  it  is  frequently  necessary  to  calculate  gas  flows 
with  parameters  variable  in  cross  section.  In  a  number  of  cases, 
however,  these  flows  can  be  considered  as  one-dimensional,  with 
some  mean  values  of  the  parameters  in  each  cross  section.  In 
this  case  the  problem  of  the  averaging  of  gas  parameters  in  the 
cross  section  of  the  nonuniform  flow  appears. 

Sometimes  as  the  mean  values  of  the  parameters  we  take  the 
mean  values  in  area,  velocity,  pressure,  temperature,  and  so  on. 

It  is  possible  to  suuw  however,  that  such  simple  averaging  is, 
generally  speaking,  incorrect  and  can  lead  to  erroneous  results: 
the  ratio  cf  the  mean  values  of  total  and  static  pressures  will 
not  correspond  to  the  mean  value  of  the  velocity  coefficient, 
and  the  gas  flow  rate  calculated  according  to  the  mean  parameters 
will  be  more  or  less  real  and  so  on.  If  the  initial  nonuniformity 
of  flow  is  small,  then  quantitatively  these  errors  are  insignificant 
with  great  nonuniformity  of  the  parameters  the  error  can  be 
significant.  Therefore,  the  solution  of  the  stated  mission  in 
general  will  be  approached  by  other  means. 

«  . 

The  assigned  nonuniform  flow  is  characterized  by  a  number 
of  total  (Integral)  values,  that  is,  by  the  gas  flow  rate,  energy, 
momentum,  enthalpy,  entropy,  and  so  on.  Replacing  this  flow  by 
the  one-dimensional  flow  -  the  averaged  -  one  should  try  to 
maintain  the  total  characteristics  (properties)  of  the  flow 
constant.  Since  the  state  of  the  ot.e-dlmensional  gas  flow  is 
determined  by  three  Independent  parameters  (for  example,  the 
total  pressure  Pq,  stagnation  temperature  Tq  and  velocity 
coefficient  A),  then  in  averaging,  it  is  simultaneously  possible 
to  maintain  only  the  three  total  physical  characteristics  of  the 
initial  flow  constant. 


The  nost  widespread  is  the  method  of  the  determination  of 
mean  values  of  parameters  Pg,  Tg  and  X  whJle  maintaining 
i>:  the  initial  and  averaged  flows  values  of  the  flow  rate  of  the 
gas  total  energy  E  and  momentum  j  identical .  Conditions  G  » 

■  const,  E  *  const  and  I  *  const  give  the  three  equations  with 
three  unknowns  necessary  for  the  solution  of  the  problem.  Let 
us  assume  that  in  the  cross  section  of  the  initial  nonuniform 
flow  the  temperature  field  and  full  and  static  pressure  fields 
are  known  (assigned  or  measured).  Then  it  is  possible  to  consider 
at  each  point  of  the  cross  section  the  values  of  total  pressure 
P0>  stagnation  temperature  Tg  and  velocity  coefficient  X  are 
known.  According  to  value  X,  for  each  point  of  the  cross  section 
gas-dynamic  functions  q(X),  z(X),  etc.,  can  be  found.  For  the 
flow,  as  a  whole,  the  values  of  flow  rate,  momentum  and  energy 
are  determined  by  means  of  Integration  of  the  corresponding 
elementary  expressions  over  the  entire  cross  section.  Thus,  for 
instance,  the  gas  flow  rate  is  equal  to 

Q=  {i!Q.=  (136) 
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If'  the  velocity  field  Is  assigned  in  the  form  of  a  graph  or  table, 
the  gas  flow  rate  can  be  calculated  according  to  methods  of 
graphic  or  numerical  integration. 

The  total  values  of  energy  E  and  momentum  I  are  determined 
similarly . 

Let  us  turn  to  the  solution  of  the  problem  of  the  averaging 
of  parameters  pQ,  Tq  and  X.  Let  us  equate  the  values  of  total 
energy  of  the  gas  calculated  in  one  case  according  to  the  true 
and  in  another  case  according  to  the  mean  values  of  the  gas 
parameters : 


Gc?T,=  \ 
•A 
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We  consider  the  heat  capacity  of  gas  to  be  constant  over  the 
entire  cross  section.  Let  us  substitute  into  this  equation  the 
expression  for  the  elementary  gas  flow  rate  and  the  expression 
written  atove  for  the  total  gas  flow  rate  in  the  flow.  Hence  we 
obtain  the  first  unknown  value  -  the  mean  stagnation  temperature 
of  the  gas: 


F 
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Fro:;  formula  ( 1 38 )  it  is  evident  that  Tq  is  the  averaged-mass 
value  of  the  stagnation  temperature.  Let  us  use  the  obtained 
average  value  of  the  stagnation  temperature  for  calculation  of 
the  mean  value  of  the  critical  speed  of  sound 


f>erhRt" 

Let  us  find  the  mean  value  of  the  velocity  coefficient  of  flow  X 
from  the  condition  of  the  equality  of  the  effective  momentum  of 
flow  and  the  momentum  calculated  according  to  the  mean  values 
of  the  parameters.  For  the  sake  of  simplicity  of  the  calculation, 
let  us  express  the  total  momentum  by  means  of  formula  (115)  ir. 
terms  of  function  z(X),  and  let  us  present  the  elementary  momentum 
according  to  formula  (119)  in  terms  of  the  total  pressure  and 
function  f(X).  As  a  result  we  will  obtain 


whence 
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In  accordance  with  the  assigned  flow  conditions  of  the  gas  from 
two  values  of  the  velocity  coefficient  X  determined  by  function 
2(1),  we  select  the  real  value  X  >  1  or  A  <  1.  The  reason  for 
the  ambiguity  of  solving  the  problem  in  this  case  is  quite  obvious: 


350 


the  assigned  condition  of  the  retention  of  flow  rate,  momentum 
and  total  energy  will  not  be  disturbed,  if  in  the  averaged  flow 
the  shock  wave  arises;  the  velocity  coefficient  in  this  case 
acquires  a  new  value  opposite  in  magnitude  so  that  function  2(1) 
will  be  a  constant  value  (see  §  6,  Example  6). 


After  determining  the  stagnation  temperature  and  the  velocity 
coefficient  in  the  averaged  flow,  we  find  the  average  value  of 
total  pressure  p^  from  the  expression  for  the  gas  flow  rate: 

„  0  Vfl 

a4o) 

An  interesting  relation  can  be  obtained  if  we  use  the  momentum 
equation  for  determining  the  average  total  pressure: 

=  W(X)</F. 


Hence  we  have 


P . 
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Value  f(X)  is  the  value  of  function  f(X)  for  the  value  of  the 
velocity  coefficient  X  averaged  over  the  cross  section  found  above. 
On  the  basis  of  the  theorem  of  the  mean  known  from  integral 
calculus,  the  latter  relation  can  be  presented  in  the  form 


/<>) 


/(*■) 
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Here  f(X)  is  the  value  of  function  f(X)  at  a  certain  point  of 
the  range  of  integration,  i.e.,  at  a  certain  point  of  the  cross 
section  F.  As  has  already  been  indicated,  the  value  of  function 
f(X)  changes  very  little  over  wide  limits  of  the  change  in  X 
(at  subsonic  and  small  supersonic  velocities).  Therefore,  the 
two  values  of  function  f ( A )  in  the  given  cross  section  of  the 
flow  f(X)  and  f(X)  will  be  close  lr.  value.  Hence,  it  follows  that 
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Tr.fi  obtained  relation  means  that  the  value  of  total  pressure 
differs  little  from  the  total  preeeuru  average  in  area  value. 
Calculations  show  that  if  the  velocity  coefficient  \  on  the  cross 
section  changes  within  limits  of  O.^-l.O  or  1-1. then  the  error 
of  the  calculation  p  in  the  formula  (1^1)  usually  does  not 
exceed  2-3". 

From  l’  .no  values  TQ,  X  and  p0  all  the  remaining  parameters  of 
the  averagt  >  ■"’l ov; ,  speed  w,  density  p  and  so  on,  are  unambiguously 
determined.  Let  us  note  that  the  mean  values  of  the  parameters, 
which  satisfy  the  conditions  stated  in  the  problem,  are  obtained 
quite  definite  independently  of  the  method  and  order  of  the 
solution  of  the  fundamental  equations,  although  in  this  case 
expressions  different  in  appearance  can  be  obtained. 

Let  us  discuss  the  physical  meaning  of  the  obtained  averaged 
flow  parameters.  It  is  easy  to  see  that  values  of  parameters  TQ 
P0  and  T  and  others  are  equal  to  the  appropriate  parameters  of 
such  a  gas  flow  which  can  be  formed  during  the  alignment  (for 
example,  because  of  turbulent  mixing)  of  the  initial  nonuniform 
flow  in  the  heat-insulated  tube  of  constant  cross  section  with¬ 
out  friction  against  the  walls;  in  this  case  the  flow  rate, 
momentum  and  total  energy  of  the  gas  will  also  maintain  constant 
values.  In  other  words,  the  found  equivalent  (averaged)  flow 
can  be  actually  obtained  during  the  flow  of  the  initial  gas 
without  external  actions.  If  we  calculate  and  compare  the 
entropy  of  the  gas  in  the  nonuniform  and  averaged  flow,  then 
it  will  appear  that  the  averaged  parameters  correspond  to 
the  larger  value  of  entropy.  This  is  explained  by  the  fact  that 
with  the  mixing  of  the  gas  particles  at  different  velocities 
losses  to  shock  appear,  the  total  kinetic  energy  decreases,  and 
the  thermal  energy  increases. 
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In  connection  with  this,  tee  piven  method  of  averaging  in 
certain  cases  can  prove  to  b>-  unacceptable.  Thus,  for  instan  ii, 
if  according  to  the  near.  value:.  of  flow  parameters  in  t nv  v-tlet 
section  of  the  compressor  feu tw;  t-,  each  r.rc Uiu-i »  we  calculi*.  -u 
efficiency,  then  the  value  lets  ta-ur.  real  will  be  obtained,  sice « 
to  the  real  losses  (Incrca?-'.  In  cm  ropy)  m  the  procscj.  of  t  he 
compression  of  gas  wi  .1  tv  t*  ;<  ?  a.  the  theorei  leal  losses,  which 
appear  as  a  result  of  tht  ;  ocnwr.t  i  once,  replacement  cf  the  real 
f ]  o'.v  parameters  by  t  ie  r.v&r.  vviurc.  Th-ref.'rc  ,  when  according  to 
the  moaning  of  the  problem  it  is  required  to  evaluate  the  work 
capacity  of  the  ir.lt  ft  l  :  ;  ■.  of  g:.s ,  it  is  ad  van*  agecus ,  as 
L.  I.  Sedov  and  1 .  l.  Chv:  :.yy  indicated,  lo  carry  out  averaging 
in  order  to  maintain  the  total  quantity  of  the  entropy  of  gas 
constant 1 . 

For  determining  the  three  parameters  of  the  averaged  flow, 
besides  the  condition  of  the  retention  of  entropy,  we  also  use 
equations  of  the  constancy  of  flow  rate  and  total  energy. 

The  mean  values  of  the  parameters  we  compute  by  the  following 
way.  From  equation  (136)  we  find  the  total  gas  flow  rate.  Further, 
as  above,  from  the  equation  of  energy  (138)  we  determine  the 
stagnation  temperature  Tq.  The  condition  of  the  constancy  of 
entropy  (see  §  7,  Chapter  1)  in  the  averaged  and  real  flow  is 
written  in  the  form 

OARUt^Jsl^AR  i  |„iZs>Zl!rfa 
.  **  .{/,  * 

This  equation  includes  only  one  unknown  parameter  -  the  average 
total  pressure  p^.  For  determining  pQ ,  for  dG  we  substitute  its 
value  obtained  above  and  then  convert  the  equation  to  the  form 

‘Sedov,  L.  I.,  Chernyy,  G.  G . ,  On  the  averaging  of  nonuniform 
flows  of  gas  in  channels.  Theoretical  hydromechanics, 
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frequently  the  stagnation  temperature  TQ  can  be  considered 
identical  ir.  all  points  the  cross  section,  i.e.,  we  assume 
?r  =  T...  In  this  case  equation  (142)  takes  the  form 

=  ~  ^lnp^/a  (143) 

td> 

Consec  iy,  the  average  value  of  total  pressure  is  found  by  the 
avoragin  .if  the  logarithm  of  total  pressure  in  the  initial  flow 
with  respect  to  the  flow  rate.  The  integrals  of  the  right  side 
of  equations  (142)  and  (143)  are  calculated  usually  by  means  of 
graphic  or  numerical  integration.  If  the  velocity  in  the  initial 
flow  is  variable  over  the  cross  section,  then  values  of  pQ 
calculated  according  to  formulas  (142)  and  (143)  will  always  be 
more  than  values  of  pQ  determined  for  the  same  conditions 
according  to  formula  (140)  (when  I  =  const). 


of 


We  find  the  velocity  coefficient  of  flow  from  the  equation 
the  flow  rate 


(144) 


In  connection  with  the  indicated  increase  in  total  pressure  pQ, 
this  value  of  q(X)  proves  to  be  less  in  value  than  that  found 
earlier.  This  means  that  the  average  velocity  in  the  subsonic 
flow  will  be  less  and  in  supersonic  larger  than  the  corresponding 
values  ootained  with  the  first  method  of  averaging.  In  both 
cases  this  means  that  the  momentum  of  flow  averaged  over  entropy, 
proport ional  to  the  value  of  function  z(A),  will  be  greater  than 
the  total  momentum  of  the  init-ax  nonuniform  flow. 


Other  methods  of  the  averaging  of  parameters  of  nonuniform 
fisw  art-  possible.  However,  it  is  obvious  that  with  any  method 
v-f  the  averaging  of  parameters  of  nonun  if  or  w.  flow,  only  part  of 
its  total  characteristics  is  retained,  and  some  properties  of  flow 
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are  unavoidably  lost.  We  saw  that  in  the  first  case  with  averaging 
the  entropy  and  in  the  second  case  the  momentum  of  flow  were  changed. 
It  is  possible  to  indicate  other  conditionalities  connected  with 
the  process  of  the  averaging  of  parameters.  So,  let  us  assume 
that  in  the  initial  flow  the  static  pressure  p  is  equal  over  the 
entire  cross  section.  After  the  replacement  of  the  real  parameters 
by  average  ones,  the  static  pressure  p  calculated  according  to 
P0  and  X  will  prove  to  be  different  than  that  in  the  initial  flow. 
The  same  is  possible  in  the  relation  to  the  value  of  the  velocity 
coefficient,  total  pressure,  etc.,  if  they  a'  a  constant  on  the 
cross  section  of  the  initial  flow.  Hence  it  follows  that  in  each 
real  case  it  is  necessary  to  select  such  a  method  of  averaging 
which  would  most  fully  reflect  the  features  of  the  assigned 
problem.  Thus,  for  instance,  in  the  calculation  of  losses  of 
efficiency  it  is  rational  to  use  the  averaging  of  the  flow 
parameters  with  which  the  condition  of  the  retention  of  entropy 
is  satisfied.  With  the  averaging  of  the  parameters  of  flow  which 
escape  from  the  Jet  nozzle,  such  a  method  will  be  unacceptable, 
since  in  this  case  the  most  significant  is  the  retention  of  the 
real  value  of  the  momentum  of  flow,  which  characterizes  the 
reactive  thrust. 


Let  us  note  further  one  feature  of  the  determination  of  the 
average  parameters  of  gas  in  the  supersonic  flow. 


Let  us  assume  that  at  all  points  of  the  cross  section  of  the 
supersonic  flow  the  value  of  the  stagnation  temperature  TQ  is 
constant.  Let  us  determine  the  mean  values  of  the  parameters 
in  such  a  flow,  using  the  second  of  the  methods  of  the  averaging 
examined  above  with  which  in  the  averaged  flow  the  actual  values 
of  total  energy,  entropy  and  flow  rate  of  the  gas  are  retained.  From 
the  equation  of  energy  we  obtain  the  obvious  result  of  T^  =  TQ. 

From  equation  (1^3)  v;e  find  the  value  p^.  The  third  parameter  - 
the  mean  velocity  coefficient  >.  -  is  found  from  the  equation  of 
the  flow  rate 


vi  r 


The  total  momentum  of  the  initial  nonuniform  flow,  according  to 
(119),  is  equal  to 

S  PJ(')dF. 

•ft 


In  order  that  the  averaged  flow  at  the  value  of  total 
pressure  found  above  would  have  the  same  momentum,  the  velocity 
coefficient  in  it  should  satisfy  the  relation  A 

f6)  =  ~f.\pJV)<tF.  (1^6) 


In  general  the  value  A  will  differ  from  A.  Actually,  the 
condition  of  the  conservation  of  momentum  is  given  by  the  fourth 
equation  for  determining  the  three  unknown  values;  such  a  system 
of  equations  will  be  inconsistent.  However,  in  the  given  case  of 
averaging  there  are  some  features.  Let  us  replace  in  expression 
( 1 h 6 )  the  value  of  function  f(A)  in  terms  of  (117)  and,  after 
using  the  theorem  of  the  mean,  carry  out  beyond  the  Integral 
sign  a  certain  mean  value  of  function  z(A).  As  a  result  we  will 
obtain 

/>.  F  z  (>.)  q  (>.)  =  i  (X)j^ M  {\)dF 

or 

By  comparing  this  expression  with  equation  (14(>),  we  note  that 
they  differ  only  by  the  factor  on  the  right  side,  and  therefore 

?(A)=  “?(*)•  (147) 
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In  the  region  of  supersonic  velocity  function  z(X)  (Fig.  5-22) 
changes  very  little:  with  an  increase  ir.  the  velocity  from  sonic 
to  the  maximum  (from  X  -  1  to  X  -  X  )  the  value  z(X)  increases 
a  total  by  ^40?  (k  =  1.40),  and  in  this  case  the  value  of  the 
pressure  ratio  P/Pq  drops  from  0.528  to  zero.  If  we  examine  the 
degree  of  irregularity  of  flows  really  being  encountered,  then 
value  z(X)  within  the  limits  of  the  cross  section  usually  changes 
by  not  more  than  15-20?.  Therefore,  the  two  mean  values  of  the 
function  in  this  interval  z(X)  and  z"(X)  will  differ  little  from 
each  other. 

The  calculations  carried  out  for  supersonic  flows  of  different 
laws  of  the  change  in  the  velocity  coefficient  in  the  cross 
section  show  that  even  with  a  very  great  nonuniformity  of  flow  - 
for  example,  during  a  change  in  the  total  pressure  p^  of  5-10 
times  when  p  =  const.  -  the  factor  of  the  right  side  of  equation 
(147)  differs  from  unity  by  a  total  of  0.5-1. 5?.  Therefore,  it 
is  possiLj-e  to  consider  that  q(X)  *  q(X),  i.e.,  the  results  of 
the  determination  of  the  mean  velocity  coefficient  from  the 
equation  of  the  flow  rate  and  momentum  equation  virtually  coincide. 
The  accuracy  of  this  approximate  relationship  is  higher,  the  more 
values  of  X  in  the  flow;  however,  also  at  moderate  supersonic 
velocities  (X  >  1.2-1. 3)  the  distinction  between  values  X  and  T 
consists  of  fractions  of  a  percent'. 

Thus,  with  averaging  by  the  Indicated  method  of  flow 
parameters  at  high  supersonic  velocities  and  stagnation  temperature 
constant  in  cross  section,  simultaneously  with  a  high  degree  of 
ae-'uraay  four  integral  relationships  are  satisfied ,  and  these 
express  the  equality  of  total  energy,  flow  rate,  momentum  and 
entropy  in  the  initial  and  averaged  flow.  The  condition  TQ  =  const 


‘lee  Cherkez,  A.  Ya.,  On  certain  features  of  the  averaging 
of  parameters  in  supersonic  gas  flow.  Izvestiya  of  the  Academy 
of  Sciences  of  the  Ui’SR,  0T!i ,  No.  4,  1 9 G 2 . 


is  in  this  case  very  significant,  since  otherwise  the  value  q(T), 
obtained  from  the  equation  of  flow  rate,  will  depend  on  the 
distribution  law  of  the  stagnation  temperature  and  can  differ  as 
much  as  possible  from  value  q(A),  found  from  the  momentum 
equation,  which  does  not  include  the  value  TQ.  The  physical 
meaning  of  the  obtained  result  consists  in  the  fact  that  at  high 
supersonic  speed  and  TQ  =  const,  substantial  changes  in  the 
pressures,  densities  and  other  flow  parameters  insignificantly 
change  the  velocity  magnitude.  Changed  even  less,  in  proportion 
to  the  value  of  function  z(X),  is  the  value  of  the  momentum  of 
the  gas  '.:ith  its  assigned  flow  rate:  an  increase  in  the  momentum 
to  a  considerable  degree  is  compensated  by  a  reduction  in  the 
static  pressure  so  that 

y  w  -) -pF  =  ~  <j.p  i  Q.)s*j  const .  a 

» 

The  indicated  property  of  supersonic  flows  means  the  possibility 
of  a  one-dimensional  examination  and  the  use  of  methods  given 
in  this  chapter  for  calculating  flows  with  very  great  nonuniformity. 

Thus,  for  instance,  shown  in  Chapter  VII  is  the  high  accuracy 
of  such  a  calculation  in  connection  with  the  flow  in  cross 
section  of  which  the  static  pressure  changes  10-20  times  (initial 
section  of  the  supersonic  Jet). 
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CHAPTER  VI 

BOUNDARY  LAYER  THEORY 

§  1.  Basic  Concepts  of  a  Boundary 
Layer 


The  widely  developed  theory  of  motion  of  an  ideal  fluid 
usually  gives  a  completely  satisfactory  picture  of  real  flows, 
with  the  exception  of  the  areas  in  immediate  proximity  to  the 
surface  of  a  streamlined  body.  In  these  areas,  the  forces  of 
internal  friction  or  viscosity  forces  which  are  decisive  in  the 
emergence  of  resistance  of  bodies  during  motion  in  liquid  acquire 
vital  importance.  Disregard  of  these  forces  leads  to  the  fact 
that  the  resistance  of  a  body,  uniformly  moving  in  unlimited  space 
turns  out  to  be  equal  to  zero,  which  contradicts  experimental 
data . 


The  amount  of  friction  force  acting  on  a  unit  of  area,  i.e., 
the  stress  of  friction  is  designated  usually  as  t.  The  stress 
of  friction  in  the  boundary  layer  according  to  Newton's  hypothesis 
is  proportional  to  the  velocity  gradient  in  a  direction  normal 
to  the  body  surface  (§  R  Chapter  II),  i.e., 


da  t 
dy  • 


(1; 


the  proportionality  factor  u  characterizes  the  viscous 
of  the  liquid  and  is  called  the  coefficient  of  dynamic 
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Theoretical  interpretation  of  Mewton's  law  (1)  can  be 
obtained  for  Rases  on  the  basis  of  the  kinetic  theory.  According 
to  the  assumption  lying  as  the  basis  of  the  kinetic  theory, 
molecules  of  gas  are  found  in  continuous  but  random  movement,  so 
that  gas  as  a  whole  remains  stationary.  The  kinetic  energy  of 
this  random  movement  of  molecules  represents  the  thermal  energy 
of  the  gas.  Let  us  assume  now  that  along  with  the  random  move¬ 
ment  of  molecules  there  is  regulated  movement  of  finite  (very 
large  in  comparison  with  the  separate  molecules)  masses  of  the 
gas  parallel  to  a  certain  plane  SQ,  whereby  the  speed  of  this 
motion  u  is  proportional  to  distance  y  from  the  plane  in  question 
(Tig.  6.1).  At  arbitrary  distance  y^  let  us  conduct  plane 
parallel  to  S- ,  and  let  us  examine  the  transfer  of  momentum 
because  of  the  random  movement  of  the  molecules  through  this 
plane.  The  molecules  which  pass  through  the  plane  from  the 
bottom  upwards  possess  less  momentum  in  the  direction  of  velocity 
u  than  the  molecules  which  pass  downward,  and  because  of  this  the 
velocity  of  a  layer  of  gas  lying  higher  than  plane  will 
decrease,  while  the  velocity  of  a  layer  of  gas  lying  lower  than 
plane  S1,  -  will  increase.  To  obtain  the  quantitative  char¬ 
acteristic  of  this  interaction,  let  us  perform  the  following 
simplified  calculations .  Let  us  assume  that  in  a  unit  of  volume 
on  the  average  there  are  found  N  molecules  which  have  an  average 
velocity  of  random  movement  c.  In  the  direction  perpendicular 
to  plane  S.^  It  moves  N/3  molecules,  whereby,  of  them,  N/6  move 
from  the  top  downward  and  just  as  many  move  from  the  bottom  upward. 
During  time  dt  through  area  dS  on  plane  in  each  direction 
there  pass  l/6NcdSdt  molecules.  Let  us  introduce  yet  another 
concept  of  the  mean  free  path.  Under  mean  free  path  l  is  implied 
that  average  distance  which  the  molecules  cover  between  collisions 
with  each  other.  The  molecule  which  was  found  at  a  distance 
-  lower  than  plane  possessed  momentum 


( 

(m  -  the  mass  of  the  molecules,  -  the  velocity  of  the  regulated 
motion  in  plane  S1).  Since  on  the  mean  free  path  the  momentum 
Is  retained,  then  the  molecules  moving  from  the  bottom  upwards 
transfer  a  momentum  equal  to 

•g-  Hem  {«,  -  *  /j  dS  dt. 
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Fig.  6.1.  Interpre¬ 
tation  of  Newton's  law 
on  the  basis  of  kinetic 
theory . 


Correspondingly,  the  e  is  transferred  downward  the  momentum 


i  A'cm  ("•  +  fy  l)  *S  dt. 


This  transfer  of  momentum  gives  rise  to  the  appearance  of  tan¬ 
gential  stress  t  along  plane  S^.  Since  the  change  in  momentum 
is  equal  to  the  impulse  of  the  acting  force 

■<iSdt  =  i  xem  [u,  /)  dSdt  - 1 A  'cm  [»t  -J}  t)  dSdt. 

then  for  the  tangential  stress  we  obtain  the  expression 

I  .du 

(2) 

wm ch  is  nothing  cut  ‘.‘‘  .-.•ton's  law,  whereby,  y  =  l/3pcZ. 
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The  more  precise  calculations  made  by  Enskog  and  Chapman, 
considering  the  effect  of  velocity  u  on  the  velocity  distribution 
of  che  molecules  give  a  somewhat  different  numerical  factor 
j  =  0 . 499pei . 

In  accordance  with  kinetic  theory,  the  coefficient  of 
dynamic  viscosity  of  gases  should  not  depend  on  pressure  -  its 
value  should  vary  in  proportion  to  the  square  root  from  absolute 
temperature  (since  p  '  p/T,  c  ~  /T,  l  -  T/p).  The  first  conclu¬ 
sion  is  approximately  validated  by  experiment  within  sufficiently 
wide  limits.  As  concerns  the  increase  in  values  of  u  with  an 
increase  in  the  temperature,  it  occurs  more  rapidly  than  follows 
from  the  kinetic  theory.  A  more  precise  calculation,  taking 
into  account  the  molecular  attracting  and  repulsion  forces,  leads 
to  formula  which  satisfactorily  agrees  with  the  experimental 
data 

a  _/  T  \W2W±C 

7+^’  (3) 


where  T  is  expressed  in  °K. 

Values  of  uQ  and  C  for  various  gases  are  given  in  Table  1. 


Table  1. 


Gas 

■ 

v°6 

kgf  •  s 

2 

m 

Gas 

C° 

U„106 

kgf ’s 

2 

m 

Air 

122 

1.75 

Hydrogen 

83 

0.85 

kit rogen 

107 

1.70 

Helium 

80 

1.88 

Oxygen 

138 

1.96 

Ammonia 

626 

0.96 

In  practical  calculations,  however,  it  is  more  convenient 
to  use  the  exponential  dependence  of  u  on  temperature 

7.  \m) '  m 

The  results  of  calculating  the  coefficient  of  viscosity  of 
air  in  formulas  (3)  and  (4)  (where  u  ■  0.75)  in  the  range  of 
temperatures  from  100  to  1000°K  are  given  in  Pig.  6.2.  The  solid 
curve  corresponds  to  Sutherland’s  formula,  while  the  broken 
line  corresponds  to  the  exponential  formula.  In  this  figure, 
the  experimental  values  of  u  are  shown  by  the  dots. 


Fig.  6.2.  Dependence  of  the  coefficient  of 
dynamic  viscosity  of  air  on  temperature. 

The  coefficient  cf  dynamic  viscosity  for  liquid  bodies 
depends  very  slightly  on  pressure  and  decreases  rather  rapidly 
with  an  Increase  in  temperature.  Since  in  a  liquid  body  the 
mean  free  path  of  a  molecule  Is  commensurable  with  the  molecular 
dimension,  the  kinetic  theory  in  this  case  is  unsuitable.  The 
cohesive  forces  of  the  molecules  under  these  conditions  acquire 
great  significance.  In  view  of  the  complexity  of  the  inter¬ 
action  of  separate  molecules  in  a  liquid  body  at  present  there 
is  no  complete  liquid  theory,  and  therefore,  there  is  no 
viscosity  theory. 


r.et  us  consider  the  laminar  layer  motion  of  a  viscous 
liquid  near  a  solid  wall.  Under  the  action  of  viscosity  forces, 
layers  of  liquid  in  proportion  to  their  proximity  to  the  wall  are 
gradually  slowed  down  and,  at  the  wall  itself  adhere  to  it. 

This  zone  of  flow  of  a  viscous  liquid  located  about  a  streamlined 
tc-dy  is  called  the  boundary  layer.  Outside  the  boundary  layer 
the  effect  of  viscosity  is  usually  exhibited  weakly  and  the 
picture  of  flow  is  close  to  that  which  the  ideal  fluid  theory 
gives.  Thus  for  an  analytical  investigation  of  the  flow  of 
viscous  fluids,  the  whole  field  of  flow  can  be  broken  into  two 
areas:  into  the  area  of  the  boundary  layer  near  the  wall,  where 

it  is  necessary  to  consider  the  forces  of  friction,  and  into  the 
zone  of  flow  outside  the  boundary  layer  in  which  it  is  possible 
tc  disregard  the  forces  of  friction  and  therefore  to  apply  the 
laws  governing  the  theory  of  an  ideal  fluid.  Consequently,  the 
boundary  layer  is  that  zone  of  flow  of  a  viscous  liquid  in  which 
the  values  of  the  forces  of  friction  and  inertia  have  an  identical 
order.  On  the  basis  of  this,  it  is  possible  to  estimate  the 
boundary  layer  thickness. 

For  simplicity,  let  us  examine  the  flow  of  a  liquid  along 
a  flat  plate.  The  x-ax: s  is  directed  along  the  plate,  the 
y-axis  -  at  right  angles  to  it.  For  the  motion  which  proceeds 
basically  in  the  direction  of  the  x-axis,  the  force  of  Inertia 
pertaining  to  the  elementary  volume  dxdydz  is  equal  to 
p^rdxdydz,  where  u  Is  the  velocity  of  motion  of  the  liquid  in 
the  direction  of  the  x-axls.  For  steady  motion 


Jj Ou  lx <?u 

.it  J.<  j;  1.x ' 

consequently,  the  force  of  inertia  is  equal  to  pu^dxdydz. 
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The  resultant  force  of  friction  parallel  to  the  direction 
of  motion,  as  can  easily  be  seen  from  Fig.  6.3,  is  equal  to 

!  *  -  ~  dy  dx  ill  —  t  dxdi  =  dx  dy  di. 

Equating  the  force  of  Inertia  to  the  force  of  friction,  we  obtain 
the  relationship 


or,  utilizing  Newton ' s  law  (1), 


dx 


Fig.  6.3-  Forces  of 
friction  applied  to 
an  elementary  volume. 

For  a  plate  of  length  l,  the  value  of  ju/jx  is  proportional  to 
u0/i,  where  uQ  is  the  velocity  of  external  flow.  Consequently, 
the  force  of  inertia  has  a  value  on  the  order  of  puQ/Z.  The 
velocity  gradient  in  the  direction  perpendicular  to  wall,  i.e., 
the  value  of  du/3y  is  on  the  order  of  Uq/6  ,  where  6  is  the 
boundary  layer  thickness.  Thus  the  force  of  friction  is  pro- 
portlonal  to  pUq/6  .  Substituting  these  values  of  forces  in 
relationship  (5),  we  obtain  for  the  boundary  layer  thickness 
the  expression 


r£. 


or 


t 


1/  t!!si 


1_ 

V* r,’ 


(6) 


The  dimensionless  quantity  pUgi/p  *  R^  is  the  Reynolds  number 
calculated  along  the  length  of  the  plate. 


Analogously,  it  is  possible  to  estimate  the  amount  of 
friction  stress  at  the  wall  •»=*!* W«. Utilizing  the  values 

$ '  ~ ?,  5 ~ l ' obtained  above,  we  find  the  expression  for 

tne  amount  of  friction  stress: 


^  t  I  ~r- 

2 

Dividing  the  stress  of  friction  r  by  pun,  we  obtain  the  connec- 

w  v  ^ 

tion  between  the  dimensionless  quantity  T^/pu^  and  the  Reynolds 
number 

(7) 

Relationships  (6)  and  (7)  show  that  Reynolds  number  is  the  funda¬ 
mental  characteristic  of  a  laminar  boundary  layer.  Both  the 
boundary  layer  thickness,  i.e.,  the  dimensions  of  the  area  where 
the  forces  of  friction  have  an  essential  effect  and  also  the 
value  itself  of  these  forces  of  friction  are  determined  basically 
by  the  value  of  the  Reynolds  number.  A  similar  result  can  also 
be  obtained  from  the  dimensional  theory. 

For  gases,  the  coefficients  of  dynamic  viscosity  are  low 
(Fig.  6.2),  therefore  the  Reynolds  numbers  will  be  rather  large 
even  at  relatively  low  values  of  the  rate  of  flow.  As  follows 
from  relationship  (6),  the  thicnness  of  the  boundary  layer 
because  of  this  is  lew  in  relation  to  the  length  of  the  plate. 
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i.e.,  all  the  effect  of  viscosity  is  concentrated  in  a  thin  layer 
close  to  the  streamlined  surface.  This  conclusion  is  in  good 
agreement  with  the  results  of  experiments  in  the  study  of  low- 
viscous  flows. 

Let  us  explain  these  qualitative  considerations  by  a 
numerical  example.  Let  us  estimate  the  order  of  thickness  of 
the  boundary-layer  at  the  end  of  the  plate  as  a  length  of 
l  »  0.1  m,  the  air  flowing  past  at  a  temperature  of  T  »  300°K 

at  a  rate  of  uA  =  15  m/s.  The  air  density  at  this  temperature 

0  2  'a 

and  atmospheric  pressure  equal  o  B  0.120  kgf*s  /m  ,  while  the 

coefficient  of  viscosity  u  =  1.85‘10-^  kgf*s/m^  (Fig.  6.2). 

To  these  parameters  there  corresponds  a  Reynolds  number 

R,  =  ouqZ/p  t  10^.  According  to  formula  (6),  the  relative 

thickness  of  the  boundary-layer  is  on  the  order  of 

6/1  -  1/300. 

The  Reynolds,  number  is  the  determining  parameter ■  not  -only 
for  the  quantitative  characteristics  of  the  boundary  layer,  but 
also  for  the  character  of  flow  itself.  With  smalt  Reynolds 
numbers,  the  motion  of  the  gas  particles  has  a  regulated  laminar 
nature,  such  a  flow  is  called  laminar.  With  large  Reynolds 
numbers  the  motion  of  the  gas  particles  becomes  Irregular, 
uneven  velocity  pulsations  appear,  such  a  flow  i...  called 
turbulent.  The  transition  of  laminar  flow  into  turbulent  occurs 
at  a  specified  value  of  the  Reynolds  number  called  the  aritiaal . 
The  critical  Reynolds  number  is  not  constant  and  depends  to  a 
very  great  degree  on  the  value  of  the  initial  cii.-.*-  ur-L.ance -> ,  i.e., 
on  the  intensity  of  turbulence  of  the  incident  flow. 

Experimental  studies  of  the  transition  of  a  Damlnar  boundary 
layer  to  a  turbulent  on  a  flat  plate  snowed  that  the  critical 
value  of  the  Reynolds  number 


=  10*  -+- 10*. 


R»j> — 


\  “ 


(Here  x  is  the  distance  from  the  leading  edge  of  the  plate). 

The  most  characteristic  sign  of  such  transition  on  the  plate 
is  a  sharp  increase  in  the  boundary  layer  thickness  and  in  the 
stress  of  friction  on  t*  .  wall.  One  of  the  features  of  the 
boundary  layer  on  the  plate  is  the  fact  that  near  leading  edge 
it  is  always  laminar  and  only  at  a  certain  distance  x  does 
the  transition  to  turbulent  flow  conditions  begin.  In  view  of 
the  complexity  of  motion  in  the  transition  region  and  its  small 
extent,  usually  the  finite  dimensions  of  this  area  are  disregarded 
i . e . ,  it  is  considered  that  the  transition  of  the  laminar 
boundary  layer  to  turbulent  occurs  abruptly  with  x  a  x  . 

Hp 

Studies  of  flows  in  a  circular  tube  with  sharp  edges  of  the 
entrance  section  showed  that  the  critical  value  of  the  Reynolds 
number 

wr^2jo°-  (8) 

(Here  ucp  is  the  average  velocity,  d  is  the  diameter  of  the 
tube).  This  value  is  the  lower  limit  of  the  critical  Reynolds 
number.  At  smaller  values  of  R  the  turbulent  flow  cannot  exist 
even  during  strong  initial  disturbances.  If  we  insure  entry 
of  liquid  into  the  tube  with  low  initial  disturbances,  then 
the  critical  Reynolds  number  can  exceed  a  value  of  100,000. 

The  liquid  decelerated  in  the  boundary  layer  in  certain 
cases  does  not  lie  close  over  the  entire  streamlined  surface 
of  the  body  in  the  form  of  a  fine  layer.  Such  a  special  case 
is  the  motion  of  a  viscous  liquid  along  the  wall  against  growing 
pressure  in  external  flow  (flow  in  a  diffuser).  As  the  results 
of  numerous  experiments  and  theoretical  evaluation  show  (§  2), 
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the  pressure  remains  constant  across  the  boundary  layer,  there¬ 
fore,  the  longitudinal  pressure  gradient  which  is  present  in 
the  external  flow,  affects  the  entire  boundary  layer.  If  the 
positive  pressure  gradient  is  sufficiently  great,  then  the  layers 
of  liquid  directly  adjacent  to  the  surface  of  the  body  and 
possessing  insignificant  momentum  can  stop  and  even  begin  to 
move  in  the  opposite  direction.  This  phenomenon,  which  is 
called  boundary  layer  separation,  is  schematically  represented 
on  Fig.  6.4.  in  the  zone  of  flow  with  breakaway,  the  basic 
boundary  layer  concepts  do  not  hold  true. 


Fig.  6.4.  Diagram  of  the 
formation  of  boundary-layer 
separation . 


§  2 .  Laminar  Boundary  Layer 

There  are  two  methods  of  calculating  the  parameters  of  a 
liquid  in  a  boundary  layer.  The  first  method  consists  in  the 
solution  of  a  system  of  differential  equations  in  partial 
derivatives  which  describe  boundary  layer  flow  and  which  were 
first  obtained  by  Prandtl.  Such  an  approach  is  connected  with 
very  great  mathematical  difficulties  even  with  the  use  of 
computers.  It  is  also  necessary  to  bear  in  mind  that  in  this 
case  the  results  are  obtained  in  the  form  of  tables,  and  there¬ 
fore  their  generalization  is  difficult.  The  second  method 
consists  of  finding  methods  of  approximate  computation  which 
would  make  it  possible  to  rapidly  determine  the  necessary 


i 


3 


parameters.  Such  simple  approximation  methods  can  be  obtained 
if  we  forego  the  determination  of  solutions  which  satisfy  the 
differential  equations  for  each  particle,  and  instead  of  this 
restrict  ourselves  to  the  search  for  solutions  which  satisfy 
certain  basic  equations  for  the  entire  boundary  layer  and  certain 
most  important  boundary  conditions  on  the  wall  and  on  the  edge 
of  the  boundary  layer.  The  fundamental  equations  which  are 
usually  utilized  in  these  methods  are  the  equations  of  the 
momentum  and  energy  for  the  entire  boundary  layer.  In  this  case, 
however,  it  is  still  necessary  to  be  given  the  velocity  and 
temperature  profiles.  On  how  successfully  the  form  of  these  shapes 
is  selected>to  a  considerable  degree,  depends  on  the  accuracy 
of  the  results  obtained.  Thus  recently  there  has  been  wide 
acceptance  of  the  methods  of  calculation  of  the  parameters  of 
a  boundary  layer  in  which  to  obtain  the  form  of  the  velocity 
and  temperature  the  differential  Prandtl  equations  or  their 
particular  solutions  are  utilized;  further  calculation  is  performed 
with  the  aid  of  an  integral  equation  of  momentum. 

Let  us  derive  the  differential  equations  for  a  laminar 
boundary  layer  during  a  steady  plane-parallel  flow  of  a  viscous 
compressible  ideal  gas.  In  this  case  of  a  Navier-Stokes  equa¬ 
tion,  the  equation  of  energy  and  the  equation  of  continuity 
take  the  form  (§§  5  and  6  Chapter  II): 


du  ,  du  dp  ,  d  r  •  4  du  2  dr  1  .  d  f  Jdu  _  do ]  (  9  ) 

dt*  .  dp  dp  if  U  dv  2  du  1  ,  o  f  du  .  dv  1 
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dx  1 
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where  the  axis  x  is  directed  along  the  aerodynamic  body  and  axis 
y  -  at  right  angles  to  it;  u,  v  are  projections  of  the  velocity 
vector  on  axes  x  and  y;  T,  p,  p  are  temperature,  density,  and 
pressure;  u,  X,  Cp  are  the  coefficients  of  viscosity  and  thermal 
conductivity  and  specific  heat  under  constant  pressure,  A  -  the 
thermal  equivalent  of  work. 

Simplification  of  these  equations  is  based  on  the  use  of 
the  previously  noted  fact  that  for  low-viscosity  liquids  (with 
the  large  Reynolds  numbers)  the  effect  of  viscosity  and  thermal 
conductivity  is  concentrated  in  a  thin  layer  close  to  the  stream¬ 
lined  surface,  i.e.. 


4<>. 


where  l  is  the  characteristic  length  of  the  streamlined  surface, 
5  is  the  thickness  of  the  dynamic  boundary  layer,  6^  is  the 
thickness  of  thermal  boundary  layer. 

Let  us  reduce  equations  (9)-(12)  to  dimensionless  form, 
introducing  dimensionless  quantities  in  the  following  manner: 


*'  —  ««•  u,’  •*—  =  Z—j, 


Here  the  values  with  subscript  0  are  the  flow  parameters  outside 
the  boundary  layer.  Then  we  obtain 
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The  dimensionless  quantities 


-P> _ L  Apt  A  —  I 

P,«J  *m«-  gr.Cf.r, - r~ 


dc  not  depend  on  the  Reynolds  number,  whereas  the  others  are 
inversely  proportional  to  Reynolds  number  R^: 

j?*.  _  _ }j _ p«  i  i 

f.uJ  R. '  gft’i.W  ~t  eep*‘»  t*uJ  ***  Pr  WT  ’ 

A'V*.  _  _M.  _ (k~-  j)M| 

fp.*>«r.<  i,nj  gf,ti*  Ri  T* 

Here  k  is  the  ratio  of  heat  capacities;  HQ  is  Mach  number 
of  the  external  flow;  Pr  is  the  Prandtl  number  calculated  from 
the  parameters  outside  the  boundary  layer. 

Let  us  now  approach  an  evaluation  of  the  separate  terms  of 
the  equations.  Values  u,  p,  p,  T,  y,  T,  cTp  are  on  the  order 
of  unity.  With  a  change  of  x  from  0  to  1,  the  values  of  u,  p,  T 

can  change  to  a  value  on  the  order  of  unity,  therefore  the 

derivatives  Ju/Jx,  dP/dx,  d'T/dx  are  also  on  the  order  of  unity. 
From  the  equation  of  continuity  it  follows  that,  since  the  value 
of  du/d  x  is  on  the  order  of  unity.,  the  value  of  dv/9y  has  that 

same  order.  Since  with  y  *  0,  v  »  0,  then  v  will  be  on  the 

order  of  S’.  The  value  of  dv/dx  has  that  same  order  of  S’.  With 
y  *  0,  u  *  0,  while  with  y  ■  <T,  u  ■  1,  consequently  9u/dy  ~  1/3T. 
Then 
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Since  in  the  boundary  layer  the  terms  which  depend  on  the 
viscosity  have  an  identical  order  with  the  inertia  terms,  then 
from  the  first  equation  of  motion  it  follows  that 


or  *~TTf,-  (13) 

This  evaluation  of  the  thickness  of  the  boundary  layer  confirms 
the  rougher  calculation  made  in  i  1.  Retaining  in  the  first 
equation  of  motion  only  the  terms  which  are  on  the  order  of 
unity  we  obtain 

--  dn  ,  -  •  da  l  dp  ,  l  d  f- <to\  .  ,  , 


In  the  second  equation  of  motion,  the  terms  which  depend  on  the 
viscosity  and  inertia  terns  are  on  the  order  of  3",  therefore, 
dc/9 y  ~  S’.  The  total  change  in  pressure  for  the  extent  of  the 
boundary  layer  thickness  normal  to  the  wall  can  be  calculated 
by  means  of  Integration  of  this  relationship  and  is  on  the  order 
of  ,  i.e.,  it  is  very  small.  Thus  it  is  possible  to  consider 
that  the  pressure  in  the  cross  section  of  the  boundary  layer 
remains  virtually  constant  and  equal  to  the  pressure  in  the 
external  flow.  Thus,  the  second  equation  of  motion  can  be 


written  in  the  form 


3?  =  0. 

: 


Let  us  make  a  similar  evaluation  for  the  separate  terms  of 
the  equation  of  energy.  Since  the  Prandtl  number  for  gases  is 
close  to  unity,  and  for  true  liquids  is  on  the  order  of  10-10CD, 


then  the  factor  I/Ptr^  which  stands  before  the  members  and  which 
depend  on  thermal  conductivity  will  be  low  with  large  Reynolds 
numbers.  Consequently,  the  terms  which  depend  on  thermal 
conductivity  will  have  an  identical  order  with  the  terms  which 
depend  on  the  heat  convection  only  in  that  case  when  the  tempera¬ 
ture  gradient  JT/0y  is  great,  i.e.,  near  the  streamlined 
surface  is  a  thin  layer  of  liquid  in  which  an  abrupt  change  occurs 
in  the  temperature  in  the  direction  perpendicular  to  the  wall. 

Let  the  thickness  of  this  thermal  boundary  layer  be  3^,  then 


d  hdT\  I 

Si 


In  order  that  the  heat  transfer  as  a  result  of  thermal 
conductivity  would  be  of  the  same  order  as  the  heat  transfer 
as  a  result  of  convection,  the  thickness  of  thermal  boundary 
layer  should  satisfy  the  relationship 

or  lr~vm-  (l6) 

Taking  into  account  the  evaluation  for  S’  (13),  we  obtain  the 
relationship 

<r  1 

i  r^r*  (i7) 

which  shows  that  with  Pr  ,  1,  i.e.,  for  gases,  the  thickness  of 
the  dynamic  boundary  layer  will  be  of  the  same  order  as  the 
thickness  of  thermal  boundary  layer.  Since 


d !,  if'  1 

iy 


fo.  ^"  '*  I  9  /<£'*  2  ,'dii  .  (rt’i'l  , 

[  .<*/ 

,l>  .  <>«.•  I 


leaving  In  the  equation  of  energy  the  terms  on  the  order  of 
unity,  we  obtain 


r,dk 


i 

!*sr- 


i  « t- or  . 
"d.v~P7R:i5  /  ij  “ 


(18) 


Returning  in  equations  (14),  (15),  and  (18)  to  dimensional 
variables  and  connecting  the  equation  of  continuity  (12),  we 
obtain  the  differential  equations  of  a  laminar  boundary  layer 
for  a  steady  plane-parallel  flow  of  a  compressible  ideal  gas: 


du 

dx 


dp  ■  d  f  du\ 
4x  Oy  v  <5)* 


(19) 

(20) 


Ox  « 


-.An6/-- 

ox 


d  I'  dr 
' wv  \  '  ay , 


d<H*  i  Q 

0y~ 


(21) 

(22) 


In  order  to  close  this  system,  to  equations  (19)-(22)  it 
Is  necessary  to  connect  the  equation  of  state 


p=teRT.  (23) 

and  also  to  determine  the  dependence  of  the  coefficients  of 
viscosity  and  thermal  conductivity  on  temperature. 

It  is  still  necessary  to  formulate  the  boundary  conditions. 
For  an  impenetrable  wall,  the  velocity  should  satisfy  the 
condition  u  «  v  *  0  with  y  *  0. 

For  a  penetrable  wall,  during  the  supplying  of  gas  normal 
to  the  surface  with  velocity  vw,  boundary  conditions  are 
written  in  the  form  u  »  0,  v  ■  v  with  y  -  0.  The  temperature 
can  satisfy  a  condition  of  absence  of  thermal  conductivity  on 
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the  wall  (flow  around  a  heat  insulated  surface)  -  this  case 
3T/3y  *  C  with  y  *  0;  in  another  case  the  wall  temperature  Tw 
can  be  assigned.  Other  boundary  conditions  are  possible  for 
example,  there  can  be  assigned  heat  flow  on  the  wall. 


With  y  ■  «  there  are  assigned  values  u  ■  Uq,  T  •  Tq ,  where 
uQ  and  Tq  are  the  velocity  and  the  temperature  of  external  flow, 
and  also  conditions  of  smooth  transition  from  boundary  layer  to 
external  flow  6u/jy  *  0,  $T/#y  ■  0. 

Since  the  thickness  of  the  boundary  layer  is  low,  even  at 
a  short  distance  from  the  streamlined  surface,  the  flow  parameters 
virtually  coincide  with  the  parameters  when  y  ■  *.  Thus  boundary 
conditions  can  be  assigned  not  with  y  ■  but  with  y  •  6,  where 
5  is  the  boundary  layer  thickness,  i.e.,  such  a  distance  from 
wall  at  which,  for  example,  the  velocity  differs  from  the  velocity 
with  y  -  "  by  less  than  1 X . 


The  equation  of  energy  (21)  with  cp  ■  const,  can  be 

conveniently  converted  by  introducing,  instead  of  temperature 

2 

T,  the  stagnation  temperature  T*  -  T  +  Au  /2gcp.  To  do  this, 
let  us  multiply  the  equation  of  motion  (19)  by  Au  and  add  with 
equation  (21): 


ar*.  ar*  a  Mr, 
it?  “  gc*v  '37  "  £  lx  <»' / 


(24) 


Adding  and  deducting  in  the  right  side  of  this  relationship 
the  term  gcp0/jy (u3T/3y)  and  dividing  both  parts  of  the  equality 
by  gcp,  we  obtain 


ar»  ,  Mr*  a 


(7  I 
l \Pi 


where  P r  -  the  Prandtl  number  which  characterizes  the  relation¬ 
ship  of  the  heat  which  is  isolated  because  of  friction  to  the 
heat  being  transferred  because  of  thermal  conductivity.  The 
Prandtl  number  for  gases  usually  differs  insignificantly 
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from  one.  Thus,  with  T  -  300°K  for  helium  Pr  ■  0.68,  for  argon 
Pr  ■  0.66,  for  air  Pr  ■  0.70,  for  carbon  dioxide  Pr  ■  0.77,  and 
for  hydrogen  Pr  -  0.69.  Temperature  and  pressure  weakly  affect 
the  value  of  the  Prandtl  number.  Therefore  very  frequently  in 
constructing  the  method  of  calculation  of  the  parameters  of  a 
boundary  layer  it  Is  assumed  that  Pr  ■  1.  This  leads  to  simpli¬ 
fication  in  the  equation  of  energy,  since  the  first  term  in  the 
right  side  disappears. 

Let  us  examine  longitudinal  flow  around  a  flat  heat-insulated 
plate  of  a  compressible  gas  with  Pr  ■  l.  in  this  case, 

$p/$x  *  0  and  the  equations  for  the  boundary  layer  oan  be  written 
in  the  following  form: 


(25) 

1&  +  V-0-  (27) 


Boundary  conditions  for  the  problem  in  question: 


0. 


ar, 

& 


■  0  with  y  ts  0, 


(28) 


«= =w*  with  y=*oo. 


Comparing  equations  (25)  and  (26),  we  see  that  the  equation  of 
energy  has  a  solution  of  the  form 

T*  =  ait  +  b, 

whereby  the  unknown  coefficients  a  and  b  can  be  determined  from 
the  boundary  conditions.  With  y  ■  0 

dT  4Tbu  t4T*  »  m\ 

"by  < 1udy=\du  A  gtf]  iy  by  ‘ 
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1 .  e .  ,  a  *  0 .  With  y  *  <*> 

Consequently,  the  stagnation  temperature  in  this  case  remains 
constant  in  the  cross  section  of  the  boundary  layer 

1*-T  +  A  j-— T,\  (29) 

and  the  wall  temperature  Tw  is  equal  to  the  stagnation  tempera¬ 
ture  of  the  external  flow 

r„=r;=7i(i  +  ^!  M;).  (3o) 

where  is  the  Mach  number  of  the  external  flow. 

For  determining  the  velocity  profile  and  stress  of  friction 
on  the  wall  it  is  necessary  to  solve  equations  (25)  and  (27) 
together  relative  to  u  and  v,  utilizing  for  the  temperature 
express.'.. on  (29),  and  for  the  density  -  the  equation  of  state  (23). 
The  simplest  method  of  solving  these  equations  la  that  proposed 
by  A.  A,  Dorodnitayn.  By  means  of  special  substitution  the 
obtainec  ■-/stem  of  equations  is  reduced  to  a  form  similar  to  that 
which  takes  place  in  an  Incompressible  liquid.  Dorodnitsyn's 
substitution  consists  of  the  Introduction,  instead  of  coordinate 
y,  of  a  new  variable  n 


and  instead  of  coordinate  x  -  the  value  £  ■  x.  Since 

d  d  d  d  ,d  d« 
fx  31  »  JSJdw' 

then  equation  (25)  now  takes  the  form 
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Dividing  both  parts  of  this  relationship  by  p,  utilizing 
the  exponential  law  for  the  coefficient  of  viscosity  (4)  and 
the  equation  of  state  (23)  under  the  condition  p  ■  pQ ,  we  obtain 


(32) 


Moreover,  here  there  is  introduced  the  designation 


(33) 


We  now  convert  the  equation  of  continuity  (27),  for  which  we 
present  it  first  in  the  form 


(3*0 


We  differentiate  relationship  (31),  first  with  respect  to  x  (with 
constant  value  of  y) 


and  then  with  respect  to  n 


d 

* 


J_  dp^ 
p  dx' 


Substituting  the  obtained  expression  for  0p/flx  in  relationship 
(3*0  and  converting  to  the  new  variable  K,  h,  we  find 


After  dividing  by  o  we  obtain  the  equation  of  continuity 


S+S-* 


(35) 


where  V  corresponas  to  the  introduced  designation  (33)- 


Boundary  conditions  (28)  in  Dorodnitsyn's  variables  take 
the  following  form: 

m  =  0,  V=0  with  1J«0,  \ 

"  =  “•  with  *•»'<»■  1  (36) 

For  the  classical  case  of  an  incompressible  liquid  with 
constant  coefficient  of  viscosity,  equations  (25)  and  (27)  take 
the  form 

(37) 

M+S-*  (38) 

boundary  conditions  for  longitudinal  flow  about  the  plate  will  be 


u  =  v  =  Q  with  y  =s Q,  | 
U=='u  with  >  = 


(39) 


Thus,  in  Dorodnitsyn's  variables  the  equations  which  describe 
flow  in  the  boundary  layer  of  a  compressible  gas  differ  from  the 
equations  which  take  place  for  an  incompressible  liquid  only 
by  the  presence  of  the  factor  (T/Tq)‘iJ_1  in  relationship  (32). 

If  we  take  u  *  1,  then  this  distinction  disappears. 

Therefore,  for  the  solution  of  the  system  of  equations  (32) 
and  (35)  with  boundary  conditions  (36)  it  is  possible  to  utilize 
the  method  proposed  by  Blaaius  for  the  boundary  layer  of  an 
Incompressible  liquid. 


Let  us  introduce  in  accordance  with  the  equalities 

—  " - ^  (HO) 


380 


the  flow  function  \J/  which  satisfies  equation  of  continuity  (35) 
Equation  of  motion  (32)  in  this  case  assumes  the  form 


di  d'if  did**  (*.  d  r/r\-,d*i\l 

dr,dl tl  — p.  ^LlrJ  3?) ]• 


and  boundary  conditions  (36) 


<j»  =  0,  ^  —  0  with  ■>1=0. 

=  With  TJsssOCX 


Let  us  introduce  the  dimensionless  flow  function 


*=VS ir!/ 


and  a  new  dimensionless  coordinate 

whereby  we  will  assume  that  f  depends  only  on  t .  Then  for  the  flow 
derivatives  we  have 


YW-rbY’% 


(41) 


Substituting  these  values  in  the  equation  of  motion,  we 
obtain 
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as 

W 


4 


or  after  simplification 


[(?T '-]=* 


(42) 


From  relationship  (29)  the  temperature  can  be  expressed  as  the 
velocity 


T-Tt-Ag.-r.-T,*- flMlfi)*- 

=  +  -/-)].  (H3) 

Substituting  (43)  in  (42),  we  obtain  the  usual  differential 
equation  of  the  third  order 

//'  +  2^{['+iriMio-/'*)f',/'|=o  (44) 

with  boundary  conditions 

/=0,  r= o  With  c  =  0, 
r~  I  with  C  —  co. 

The  solution  of  this  equation  can  be  obtained  only  by 
nun  cal  methods.  After  the  dependence  of  f  on  c  i3  found 
it  i  possible  to  determine  the  velocity  profile  in  Dorodnitsyn ’ s 
variables 


and  consequently,  the  distribution  of  temperatures  (43)  and 
the  density  distribution 


ii 


r. 

r 


j _ 

mjo  —r*)  ' 
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Transition  to  the  physical  coordinate  system  is  made  from  the 
formula 


y 


Mi(l -/*•»]  *s, 


_et  us  find  the  stress  of  friction  on  the  wall 

=  1*.  (%\w  —  !*.  jf  ( v 


Since 


^  =  «v — V  i^r  " • then 


(J.5) 


Then  for  the  coefficient  of  friction  we  have 


‘ } 

i  ■ 

;  1 


( 


f/  *5“ 2 


P«.fjr 

t*.  U 


V 


/"(  0) 


r<o> 


(46a) 


Expressing  the  temperature  ratio  Tw/TQ  with  the  aid  of  relation¬ 
ship  (30),  we  finally  obtain 


-?*:(•+ 


i'r‘r 


(OK 


(46b) 


For  an  incompressible  liquid  (MQ  ■  0)  the  solution  of 
equation  (44)  was  first  found  by  Blasius.  In  this  case 
f 1 ' ( 0 )  *  0.332,  and  therefore  the  coefficient  of  friction  in  an 
incompressible  liquid  H  is  equal  to 


</• 


0,661 

)  R,  * 


(46c) 


The  resistance  of  a  plate  with  a  width  of  b  and  length  of  * 
about  which  an  incompressible  gas  flows  only  on  one  side, 
is  equal  to 

1 

VT=b[tmdx. 
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Expressing  t  ,  in  terms  of  the  coefficient  of  friction  (46c)  and 

W 

integrating,  we  obtain 


?.u!t  b,  1.323 


Y%  ‘ 


Consequently,  the  drag  coefficient  of  such  a  plate  will  be  equa 
to 


C*v  — 


ir 


p.»i 

T 


w 


I.3J3 

►  Rj ' 


(47) 


For  a  compressible  gas  the  value  of  f"(0)  depends  on  Mq.  Calcu 
lation  of  the  profiles  of  velocity  and  temperature,  and  also 
the  stress  frictions  cn  the  wall  for  a  compressible  gas  with 
w  =  0.76  were  performed  by  Karman  and  Tsien.  The  results  of 
this  calculation  are  represented  in  Figs.  6.5,  6.6  and  in  Fig. 
6.7  (solid  line). 


Fig.  6.5.  Velocity  distribution  in  laminar 
boundary  layer  on  heat-insulated  plate  with 
Pr  ■  1,  a)  *  O.76,  k  *  1.4. 


Fig.  6.6.  Distribution  of  temperatures  in 
laminar  boundary  layer  on  heat-insulated 
plate  with  Pr  ■  1,  w  ■  0.76,  k  ■  1.4, 


Fig.  6.7.  Coefficient  of  friction 
for  a  laminar  boundary  layer  on 
a  heat-insulated  plate  with 
Pr  ■  1,  w  ■  0.76*  k  •  1.4. 


Let  us  now  examine  the  laminar  boundary  layer  of  a  compress¬ 
ible  gas  on  a  flat  plate  in  the  presence  of  thermal  conductivity. 
As  before,  we  will  be  restricted  to  the  case  of  Pr  ■  1.  Equations 
(25),  (26)  and  (27)  and  boundary  conditions  (28)  in  this  case  are 
retained,  with  the  exception  of  the  condition  for  temperature  on 
the  surface  of  the  plate,  which  in  this  case  should  be  written 
in  the  form 


T=TW  with  j'  =  0. 


Just  as  earlier, 
the  form 


the  equation  of  energy  has  a  solution  of 


With  y  »  0  we  have  T*  ■  b  ■  T  .  For  determining  the  unknown 

coefficient  a  we  utilize  the  condition  TJ  ■  aun  +  T,  with  y  =>  ®. 

V  u  w 

Hence  we  obtain  a  ■  (TJ  -  Tw)/uQ.  Consequently,  the  distribution 
of  the  stagnation  temperature  in  this  case  is  describe^  by  the 
formula 


r*=crr-r.)i+v 


(43) 
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:  r.  •_*  T  . 


T_'.  i  k~\  M,  _TV\H  ,  Ta__h:~\ M.fay 

“  v 1  ‘ ~2~  r. ,  u,  H  r.  ->  UJ  1 


ana  instead  of  equation  (44)  we  obtain  a  new  equation 


/r  r  2  £  {|  ;>  -i-  nr  Ml  -  r + £  - 

-~r  Mi/'*r‘r}=o.  (^9) 

The  boundary  conditions  for  equation  ( 4 A )  in  this  case  also 
remain  valid  for  (49). 

Calculation  of  the  velocity  and  temperature  profile  accord 
to  equation  (49)  for  different  numbers  of  with  w  ■  0.76 
and  Tw/Tq  *  0.29  was  also  performed  by  K&rm&n  and  Tsien. 

The  results  of  the  calculation  are  shown  in  Pigs.  6.8  ard  6.9. 


u/u, 

os 
os 
‘  m 
0,2 


mm 

■ 

g 

& 

m 

i 

WA 

3 

■ 

■ 

i 

hi 

■ 

■ 

3 

■ 

■ 

1 

■ 

■ 

■ 

■ 

B-  W 


"  “>/&■ 


Pig.  6.8.  Velocity  distribution 
in  laminar  boundary  layer  on 
a  plate  in  the  presence  of 
thermal  conductivity  (Tw/TQ  ■  0.25) , 

Pr  ■*  1,  w  "  0.76,  k  *  1.4. 


The  coefficient  of  friction  can  be  calculated  according 

to  formula  (46a),  whereby  the  value  of  f"(0)  will  be  in  this 

case,  as  noted,  the  function  of  two  parameters  Mn  and  T  /7„ . 

u  w  u 
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Fig.  6.9.  Distributions  of  tem¬ 
peratures  in  a  laminar  boundary 
layer  on  a  plate  in  the  presence 
of  thermal  conductivity 
(Tw/TQ  -  0.25),  Pr  -  1,  u  -  0.76, 

k  -  1.4. 


For  determining  specific  heat  flow  qw  (i.e.,  the  heat  flow 
In  a  unit  of  time  through  a  unit  of  surface  of  the  plate)  we 
utilize  relationship  (29)  from  which  it  follows  that 


ar  ar*  .  u  a« 


Since  with  y  -  0,  u  -  0,  when  (#T/#y)w  •  (*TV*y)w.  But  from 
equation  (48)  we  have 

i*r.\ _ </?— Tm)  /dj\ 

\  <>*  ;•  «.  Vrf/.  *• 


therefore , 


Tt—T »  (da\ 


Jj 


(50) 


Introducing  the  dimensionless  heat-transfer  coefficient  (Stanton 
number)  and  replacing  tw  in  (46a)  we  obtain 

st  = - Su- - c=St  .* 

—  T'  (51) 
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Here  it  is  taken  into  account  that  i^iLaa Pr_s=  i.  Thus,  if 
the  coefficient  of  friction  c ^  is  found,  then  the  Stanton 
number  is  easily  determined. 

With  number  Pr  ¥  1  calculations  were  also  performed  for 
a  laminar  boundary  layer  of  a  compressible  liquid  (Brainerd  and 
Emmons,  Crocco,  Kop  and  Hartree).  In  this  case  it  turned  out 
that  the  temperature  of  the  heat-insulated  surface  Twq  was  not 
equal  to  the  stagnation  temperature  of  the  external  flow,  but 
is  determined  from  the  relationship 

T&—  T»[*  Pfj*  (52) 

The  results  of  calculating  the  stress  of  friction  on  a 
flat  plate  in  general  (Pr  ?  1,  u  f  1)  are  well  described  by 
Yang's  approximation  formula. 

•  -I 

c,  |  IT,  =  0.061  {o, 15  j-  0.35  £  +  0,09 (A  -  I)  MJ  »  Pr]^ .  (53) 

A  formula  for  the  Stanton  number  was  obtained  which  is  a 
generalization  of  relationship  (51)  with  Pr  /  1: 

a  (lit  —  r9i  “  ~i  •  (5*0 

The  methods  described  for  the  solution  of  the  differential 
equations  of  a  laminar  boundary  layer  pertain  to  the  simplest 
case  of  flow  along  a  plate.  With  a  more  intricate  shape  of 
aerodynamic  surface,  i.e.,  in  the  presence  of  a  pressure  gradient 
in  the  external  flow,  the  task  of  determining  the  parameters 
of  the  boundary  layer  becomes  immeasurably  more  difficult. 

Therefore  attempts  wers  made  to  create  a  method  of  calculation 
based  on  the  solution  of  integral  equations  composed  for  the 
entire  boundary  layer.  Let  us  now  pass  tc  the  derivation  of 
these  equations  and  an  examination  of  the  methods  of  their  solution. 
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Let  us  compose  the  integral  equation  of  impulses  during 
steady-state  flow  in  the  boundary  layer  of  a  compressible 
liquid.  Applying  the  equation  of  momentum  to  the  element  of  the 
boundary  layer  with  length  dx  and  unit  width,  we  obtain 
(§  5  Chapter  1) 


where  A(Imu)  is  the  change  in  projection  on  axis  x  of  the  momentum 

of  a  liquid  which  flows  for  a  unit  of  time  through  the  surface 

which  limits  the  volume  in  question  (Fig.  6.10),  and  -  the 

projection  on  axis  x  of  the  resultant  of  all  forces  applied  to 

the  selected  volume.  First  let  us  calculate  the  change  in 

momentum.  Through  the  element  of  area  dy  in  cross  section  1  there 

flows  in  a  unit  of  time  a  mass  of  liquid  pu  dy  which  transfers 
2 

the  momentum  pu  dy .  Thus  the  momentum  being  transferred  by  the 
liquid  which  flows  through  cross  section  1  is  equal  to 

i 


Fig.  6.10.  Forces  applied  to 
an  element  of  a  boundary 
layer. 


The  momentum  of  the  liquid  flowing  through  cross  section  2: 


( V  wit),  = 


dx. 


The  mass  of  the  liquid  flowing  through  the  boundary  of  the 
boundary  layer  in  Section  1-2  is  equal  to  the  difference  in  the 
flow  rates  through  cross  sections  2  and  1,  i.e.. 
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rince  the  velocity  on  the  boundary  of  boundary  layer  is 
equal  to  the  velocity  of  external  flow  uQ ,  then  the  momentum 
being  introduced  by  this  mass  of  liquid  into  the  volume  In 
question  will  be 


(2  i'i^- 


dx. 


Consequently,  a  change  in  projection  on  axis  x  of  the  momentum 
is  equal  to 


A  <£  —  (2  mn) ,  —  (2  /»«),_, 


f u'dy-„ 
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Let  us  now  find  the  resultant  of  all  forces  applied  to  the 
volume  in  question.  In  this  case,  the  mass  forces  can  be  dis¬ 
regarded.  The  forces  of  friction  in  cross  sections  1  and  2 
do  not  give  a  component  to  axis  x.  The  force  of  friction  on 
the  boundary  of  boundary  layer  is  equal  to  zero,  since 
0u/dy  *  0  with  y  -  5 .  The  force  of  friction  acting  on  the  side 
of  the  wall  for  the  volume  in  question  is  equal  to  P^w  ■  -xwdx. 

The  projections  of  the  forces  of  pressure  on  axis  x  are 
equal  to:  in  cross  section  1,  Pxl  »  pQ6,  cross  section  2, 

«  —  [ft* -i ■  on  the  boundary  of  the  boundary  layer 

P,i ,  =p,  dx.  The  sum  of  the  projections  of  the  forces  of  pressure 

P,i  +  Pm  f  • =  ft*  “ft*  -  -  '{f-  <lx  +  *  £  rf.v  =  -  8  ^ . 

Then  the  projection  of  the  resultant  of  all  forces  applied  to 
the  selected  volume  will  be 


Substituting  the  found  values  of  MEmu)  and  Px  in  the  equation 
of  momentum,  we  obtain  the  integral  relationship  of  impulses 
in  the  boundary  layer 

4  t  * 

-  4x  jj  **'  <>y  4-  »/.£  jj  f «  rfi-  * « g  -|-  v  (55) 

In  this  equation  Uq  and  Pq  are  known  functions  of  x  and  are 
determined  during  the  calculation  of  external  flow.  If  external 
flow  is  isentropic,  then  from  the  equation  of  motion  it  follows 
that 

&—•*£• 

After  also  writing  the  obvious  equality 

«*  A  j  p»<y«- A  j  f **<*-%  \  «*<* 

let  us  substitute  these  expressions  in  relationship  (55)-  As  a 
result  we  have 

»  « 

A  ^  J  (m#— p«)«(v  —  v  ( 56) 

This  equation  can  also  be  obtained  directly  from  the 
differential  equations  of  a  boundary  layer.  To  do  this  it  is 
necessary  to  add  term-by-term  the  equation  of  motion  (19)  with 
the  equation  of  continuity  (22),  multiplied  by  (u  -  uQ),  and 
then  to  add  and  to  deduct  pu  JUg/dx  in  the  right  side  of  the 
obtained  relationship 

A  Jp"  —  alit  +  A  k1'  f" — %) 


* 


a iv ;  *'  o  integrate  within  the  ]  imlts  of  boundary  layer  from  "  to  A 
l nl--  1  r'.i:  into  account  the  boundary  e  u.dltiotiS  . 

ioi  us  introduce  now  the  concepts  regarding  the  dlsp.! -.corn.-hi 
thickness  i  *  an.;  the  momentum  thickness  6**  which  are  uoterr.lrwj 
respectively  by  the  foil  owin'"  express  i  cits  : 


,JJ: 


f'0<y 


1 


4 

J  pn  <n,  ■  -  u)dv  /* 

4  -a** 


These  values  have  a  sped rlc  physical  sense.  The  disclace- 
ment  thickness  is  the  distance  to  which  the  flow  lines  of  external 
flow  are  moved  aside  from  the  body  as  a  result  of  a  decrease 
in  the  velocity  and  a  change  In  density  in  the  boundary  layer. 

The  momentum  thickness  is  the  thickness  of  the  gas  layer  with 
constant  parameters  and  momentum  equal  to  the  difference  in  the 
momenta  or  the  flow  of  gas  with  non uni  form  current  density  but 
with  constant  velocity  u^  and  flew  with  variable  values  of 
velocity  and  density.  , 

Utilising  the  introduced  values  o*  and  6*#,  the  integral 
relationship  of  momentum  (56 )  can  be  presented  in  the  form 


;(MS***H  WV 1.; 


11'*  _l  ?,♦« [„i ..  .1.  (1  _ .!».  /rv, 

dx  ‘  If.u}  dx  '  ii i  dx  J  f ,i i 4  * 

where  H  =  If  we  assign  the  velocity  laws  of  distribution 

and  temperature,  then  stress  of  friction  will  he  ey.piessed  as 
the  momentum  thickness  A  *  * .  Then  relationship  (59)  which  is 


eV  ‘  :  l  Wi 


the  ordinary  differential  equation  can  be  used  for  determine 
of  the  distribution  of  the  value  of  <$##  along  the  at  re  am  li  m  i 
surface . 

As  shown  above,  the  differential  equations  of  the  round a 
layer  of  a  compressible  gas  in  Dorodnitsyn’ 8  variables  have 
very  nearly  the  same  form  as  for  the  boundary  layer  of  an 
incompressible  liquid.  Therefore,  it  should  be  expected  tt-.v. 
the  boundary  layer  velocity  profile  of  a  compressible  .*.&?  Ir; 
Dorodnitsyn '  s  variables  will  be  close  to  the  velocity  pro’-.-  \-r 
In  an  incompressible  liquid.  The  results  of  precise  cal  ulut 
confirm  this  assumption. 

For  the  laminar  boundary  layer  of  an  incompressible 
the  distribution  of  velocities  is  usually  assigned  lr.  the  for 
of  e  polynomial 


whereby  the  values  of  coefficients  are  determiner  fro.-,  i  -u 
conditions  on  the  wall  and  on  the  boundary  of  the  boundary  . 
Usually  in  the  solution  they  are  limited  to  polynomial? 
third  or  fourth  degree.  For  the  boundary  layer  of  1  cony  rose 
gas  the  velocity  profile,  therefore,  can  be  asslgnel  If:  the  ’’ 


a 

«. 


whereby  n  is  the  Dorodnitsyn  variable  (3D* 


Let  us  examine  the  flow  of  a  compressible  ga;i  er 


flat  plate. 


The  Integral  equation  of  Impulses  (59)  In  the  absence  of  a 
pressure  gradient  in  external  flow  assumes  the  form 


<<>♦«_  tm 
dx  mJ‘: 


(61) 


We  approximate  the  velocity  profile  for  an  incompressible 
liquid  by  a  polynomial  of  the  third  degree.  For  a  search  of 
coefficients  we  utilize  the  following  boundary  conditions: 

u  =  0  with  y  *  0;  u  =  Uq,  =  0  with  y  *  6. 


The  second  condition  on  the  wall  can  be  obtained  from  the 
differential  equation  of  motion  (25)  which  for  an  incompressible 
liquid  assumes  the  form 


since  ii  =  v  •  0  with  y  =  0,  then  from  this  equation  we  have 
J2u/$y2  =  0. 

By  definition  (31),  pdy  -  Pgd^,  t^eref’ore  ln  Dorocnitsyn '  s 
variables  these  boundary  conditions  will  be  written  in  the  form 

U=s0'  £)“  =  ° 
da  _ 

II  —  ff*.  with  1J  — A. 

Utilizing  these  conditions  from  (60)  we  obtain  the  system 
of  equations 

f\t  =  0,  —  0,  At  -j-  At  -J-  At  At  =»  I, 

4  +  24-}-34«a 

•5 

Hence  =  0 ,  ■  j,  =  0 ,  =  -1/2,  and  therefore,  for  the 

velocity  profile  we  obtain 


39^ 


(62) 


£_  Ijl 

n,  ~~  2  A  2  l  i  J  ‘ 


Utilizing  (62)  and  (3U>  we  Tina  the  stress  of  friction  on  the 
11 

__  '<)«\  (dU\  p0  ,  Pgtt, 

'•  “  :‘,r  \dT,  >,*  —  •  *  '  p,  i  ' 


and  the  momentum  thickness 

K 


%*•  =  C  -1  -  VLcly  =  V  (, 


Here 


280  ‘ 


The  obtained  expressions  make  it  possible  to  establish  the 

connection  between  t,  and  6#*: 

w 

*  —  -  1,  A/  n 


Substituting  the  expression  for  tw  from  (63)  in  the  integral 
relationship  of  momentum  (6l)  and  integrating,  we  obtain  the 
distribution  of  the  momentum  thickness  along  the  plate 


where 


c.  t'"i 


or 


tu  l‘m  I 

t.  I».  y  R/ 


( 6b ) 


Replacing  in  relationship  (63)  the  value  of  6**  according  to 
expression  (6b)  we  obtain  the  formula  for  the  coefficient  of 
the  friction 


]/  2AtNf»  ' 

r  t>  is  y  R, 


(65) 


T 


Substituting  numerical  values  of  coefficients  and  N  and 
utilizing  a  power  law  for  the  viscosity-temperature  dependence 
( *0  ,  we  finally  obtain 


<! 


I 

_***  _  0 ,ft47/r..\~*~ 
*  ~/R,VrJ 


(66) 


For  determining  the  velocity  profile  in  physical  coordinates  x, 
y,  and  the  calculation  of  the  boundary  layer  thickness  o  and  a 
displacement  thickness  6*  it  is  necessary  to  know  the  distri¬ 
bution  of  temperatures.  If  we  are  restricted  to  the  case 
Pr  =  1,  then  the  stagnation  temperature  according  to  (^8)  will 
be  proportional  to  the  velocity.  Then 


and  therefore 


V  ■ 

-(• 


* —  I 
T 


Since  y  n  6  with  n  *»  A,  then 


k  —  I 
i 


MJ- 


r,\  17*- 1 


Now  it  is  easy  to  find  the  connection  between  y/6  and  n/a 


1 

i 
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i 


i  * 


396 


(67) 
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Relationships  (62)  and  (67)  give  in  parametrical  form  the  velocity 
distribution  in  the  boundary  layer  on  a  flat  plate. 

Since  A  -  6**/N  and  6**  is  connected  with  the  Reynolds 
number  by  formula  (66),  for  the  boundary  layer  thickness  we 
obtain  the  expression 

+  (68, 

Performing  simple  calculations,  let  us  find  for  the  displacement 
thickness 


••- }(-£)■ *-•(•■ -14) 


or  after  the  substitution  of  values  A/6  and  6/x 


T=p£&n%+^Ms). 


In  the  absence  of  thermal  conductivity  Tw  *  T^(l  + 
as  follows  from  the  equation  of  energy  ( 30 ) .  Then 

.  »**  0.6-17/.  ,  *-1.,.^ 


For  an  incompressible  liquid  (Mg  ■  0)  the  approximate  value  of 
che  coefficient  of  friction 


(73) 


is  close  to  the  value  found  during  integration  of  the  differential 
equations  of  the  boundary  layer  (46c). 


Values  of  the  boundary  layer  thickness  <$ ,  the  displacement 
thickness  6*  and  the  momentum  thickness  6**  for  an  incompressible 
liquid  also  can  be  found  from  relationships  (70),  (71),  (72): 

1  — Mi  >* _  i.74 

*  VRs'  x 

Figure  6.11  shows  the  boundary  layer  velocity  profiles 
on  a  flat  plate  with  Mq  ■  10,  k  «■  1.4,  w  ■  0.76,  calculated 
according  to  formulas  (62)  and  (67)  for  two  values  of  the  ratios 
of  temperatures  T  /Tq  -  0.25,  Tw/Tq  ■  21  (dotted  curve).  Thus 
are  given  the  velocity  distributions  obtained  by  K&rmin  and 
Tsien  by  Integration  of  the  boundary  layer  equations  (unbroken 
curve).  The  results  of  calculating  the  coefficient  of  friction 
on  a  heat-insulated  plate  for  a  compressible  gas  in  formula  (70) 
with  w  ■  0.76  are  shown  in  Fig.  6.7  by  dotted  lines.  The  solid 
line  corresponds  to  precise  values. 


Fig.  6.11.  Velocity  distribution  in  a  boundary  layer 
on  a  flat  plate;  according  to  the  approximation 
formula  (dotted  curve),  precise  values  (unbroken  curve) 
(MQ  -  1C,  w  -  0.76,  k  *  1.4). 


Thus,  the  simple  method  of  calculation  based  on  the  solution 
of  the  integral  equation  of  momentum  when  using  a  velocity 
profile  In  the  form  of  a  polynomial  makes  it  possible  to 
determine  the  parameters  of  the  boundary  layer  with  sufficient 
practical  accuracy. 


Fig.  6.12.  Dependence  of  thickness  of 
boundary  layer  displacement  thickness, 
and  thickness  of  pulse  loss  on  a  flat 
insulated  plate  on  H-  (Pr  -  1,  u>  «  0.76, 
k  -  1.4).  0 

As  an  example.  Fig.  6.12  gives  the  values  of  the  boundary 
layer  thickness,  displacement  thickness,  and  momentum  thickness 
on  a  flat  heat-insulated  plate  for  different  MQ  numbers  with 
w  3  0.76,  k  -  1.4.  Values  6  ,  and  6#*  are  characteristic 
thicknesses  in  an  incompressible  liquid  calculated  with  the  same 
Reynolds  number  as  for  a  compressible  gas.  The  value  of  the 
number  substantially  affects  the  characteristic  boundary 
layer  thicknesses;  so,  with  Mq  ■  10  the  boundary  layer  thickness 
increases  8  times,  and  the  displacement  thickness  increases 
20  times  in  comparison  with  their  values  in  an  incompressible 
liquid . 


§  3-  Transfer  from  Laminar  to 
Turbulent  Flow  Conditions  in  a 
Boundary  Layer 

Laminar  flow,  as  experiment  shows,  is  stable  only  under 
certain  conditions  determined  by  the  value  of  the  critical  Reynolds 
number.  With  Reynolds  numbers  of  large  critical  value,  laminar 
flow  becomes  unstable  and  converts  to  turbulent.  This  transi¬ 
tion  is  connected  with  the  emergence  in  the  flow  of  undamped 
disturbances.  If  the  velocity  and  pressure  disturbances  forming 
as  a  result  of  any  external  reasons  in  the  course  of  time 
attenuate,  then  the  main  stream  is  considered  stable,  but  if  in 
the  course  of  time  they  build  up,  then  this  testifies  to  the 
instability  of  the  main  stream  and  possible  transition  of  laminar 
conditions  to  turbulent.  On  the  strength  of  such  an  assumption 
about  the  nature  of  the  transition  it  is  possible  to  attempt 
to  determine  the  value  of  the  critical  Reynolds  number  with  the 
aid  of  the  stability  theory. 

Let  us  examine  the  plane-parallel  flow  of  an  incompressible 
liquid,  whereby  we  will  for  simplicity  consider  that  the  velocity 
component  U  depends  only  on  coordinate  y,  while  the  velocity 
component  V  is  everywhere  equal  to  zero.  The  pressure  of  the 
liquid  P  in  the  basic  motion  is  a  function  of  coordinates  x  and 
y.  Boundary  layer  flow  can  be  approximately  considered  precisely 
such  a  flow,  since  the  change  in  longitudinal  component  U  in 
the  direction  of  coordinate  x  is  considerably  weaker  than  In 
the  direction  of  coordinate  y,  and  transverse  component  V  is  low 
in  comparison  with  the  value  of  U. 

Let  us  apply  on  this  main  stream  a  two-dimensional 
perturbation  motion,  the  velocities  and  the  pressure  in  ■'oh 
depend  on  time  t : 


Then  the  pressure  and  the  velocities  of  the  resulting  motion 
will  be  equal  to 


=/HY. 


The  basic  laminar  flow  should  satisfy  a  Navier-Stokes  equation. 
We  will  assume  that  the  resulting  motion  also  satisfies  a 
Navier-Stoke3  equation,  while  the  applied  disturbances  are 
small  so  that  it  is  possible  to  disregard  the  squares  of  the 
perturbation  velocities.  Depending  on  whether  the  perturbation 
motion  attenuates  or  builds  up  in  the  course  of  time,  the  main 
stream  will  be  either  stable  or  unstable.  Substituting  the 
values  in  (7*0  in  the  Navier-Stokes  equations  and  rejecting 
the  squares  of  low  values,  we  obtain 

<M  U  dx  •"  *  dy  ‘  f  dx  ‘  I id*  \ dy •  ‘  ix*  up)' 

*  +  u%  + +  ^  ’  (75) 

Taking  into  account  that  the  basic  motion  is  subordinated  to 
the  Navier-Stokes  equations  which  for  the  case  in  question 
take  the  form 


1  dP  d'U  I 


we  obtain  for  the  perturbation  motion  the  following  system  or 
equations : 
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Differentiating  the  first  equation  of  system  (77)  for  v,  anl 
the  second  equation  -  for  x  and  eliminating  from  the  thus 


2 

?bt 3 ! red  relationships  the  value  dp'/$x#y,  i.e.,  pressure,  we 
■.ill  obtain  the  equation  which  connects  the  velocity  component 
of  the  perturbation  motion  u'  and  v'.  This  equation  of  motion, 
together  with  the  equation  of  continuity  serves  for  determining 
u'  and  v'.  The  boundary  conditions  for  boundary  layer  flow 
consist  of  the  fact  that  the  velocities  of  the  perturbation 
motion  u'  and  v'  should  be  equal  to  zero  at  the  wall  and  at  a 
great  distance  from  wall,  i.e., 

u'  *  v’  ■  0  with  y  »  Oj  u'  "V1  ■  0  with  y  ■  ».  (73) 

Let  us  assume  that  on  the  laminar  flow  there  is  applied  a 
disturbance  which  consists  of  separate  vibrations,  each  of 
which  is  a  wave  which  is  propagated  in  direction  x.  Let  us 
introduce  a  stream  function  for  separate  vibration  in  the  form 
of  the  following  complex  expression: 

*<*.  y,  0— (79) 

where  9  ■  9r  +  t9i  is  the  complex  amplitude,  a  -  the  actual 
value  connected  with  the  wavelength  of  the  disturbance  with 
relationship  \  *«  2n/a.  The  complex  quantity  c  •  cr  +  ic^,  whereby 
cr  Is  a  velocity  of  propagation  of  the  waveB  in  direction  x,  and 
is  the  coefficient  of  build-up,  on  the  sign  of  which  depends 
whether  the  vibrations  build  up  or  attenuate.  If  c^  <  0,  then 
the  vibrations  attenuate  and  the  laminar  flow  is  stable,  but  if 
c^  >  0,  then  the  vibrations  build  up  and  the  laminar  flow  is  not 
stable . 

There  is  a  physical  sense,  of  course,  only  to  the  real  part 
of  the  stream  function,  i.e.,  the  value 

Rc  (*)  =  S')  (f,  coi  » (.r  —  cS)  —  »ln  a  (.r  —  e/)). 

Composing  derivatives  of  the  stream  function,  let  us  find  for 
velocity  components  of  the  perturbation  motion  the  values 


M02 
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(80) 


The  equation  of  continuity  in  thiB  case  will  be  satisfied,  and 
the  equation  of  motion  which  is  obtained  after  elimination  of 
pressure  assumes  the  form 

(U  -  o<»"  -  *•?)  -  tr?—  t  “  a*V + 


Let  us  pass  over  in  this  equation  to  dimensionless  quantities, 
for  which  let  us  divide  all  velocities  by  the  velocity  outside 
the  boundary  layer  uQ,  and  all  the  lengths  -  by  the  momentum 
thickness  6** 


L 
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Then  we  obtain 


(0 ~e){ t*— &"* '=’  & (?,v -J,V  1*'?).  (81) 

where  R  «  U6**/y  the  Reynolds  number  for  the  basic  laminar  flow, 
and  dif ferentietlon  is  made  in  terms  of  the  variable  (y/6**). 

Equation  (8l)  is  called  t.he  differential  equation  of 
perturbation  motion.  The  stability  analysis  of  the  solution 
of  this  equation  is  a  problem  of  the  eigenvalues  of  differential 
equation  (81)  under  boundary  conditions  (78).  Let  us  assume 
that  the  main  stream  is  assigned,  i.e,,  the  velocity  distribution 
in  the  laminar  boundary  layer  U(y)  is  known.  Then  equation 
(8l)  will  contain  four  parameters:  R,  a,  For  each 

selected  paired  R  and  a  it  is  possible  to  find  the  eigen 


function  ^  and  the  complex  eigenvalue  5'  ■  ff  +  iC^,  whereby, 
here  is  the  dimensionless  velocity  of  propagation  of  pertur¬ 
bations,  and  is  the  dimensionless  coefficient  of  the  build-up; 

f,  =  c,(t  R),  R). 

With  Cj  <  0,  the  motion  in  question  is  stable  with  respect  to 
the  perturbations  of  the  wavelength  in  question,  and  with 
^  >  0  -  is  unstable. 

The  case  c^  ■  0  corresponds  to  neutral  vibrations  the  curve 
c^CcT,  R)  *  0  in  plane  a,  R  separates  the  unstable  region  of  the 
laminar  boundary  layer  from  the  stability  region.  This  curve  is 
called  neutral.  The  smallest  Reynolds  number  on  the  neutral  curve 
is  the  critical  Reynolds  number  for  this  flow.  With  Reynolds 
numbers  less  than  critical,  the  perturbations  of  any  wavelength 
attenuate.  With  Reynolds  numbers  greater  than  critical  there 
are  perturbations  with  a  determined  wavelength  which  build  up. 

The  calculation  of  the  neutral  curve  for  the  case  of  flow 
around  a  flat  heat-insulated  plate  by  an  incompressible  flow 
was  performed  by  V.  Tollmien  and  verified  by  K.  K.  Lin.  In  the 
calculations  it  waB  accepted  that  the  velocity  distribution  in 
laminar  boundary  layer  is  described  by  Blasius’s  law. 

A  similar  method  of  small  disturbances  was  used  by  K.  K.  Lin 
and  P.  Lis  during  the  stability  analysis  of  laminar  boundary 
layer  on  a  flat  plate  flowed  past  with  a  flow  of  a  compressible 
gas.  In  this  case,  the  neutral  curve  equation  can  be  written 
in  the  form 


(82) 


The  results  of  calculating  neutral  curves  are  represented  in 
Pigs .  6.13  and  6.14. 
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Fig.  6.13.  Neutral  curves  Fig.  6. IK.  Neutral  curves  for 

for  a  flow  around  a  flat  the  flow  around  a  flat  plate 

heat-insulated  plate.  by  a  flow  of  gas,  MQ  «  0.7. 


These  calculations  showed  that  the  critical  Reynolds  number' 
decreases  with  an  increase  in  the  Mq  number  of  external  flow  in 
the  absence  of  thermal  conductivity  from  the  plate.  Cooling  of 
the  plate  leads  to  an  increase  in  critical  Reynolds  number  at  a 
constant  value  of  MQ  number,  i.e.,  it  has  an  effect  on  the 
boundary  layer. 

Thus,  with  the  aid  of  the  method  of  slight  disturbances 
is  possible  to  obtain  the  value  of  the  critical  Reynolds  number. 
Beginning  from  that  place  on  the  plate  where  the  Reynolds  number 
reaches  its  critical  value,  begin  to  build  up  disturbances  with 
a  determined  wavelength.  Further  downstream  disturbances  with 
other  wavelengths  al30  become  unstable.  Finally,  at  a  certain 
distance  from  the  beginning  of  the  loss  of  stability,  the 
laminar  flow  changes  to  turbulent.  The  critical  Reynolds  number 
determined  by  experimental  method  from  observation  of  the  transi¬ 
tion  of  the  laminar  flow  conditions  to  turbulent  corresponds  to 
that  place  on  the  plate  where  the  flow  turbulence  leads  to 
rearrangement  of  the  entire  flow.  Critical  Reynolds  numbers 
thus  found  from  experiments  usually  exceed  in  value  their 
theoretical  values. 
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Thus,  the  method  of  slight  disturbances  makes  It  possible 
to  determine  only  the  lower  boundary  of  values  of  critical 
Reynolds  numbers,  i.e.,  it  gives  those  values  of  Reynolds  numbers 
less  than  R  with  which  the  laminar  flow  always  is  stable. 

K  p 

Furthermore,  with  the  aid  of  this  method  it  is  poesible  to  explain 
the  effect  on  the  stability  of  the  laminar  ooundary  layer  of 
such  parameters  as  Kq  and  Tw/Tg . 

The  second  important  problem  connected  with  the  transition 
of  laminar  boundary  layer  to  turbulent  1b  the  calculation  of 
the  basic  flow  parameters  in  the  transition  region.  At  present 
there  is  no  strict  theory  of  transition  region  by  virtue  of  the 
complexity  of  the  processes  taking  place,  therefore,  in  conducting 
quantitative  estimates  in  the  transition  region  it  is  necessary 
to  utilize  different  empirical  and  semi -empirical  methods. 

Let  us  examine  one  semi-empirical  approach  to  parameter 
determining  in  transition  region  proposed  recently  by  L.  A.  Vulis. 
This  method  is  based  on  the  following  diagram  of  the  transient 
process.  With  an  increase  in  the  characteristic  coordinate  of 
the  state  -  the  Reynolds  number  -  and  the  achievement  of  critical 
value,  the  laminar  flow  becomes  unstable.  With  a  further 
increase  In  the  Reynolds  number  there  occurs  a  gradual  transition 
into  the  new  .steady  state  which  corresponds  to  stable  turbulent 
flow.  The  reading  of  the  Reynolds  number  as  the  coordinates  of 
state  in  the  transition  region  should  be  made  from  its  critical 
value,  i.e.,  a  coordinate  of  state  x  will  be  equal  to 

X«R-R.r  (83) 

Let  L ( x )  -  a  certain  characteristic  of  flow  which  unambig¬ 
uously  depends  on  the  Reynolds  number  whereby  L^(x)  -  a  function 
of  the  R  number  for  a  laminar  condition,  L2(x)  -  for  turbulent, 

L( x )  •  for  the  transition  region.  Then  the  measure  of  the 
disorder  of  the  turbulent  system  should  be  the  name  given  to 
the  relation 


{  8*i  ) 


which  Is  a  relation  principally  possible,  but  «till  not  reacted 
with  a  given  x  of  value  of  change  in  L  and  to  Its  full  change 
with  the  final  rearrangement  of  the  flow  conditions,  for  laminar 
flow  u>  ■  1,  since  L(x)  ”  L^(x)»  while  for  turbulent  L f >; >  •  L.,{x) 
and  u>  *  0 . 


The  basic  assumption  made  by  L.  A.  Vulia  ccnsista  of  the 
fact  that  the  relative  change  in  the  measure  of  disorder  1* 
proportional  to  the  increases  of  the  coordinate! 

£  =  _»»**  {*5) 

Actually,  the  greater  the  value  of  disorder  w,  the  wore 
intensively  should  ordering  occur,  i,*.,  the  graeter  should  he 
the  derivative  dw/dx-  Such  a  quantitative  expression  is  typical 
for  the  different  processes  of  establishment  ard  relaxation. 

Integrating  relationship  (85)  under  the  Initial  condition 
X  ■  0,  u  *  1,  we  obtain 

<»»*-•% 

or,  substituting  for  w  expression  (8tt): 


ux)=*L,w-\mD-L,w  •% 

It  should  be  noted  that  L(x)  -*  L2<x)  with  y  ■*  ®,  with  an 

increase  in  Reynolds  number,  the  flow  parameters  approach  the 
parameters  of  a  turbulent  condition  whereby  til!  approach  occurs 
rather  rapid _y  (exponentially).  It  is  still  necessary  to 
explain  tne  nature  of  joining  curve  L(x)  with  curves  L^x) 
and  L2(x). 


Differentiating  relationship  (86)  with  respect  to  x»  we 


have 


r 

df-\  Ml 

L  “l 

dt 

*“•*  -h  **  |/-«<z)  -  /-i  (y.H  •- •’*> 


whence  with  x  *  0  (at  the  point  of  joining  with  the  curve  for 
a  laminar  condition) 


and  therefore,  in  general 


(y)1  _ 

L  J,— — L  **  Ji— * 


i.e.,  there  occurs  a  smooth  transition  to  the  developed  turbulen* 
system . 

As  an  example,  let  us  examine  the  resistance  of  a  flat 
plate  flowed  around  by  a  flow  of  an  incompressible  liquid.  As 
shown  above,  during  laminar  flow  the  drag  coefficient  is 
equal  to  ( li 7 ) 

Cv-~w 


During  turbulent  flow  conditions,  as  will  be  shown  further, 
the  drag  coefficient  is  expressed  by  the  following  formula: 


~  0,073 

c“’=Fr' 
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c  2  _£ 

Accepting  that  R  ■  5 ‘10  »  a  “10  ,  we  obtain  the  exprea- 

K  p 

sicn  for  the  drag  coefficient  of  the  plate  in  the  transition 

region 


r  _ °'073  /0.0T3 


(87) 


Values  of  Cw,  calculated  from  this  formula  are  given  in 
Fig.  6.15  (curve  2).  This  figure  shows  values  of  for  laminar 
flow  conditions  in  the  boundary  layer  (curve  1),  for  turbulent 
(curve  3)  and  experimental  data  obtained  for  a  transition 
region  by  Hebers. 


Fig.  6.15.  Drag  coefficient  of 
a  flat  plate  in  the  transition 
region. 


In  this  case  it  is  necessary  to  keep  in  mind  that  the  value 

2 

of  a  ,  just  as  R  ,  depends  on  the  initial  turbulence  of  the 

HP 

main  flow  and  can  be  determined  at  present  only  experimentally. 


§  A.  Turbulent  Boundary  Layer 

The  equations  of  motion,  energy,  and  continuity  for  a 
turbulent  boundary  layer  can  be  obtained  by  means  of  averaging 
over  time  the  initial  boundary  layer  equations  (19)  -  (22).  For 
simplicity,  let  us  examine  first  an  incompressible  liquid.  Let 
us  break  down  the  turbulent  flow  into  averaged  motion  and  pulsa¬ 
ting  motion.  After  designating  the  averaged  over  time  value  of 
the  velocity  component  u  as  u,  and  the  pulsating  velocity  -  as 
u',  etc.,  we  obtain  the  following  equations  for  the  velocity 
components,  for  the  pressure  and  for  the  temperature: 
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v=o p=p+y,  r=  r+  r. 


(88) 


Under  the  mean  value  here  and  throughout  we  have  in  mind  the 
mean  values  over  time  at  a  fixed  point  of  space,  for  example: 

i  V' 

a~T  ^  adt  (89) 

For  averaging,  it  is  necessary  to  take  such  a  large  time 
interval  t  so  that  the  averaged  value  would  not  depend  on  time. 
Then  the  averaged  over  time  values  of  pulsating  quantities  will 
be  equal  to  zero: 

«'=«'=/>'=  r*a  a 

From  determination  (89)  there  ensue  the  following  rules  of 
averaging : 

a)  +  a  (90) 

Actually 


b) 


—  1 V'  .  <.+« 

i-Hv— 7  ^  (n  +  x,} <//*,!  J  J  =  +  , 


«=< l 


(91) 


Actually 


■-+T 


a  <ft  =  a. 


since,  by  definition,  u  does  not  depend  on  time. 
°)  ar  =  aa 


(92) 
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Actually , 


(99) 


„„d<«r*)  ,  „.*(*r*>  a*r  ,  ,  /»i 

**  it-1  +f*  -y-  “  x-zf + ^  3&»  (t)* 

Let  uf  substitute  in  equations  (95)»  (97),  (98),  and  (99) 
instead  of  u,  v,  p,  T,  their  values  from  (88)  and  produce 
averaging  over  time.  Utilizing  the  rule  of  averaging  (93),  from 
(95)  we  obtain 


(100) 


Utilizing  the  rules  of  averaging  (90)  and  (93),  we  convert  the 
equation  of  continuity  (97)  to  the  form 


Jt  i  W _ n 


(101) 


Let  us  pass  to  averaging  of  the  converted  equation  of 
motion  (98).  On  the  basis  of  the  rules  of  averaging  (90)  and 
(93)  we  obtain 


Zjp  «  £5?  + ** + ' Tp + it 

c'u  Paifu1**  Hi-JL  * 


t 


therefore  the  equation  of  motion  (98)  after  averaging  assumes 
the  form 


Deducting  term  by  term  from  this  relationship  the  equation 
of  continuity  (101),  multiplied  by  pu,  and  disregarding  the 
derivative  in  terms  of  x  of  the  pulsating  components  in  comparison 
with  the  derivative  in  terms  of  y,  as  is  done  during  the  deriva¬ 
tion  of  the  boundary  layer  equations,  we  finally  obtain  the 
differential  equation  of  motion  for  a  turbulent  boundary  layer 


H12 


(102) 


Let  us  make  similar  conversions  with  the  equation  of  energy 
(99).  Since 


<J(«P)  »  dU’t*1  4(oV)  _  <(*W  ,  FfJ* 

-sart““^-+’TF-‘  ”Tr 

?<i*,  r+yig 


ft  Ft 


then  the  equation  of  energy  (99)  after  term-by-term  subtraction 
of  relationship  (101),  multiplied  by  gcpT*,  assumes  the  form 

(103) 


whereby 


Comparing  the  equations  for  a  turbulent  boundary  layer 
( 100 )- ( 103 )  with  equations  for  a  laminar  boundary  layer  (9*0-(97) 
it  is  possible  to  note  the  following.  The  equation  of  continuity 
and  the  second  equation  of  motion  take  Identical  form.  The 
first  equation  of  motion  and  the  equation  of  energy  for  the 
averaged  parameters  of  the  turbulent  boundary  layer  differ  from 
the  corresponding  equations  for  a  laminar  boundary  layer  by  the 
presence  of  supplementary  tangential  stresses  and  supplementary 
heat  flows. 

A  simple  Interpretation  of  these  supplementary  terms  was 
given  by  Prandtl.  For  a  presentation  of  Prandtl's  idea,  let 
us  examine  a  plane-parallel  flow  whose  velocity  coincides  in 
direction  with  axis  x,  while  the  value  of  the  velocity  depends 
only  on  coordinate  y.  Consequently,  u  ■  u(y),  v  ■  0,  whereupon 

let  £>«. 
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The  mechanism  of  turbulent  flow  can  be  presented  in  the 
following  simplified  manner.  In  the  process  of  turbulent  flow 
there  appear  liquid  volumes,  each  of  which  at  a  certain  distance 
moves  in  any  direction  as  a  whole  at  a  determined  velocity.  Let 
us  assume  that  such  a  liquid  volume  which  arose  in  a  layer  with 
coordinate  y^  -  l  and  which  possesses  velocity  u(y^  -  l)  moves  a 
distance  !  as  a  whole  in  the  direction  of  axis  y.  When  this 
liquid  volume  enters  a  layer  with  coordinate  y^  then  the 
velocity  in  this  layer  will  be  changed  by  the  value 

M'saflOf,  — 0  — 

which  Is  its  pulsating  component.  In  this  case  v'  >  0.  Analo¬ 
gously,  the  liquid  volume  which  enters  layer  y^  from  layer 
y1  +  l  has  a  higher  velocity  than  its  surrounding  medium.  Conse¬ 
quently,  pulsating  component  u'  will  be  equal  to 

ii*  =  a  O'i  +  0  —  O’t) = 


in  this  case  v'  <0. 

The  mixing  length  i,  to  known  degree,  is  similar  to  the 
length  of  the  mean  free  path  of  molecules  in  the  kinetic  theory 
of  gases,  the  only  difference  being  that  there  occur  microscopic 
motions  of  the  molecules,  and  here  -  macroscopic  motions  of 
turbulent  volumes.  In  general,  the  length  of  mixing  depends  on 
time  and  can  take  positive  or  negative  values.  Thus,  the 
pulsating  component  also  depends  on  time 

■wg.  (104) 

The  emergence  of  pulsations  of  velocity  in  transverse 
direction  can  be  presented  in  the  following.  In  a  layer  with 


coordinate  y1  for  some  reason  there  occurs  an  increase  in  the 
velocity,  i.e.,  there  appears  a  positive  pulsating  component 
u'  >  0.  The  liquid  volume  which  has  this  velocity  u(y^)  ♦  u' 
contends  with  the  volume  located  in  front  which  haB  velocity 
uCy^)  and  therefore  a  transverse  motion  appears  directed  to 
both  sides  from  layer  y^.  If  in  the  layer  with  coordinate  y^ 
a  decrease  occurs  in  the  velocity  <u'  <  0),  then  the  liquid 
volume  which  has  this  velocity  lags  behind  the  volume  which  has 
velocity  u(y^)  and  a  transverse  motion  directed  from  both  sides 
to  layer  y^  appears.  On  the  basis  of  these  considerations  it 
is  possible  to  draw  the  conclusion  that  the  value  of  transverse 
pulsating  velocity  v*  has  the  same  order  as  the  value  of  the 
longitudinal  pulsating  velocity  u'.  As  shown  above,  the  volume 
of  liquid  coming  into  layer  y^  with  positive  value  of  v*  usually 
produces  the  negative  pulsating  velocity  u*.  The  volume  of 
liquid  coming  into  layer  yx  with  negative  value  of  v’ 
usually  produces  the  positive  pulsating  velocity  u',  i.e., 

(105) 

where  k  is  the  proportionality  factor  which  is  on  the  order  of 
unity . 

Then  the  product  of  u'v'  will  usually  be  negative,  and 
therefore  the  averaged  over  time  value  u'v'  will  be  different 
from  zero  and  negative. 

W— *?($•• 


In  view  of  a  certain  uncertainty  of  the  mixing  length,  it 
is  possible  to  Include  coefficient  k  in  this  value.  Then  we 
obtain 


w— ’(*)•  .  where  /*«■*?*. 


(106) 


It  should  be  noted  that  all  the  considerations  carried  out 
above  applied  to  the  case  of  a  positive  value  of  the  derivative 
du/dy.  Similar  considerations  for  du/dy  <  0  show  that  in  this 
case  the  product  of  u'v'  is  usually  positive.  Then 


W-/*(g)\  <“>7) 

Formulas  (106)  and  (107)  can,  therefore,  be  presented  in 
one  formula 


<108> 

It  is  also  entirely  possible  to  derive  a  formula  for  the 
averaged  value  of  the  product  v 1 T' ,  if  one  assumes  that  the 
mechanism  of  heat  transfer  is  similar  to  the  mechanism  of  the 
transfer  of  momentum.  In  this  case,  T*  •  Z'dT/dy,  and  therefore 

'‘ISIS-  (109) 

Expressions  (108)  and  (109)  are  obtained  for  the  special 
case  of  flow  when  u  -  u(y);  however,  they  can  also  be  applied 
in  the  general  case  of  velocity  distribution  in  a  boundary 
layer. 

Utilizing  relationships  (108)  and  (109),  the  equation  of 
motion  (102),  and  the  equation  of  energy  (103),  we  convert  to 
the  form 

(no) 

W ” -r J -r- £ [(X  +  -r -4 (1*  +  :* r) ( .  (m) 

where  |»,=i  *B)  is  a  coefficient  of  eddy  viscosity,  * 

the  coefficient  of  eddy  conductivity.  Here  and 
throughout,  the  line  above  the  averaged  parameters  is  omitted. 
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Prandtl's  hypothesis  about  the  mixing  length  turned  out  to 
be  very  fruitful,  since  it  opened  up  real  possibilities  for 
calculating  turbulent  flow.  Although  the  mixing  length  is  not  a 
physical  constant  for  each  liquid  unlike  the  molecular  coefficients 
of  viscosity  and  thermal  conductivity,  however,  as  experimental 
data  show,  it  does  not  depend  on  the  flow  parameters.  The 
mixing  length  basically  is  a  function  of  coordinate  y.  Since 
during  flow  along  a  smooth  wall  in  immediate  proximity  to  its 
surface,  the  velocity  pulsations  are  equal  to  zero,  then  l  ■  0 
with  y  ■  0.  Accepting  the  simplest  hypothesis  that  near  the  wall 
the  mixing  length  is  proportional  to  the  distance  from  the  wall 

/—A*  (112) 

it  is  possible  to  obtain,  following  Prandtl,  the  velooity  profile 
in  a  turbulent  boundary  layer  during  the  flow  of  an  incompressible 
liquid  along  a  flat  plate  (4p/4x  *0).  In  this  case,  from 
equation  (110)  it  follows  that  with  y  •  0,  when  u  ■  v  ■  0, 

Differentiating  equation  (110)  with  respect  to  y  and  taking  into 

account  the  equation  of  continuity  (101),  we  obtain 

with  y  0,  i.e.,  near  the  wall  the  stress  of  friction  remains 

constant 


*  -  (113) 

Disregarding  the  coefficient  of  molecular  viscosity  p  In  compari¬ 
son  with  the  coefficient  of  eddy  viscosity  pt  and  substituting 
for  uT  its  expression  in  terms  of  the  path  length  of  mixing,  we 
obtain  the  relationship 


which  during  the  replacement  of  value  l  by  expression  (112) 
assumes  the  form 


After  integrating  this  equation,  taking  into  account  equality 
( 113) ,  we  obtain 

j/^lny  +  C  (iiiO 


This  relationship  can  be  written  in  the  following  dimensionless 
form: 


■b“  +  A. 


(115) 


where 

The  value  of  k,  according  to  the  results  of  measurements, 
is  a  universal  constant  of  turbulent  flow  and  is  equal  to  0.4. 

The  Beccnd  constant  depends  on  the  properties  of  the  surface 
being  flowed  around.  The  universal  velocity  distribution  law 
(115)  derived  for  flow  along  a  flat  wall  turns  out  to  be  valid 
also  during  the  flow  of  a  liquid  in  a  circular  tube.  Figure  6.16 
provides  a  comparison  of  the  results  of  calculation  according 
to  formula  (115)  with  Cj  ■  5*5  with  the  experimental  data  for 
tubes  obtained  by  Nikuradze  with  different  Reynolds  numbers. 


( 
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Fig.  6.16.  Velocity  distribution  in  a 
smooth  pipe.  Curve  1  corresponds  to 
universal  logarithmic  law. 


It  should  be  noted  that  the  universal  velocity  distribution 
law  is  derived  on  the  assumption  that  in  the  major  portion  of 
the  turbulent  boundary  layer  the  coefficient  of  molecular  vis¬ 
cosity  is  low  in  comparison  with  the  turbulent  coefficient  of 
viscosity.  Such  an  assumption  is  Justified  only  with  the  very 
large  Reynolds  numbers,  therefore  the  universal  velocity  distri¬ 
bution  law  should  be  considered  as  an  asymptotic  law  for  very 
large  Reynolds  numbers.  Experiments  carried  out  during  the  flow 
of  an  incompressible  flow  about  a  flat  plate  show  that  with 
moderate  Reynolds  numbers  the  velocity  distribution  is  described 
well  by  the  power  law 


(116) 


whereby  the  value  of  n  depends  slightly  on  the  Reynolds  number. 
With  Rx  ■  10^-10®  it  is  possible  to  take  n  ■  7. 


The  equations 
turbulent  boundary 


of  motion,  energy,  and  continuity  for  a 
layer  of  a  compressible  gas  can  also  be 


£ 
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obtained  by  means  of  averaging  over  time  in  the  initial  boundary 
layer  equations  (19)-(23).  For  the  averaged  parameters  these 
equations  take  the  form  (with  constant  heat  capacity) 


“  %  —  5-  [(!*  ^  'Jy\ ' 

an) 

(118) 

(119) 

Osa}  j-dJn l«i0. 

(120) 

ox  dy 

Here  u T  and  XT  are  coefficients  of  eddy  viscosity  and  eddy  con¬ 
ductivity  which  characterize  the  transfer  of  momentum  and  heat 
because  of  transverse  pulsations  of  velocity. 

Boundary  conditions  in  this  system  of  equations  take  the 
same  form  as  for  a  laminar  boundary  layer: 

u = r  ™  o,  r—r.  wlth  ) 

TttaT,  vith  ymmi.  J  (121) 


For  the  solution  of  equations  (117M120),  besides  the 
equation  of  state  and  dependences  of  coefficients  u  and  X  on 
temperature,  it  is  necessary  to  know  the  value  of  the  coefficients 
of  turbulent  transfer  uT  and  X  .  In  view  of  the  absence  at  the 
present  time  of  a  final  theory  of  turbulence,  the  determining  of 
these  coefficients  bearc  a  semi-empirical  nature  and  is  based 
on  a  number  of  hypotheses. 

Therefore,  during  the  calculation  of  a  turbulent  boundary 
layer  they  usually  utilize  the  approximation  method  based  on 
the  solution  of  the  integral  equation  of  momentum  (59).  In  this 


case,  it  is  necessary  to  assign  the  velocity  distribution  and 
temperatures  in  the  boundary  layer. 


Let  us  examine  the  case  of  flow  about  a  flat  plate  with 
Prandtl  number  equal  to  one.  We  first  coivert  the  equaf ion  of 
energy.  Multiplying  (117)  by  Au,  adding  with  (119>  and  introduc¬ 
ing  the  stagnation  temperature: 

we  obtain 


dr*  ,  at* 


diy 


:~[<e  +  e,>Tfl  + 

+ £1*1  -  \  *  «\ £1  k  ~  \  *21- 


aaaa) 


Value  Pr  ■  is  the  Prandtl  number  for  the  turbulent, 

parameters.  According  to  data  available  it  present,  the  nunber 
Pr  is  close  to  one.  Therefore,,  subsequently  we  will  take 
PrT  -  1.  With  Pr  ■  PrT  ■  1,  relationship  (121)  Is  simplified 
and  assumes  the  form 


pu 


{ 122b ) 


Since  during  the  longitudinal  flow  shout  n  flat  plate 
dp /#x  *  0,  then  from  equation  (117)  we  obtain 

a?3) 

As  a  result  of  the  similarity  of  equation:;  (122b)  and 
(123),  the  solution  of  the  equation  of  energy  (122b)  can  be 
presented  in  the  form 

P*  »  as  ■+■  *• 

where  the  unknown  coefficients  a  and  fc  are  d*?t ••ivrl.'ied  from  boundary 
conditions  (121): 
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u  —  0,  7*  =  Tw  =  lr,  «  =  (/*  7*=  i7  =  au,-r  7..  a  =  (7;—  7.)>*. 


Consequently,  ! 

i 

j  —in-Tjf+T..  (12M  | 

Before  going  over  to  finding  the  velocity  profile,  It  la 
necessary  to  note  the  following  fact.  Near  the  streamlined  body 
the  Reynolds  number  determined  from  the  local  parameters  of  the  ■ 

liquid  can  be  arbitrarily  small.  Therefore,  in  this  area  there 
should  exist  laminar  flow  where  the  friction  and  the  heat 

exchange  are  determined  by  molecular  transfer,  l.e.,  u  >>  wT,  j 

\  >>  XT .  This  part  of  the  boundary  layer  is  called  the  laminar  j 

sublayer.  In  the  remaining,  basic  part  of  the  boundary  layer, 
the  determining  role  is  played  by  transfer,  by  means  of  turbulent 
pulsations,  i .e . ,  u  <<  uT ,  X  <<  XT .  We  will  consider  that  the  \ 

Reynolds  number  on  the  boundary  of  the  laminar  sublayer  does  not 
depend  on  the  Mach  number  MQ  and  the  intensity  of  the  heat 

exchange  . 

(125) 


Ki 


according  to  experimental  data,  the  coefficient  o  ■  12.5- 

The  velocity  distribution  in  the  laminar  sublayer  can  be 
considered  linear 


a  _ y 

7  =  rt-  (126) 

The  velocity  distribution  law  in  the  major  portion  of  the 
turbulent  boundary  layer  can  be  obtained  on  the  basis  of 
analysis  of  the  experimental  data. 

The  results  of  experimental  research  of  velocity  profiles 
in  the  major  portion  of  the  turbulent  boundary  layer  of  a 


compressible  gas  on  a  plate  are  represented  in  Pig.  6.17.  It 
turns  out  that  the  Mach  number  Mq  and  the  temperature  factor 
fw  ■  Tw/Tg  have  little  effect  on  the  form  of  the  velocity  dis¬ 
tribution.  Therefore,  we  will  consider  power  law  (116)  valid 
also  for  a  compressible  gas. 


Fig.  6.17.  Velocity  profile  in  a  turbulent 
boundary  layer  of  compressible  gas  on  a  flat 
plate. 

Let  us  find  the  expression  for  the  stress  of  friction  on 
the  wall,  utilizing  (126): 

(127) 

Since,  on  the  boundary  of  the  laminar  sublayer,  the  values 
of  the  velocity  caunulated  according  to  formulas  (126)  and 
(116)  should  coincide..  %/u0  (5;/6)1//n.  Taking  for  the 

dependence  of  the  co°  iTicient  of  viscosity  on  temperature,  power 
law  (4),  we  obtain 


(128) 


Here  ■  PqUq5/Uq  -  the  Reynolds  number  calculated  according 
to  the  boundary  layer  thickness,  while  the  value  ufl/u0  should  be 
determined  from  condition  (.125)* 
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Solving  relationship  (125)  relative  to  $  ,  we  obtain 


*4  ■■  HaV**! 

T“R?U)  ui- 


On 


the  other  hand.  5  /6  *  (u  /uA)n,  therefore 
n  n  3 


(: 


•J  i?i  In 


Utilizing  the  connection  between  the  stagnation  temperature 
and  velocity  (12*0,  let  us  find  the  following  algebraic  equation 
for  determining  relative  speed  on  the  boundary  of  the  laminar 
sublayer: 


er-s  -anr* 


i  -Hr.-i) 


(i+Vwi)(i-a) 


I 


(129) 


This  equation  must  be  solved  by  the  method  of  successive  approxi¬ 
mations,  l.e.,  to  assign  arbitrarily  the  value  u^/uq,  to  substi¬ 
tute  this  value  in  the  right  side  of  relationship  (129),  to  find 
a  new  value  of  u^/Uq,  etc.  Since  the  value  of  un/uQ  is  usually 
equal  to  0.3-0. 7,  then  as  a  first  approximation  let  us  take 
u^/Uq  -  0.5.  Then  in  the  second  approximation  we  obtain 


ep-a, +«.**!*)- 


* _ I  -ill# 

I  +0,75  Ml 


The  value  standing  in  brackets  changes  slightly  during  a 
change  in  number  MQ.  So,  with  ■  0.5,  it  changes  from  0.750 
to  0.672  during  a  change  in  the  Mach  number  from  0  to  10.  Limiting 
ourselves  to  the  first  two  approximations,  we  finally  obtain 
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(‘+0,78 


(130) 


Then  the  expression  for  the  stress  of  friction  (128)  with 
n  ■  7,  to  ■  0.75  assumes  the  form 


0,0226 

(l+V5*^lM|y“ 


(13D 


Before  turning  to  the  integration  of  the  equation  of 
momentum  (59)*  which  in  the  case  of  a  plate  appears  thus: 


dX‘* _ t. 

rfx  f.'4  * 


(132) 


it  is  still  necessary  to  find  the  connection  between  6**  and  6. 
Utilizing  velocity  profile  (116)  and  temperature  profile  (124), 
we  obtain 


»»• 


'  !_»•__  p _ _ _  - 

1=3  i  )  (» +  --y-'  Mi)  Id  -  f.)  *  +  rm]  -  ^  M^*  * 

I 

!•  ,  _ ' _ _ 

T=  )  ( i + h- f.l -  ^ m;»* ' 


The  results  of  calculating  the  values  of  6*/6  and  5**/6  for 
n  «  7,  k  ■  1.4  are  given  in  Figs.  6.18  and  6. 19- 


Fig.  6.18.  Relative  displace¬ 
ment  thickness  for  a  turbulent 
boundary  layer. 


FJg.  6.19.  Relative  momentum 
thickness  for  a  turbulent 
boundary  layer. 
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For  an  incompressible  liquid  (with  Mg  »  0,  ?w  ■  1) 

a _  *• _ I 

T  («-j- 1  T  a  +  l* 


Integrating  relationship  (132)  with  the  initial  condition  6  ■  0 
with  x  "0,  we  obtain  the  distribution  of  the  boundary  layer 
thickness  along  the  plate 


» 

X 


/*•:.**' 

('+*-?*<  H 

W)  , 

t  k  --  t  •••*  •  V 

(l+0.75i— i  M1J  V 

(133) 


Substituting  the  found  value  of  <5  from  (133)  lb  (13D*  we  obtain 
the  expression  for  the  coefficient  of  friction 


<r 


0,0022  /»'V* 


(134) 


After  the  boundary  layer  thickness  is  found,  the  displace¬ 
ment  thickness  and  the  momentum  thickness  are  found  according  to 
known  ratios  6»/6  and  6**/6. 


The  drag  coefficient  of  a  plate  of  length  l  and  width  b 
is  equal  to 


After  substitution  of  the  value  tw  from  relationship  (1311) 
and  after  Integration,  we  obtain 


Cr 


0, 1 16  / \*"»  5“  2 
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(135) 


The  results  of  calculating  the  drag  coefficient  in  formula 
(135)  for  the  case  Tw  ■  1  (absence  of  thermal  conductivity)  are 
represented  in  Pig.  6.20. 


Cw 


Fig.  6.20.  Drag  coefficient  of  the 
plate  with  Tw  ■  1. 

For  an  incompressible  liquid  at  MQ  »  0,  ?w  ■  1,  the  value 
of  6**/6  *  7/72,  and  therefore 

K  0,17  „  0.0M  ;f  n  Ofili 

y~Rf>'  *!•— • 

For  determining  heat  flow  let  us  make  use  of  integral  (12*0 
of  the  equation  of  energy 


»*•  «• 


This  expression  coincides  with  formula  (50)  for  a  laminar 

boundary  layer.  Therefore,  for  a  dimensionless  heat  flow  we 

have  (with  Pr  »  1) 
w 


Cf _ _ 9ir _ 

ecpWtUi  —  r») 


(136) 
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Relationship  (136)  is  the  consequence  of  the  assumption 
regarding  the  presence  of  analogy  between  the  processes  of  the 
transfer  of  momentum  and  heat  with  Pr  ■  PrT  ■  1  (Reynolds' 
analogy) . 
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Fig.  6.21.  Relative  velocity 
on  the  boundary  of  a  laminar 
sublayer. 


The  method  presented  for  calculation  of  a  turbulent  boundary 
layer  of  a  compressible  gas  is  confirmed  by  the  results  of 
experimental  research.  Figure  6.21  gives  the  computed  values  of 
relative  velocity  on  the  boundary  of  a  laminar  sublayer  (according 
to  formula  (130))  and  the  experimental  values  of  Lobb,  Wlnckler 
and  Perch.  A  comparison  of  the  experimental  and  calculated 
coefficients  of  friction  for  a  flat  plate  is  shown  in  Fig.  6.22. 
The  unbroken  curve  is  the  calculated  ratio  Cj./cf  m  calculated 
with  Identical  Reynolds  numbers  referred  to  the  momentum  thick¬ 
ness.  The  black  dots  designate  experimental  values  of  thl3 
ratio.  The  dotted  curve  corresponds  to  the  ratio  cf/cf  h  calcu¬ 
lated  with  identical  Rx-  Experimental  values  for  this  case  are 
shown  by  the  open  dots. 


Fig.  6.22.  Coefficient  of  friction  for  a 
turbulent  boundary  layer  of  a  compressible 
gas . 
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S  5.  Boundary-Layer  Separation 


In  the  presence  of  a  pressure  gradient  in  external  flow  the 
boundary-layer  flow  becomes  more  complex  than  during  flow  about 
a  flat  plate.  Since  pressure  remains  constant  across  the  boundary 
layer,  the  effect  of  the  pressure  gradient  in  external  flow 
extends  to  the  entire  boundary  layer.  This  effect  basically  is 
reduced  to  a  change  of  the  boundary  layer  velocity  profile. 

The  reason  for  such  a  change  of  the  velocity  profile  can  be 
understood  if  we  examine  the  following  simplified  diagram  of 
flow.  Let  there  be  in  a  certain  cross  section  of  a  boundary 
layer  the  velocity  profile  u(y),  where  on  the  edge  of  the 
boundary  u(5)  •  uQ.  At  a  certain  small  distance  Ax  from  this 
cross  section  the  pressure  in  the  external  flow,  and,  consequently, 
throughout  the  boundary  layer,  will  change  by  Ap.  Disregarding 
the  forces  of  friction  and  considering  that  flow  occurs  parallel 
to  the  wall,  for  every  stream  of  liquid  it  is  possible  to  write 
the  Bernoulli  equation 


puiMsa  — V  or 

Consequently,  in  the  section  lying  a  distance  Ax  from  the  initial 
section,  the  velocity  u^  will  be  equal  to 

iOa*o(l-fy)  =  «(l  — ^l)* 

Respectively  in  the  external  flow 
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Then  we  finally  have 


If  flew  occurs  against  building  pressure,  then  AP  >  0,  and  when 
a  <  u-  the  term  ir.  oarentheses  will  be  less  than  unity.  Con- 
sequantiy ,  the  velocity  profile  in  this  case  becomes  less  full. 

If  pressure  along  the  flow  decreases,  then  Ap  <  0,  and  when 
u  <  u.«  the  term  in  parentheses  will  be  more  than  unity.  In  this 
case  the  velocity  profile  becomes  fuller.  The  results  of 
experimental  study  of  a  boundary  layer  in  the  presence  of  pressure 
gradient  in  the  external  flow  qualitatively  confirm  the  obtained 
conclusions.  Figure  6.23  gives  the  velocity  profile  in  the 
turbulent  boundary  layer  of  a  noncompressible  liquid  when  both 
a  positive  and  negative  pressure  grad  lent  are  present .  Experi¬ 
ments  were  carried  out  in  narrowing  flat  ducts  (flow  with 
accelerating  pressure  gradient)  and  in  expanding  ducts  (flow 
with  negative  pressure  gradient).  Half  the  expansion  angle  a 
characterized  the  amount  of  pressure  gradient. 


Fig.  6.23.  Fig.  6.24 

Fig.  6.23.  Velocity  profile  when  pressure  gradient  is  present, 
(according  to  experiments  of  Nikuradze). 


Fig.  6.24.  Pressure  distribution  on  a  circular  cylinder. 


With  a  sufficiently  large  positive  pressure  gradient  In  the 
external  flow  the  layers  of  liquid  near  the  wall  can  stOD  and 
even  begin  to  move  in  the  opposite  direction,  i.e.,  boundary- 
layer  separation  occurs  (Fig.  6,4).  The  cross  section  of  the 
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boundary  layer  beginning  with  which  back  flow  of  liquid  occurs 
is  called  the  point  of  boundary  layer  separation.  At  this  point 
the  following  relationship  holds: 


(*}.-* 


i . e .  ,  *»' 


(137) 


The  boundary-layer  separation  is  always  connected  with  the 
formation  of  vortices  which  penetrate  the  external  flow  and 
substantially  distort  the  picture  of  flow  obtained  from  the  ideal 
fluid  theory,  even  far  from  the  body.  For  an  explanation  let  us 
give  some  information  about  the  flow  of  noncompressible  liquid 
about  a  circular  cylinder.  Figure  6.2**  shows  two  curves  of 
pressure  distributions  along  the  circumference  of  a  cylinder; 
the  dotted  curve  follows  the  ideal  fluid  theory,  and  the  unbroken 
curve  was  obtained  experimentally  by  Flaksbart  with  Reynolds 
number 


R  =' 


=  6,7  - 10*. 


i.e.,  with  turbulent  boundary  layer.  The  subscript  here  designates 
the  parameters  in  undisturbed  flow.  On  the  front  side  of  the 
cylinder  the  measured  pressure  distribution  more  or  less  coincides 
with  theoretical  distribution  for  ideal  fluid.  On  the  rear  side 
of  the  cylinder  measured  values  of  pressure  differ  significantly 
from  the  theoretical.  This  is  explained  by  the  fact  that  at 
<t>  ■  125°  boundary-layer  separation  occurs.  As  a  result  of 
distinction  in  the  distribution  of  pressure  from  the  theoretical, 
pressure  drag  appears.  A  similar  pattern  is  observed  during  flow 
about  wing  profiles.  Thus,  the  boundary-layer  separation  exerts 
a  substantial  influence  on  the  flow  pattern  of  different  bodies 
and,  consequently  also  on  such  fundamental  characteristics  as 
resistance  and  lift.  In  connection  with  this  the  need  for  knowing 
how  to  calculate  the  position  of  the  separation  point  of  a  boundary 
layer  becomes  obvious.  In  the  most  general  form  the  conditions 
of  boundary-layer  separation  were  obtained  by  G.  M.  Bam-Zelikovlch 
on  the  basis  of  the  dimensional  theory. 
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Plow  In  an  arbitral-;.’  cr;ss  section  of  a  boundary  layer  will 
t  f  determined,  if  we  ass'  r*- 1 

a)  velocity  profile  in  a  certain  initial  cross  section  of 
t h e  fc  c  u nd  ary  layer; 

b)  pressure  distribution  on  the  edge  of  the  boundary  layer; 

c)  the  value  of  velocity  and  density  Oq  of  external 
flow  at  any  one  point; 

d)  characteristic  linear  dimensions  which  correspond  to  the 
cross  section  in  question  (for  example,  distance  x  of  this  cross 
section  from  the  initial). 

Pressure  distribution  on  the  edge  of  a  boundary  layer  can 
be  assigned  by  the  value  of  pressure  itself  pQ  and  all  its 
derivatives  (p£,  p£,  etc)  in  the  cross  section  in  question. 

The  basic  assumption  on  which  are  based  all  further  conclusions 
Is  the  following:  for  flow  in  a  certain  cross  section  of  a 
boundary  layer  the  essential  effect  comes  from  external  flow 
only  In  the  close  vicinity  of  this  cross  section. 

This  assumption  Is  confirmed  by  the  following  experimental 
facts.  First,  the  boundary  layer  velocity  profile  on  the  walls 
of  the  straight  portions  of  cylindrical  pipes  is  the  same  as 
the  vicinity  profile  on  a  flat  plate  regardless  of  whatever  flow 
(accelerated  or  slowed)  preceded  flow  about  the  straight  portion 
cf  the  tube.  In  the  second  place,  the  velocity  profile  above 
the  separation  point  in  the  turbulent  boundary  layer  of  non- 
compresslble  liquid  does  not  depend  on  the  flow  oarameters  In 
external  flow  before  the  separation  point.  The  universality  of 
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the  separation  profile  with  a  different  flow  pattern  before 
the  section  of  breakaway  also  testifies  to  fact  that  it  is 
possible  to  disregard  the  effect  of  external  flow  outside  the 
small  vicinity  of  the  considered  section.  Finally,  experiments 
In  the  study  of  the  interaction  of  a  shock  wave  on  a  boundary 
layer  directly  show  that  the  noticeable  changes  in  the  boundary 
layer  occur  only  at  a  distance  equal  to  several  boundary  layer 
thicknesses.  Consequently,  even  very  strong  pressure  change  in 
external  flow  caused  by  a  shock  wave  affects  the  flow  pattern 
in  the  boundary  layer  in  fi'ont  of  the  shock  wave  only  in  a  small 
neighborhood . 

Thus,  experiments  show  that  flow  in  a  certain  cross  section 
of  a  boundary  layer  Is  affected  only  by  the  parameters  of  external 
flow  near  thi3  cross  section.  Hence  it  follows  that  the  effect 
of  the  velocity  profile  in  the  initial  cross  section  can  be 
disregarded.  Because  of  this  for  characteristic  linear  dimensions 
it  is  advantageous  to  use  not  distance  x  from  the  initial  cross 
section,  but  any  linear  characteristic  z  of  the  boundary  layer 
in  the  cross  section  in  question  (for  example  the  displacement 
thickness  6*  or  the  depth  of  loss  of  momentum  6**).  From  the 
basic  assumption  it  follows  also  that  if  in  external  flow  all 
pressure  derivatives  pQ  in  x  at  a  paiticular  point  are  finite,  then 
in  the  expansion  of  pressure  Pq  in  x  it  is  possible  to  be 
restricted  to  the  first  derivative  of  pQ. 

Under  these  assumptions  we  obtain  the  following  parameter 
system,  determining  flow  in  an  arbitrary  cross  section  of  a 
laminar  or  turbulent  boundary  layer: 

uQ  -  velocity,  Pq  -  density,  pQ  -  pressure  of  external  flow 
in  the  section  in  question,  -  first  derivative  of  pressure  in 
x,  z  -  characteristic  dimension  of  boundary  layer,  Uq  -  coefficient 
of  dynamic  viscosity,  -  coefficient  of  thermal  conductivity, 
k  -  ratio  of  heat  capacities. 
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According  to  the  fundamental  theory  of  the  dimensional 
tneory  any  dimensionless  complex  is  a  function  only  of  dimension¬ 
less  combinations  of  the  determining  parameters. 

Then,  for  example,  for  the  dimensionless  stress  of  friction 
cn  the  wall  we  have 


where  r»:«  are  the  Mach  numbers  of  the  external  flow. 

Function  4> ^  should  obviously  depend  even  on  Pr  and  k  numbers, 
tut  these  arguments  are  omitted,  since  for  this  gas  they  can  be 
considered  as  constants. 

At  the  separation  point  of  boundary  layer  t  *  0.  Solving 
equation  (138)  relative  to  (PqZ)/( d^Uq  )  and  expanding  in  series 
in  powers  of  Uq/(PqU0z),  we  obtain 

?;.i i£i)-*4<«u+?.(«Mia.+...  (ns) 

Let  us  complete  now  In  equality  (139)  the  same  passage  to 
the  limit  which  is  made  during  the  derivation  of  the  boundary 
layer  equations,  l.e.,  let  us  assume  that  viscosity  vanishes 
(  u0  *  0) . 

In  laminar  boundary  layer  when  the  coefficient  of  viscosity 
vanishes  (Reynolds  number  R  -»  °°)  the  characteristic  dimension 
of  the  boundary  layer  also  vanishes  (*//~  l/^f?-*o,  where  l  is 
the  characteristic  dimension  of  the  streamlined  body).  Consequently, 
(PqZ)/(PqUq)  vanishes  as 


Furthermore,  we  have 

t4*  I  I'1 

Ml*  m2  T  IF  7  * 

We  find,  hence,  that  Uq/(pqUqE)  v.^nlsheu  (when  a0  »  0) 
Just  as  l/I^R*  Because  of  this  in  formula  (1J9)  'the  tc-rvs  r:v.- 
portional  to  (u0/pQu0z)n(n  ^  0),  vanish  as  (t/K'Rp.  nine*  ' 

does  not  vanish  (at  yQ  ■*  0),  for  a  larlnar  boundary  layer  ♦ 
should  be  identically  zero.  Multiplying  toth  sid-;-s  c  f  O?*) 
by  (p0u0z)/u0,  and  passing  to  the  limit  &&?+<*,  wc  find  that 
at  the  separation  point  of  the  lamina:  town c-ary  la;,  i  r  the 
ing  relationship  is  valid: 


mw,  •  ■  ■  ■  I 

In  the  case  of  a  turbulent  boundary  layer  the  characteristic 
dimension  of  the  boundary  layer  at  Uq  *  0  does  not  vanish,  since 

the  boundary  layer  thickness  is  determined  by  turbulent  mixing. 

2 

Consequently  p^z/p0u0  does  not  vanish.  In  this  case  $q(Mq)  ^  0, 
all  the  remaining  terms  in  (139)  vanish  at  -*■  0.  Thus,  for 
a  turbulent  boundary  layer  at  the  separation  point  the  following 
relationship  should  be  made: 


£f,  =  ?.(M,). 


(141) 


Function  $q(Mq)  and  ^(Mq)  can  be  determined  theoretically  and 
experimentally.  Their  values,  of  course,  depend  on  which  of 
the  parameters  is  accepted  as  the  characteristic  dimension  of  the 
boundary  layer  z.  For  a  turbulent  boundary  layer  in  non- 
compressible  liquid  (MQ  »  0)  the  quantity  (J> Q ( 0 )  is  equal 
approximately  to  0.015,  if  as  the  characteristic  dimension  z 
we  take  the  displacement  thickness  <5*.  If  for  characteristic 
dimension  we  take  the  depth  of  momentum  loss  6**,  then  $q(0)  = 

«  0.005. 
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For  a  turbulent  boundary  layer  at  Mq  t  0  quantity  4»q(iVq) 
can  be  determined  as  follows.  We  will  search  for  the  stress 
distribution  of  friction  across  a  boundary  layer  at  the  separation 
point  In  the  form  of  a  polynomial  from  y/6 


p.‘uj  —  a*  +  i  n- (v)  t  «* (*■)’. 


(142) 


where  for  determination  of  coefficients  Sq,  a^,  a£>  a^  we  uti)-l2e 
the  following  conditions: 

y  =  0 ,  tw  =  0  (at  the  separation  point),  . 

_y=s(»,  (follows  from  the  equation  of  motion  (117))j 

y  !  t  »  C  (on  the  limit  of  the  boundary  layer).  ' 

One  additional  necessary  condition  can  be  obtained  by  differentia¬ 
ting  with  respect  to  y  the  equation  of  motion  (117): 

i 3ud«  ,  d'*  i  . do Ou  .  _ ifp nu 

OyOx  '  Oy  Ja  1  ^  dyit.i'  ^  "dy1  '  ^  6y  Oy  ‘  Oy  Oy*  * 


2  2 

Hence  at  y  *  0  we  have  (u  =  v  ■  0,  3u/3y  *  0)  3  i/3y  *  0, 
for  the  coefficients  of  the  polynomial  (142)  we  obtain 


Then, 


a,  —  —  a,  =  — 


and  relationship  (142)  assumes  the  form 


(143) 


The  stress  of  friction  in  the  turbulent  boundary  layer  can 
be  represented  in  the  form  of  the  sun 

t  — 

where  tm  *  w3u/3y  -  stress  of  friction  caused  by  molecular 
transfer  and  tt  is  the  tangential  stress  caused  by  turbulent 
pulsations . 

In  accordance  with  the  hypothesis  of  Prandtl 


where  l  -  mixing  path  length.  Thus,  relationship  (143)  can  be 
rewritten  in  the  form 


(HI) 


Far  from  the  separation  point  the  stress  of  viscous  friction 
is  negligibly  small  in  comparison  with  the  stress  of  eddy  viscosity 
for  all  distances  from  wall  which  exceed  a  certain  determined 
value,  which  is  called  the  thickness  of  the  laminar  sublayer. 

Within  this  sublayer  the  stress  of  viscous  friction  reaches  large 
values,  since  3u/3y  is  great  here.  However,  at  the  separation 
point  (3u/3y)w  =  0  (at  y  *  0)  and  the  stress  of  viscous  friction 
will  be  low  even  at  the  wall.  Thus  viscous  friction  can  be 
disregarded  throughout  the  cross  section.  Then  from  (144)  we 
will  obtain 


rf/». 

r 


i; 


(145) 


This  equation  can  serve  for  determining  the  velocity  profile 
in  the  separation  point. 


4  37 


Since  beginning  with  the  separation  point  flow  behaves 
approximately  as  a  free  turbulent  Jet,  it  is  possible  to  assume 
that  the  mixing  length  in  the  breakaway  section  Is  constant  and 
equal  in  magnitude  to  the  mixing  length  for  free  turbulent  jets. 
As  is  known,  from  the  theory  of  Jets  (§  1  Chapter  VII)  the  ratio 
of  mixing  length  to  the  width  of  the  jet,  which  in  our  case  is 
equivalent  to  boundary  thickness  6 ,  is  a  constant  value,  i.e., 

I  3  7/6  »  const.  Introducing  the  dimensionless  quantities 
P  ■  p / p q ,  u  c  u/u0,  y  =  y/6 ,  from  relationship  (145)  we  will 
obtain 


Lfl0u\>.-  '  .^*(9 
r  \dy)  <* 


(146) 


In  the  case  of  zero  heat  transfer  and  Pr  ■  1  the  stagnation 
temperature  is  constant,  and  therefore 

*  i m:  ’ 

Integrating  equation  (146)  over  the  boundary  layer  from  y  *  0 
to  y,  we  will  obtain 


—  i 
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or 


* -Y  (t  !? J I <»T) 


When  y 
that 


1H™  1 ,  therefore  from  relationship  (147)  it  follows 


_L  dps _ l_  III.  ■  I  ,» 
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(148) 


wn  e  re 


Substituting  (148)  into  (147),  we  will  obtain  finally  for  the 
velocity  distribution  at  the  separation  point 


(149) 


From  (141)  and  (148)  it  follows  that  if  for  the  characteristic 
dimension  we  take  the  displacement  thickness  6*,  then 


2  I 
^k  —  IM{ 


arc  tin 


a* 

r* 


For  a  noncompressible  liquid  (M^  -  0)  we  have 


Eliminating  from  these  two  relationships  the  unknown  T, 
we  will  finally  obtain 

9, (M.)  =  fzn M j 9  (0)|arctln-^==~=jr-j  .  ( 150 ) 

The  ratio  6*/6  is  defined  by  expression  (57),  since  the  velocity 
profile  and  temperature  profile  in  the  boundary  layer  are 
known. 
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The  change  in  $q(Mq)  depending  on  Mq,  calculated  according 
to  formula  (150),  is  shown  on  Fig.  6.25  by  the  unbroken  curve. 
The  results  of  the  experiments  are  plotted  there.  The  open 
circles  correspond  to  nonseparable  flow,  and  the  solid  circles 
correspond  to  flow  with  boundary-layer  separation. 


Fig.  6.25.  Parameter 
of  breakaway  of  turbu¬ 
lent  boundary  layer  as 
a  function  of  Mach 
number  Mq. 


Thus,  boundary-layer  separation  appears  when  the  parameter 


mJ  dx 


reaches  a  certain  critical  value  which  depends  on  MQ  and  is 
determined  by  formula  (150).  Thus  to  provide  for  nonseparable 
flow  during  the  slowing  of  a  flow  of  gas  (dpQ/dx  >  0)  it  is 
necessary  to  achieve  the  slowing  in  such  a  way  that  parameter 
t  nowhere  reaches  its  critical  value. 


For  determining  parameter  distribution  £  along  the  stream¬ 
lined  surface,  besides  the  parameters  of  external  flow,  it  is 
necessary  to  know  the  characteristic  dimension  of  the  boundary 
layer  (for  example,  the  displacement  thickness).  The  boundary- 
layer  calculation  in  the  presence  of  pressure  gradient  in 
external  flow  is  a  rather  complex  problem,  since  in  this  case 
the  velocity  profile  (and  temperature  profile)  will  depend  on 
the  pressure  gradient  and  change  from  one  cross  section  to  the 
next . 


j 


For  a  laminar  boundary  layer  of  both  noncompresslble  liquid 
and  compressible  gas  at  variable  pressure  in  the  external  flow 
there  are  different  methods  of  calculation.  The  most  precise 
methods  are  based  on  numerical  integration  of  differential 
equations  and  require  the  use  of  a  computer.  For  a  turbulent 
boundary  layer  of  noncompresslble  liquid  approximate,  semi- 
empirical  methods  of  calculation  have  been  developed.  In  the 
case  of  small  pressure  gradient  In  the  external  flow  the  turbulent 
boundary  layer  of  compressible  liquid  can  be  calculated  when  the 
effect  of  the  pressure  gradient  is  considered  only  in  the  integral 
relationship  of  momentum  (59).  In  this  case  it  is  considered  that 
the  velocity  profile  and  temperature  profile,  and  also  the 
dependence  of  the  stress  of  friction  on  the  characteristic 
boundary  layer  thickness  take  the  same  form  as  in  the  case  of 
flow  about  a  flat  plate. 

6  6.  Interaction  of  a  Boundary  Layer 
with  Shock  Waves 

The  build-up  of  a  boundary  layer  on  a  streamlined  surface 
always  affects  the  external  flow.  In  the  absence  of  shock  waves 
this  effect  is  reduced  to  the  following.  The  boundary  layer 
growth  in  the  direction  of  flow  is  connected  with  an  increase 
in  the  displacement  thickness  5*,  which  leads  to  deviation  in 
the  flow  lines  of  the  external  flow.  Thus,  flow  in  the  external 
flow  will  be  the  same  as  during  flow  about  a  fictitious  outline 
displaced  with  respect  to  the  real  one  by  the  displacement  thick¬ 
ness.  Consequently,  during  the  calculation  of  flow  it  is  necessary 
to  apply  the  method  of  successive  approximations:  first  calculated 
is  the  flow  about  a  body  by  an  ideal  fluid,  then  according  to 
the  found  pressure  distribution  along  the  body  surface  are  found 
the  parameters  of  the  boundary  layer  (including  displacement 
thickness);  the  flow  about  the  fictitious  body  whose  contour  is 
shifted  by  6"  is  further  calculated,  etc.  However,  usually  the 


displacement  thickness  is  low  in  comparison  with  the  dimensions 
cf  the  body  and  therefore  it  Is  possible  to  be  restricted  to 
the  first  approximation. 

When  shock  waves  are  present,  the  boundary  layer  usually 
has  a  stronger  effect  on  external  flow,  in  certain  cases  sub¬ 
stantially  changing  the  picture  of  the  entire  flow.  The  fact 
is  that  the  shock  wave  changes  in  the  velocity  and  temperature 
in  the  direction  normal  to  the  front  of  the  wave,  which  usually 
differs  little  from  the  flow  direction,  are  great  in  comparison 
with  changes  in  these  values  along  the  wave.  In  the  boundary 
layer  changes  in  the  velocity  and  the  temperatures  in  the  flow 
direction  are  usually  Insignificant,  while  the  changes  of  these 
values  across  the  boundary  layer  are  great.  Consequently,  In 
the  Interaction  region  of  the  shock  wave  with  the  boundary  layer 
the  velocity  and  the  temperature  substantially  change  both 
lengthwise  and  across  the  flow.  Consequently,  the  basic  assump¬ 
tions  of  the  boundary-layer  theory  and  theory  of  shock  waves  in 
this  case  cease  to  be  valid.  Thus,  theoretical  study  of  the 
interaction  region  shock  waves  with  a  boundary  layer  should 
represent  an  extremely  complex  problem.  Experimental  study  of 
this  zone  of  flow  Is  also  not  a  simple  matter.  However,  available 
data  make  it  possible  to  present  the  picture  of  interaction  as 
the  following.  The  presence  of  a  shock  wave  leads  to  a  sharp 
increase  in  pressure  on  the  wall.  The  pressure  increase  is 
transferred  towards  the  flow  in  the  subsonic  part  of  boundary 
layer,  which  produces  a  thickening  or  even  a  boundary-layer 
separation.  In  this  place  the  flow  line  in  the  external  flow 
differs  from  wall,  which  affects  the  form  and  shock-wave  intensity. 
The  picture  of  interaction  depends  substantially  on  the  flow 
conditions  in  the  boundary  layer. 

Let  us  examine  the  interaction  of  the  shock  wave  with  a 
laminar  boundary  layer.  Basic  data  on  this  question  have  been 


obtained  during  flow  about  wing  profiles  at  high  subsonic  speed. 

In  the  forming  local  supersonic  zones  appear  normal  shock  waves. 

If  the  Mach  number  MQ  in  the  supersonic  zone  only  a  little  exceeds 
unity  (i.e.,  the  drop  in  pressure  in  the  shock  is  low),  then  the 
boundary  layer  either  does  not  separate  at  all  or  after  the 
separation  adheres  again  to  the  wall,  remaining  laminar  or 
changing  to  turbulent  (Fig.  6.26).  Immediately  after  the  shock 
wave  appear  rarefaction  waves  as  during  flow  about  an  external 
obtuse  angle.  At  the  place  of  attachment  the  flow  is  at  a 
certain  angle  to  the  wall;  therefore  a  new  shock  wave  appears 
which  can  cause  a  new  boundary-layer  separation.  Thus,  several 
constructive  shock  waves  can  appear,  which  Is  observed  in  practice. 
With  an  increase  in  MQ,  i.e.,  with  an  increase  in  the  shock-wave 
intensity,  considerable  boundary  layer  growth  occurs,  and  pro¬ 
nounced  boundary-layer  separation  appears  (Fig.  6.27).  At  the 
place  of  boundary-layer  thickening  are  formed  compressible  waves 
as  during  flow  about  a  concave  wall.  At  a  certain  distance 
from  the  wall  the  compressive  waves  become  one  or  several  oblique 
shocks.  Figure  6.28  gives  pressure  distributions  in  the  Inter¬ 
action  region  of  the  shock  wave  with  the  laminar  boundary  layer 
at  different  distances  from  the  wall  and  at  MQ  »  1.225  (according 
to  experiments  of  Ackeret,  Feldman  and  Rotta).  These  data  show 
that  near  the  wall  the  pressure  increases  gradually,  and  not 
abruptly.  Considerable  pressure  change  across  the  boundary  layer 
is  observed  also.  Thus,  the  zone  of  interaction  is  characterized 
by  the  presence  of  longitudinal  and  transverse  gradients  of 
pressure.  Consequently,  the  shock  wave  and  boundary  layer  lose 
some  distinguishing  features,  which  it  i3  necessary  to  consider 
during  practical  problems. 


Fig.  6.26.  Schlieren  photograph  of 
flow  about  a  profile  with  ■  0.8^3, 

R  =  8.45-105  (Lipman). 


Fig.  6.27. 


Fig.  6.27.  Schlierer.  photograph  of  flow  about  a  profile  with 
M  =  C . 895,  R  =  8 . 77 • 10 5  (Licman). 
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Fig.  6.28.  Pressure  distribution  in  the  interaction  region  of 
.■hook  wave  with  laminar  boundary  layer. 


Similar  features  of  flow  are  observed  during  the  interaction 
of  a  boundary  layer  with  an  oblique  shock  wave  falling  from 
outside  or  with  a  shock  formed  during  flow  about  an  Internal 
obtuse  angle. 

One  of  the  basic  Quantitative  characteristics  of  such 
interaction  is  the  pressure  ratio  on  the  wall  at  the  separation 
point  to  pressure  in  undisturbed  flow  pQ ,  According  to 

Guesde's  theory  this  value  does  not  depend  on  the  type  of  inter¬ 
action  and  shock-wave  intensity  in  the  external  flow,  but  is 
determined  by  MQ  and  by  the  Reynolds  number 
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This  ratio  is  called  the  critical  drop. 
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The  values  of  P^/Pq  with  Mq  ■  2,  calculated  from  formula 
(15D  (unbroken  curve)  and  obtained  experimentally  by  different 
authors  during  study  of  flow  about  an  internal  obtuse  angle  and 
during  study  of  the  reflection  of  an  oblique  shock  from  a  flat 
wall,  are  given  on  Pig.  6.29. 
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Taking  into  account  the  complexity  of  the  measurements, 
and  therefore,  their  low  accuracy,  one  ought  to  consider  the 
agreement  of  the  calculated  and  experimental  results  as  satis¬ 
factory.  As  follows  from  formula  (151),  pressure  ratio  Pj/P0 
increases  with  a  decrease  in  Rx  or  increase  in  MQ .  Physically 
this  means  that  the  less  Rx  is,  the  more  the  viscosity  force 
preventing  separation  near  the  wall.  An  increase  in  MQ  leads  to 
an  increase  in  the  momentum  of  the  mass  of  gas  in  the  boundary 
layer,  which  also  Impedes  separation.  Knowing  MQ  and  the  drop 
in  pressures  on  the  first  oblique  shock,  it  is  possible  to 
determine  the  angle  of  inclination  of  this  shock  relative  to  the 
incident  flow. 

Per  the  full  construction  of  the  picture  of  flow  it  is 
necessary  to  know  how  to  determine  the  distance  b  by  which  the 
oblique  shock  wave  will  move  away  towards  the  flow.  According 
to  experimental  data  available  at  present,  this  distance  is 
proportional  to  the  displacement  thickness  of  the  undisturbed 
boundary  layer  and  Increases  with  an  increase  in  the  shock-wave 
intensity  in  the  external  flow.  The  values  of  b  found  by 
G.  I.  Petrov  and  his  colleagues  during  study  of  flow  about  the 
internal  blunt  angle  with  MQ  ■  2.0,  depending  on  the  intensity 
of  the  basic  shock  are  given  on  Pig.  6.30.  The  small  open  circles 
correspond  to  Rx  =  3*5*10  ,  and  the  solid  to  Rx  ■  5.3*10  . 
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Fig.  6.30.  Separation  of  oblique 
shook  depending  on  intensity  of  the 
basic  shock  with  laminar  boundary 
layer. 


The  amount  of  experimental  research  devoted  to  study  of  the 
interaction  of  the  shock  wave  with  turbulent  boundary  layer  is 
considerably  larger.  This  is  explained  by  the  fact  that  the 
theoretical  examination  of  this  question  is  extremely  difficult 
as  a  result  of  the  complexity  of  the  phenomenon  and  absence  of 
a  final  theory  of  turbulence;  at  the  same  time  in  practice  this 
case  is  encountered  very  frequently.  As  an  example  let  us 
examine  the  interaction  of  an  oblique  shock  wave  falling  from 
outside  with  a  turbulent  boundary  layer  on  a  flat  plate.  With 
low  intensity  of  the  falling  shock  the  picture  of  flow  differs 
little  from  the  picture  given  by  the  ideal  fluid  theory  (Fig. 
6.31a).  The  difference  is  in  the  small  bending  of  the  falling 
and  the  reflected  shock  waves,  and  a  certain  increase  in  the 
boundary  layer  thickness.  With  larger  intensity  of  the  falling 
shock  wave  occurs  boundary-layer  separation  and  a  system  of 
shocks  appears  (Fig.  6.31b),  With  further  increase  of  the 
intensity  of  the  shock  at  the  point  of  intersection  of  the  falling 
and  the  first  oblique  shocks  a  normal  shock  wave  is  formed 
(Fig.  6.31c).  A  similar  pattern  of  interaction  takes  place  during 
flow  about  an  internal  obtuse  angle,  with  the  emergence  of 
shock  waves  in  the  local  supersonic  zone,  during  flow  about 
winged  profiles  during  off-design  outflow  from  the  nozzle. 

Figure  6.32  depicts  the  photograph  of  flow  about  a  winged  profile 
with  Mw  “  0.843,  P.£  »  1.69-10  .  The  boundary  layer  before  the 
shock  is  turbulent;  the  intensity  of  the  shock  is  small  and 
breakaway  does  not  occur.  With  *  Q.895>  Pj  a  1.75*10^.  The 
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shock-wave  intensity  increases  and  the  boundary  layer  separates 
from  the  wall  (Fig.  6.33).  The  cause  of  the  reflected  oblique 
shock  is  the  same  as  during  the  interaction  of  the  shock  wave 
with  a  laminar  boundary  layer:  the  transfer  of  pressure  Increase 
towards  the  flow  and  the  boundary  layer  growth.  Figure  6.3*4 
gives  pressure  distributions  in  the  interaction  region  of  a  shock 
wave  with  a  turbulent  boundary  layer  on  winged  profile.  The 
broken  line  shows  change  in  the  displacement  thickness.  These 
data  show  that  in  the  interaction  region  there  are  considerable 
longitudinal  and  transverse  gradients  of  pressure,  as  with  a 
laminar  boundary  layer.  The  quantitative  characteristics  of  the 
Interaction  of  shock  waves  with  a  laminar  and  with  a  turbulent 
boundary  layer,  however,  are  different,  since  the  fullness  of 
the  velocity  profile  is  not  Identical. 


Fig.  6.31.  Diagrams  of  interaction  of  shock 
wave  with  turbulent  boundary  layer  on  flat 
plate. 


Fig.  6.32.  Schlleren  photo¬ 
graphs  of  flow  about  a 
profile  with  ■  0.8*43, 

Rj  =  1.69-106  (Lipmar,). 
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Fig.  6.33.  Schlieren  photographs 
of  flow  about  a  profile  with 

-  0-895,  Pt  -  1.75-106 

(Lipnan) . 


Fijr.  5.3^.  Pressure  dis¬ 
tribution  in  the  inter¬ 
action  region  of  shock 
wave  with  turbulent 
boundary  layer. 

The  experimental  data  show  that  the  pressure  ratio  in  the 
first  oblique  shock  (critical  drop)  does  not  depend  on  the  method 
of  realization  and  intensity  of  the  basic  shock  wave  or  on  the 
Reynolds  number  (i.e.,  the  parameters  of  the  boundary  layer), 
but  is  determined  by  the  value  MQ  of  the  external  flow.  Figure 
6.35  gives  the  results  of  study  of  the  pressure  ratio  p^/pQ 
the  first  oblique  shock,  obtained  by  I.  P.  Nekrasov  with  different 
Reynolds  numbers  and  MQ  ■  2.0,  Figure  6.36  shows  the  values  of 
Pi/Pq  depending  on  at  different  cases  of  Interaction,  indicated 
in  the  figure.  This  figure  plots  the  computed  value  of  this 
ratio,  calculated  according  to  an  empirical  formula  of  I .  P. 
Nekrasov 
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(solid  curve)  and  according  to  Guesde's  formula 
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Fig.  6.35.  Dependence  of  a  critical  drop 
in  pressure  in  detached  oblique  shock  on 
Reynolds  number  with  turbulent  boundary 
layer . 


Fig.  6.36.  Dependence  of  critical 
drop  in  pressures  in  a  detached 
oblique  shock  on  the  number  MQ 

during  the  Interaction  of  the 
shock  wave  with  a  turbulent 
boundary  layer. 


The  amount  of  separation  of  the  oblique  shock  from  the  point 
of  intersection  of  the  falling  shock  with  the  wall  depends  on 
the  intensity  of  the  falling  shock  on  MQ  and  on  the  local  param¬ 
eters  of  the  boundary  layer.  Figure  6.37  gives  the  results  of 
experimental  determination  of  this  linear  dimension  .  The  quantity 
<5*  is  the  displacement  thickness  of  the  boundary  layer  in  the 
absence  of  a  shock  wave  in  the  external  flow. 
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It  is  necessary  to  keep  in  mind  that  the  presence  of  shock 
vps  in  the  external  flew  affects  the  velocity  distribution  and 
pressure  in  the  boundary  layer.  With  low  intensity  of  the  falling 
shock  this  effect  leads  to  a  certain  boundary  layer  growth; 
the  velocity  profile  in  this  case  is  affected  little.  With  high 
Intensity  cf  the  falling  shock  wave  boundary-layer  separation 
appears  and  a  vortex  zone  is  formed.  Downstream  from  the 
separation  point  begins  the  nixing  of  the  detached  stream  and  the 
build-up  of  a  new  wall  boundary  layer.  Because  of  the  oressure 
transfer  along  the  subsonic  part  of  the  boundary  layer  upstream 
the  pressure  ceases  to  be  constant  across  the  boundary  layer, 
j.e.,  3p/dy  /  0.  Thus,  all  methods  of  calculation  developed  under 
the  assumption  of  constant  static  pressure  in  the  cross  section 
of  the  boundary  layer  can  be  used  only  a  sufficient  distance 
from  the  place  of  interaction.  Corr.oarison  of  the  above  data 
shows  that  the  breakaway  of  the  laminar  boundary  layer  appears 
with  small  shock-wave  intensity,  while  during  turbulent  flow 
conditions  the  amount  of  the  critical  drop  is  considerably  more 
Moreover,  at  <  1.3  value  of  the  critical  drop  for  a  turbulent 
boundary  layer  i3  more  than  the  pressure  ratio  in  the  normal  shock 
wave.  Consequently,  at  KQ  <  1.3  the  breakaway  of  the  turbulent 
boundary  layer  cannot  occur.  This  is  explained  by  the  fact  that 
the  velocity  profile  during  turbulent  flow  conditions  in  the 
boundary  layer  Is  considerably  more  full  than  with  laminar  condi¬ 
tions,  l.e.,  corresponds  to  larger  momentum.  Thus,  separation  of 
the  turbulent  boundary  layer  requires  a  more  intense  shock  wave 
than  for  separation  of  a  laminar  layer.  For  this  reason  the 
pressure  increase  near  the  wall  caused  by  a  shock  wave  of  Identical 
intensity  shafts  towards  the  flow  in  the  turbulent  boundary  layer 
a  shorter  distance  than  in  a  laminar  boundary  layer.  Because  of 
this  the  value  cf  the  separation  of  the  first  oblique  shock  wave 
In  turbulent  flow  conditions  Is  less  than  with  laminar  conditions 
(Mg:.  6 .  3  0  ,  6.37  ). 
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Fig.  6.37.  Separation  of  oblique 
shock  during  interaction  of  shock 
wave  with  turbulent  boundary  layer. 


§  7.  Flow  of  Fluid  in  Tubes 

The  flow  of  a  fluid  in  channels  of  different  cross  section 
is  very  frequently  encountered  in  practice.  In  this  case  usually 
the  speed  of  motion  in  the  channel  is  considerably  less  than 
the  speed  of  sound,  and  therefore  the  fluid  can  be  considered 
incompressible.  Let  us  examine  first  a  steady  laminar  axi- 
symmetric  flow  in  a  circular  cylinder  pipe.  Assume  that  the 
liquid  flows  into  the  tube  at  a  constant  speed.  On  walls  is 
formed  a  boundary  layer  whose  thickness  Increases  along  the  tube. 
Since  the  density  and  flow  rate  through  every  cross  section 
remain  constant,  an  average  speed  is  maintained.  Thus  the  decrease 
in  velocity  near  the  wall  caused  by  the  presence  of  friction  leads 
to  an  increase  in  the  velocity  outside  the  boundary  layer  (in 
the  flow  core).  This  zone  of  flow  is  called  the  initial  section. 

At  a  certain  distance  from  the  entry  the  boundary  layer  thick¬ 
ness  becomes  equal  to  the  radius  of  the  tube,  i.e.,  boundary 
layers  meet.  This  zone  of  flow  is  called  the  principal  section 
and  is  characterized  by  an  Invariable  velocity  profile.  The 
length  of  the  initial  section  can  be  determined  approximately 
by  tr.e  formula 


/„  =  O.OVR, 


( 154  ) 


which  was  obtained  theoretically  by  Shiller.  So,  at  R  5  1000 
and  R  =  5000  the  quantity  l  is  30  and  150  tube  diameters 
respectively.  Subsequently  we  will  examine  only  flow  in  the 
principal  section.  The  x-axis  is  directed  along  the  axis  of  the 
tube,  and  the  y  coordinate  is  read  from  the  axis  of  the  tube. 
Considering  that  the  flow  in  all  cross  sections  is  identical 
the  (velocity  component  in  the  axial  direction  does  not  depend 
on  x),  from  the  equation  of  continuity  in  cylindrical  coordinates 
we  will  obtain 


=  0.  or  = 

where  v  is  the  velocity  component  in  the  radial  direction. 

Since  v  =  0,  at  y  =  r,  consequently,  v  -  0  throughout  the  flow. 
Then  the  equation  cf  Navler-Stokes  in  cylindrical  coordinates 
assumes  the  form 


/  d'n  _  dp  dp  

**  ,  dy :  •  y  dy  dx’  dy  ’ 


(155) 


whereupon  the  boundary  condition  is  u  •  0  at  y  ■  r.  Integrating 
equation  (155),  we  will  obtain  the  velocity  distribution  in 
the  cross  section  of  the  tube 

«  =  — »'■*— A  (156) 

Maximum  velocity  is  reached  on  the  axis  of  the  tube  at  y  *  0 


„  (157) 

m  4*  dx  r 

The  amount  of  pressure  gradient  dp/dx  is  connected  with  the  fluid 
flow  rate  through  the  tube.  Actually, 

(158) 

;J*  \  dx/’ 
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whence  the  average  rate  of  flow  will  be 


m  -> 

A 


£(-£)• 


(159) 


In  technical  computations  It  Is  accepted  to  Introduce  resistance 
coefficient  ; 


e 


(160) 


where  d  Is  the  diameter  of  the  tube.  Substituting  Into  relation¬ 
ship  (160)  the  value  of  dp/dx  from  equality  (159),  we  will  obtain 


C=a 


(161) 


If  we  introduce  Reynolds  number  then  the  law  of 

resistance  in  a  circular  tube  during  laminar  flow  will  take  the 
form 


.  *4 

c—  IT’ 


(162) 


This  law  is  well  confirmed  by  the  results  of  experimental  research 
(Fig.  6.38).  The  solid  curve  is  computed  according  to  formula 
(162),  and  the  points  correspond  to  the  experimental  data  obtained 
by  Gagen. 


Fig.  6.38.  Resistance  coef¬ 
ficient  for  smooth  circular 
tubes  during  laminar  flow. 
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Laminar  flow  conditions  occur  only  with  Reynolds  numbers 
less  than  its  critical  value.  According  to  experiments  in  tubes, 
the  critical  Reynolds  number  is  approximately  equal  to  R  *  2300. 
However,  it  is  necessary  to  have  in  mind  that  value  RHp  largely 
depends  on  conditions  in  the  flow,  in  the  first  place  on  the 
initial  turbulence  of  the  moving  flow.  In  special  experiments, 
where  the  turbulence  of  the  external  flow  was  insignificant, 
it  was  possible  to  keep  the  laminar  flow  conditions  at  signif¬ 
icantly  greater  values  than  the  critical  value  of  the  Reynolds 
number. 

In  general  at  R  >  R  the  turbulent  flow  conditions  develop 

Hp 

i-i  the  boundary  layer,  whereupon  Just  as  during  laminar  conditions, 
flow  in  the  tube  can  be  subdivided  into  the  initial  entrance 
section  and  the  principal  section.  The  length_/jf4  the ..^iiJ.a.1 
section,  according  to  measurements  of  Kirsten,  comprises  from  50 
to  100  tube  diameters,  and  according  to  experiments  of  Nikuradze 
comprises  from  25  to  40  diameters. 

Let  us  examine  flow  in  the  principal  section  of  a  cylindrical 
circular  tube.  Let  us  isolate  in  the  fluid  a  cylinder  which  has 
length  l  and  radius  y.  In  the  principal  section  of  the  tube 
the  velocity  distributions  in  different  cross  sections  are 
identical,  therefore  forces  of  inertia  are  absent  and  the  cylinder 
will  be  in  equilibrium  under  the  tangential  stresses  on  its 
lateral  surface  and  the  pressure  difference  -  p2  on  its  bases, 
i.e. 


EizJL tJL 

i  ?' 


(163) 


According  to  this  formula  the  tangential  stress  is  proportional 
to  the  distance  from  the  axis  of  the  tube  and  reaches  its  greatest 
value  on  the  wall 


-  —  P<  ~p*  ' 

'•  1  7' 

b  5  tt 


(164) 


The  resistance  coefficient  c,  determined  by  relationship  (160), 
upon  replacement  of  the  pressure  gradient  by  Its  value  from 
formula  (164),  will  be 


c— 4-r*-. 
7** 


(165) 


Unlike  laminar  flow,  for  which  the  connection  between 
resistance  coefficient  (or  pressure  drop)  and  fluid  flow  rate 
is  determined  theoretically  from  the  solution  of  the  equations 
of  Navier-Stokes ,  in  a  turbulent  system  such  a  connection  can 
be  found  only  when  the  velocity  profile  is  known  from  experiment. 
As  has  already  been  indicated  in  §  4,  the  boundary  layer  velocity 
profile  on  a  flat  plate  at  Rx  ■  lO'-lG®  (R^  ■  Z'lO^-lO^)  is 
well  described  by  the  exponential  formula  with  exponent  1/7, 
which  in  the  selected  coordinate  system  takes  the  form 

■  'r — *  i/T 
M,sa\~r  }  • 


The  expression  for  the  resistance  coefficient  c  can  be 

immediately  obtained  from  relationship  .131)  at  Tw  *  1,  MQ  ■  0 

and  by  replacing  R{  by  R  •  (pucpd/u)  (considering  6  »  r),  and 

u„  bv  u  : 

0  J  cp 


*  \rl 


=  0,S  l 7 


Then  according  to  (165)  we  have 


;=*a 


0,10S 


(166) 
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This  formula  is  close  to  the  Blasius  formula 


. _ o;»i# 

obtained  on  the  basis  of  vast  experimental  material  for  R  ■ 

=  4-103-105. 

For  large  Reynolds  numbers  the  experimental  values  of 
coefficient  5  prove  to  be  higher  than  those  calculated  from  the 
Blasius  formula  or  according  to  formula  (166). 

To  eliminate  this  disagreement  we  use  (during  the  calculation 
of  the  resistance  coefficient)  the  logarithmic  velocity  profile, 
which  is  asymptotic  as  R  -*•  since  during  the  derivation  of 
this  profile,  molecular  viscosity  is  disregarded  as  compared  with 
turbulent  (§  4).  For  the  selected  coordinate  system  the 
logarithmic  velocity  distribution  law  (115)  takes  the  for:-, 

i  =  (167? 

and  Is  well  confirmed  by  experimental  d«ta  of  Nlkur&d-.e  for 
large  Reynolds  numbers  (Fig.  6.16).  On  the  fe.’fis  of  the  tube 
y  =  0,  therefore  from  (167)  we  have 


(168) 

Knowing  the  velocity  profile  (167),  it  is  ea.sy  to  find  th~  mean 
rate  of  flow  over  the  cross  section  of  the  tube 


=  2,5  U» -f  1,75 


<  1691 
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We  express  c  through  v-  and  u  substituting  into  equality 

p  cp 

(165)  the  value  tw  •  pvjj  (according  to  determination  (115)): 


Furthermore,  we  transform  the  quantity  v#r/v: 

W. '  5sf  A.  » 

*  *  »  s  5F*  rw 

Then  relation?. hip  (I69)  can  be  written  in  the  form 

*•» 

cr 


(170) 


'j— mi.  (171) 

This  formula  qualitatively  describes  well  the  change  In 
resistance  coefficient  for  smooth  pipes  with  large  Reynolds 
numbers.  Pest-  quantitative  agre>isu»nt  is  obtained,  however, 
if  we  change  somewhat  the  theoretical  numerical  fi.ctors  and 

accept 


a??) 

Figure  6.39  compares  the  values  of  ?  calculated  according 
to  Blaslua's  formula  (solid  curve)  and  according  to  formula 
(172)  (broker,  curve),  with  experimental  values  of  the  resistance 
coefficient  of  tubes  as  obtained  by  different  authors.  As  we 
see,  for  determining  the  resistance  coefficient  of  smooth  circular 
tubes  at  R  •  6*10^-10^  It  Is  possible  to  utilize  formula  (166), 
and  when  H  >  10^,  formula  (172). 


ft 
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Fig.  6.39.  Resistance  coefficient  for  smooth 
circular  tubes  during  turbulent  flow. 

ItuditB  of  the  fxow  of  a  fluid  in  tubes  with  noncircular 
cr.-ss  section  showed  that  the  laws  of  resistance  for  both  laminar 
anl  turbulent  systems  take  the  same  form  as  for  circular  tubes, 
li  i r.uteau  of  the  diameter  we  >,se  the  hydraulic  diameter,  equal 
to  the  ratio  of  four  limes,  the  cross-sectional  area  to  the 
perimeter.  Figure  u.6Q  gives  :he  results  of  measurements  of  C 
made  r.y  SMlIer  and  Mikuradze,  and  values  of  z  calculated  from 
l  omul  as  1  l6J ;  (curve  1;  and  (172)  (curve  2).  Here  the  charac¬ 
teristic  dimension  is  the  hydraulic  diameter. 

Finally,  let  us  examine  the  motion  of  an  ideal  gas  with 
constant  thermal  capacity  in  a  channel  of  constant  cross  section 
in  the  presence  of  friction  and  heat  exchange.  The  temperature 
of  the  walls  we  will  consider  constant.  The  equations  of 
continuity,  momentum  and  energy  for  the  average  parameters  take 
the  form 

t ■*$='-<  6 I'i  — “  C***  (fu7*}=  (173) 

where  3  Is  the  cross-sectional  area  of  the  channel,  U  -  its 

perimeter,  G  -  the  rr;-e  s  f  lo  ♦  rste  of  gas. 
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Pig.  6. *10.  Resistance  coef¬ 
ficient  for  tubes  with  non¬ 
circular  cross  section. 


Introducing  the  dimensionless  coefficients  of  friction  cf 
and  thermal  conductivity  St  into  the  last  two  equations,  and 
taking  into  account  that  pu  -  const,  as  follows  from  the  equation 
of  continuity  (173),  we  will  obtain 


4*  ( 17  ^ ) 

(175) 


while  cf  and  St  depend  on  the  flow  conditions  (laminar  or 
turbulent)  and  on  the  following  dimensionless  parameters: 


*>■**/(**»  *• 


(176) 


S»-8»(R .  Pr.  K  Jj). 


(177) 


where  X  is  the  velocity  coefficient,  which  is  the  ratio  of  the 
rate  of  flow  to  the  critical  speed  of  sound. 

At  small  rates  of  flow  (X  <<  1)  the  quantity  X  is  not  the 
determining  parameter.  In  this  case  the  heat-transfer  coefficient 
will  change  only  because  of  a  change  in  the  gas  temperature 
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along  the  channel.  Then  the  equation  of  energy  (175)  is  Integrated 

and  the  distribution  of  the  stagnation  temperature  along  the 

channel  is  determined.  The  velocity  distribution  is  found  from 

the  equation  of  momentum  (171*).  Precisely  such  an  approach  is 

usually  utilized  in  the  examination  of  the  motion  of  a  noneom- 

pressifcle  fluid  in  a  channel  of  constant  cross  section.  During 

study  of  the  motion  of  compressible  gas,  separate  integration  of 

the  equations  of  energy  and  momentum  is  impossible,  since  the 

heat-transfer  coefficient  in  this  case  depends  on  the  gas  velocity. 

Introducing  gas-dynamic  functions  and  the  dimensionless  stagnation 

temperature  6  ■  T*/T  ,  we  will  obtain 

w 


0  =  m  ^  -- ,  m  ---2  const. 

(178) 

Vi* 

(179) 

7, 

(180) 

Dividing  (179)  term-by-term  by  (180),  we  eliminate  the  variable  x 


*±i  Idllf-fltl  an  IL.  Ui* 
*  <n  zstrirr* 


Differentiating  in  the  left  side,  we  will  obtain  a  differen¬ 
tial  first-order  equation  connecting  dimensionless  stagnation 
temperature  0  and  the  velocity  coefficient  X: 


<y  2*  » 

Mi?)  r: 


(181) 


For  simplicity  of  further  computations  we  assume  chat  a 
Reynold's  analogy  holds  both  during  laminar  and  during  turbulent 
flow  conditions,  i.e.,  *  2St .  Then  equation  (l8l)  takes  the 

form 


n  60 


(182) 


I  *  rf>  2*  X 


s»;  5is3,r=rr=T 
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The  Integral  curves  of  this  equation  are  shown  on  Pig.  6.41  for 
k  -  1.4.  To  determine  the  direction  of  the  process  during  gas 
flow  In  the  channel  we  utilize  the  equation  of  energy  (180). 

If  the  channel  is  entered  by  a  gas  whose  stagnation  temperature 
is  lower  than  the  wall  temperature  (0  <  1),  then  the  gas  will  be 
heated  (de/dx  >  0)  and  0+1.  If  the  channel  is  entered  by  gas 
whose  stagnation  temperature  is  higher  than  the  wall  temperature 
(e  >  1),  then  the  gas  will  be  cooled  (d8/dx  <  0)  and  0+1. 
Consequently,  to  the  gas  flow  in  the  channel  corresponds  motion 
along  Integral  curves  to  6  ■  1.  In  the  area  0  <  1  both  effects 
(heat  supply  and  friction)  act  in  one  direction:  during  subsonic 
flow  (X  <  1)  occurs  flow  acceleration,  and  at  supersonic  flow 
a  slowing  down  occurs.  In  the  area  0  >  1  the  Joint  effect  of 
heat  removal  and  friction  is  more  complicated,  since  friction 
exerts  an  accelerating  action,  and  heat  removal  a  slowing  action. 


Fig.  6.41.  Integral  curves  of 
the  differential  equation 
describing  a  flow  of  compressible 
gas  in  a  channel  of  constant  cross 
section  with  friction  and  heat 
exchange  at  k  ■  1.4.  The  broken 
line  is  dX/d6  ■  0. 


Let  us  first  examine  subsonic  flow  (X  <  1).  With  large 
differences  in  the  gas  and  wall  temperatures  (large  0)  and  low 
speeds  (low  X)  the  effect  of'  heat  exchange  turns  out  to  be  more 
essential  and  a  slowing  of  the  flow  occurs  (dX/d0  >  0).  With 
large  X  and  low  0  the  friction  effect  predominates  and  flow 
Is  accelerated  (dX/de  <  0).  Along  the  line  of  the  transition 
from  slowing  to  acceleration  dX/de  ■  0.  Then  from  equation  (182) 
we  will  obtain  the  equation  of  this  line  in  the  following  form: 
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This  curve  is  shown  on  Fig.  6.41  by  broken  lines.  During 
supersonic  flow  of  heated  gas  (6  >  1,  X  >  1)  the  predominant 
effect  comes  from  friction  and  flow  is  slowed. 

After  the  dependence  of  X  on  0  is  found,  it  is  possible  to 
determine  the  remaining  flow  parameters.  From  the  equation  of 
continuity  (178)  follows 


i 


the  subscript  "m"  designates  parameters  in  the  beginning  of  the 
channel . 

Utilizing  fundamental  relationships  between  the  stagnation 
conditions  and  static  parameters,  we  will  obtain 
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Since  u  «=  aX, 


Finally,  integrating  relationship  (180),  we  find  the  connection 
between  x  and  0 
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since  the  dependence  of  X  on  8  is  already  known,  therefore, 
dependence  of  St  on  6  is  known. 


CHAPTER  VII 


TURBULENT  JETS 

§  1.  General  Properties  of  Jets 

In  many  instances  of  the  motion  of  liquid  and  gas  in  the 
flow  appear  so-called  surfaces  of  tangential  discontinuity;  the 
flows  of  liquid  on  both  sides  of  such  a  surface  are  called 
jet  streams.  Depending  on  the  relative  direction  of  motion  of 
the  Jets  they  can  be  cocurrent  or  counter.  The  characteristic 
feature  of  Jet  streams  is  the  fact  that  the  tangential  discon¬ 
tinuity  on  the  interface  undergo  such  quantities,  for  example,  as 
rate  of  flow,  temperature,  admixture  concentration,  whereas  the 
static  pressure  distribution  turns  out  to  be  continuous. 

On  the  surface  of  tangential  discontinuity  (in  connection 
with  its  instability)  appear  the  vortices,  which  in  disordered 
fashion  move  along  and  across  the  flow;  because  of  this  between 
adjacent  Jets  occurs  an  exchange  of  finite  masses  (moles)  of 
substance,  i.e.,  transverse  transfer  of  momentum,  heat  and 
admixtures.  As  a  result  on  the  boundary  of  two  Jets  is  formed 
an  area  of  finite  thickness  with  continuous  velocity  and  tem¬ 
perature  distribution  and  admixture  concentration;  this  area 
is  called  the  jet  turbulent  boundary  layer.  At  very  low  values 
of  the  Reynolds  number  the  Jet  boundary  layer  can  be  laminar, 
but  we  will  not  deal  with  this  comparatively  rare  flow  event. 
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The  simplest  case  of  a  Jet  boundary  layer  occurs  during 
the  discharge  of  a  fluid  with  regular  initial  velocity  field 
(Uq)  into  a  substance  moving  at  constant  velocity  (uH),  since 
in  this  case  in  the  initial  Jet  cross-sectional  area  the  boundary 
layer  thickness  is  equal  to  zero.  The  thickening  of  the  Jet 
boundary  layer,  which  consists  of  increased  particles  of  the 
surrounding  substance  and  stagnation  particles  of  the  Jet  itself 
leads,  on  one  hand,  to  an  increase  in  the  cross  section,  and  on 
the  other  hand,  to  the  gradual  "eating”  of  the  potential  nucleus 
of  the  jet  -  an  area  lying  between  the  internal  boundaries  of 
the  boundary  layer.  The  schematic  diagram  of  such  a  Jet  stream 
is  depicted  on  Fig.  7.1.  The  part  of  the  Jet  in  which  there 
is  a  potential  flow  nucleus  is  called  the  initial  section. 


Initial  seotlon  sJo?fon10n  ^“oipal  saotlon 


As  numerous  experiments  show,  one  of  the  basic  properties  of 
such  a  Jet  is  the  constancy  of  static  pressure  in  the  entire  flow 
zone1  as  a  consequence  of  which  the  speed  in  the  potential  care 


In  certain  cases  (during  the  interaction  of  a  Jet  with  any 
obstruction)  the  condition  of  pressure  constancy  can  be  disturbed, 
but  these  special  caseB  will  be  dealt  with  separately. 
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of  the  Jet  remains  constant.  Washout  of  the  Jet  behind  the 
limits  of  the  initial  section  is  expressed  not  only  by  its 
thickening,  but  also  a  change  of  veloctty  along  its  axis. 

At  a  certain  distance  from  the  end  of  the  initial  section 
the  Jet  stream  acquires  the  same  form  as  a  flow  of  fluid  from 
a  source  of  infinitesimal  thickness  (in  the  axisymmetric  case 
the  source  is  a  point,  and  the  plane-parallel  case  it  is  a 
straight  line  perpendicular  to  the  plane  of  spreading  out  of 
the  Jet):  the  corresponding  section  of  the  Jet  is  called  the 
principal  section.  Between  the  principal  and  initial  sections 
of  the  Jet  is  the  so-called  transition  section. 

Frequently  a  simplified  diagram  of  a  Jet  is  used,  and  the 
length  of  the  transition  section  is  assumed  to  be  zero;  in 
this  case  the  cross  section  in  which  the  pvinoipal  and  initial 
sections  meet  is  called  transition  Jet  cross-sectional  area. 

If  calculations  consider  the  transition  section,  then  the  transi¬ 
tion  cross  section  Is  considered  as  coinciding  with  the  beginning 
of  the  principal  section. 

The  most  studied  form  of  a  turbulent  Jet  stream  is  the 
Jet  which  spreads  in  a  quiescent  medium;  such  a  Jet  is  called 
submerged. 

In  the  described  diagram  of  a  Jet  it  is  assumed  that  the 
boundary  layer  has  finite  thickness;  some  theories  of  the 
submerged  Jet  accept  a  boundary  layer  of  Infinite  thickness  with 
asymptotic  profiles  of  velocity,  temperature  and  other  quantities. 
Both  these  representations  of  a  boundary  layer  are  virtually 
possible  to  reconcile  between  one  another,  since  an  asymptotic 


boundary  layer  can  be  always  approximately  replaced  with  a  layer 
of  finite  thickness.1 

The  characteristic  feature  of  turbulent  .let,  as  shown  by 
theory  and  numerous  experiments,  is  the  smallness  of  the  transverse 
components  of  velocity  in  any  jet  cross-sectional  area  in  com¬ 
parison  with  the  longitudinal  velocity.  Consequently,  if  the 
X-axis  is  combined  with  the  axis  of  symmetry  of  the  Jet,  the 
velocity  components  along  the  y-axis  will  turn  out  to  be  so  low 
that  in  engineering  applications  of  Jet  theory  they  can  be 
disregarded. 

Experiments  show  that  profiles  of  excess  values  of  velocity, 
temperature  and  admixture  concentration  both  in  a  submerged 
turbulent  Jet  and  in  a  Jet  spreading  in  cocurrent  flow  have  an 
identical  universal  form.  Figure  7.2  gives  the  universal  velocity 
profile  obtained  in  the  experiments  of  Forstal  and  Shapiro* 
in  the  principal  section  of  an  axlsymmetric  air  Jet  moving  into 
an  air  flow  of  the  same  direction  and  same  temperature,  while 
the  dimensionless  excess  values  of  velocity  Au/Aum  are  constructed 
as  a  function  of  dimensionless  ordinates  y/yc: 


iu  __  u-u,  _,'j\ 
iu«  “n-U,  1  '  * 


(1) 


*In  this  case  the  "boundaries"  of  an  asymptotic  layer  are 
considered  to  be  the  surfaces  on  which  the  values  of  velocity 
(or,  for  example,  temperature)  differ  from  the  boundary  values 
by  a  certain  preassigned  low  value,  for  examDle  by  IX. 

* Almost  all  literature  sources  utilized  in  this  chapter  are 
contained  in  the  bibliography  to  the  monograph  of  the  author 
(G.  N.  Abramovich,  Teorlya  turbulentnykh  struy.  Fizmatgiz,  M., 
I960).  References  only  to  later  sources  are  given. 
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Here  u  -  velocity  at  a  distance  y  from  the  axis  of  the  Jet,  um  - 
velocity  on  the  axis  of  the  Jet,  uH  -  velocity  of  cocurrent  flow, 
yc  -  distance  from  axis  of  Jet  to  place  in  which  excess  velocity 
is  half  its  maximum  value:  u  -  u  ■  0.5  (u_  -  u  ). 
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Fig.  7*2.  Dimensionless  excess 
velocity  profile  in  principal 
section  of  an  axisyminetric  air 
Jet  spreading  in  a  cocurrent 
airflow . 

KEY:  (1)  According  to  experi¬ 
ments  of  Forstal  and  Shapiro. 


These  experiments  were  carried  out  with  different  ratios  of 
the  speed  of  cocurrent  flow  to  the  discharge  velocity:  m  ■ 

-  uh/Uq  *  0.2;  0.25;  0.116.  Figure  7.2  depicts  also  the  velocity 
profile  in  the  submerged  Jet  (dotted  line),  taken  from  experiments  of 
Tryupel';  the  universal  velocity  profile  with  and  without  cocurrent 
flow  turned  out  to  be  virtually  Identical. 


According  to  the  experiments  of  Weinstein,  Osterle  and 
Forstal,  and  also  Fertman  dimensionless  excess  velocity  profiles 
in  flat  cocurrent  and  submerged  Jets  are  described  by  the  same 
universal  relationship  as  in  axially  symmetrical  Jets. 


Investigated  in  the  works  of  B.  A.  Zhestkov,  V.  V.  Glazkov 
and  M.  D.  Gusev,  velocity  fields  in  the  mixing  zone  of  two  plane- 
parallel  turbulent  Jets  of  one  direction  with  different  velocities 
relationships  (m  -  0,  0.23,  0.43,  0.64)  are  represented  on 
Fig.  7.3  in  the  following  dimensionless  coordinates: 


iu 

iu, 


(2) 
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Initial 


here  Au  *  u  -  uH  excess  velocity  in  Jet,  AUq  ■  uQ  -  uH  - 
difference  in  the  Jet  velocities,  Ayc  ■  y  -  yQ  ^  -  transverse 
distance  from  measurement  point  to  point  at  which  velocity 

■  0.5  Au0,  Ayfc  ■  Yq  g  -  y0.i  -  distance  between  the  points 
at  which  excess  values  of  velocity  are  equal  respectively  to 
Au^  *  0.9  Au0  and  Au2  ■  0.1  AuQ. 
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Fig.  7.3.  Dimensionless  excess  velocity 
profile  in  the  boundary  layer  of  two  flat 
plane  cocurrent  air  Jets  (initial  section). 
KEY:  (1)  According  to  experiments  of 

B.  A.  Zhestkov,  et  al.;  (2)  According  to 
experiments  of  Albertson,  et  al. 


The  same  figure  graphs  the  velocity  curve  in  the  boundary 
layer  of  the  initial  section  of  a  submerged  flat  jet,  obtained  in 
experiments  of  Albertson,  et  al.  In  this  case  also  the  velocity 
profile  is  universal,  but  differs  somewhat  from  the  same  for 
the  principal  section. 

Measurements  made  by  the  author  in  conjunction  with  F.  M. 
Vafin  in  the  initial  zone  of  flow  astern  of  a  poorly  streamlined 
body  located  on  the  axis  of  a  channel  of  constant  cross  section 
(in  the  flat  and  axlsymmetric  cases)  showed  that,  in  spite  of 
the  existence  of  a  zone  of  return  currents.  The  dimensionless 
velocity  profiles  (2),  in  the  construction  of  which  it  was  taken 


into  consideration  that  the  velocity  of  the  return  current 
(u  <  0)  changes  with  distance  from  the  stern  of  the  body, 
turned  out  to  be  the  same  as  in  the  boundary  layer  of  an  ordinary 
Jet. 


Similar  results  are  obtained  in  the  combustion  chamber  of 
a  gas-turbine  engine.  In  the  beginning  of  the  chamber  a  large 
area  of  return  currents  is  usually  created,  meeting  on  the  axis 
of  symmetry.  Typical  profiles  of  the  axial  components  of  velocity 
in  the  different  cross  sections  of  such  a  chamber,  obtained 
during  "cold  blow-through"  (without  combustion)  in  A.  I.  Mikhaylov’s 
work,  are  plotted  on  Pig.  7 . ^ -  These  profiles,  but  in  dimension¬ 
less  coordinates  of  type  (2),  coincide  with  those  given  on  Fig.  7.3. 


blow-through) according  to  experimental 
data  of  A.  I.  Mikhaylov. 

The  experiments  of  L.  A.  Vulis,  Ye.  V.  Ivanov  and  other 
researchers  show  that  the  profiles  of  dimensionless  excess 
values  of  velocity  in  a  Jet  held  by  a  counterflow  are  also  universal 
and  close  to  the  same  for  a  submerged  Jet. 

Approximate  analytical  dependences  can  be  selected  to 
describe  a  universal  velocity  profile. 
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Subsequently  for  a  description  of  the  velocity  profile  in 
the  principal  section  of  a  Jet  of  any  form  we  will  use  function 
f(n),  which  was  first  theoretically  obtained  by  Schlichting : 

(3) 

Here  n  ■  y/b  -  distance  from  point  with  velocity  u  to  axis  of 
Jet,  expressed  in  fractions  of  half-thickness  (or  radius)  of  a 
given  Jet  cross-sectional  area. 

The  relative  distance  to  the  point  at  which  the  excess 
velocity  is  half  that  on  the  axis  of  the  Jet  or. (yij, 

is  easily  determined  from  (3): 

(D) 

The  velocity  profiles  calculated  from  formula  (3)  agree  well 
with  the  experimental  velocity  profile. 

In  the  initial  section  of  the  Jet  (um  ■  uQ)  the  curve  of 
the  universal  velocity 

{5) 

matches  well  with  experimental  data  (Fig.  7.3)»  where  dimensionless 
ordinate  nH  is  read  from  the  external  Jet  boundary  (Fig.  7.5): 

(6) 

Curve  (5)  as  a  result  of  a  change  in  the  beginning  of  the 
reading  differs  from  curve  (3).  The  coordinates  of  points 
y0  5,  y0>9,  yg.i*  which  we  used  for  comparison  of  the  calculated 
curve  with  experimental  data,  were  found  from  (5)  with  the 
determination  of  (6). 
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Fig.  7.5.  Diagram  of  boundary 
layer  of  submerged  Jet. 


The  described  results  were  obtained  at  moderate  jet  velocities 
( Mq  <<  1)  and  slightly  different  density  values  of  the  substance 
of  the  Jet  pQ  and  the  surrounding  medium  ph,  i.e.,  at  n  «  PH/pQ  % 

1.  Experiments,  however,  show  that  the  universality  of  the 
velocity  profile  is  not  disturbed  even  with  a  considerable  change 
in  the  density  ratio  (0.25  <  n  <  *0. 


If  the  parameter  of  compressibility  n  differs  from  unity  by 
not  more  than  a  factor  of  ^ ,  the  temperature  profiles  in  the  Jets 
are  also  universal,  while  for  the  initial  section  It  is  possible 
to  use  the  linear  dependence 


r-r, 

/,~r. 


=  t„  or 


r,  —  r  , 
rT=T.  = 1  -  v 


(7) 


where  nH  is  determined  in  accordance  with  (6),  and  the  indices 
on  the  values  of  temperature  are  the  same  as  in  (5)  on  the  values 
of  velocity.  Dependence  (7)  is  comparable  with  the  experimental 
data  on  Fig.  7.6. 

In  the  cross  sections  of  the  principal  section  the  following 
dependence  of  excess  temperature  on  the  excess  velocity  is  valid: 


T  -  T, 


f "  ... . 

•m  -»,) 


% 


(8) 


Here  Pr?  is  Prandtl's  "turbulent"  number,  proportional  to  the 
ratio  or  heat  emitted  as  a  result  of  eddy  viscosity  to  heat 
removed  by  turbulent  mixing. 
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Pig.  7.6.  Temperature  profile 
in  boundary  layer  of  Jet. 

KEY:  (1)  According  to  author 's 
experiments;  (2)  According  to 
experiments  of  Yakovlevskiy ; 

(3)  Line. 

Experiments  carried  out  for  n  -  0.03-300  show  that  for 
axially  symmetrical  Jets  it  is  possible  to  take  PrT  ■  0.8,  and 
for  flat  Jets  PrT  »  0.5* 


Comparison  of  the  temperature  profile  (8)  in  the  principal 
section  with  the  experimental  data  is  demonstrated  on  Pig.  7.7. 


Fig.  7.7.  Profile  of  excess 
temperature  in  the  principal 
section  of  a  flat  Jet  (Pr  »  0.5) 
KEY:  (1)  According  to  Relchardt 

experiments. 


According  to  the  experimental  data  of  B.  A.  Zheetkov, 

M .  M.  Maximov,  et  al.  dependences  (7)  and  (8)  are  valid  also  for 
Jets  with  high  initial  discharge  velocity  (Mq  >  1).  However, 
in  this  case  instead  of  the  thermodynamic  temperatures  these 
dependences  should  include  the  stagnation  temperatures. 


The  distribution  of  admixture  in  the  cross  sections  of  a 
turbulent  Jet,  if  the  admixture  concentration  is  not  too  great, 
in  order  to  Influence  substantially  the  density  field  obeys  the 
same  law  as  the  distribution  of  temperature: 


r~r, 

fm'~ 1Y,* 


(8a) 


Here  is  the  weight  concentration  of  admixture,  which 

is  the  ratio  of  the  weight  of  admixture  to  the  weight  of  the 
entire  mixture  in  the  same  volume. 


The  va’ Jolty  of  equality  (8a)  is  confirmed  by  numerous 
experimental  data 


Let  us  examine  the  expansion  of  the  boundaries  of  a  turbulent 
Jet.  Let  us  assume  that  the  rate  of  buildup  of  the  boundary 
layer  thickness  is  proportional  to  the  pulsation  component  of  the 
transverse  velocity 


which  in  turn,  is  proportional  to  the  transverse  gradient  of  the 
longitudinal  (main)  flow  velocity: 


Here  l  is  the  turbulent  mixing  path. 

In  view  of  the  similarity  of  the  velocity  profiles  in  different 
sections  of  the  boundary  layer,  the  transverse  gradient  of 


longitudinal  velocity  is  proportional  to  the  difference  in  the 
velocities  on  the  boundaries 


da 

r, 


Because  of  this  we  have 

From  the  similarity  of  profiles  it  follows  also  that  the  ratio 
of  characteristic  linear  dimensions  is  a  constant  value 

j  «■  conit, 

therefore  the  pulsation  component  of  transverse  velocity  is 
proportional  to  the  difference  in  the  velocities  on  the  boundaries 
of  the  layer 

—  if,v 


Since,  by  hypothesis, 


dt 

"dt 


dk  djt  dk 
dx  dt**dxr' 


the  law  governing  build-up  of  boundary  layer  thickness  along  the 
length  of  tho  Jet  can  be  presented  in  the  following  form: 


The  quantity  £  ■  |v'|/|u|,  called  the  turbulence  level  of  a  flow, 
is  always  positive,  since  it  is  calculated  from  the  mean 
absolute  values  of  transverse  pulsation  velocity  |v'|  and  the 
longitudinal  flow  velocity  |u|,  which  means  that  in  all  cases 
db/dx  >0.  It  remains  to  explain  which  value  of  forward  velocity 
should  be  substituted  into  the  denominator  of  expression  (9). 
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The  characteristic  value  of  average  speed  can  be  determined 
by  different  methods.  Averaging,  however,  should  be  over  the 
depth  (and  not  the  cross-sectional  area)  of  the  Jet;  this  follows 
from  the  experimental  fact  that  the  laws  governing  build-up  of 
thickness  in  flat  and  axially  symmetrical  Jets  are  approximately 
identical.  Judging  from  the  experimental  data,  it  is  advantageous 
to  use  the  value  of  mean  mass  flow  rate: 


» 


\  t'i 


i 


(10) 


which  in  the  case  of  a  noncompressible  fluid  is  close  to  the 
arithmetic  mean1  of  its  absolute  values  on  the  boundaries  of  the 
layer: 

i 

\"0 

«  =  (ID 


In  that  case  we  will  obtain  the  following  law  governing 
Increase  in  boundary  layer  thickness: 

(12) 

<tx  i«,i+i«,r 

Expression  (12)  leads  to  interesting  conclusions.  In  the  boundary 
layer  which  appears  on  the  edge  of  two  boundless  Jets  (u^  ■  const, 
u2  ■  const)  the  thickness  is  proportional  to  the  distance  from 
the  beginning  of  the  displacement 
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‘For  velocity  profile  (3)- 


where 


Comt 


(13) 


The  value  of  the  coefficient  c  should  be  determined  exper¬ 
imentally,  for  example  by  the  results  of  study  of  a  jet  spreading 
in  a  motionless  medium  (u2  ■  0),  when  the  following  equality 
holds  : 

(14) 

In  general  (u2  t  0)  the  boundary  layer  thickness  is  found 
on  the  basis  of  (12),  (13)  and  (14): 


>  I —  «,t 


(15) 


In  the  particular  case  of  cocurrent  motion  of  two  boundless 
Jets  the  velocities  on  the  boundaries  of  the  layer  have  Identical 
sign3,  as  a  consequence  of  which  the  angle  of  the  boundary  layer 
growth  decreases  with  an  increase  of  the  speed  of  cocurrent 
flow  u2: 


whereupon  the  minus  sign  is  taken  with  u2  <  u^. 


(16) 


During  the  spreading  of  a  Jet  in  a  counterflow  the  speeds 
on  the  boundaries  of  the  layer  have  different  signs,  i.e.,  the 
geometric  difference  in  the  speeds  is  equal  to  the  sum  of  their 
absolute  values,  therefore 


h  _  ai  ~4~ » 

*i  »i-f « 
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(17) 
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In  other  words,  during  the  counter  movement  of  the  Jets  (Uj  <  0) 
the  angle  of  the  boundary  layer  growth  does  not  depend  on  the 
relationship  of  velocities  on  the  boundaries,  i.e.,  the  same  as 
with  the  spreading  of  a  Jet  in  a  motionless  medium  is  obtained 
in  all  cases. 


Figure  7.8  depicts  the  calculated  curve  which  corresponds 
to  formula  (15)  for  the  intervals  of  m  from  -1  to  0  and  from  0 
to  +1 : 


I  <tb 


when 


t  <t.x  !  —  ■ 

when 

<■»  4x 


In  view  of  the  complexity  of  determining  from  experiments  the 
true  value  of  b,  the  distance  Ayb  between  points  with  values  of 
excess  velocity  au1  -  0.9AuQ  and  AUg  ■  0.1AuQ  was  used  here  as 
the  boundary  layer  thickness.  With  a  universal  velocity  profile 
the  quantity  Ayb  is  in  all  cases  Just  the  very  same  fraction  of 
the  boundary  layer  thickness 


where  b^  -  boundary  layer  thickness  of  submerged  Jet, 
Ayb  for  the  submerged  Jet. 


value 


For  comparison  Fxg.  7.8  gives  the  experimental  points  which 
at  the  same  value  of  the  experimental  constant  (c  ■  c^)  lie 
close  to  the  calculated  curve  in  the  range  -0.4  m  _<  0.4  but 
move  away  from  it  when  m  >  0.5.  This  result,  observed  also  in 
shadow  photographs  of  a  Jet,  can  be  explained  by  the  following. 


Pig.  7.8.  Dependence  of  boundary  layer 
thickness  of  a  Jet  of  noncompressible 
fluid  on  the  speed  of  the  external  flow. 
KEY:  (1)  According  to  0.  V.  Yakovlevskiy 's 

experiments;  (2)  According  to  the  experi¬ 
ments  of  B.  A.  Zhestkov,  et  al.;  (3) 
According  to  the  experiments  of  0.  N. 
Abramovich  and  P.  M.  Vafin;  (4)  Theory. 


During  the  derivation  of  formula  (12),  we  assumed  that  turbulence 
in  the  boundary  layer  gives  rise  to  only  a  difference  in  the 
velocities  on  the  boundaries,  and  outside  the  boundaries  is 
completely  absent,  i.e.,  v'  0  when  m  ■*  1 .  In  actuality  even 
in  the  "undisturbed"  flow  there  is  a  certain  initial  turbulence, 
therefore  when  u^  and  are  close  to  each  other,  i.e.,  the 
Intensity  of  turbulence  arising  In  the  Jet  is  less  than  the  initial 
intensity  of  turbulence  of  undisturbed  flow,  the  effect  of  the 
first  ceases  and  the  mixing  is  determined  by  the  turbulence  of 
undisturbed  flow,  which  does  not  depend  on  the  value  of  m.  It 
is  natural  that  in  this  area  the  angle  of  the  boundary  layer 
growth  is  barely  connected  with  the  relationship  of  velocities 
on  the  boundaries  of  the  layer. 

The  results  obtained  for  the  zone  of  mixing  of  two  boundless 
Jets  are  valid  also  for  the  initial  section  of  a  Jet  of  finite 
thickness  spreading  in  cocurrent  or  cour.terf low,  since  in  the 
initial  section  on  both  boundaries  of  the  mixing  zone  the 
velocities  remain  constant. 
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The  contours  of  the  principal  section  of  a  jet  of  finite 
thickness  during  counter  movement  to  the  fluid  encircling  the 
Jet,  in  view  of  the  fact  that  the  velocity  of  the  counter  move¬ 
ment  does  not  affect  the  angle  of  thickening  of  mixing  zone, 
remain  approximately  the  same  as*in  the  submerged  Jet. 


A  more  complex  problem  is  determining  the  contours  of  the 
principal  section  of  a  Jet  in  a  cocurrent  flow  of  fluid.  In 
this  case  formula  (12)  acquires  the  following  form 


ibr** 


±e 


(18) 


where  u^  -  velocity  on  the  axis  of  the  principal  section  of  the 

Jet,  uh  -  speed  of  cocurrent  flow  (minus  sign  is  taken  when 

u  >  u„).  In  connection  with  the  fact  that  u_  changes  on  the 
h  m  m 

axis  of  the  Jet,  l.e.,  u  3  u  (x),  the  Jet  boundary  in  cocurrent 

’mm 

flow  should  be  curvilinear 


To  determine  it,  it  is  necessary  to  know  the  form  of  dependence 
um(x),  which  can  be  obtained  from  the  condition  of  conservation 
of  momentum;  the  solution  to  this  problem  is  given  below. 


In  formulas  (12)-(l8)  expression  (11)  is  used  for  average 

speed,  valid  In  the  case  of  a  noncompressible  fluid.  For  values 

of  n  «  p  /p..  differing  significantly  from  unity  it  is  necessary 

to  consider  the  compressibility  effect,  for  which  in  the 

denominators  of  formulas  (12)-(l8)  the  sum  (u  +  u  )  is  replaced 

m  h 

by  2|u|,  which  can  be  determined  from  dependence  (10).  Then  (18) 
takes  the  following  form: 


±< 


ix 

dt: 


“R 


Au, 


(19) 
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The  excess  speed  (A u,  »  -  u  )  and  the  excess  temperature 

m  m  h 

(ATm  ■  T  -  T  )  along  the  length  of  the  principal  section  of  a 
jet  rapidly  change,  in  connection  with  which  the  strong  compress¬ 
ibility  effect  of  gas  on  the  form  of  the  jet  boundary  is  exhibited 
only  in  the  transition  section  and  the  initial  part  of  the 
principal  section  of  the  jet. 


On  almost  the  entire  length  of  the  principal  section,  as 
shown  by  experiments  on  supersonic  and  strongly  heated  subsonic 
Jets,  the  Jet  boundary  is  weakly  bent,  and  therefore  instead  of 
complex  dependence  (10)  for  average  speed  it  is  possible  to 
utilize  the  simplified  expression 


PaSt±ls2s- 

tm  +  f » 


In  this  case  instead  of  (19)  we  have 


*•  +  «•  *> 

_ a. 


«  + 


tm 


(20) 


With  the  aid  of  the  equation  of  state  the  density  ratio  in 
an  isobaric  Jet  is  replaced  by  the  temperature  ratio 


tm 

H 


(21) 


Based  on  numerous  experiments  we  take  values  of  coefficient 
c  in  (19)  for  the  initial  section  c  ■  0.27  and  for  the  principal 
section  c  =  0.22. 


§  2.  Change  in  the  Parameters  Along 
the  Length  of  a  Jet 

In  seeking  laws  governing  a  change  in  velocity,  temperature 
and  admixture  concentration  along  the  length  of  a  turbulent  gas 


h  8 1 


Jet  or  a  liquid  Jet,  and  also  for  determining  the  Jet  boundaries 
It  is  possible  to  use  the  conditions  of  conservation  of  momentum, 
enthalpy  and  mass  of  admixture,  and  also  the  law  governing  build¬ 
up  of  thickness  of  the  jet  (20),  which  we  write  in  the  following 
form : 


where 


-fcc 


Jx 

if* 


(22) 


while  uQm,  Tgm  are  the  values  of  velocity  and  temperature  on  the 
axis  of  the  Initial  Jet  cross-sectional  area. 


From  comparison  of  the  first  and  second  terms  in  the  right 
side  of  equation  (22)  it  follows  that  when  m  ^  0  the  first  term 
increasing  without  limit  with  a  decrease  in  the  axial  velocity, 
usually  exceeds  in  value  the  second  term  (which  in  this  case 
approaches  unity),  and  thus  it  is  determining.  Consequently, 
also  for  the  case  of  a  nonisothermal  Jet  in  cocurrent  flow  it 
is  possible  in  the  first  approximation  to  use  the  same  law 
governing  increase  of  Jet  thickness,  or  as  it  is  occasionally 
referred  to  as,  the  equation  of  propagation,  which  also  holds 
for  an  isothermal  Jet,  namely: 


t 


(22a) 


The  most  relieving  effect  of  parameter  6  on  the  characteristics 
of  a  Jet  is  exhibited  in  the  case  of  a  submerged  nonisothermal 
Jet  ( uH  -  0),  for  which  the  equation  of  propagation  will  be 
written  as  (the  second  term  of  the  right  side  of  equality  is 
retained  (22)): 


dx 

*'db' 


i+:: 


l  +  — a— 


(22b) 
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This  equation  is  correct  both  for  a  plane  and  for  an  axially 
symmetrical  Jet;  in  the  latter  case  it  is  necessary  only  to 
replace  half-thickness  b  by  the  radius  of  the  Jet  r. 

To  establish  from  equation  (22)  the  form  of  function  b(x) 
it  is  necessary  to  know  the  law  of  velocity  change  along  the  axis 
of  the  Jet  Aum(x),  which  can  be  found  with  the  equation  of 
conservation  of  momentum.  For  an  isobarlc  Jet  this  equation 
takes  the  following  form: 


5  ("  —  « J  dAt  “■  j  («#  —\)  dM. 


Here  M  -  mass  flow  per  second  of  gas  (or  liquid),  flowing  through 
an  arbitrary  transverse  Jet  cross-sectional  area;  MQ  -  same  in 
the  initial  Jet  cross-sectional  area,  dM  *  pudF  -  mass  flow 
per  second  of  a  stream  filament  in  an  arbitrary  cross  section. 
From  equation  (23)  we  obtain 


/  l*  »  A*  a  it 

TO 


=  &  («»m  \«[  {  _  Jil_  C 

P  U‘W  [J  u.m  J 


*•  J 


Utilizing  the  above  designations 

pa.=  • 

utm  Ab(-  I  —  m  • 

application  of  which  is  convenient  with  a  uniform  velocity  field 
of  external  flow  and  nonuniform  initial  velocity  field  in  the 
Jet  (here  Ugm  is  the  velocity  on  the  axis  of  the  Jet  in  the 
initial  cross  section,  AuQm  =  uQm  -  uh),  and  also  the  values 


€ 
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<  J_  ill  iP 
$  N«  ^  F' 


^7T* 


_Mt 


"i* 


(2'0 


(25) 

(26) 


we  come  to  the  following  equation,  which  expresses  the  law  of 
conservation  of  momentum  In  the  jet: 

±<■1*  o  -  ’»)  -i-  ^„v« = £  .  (27) 

We  will  hence  obtain  the  dependence  of  the  velocity  on  the  axis 
of  the  principal  section  of  the  Jet  on  the  relative  cross- 
sectional  area 


}/"  ”i’M  +  A,  (».j  —  ««„)  —  mA, 
(i  —  bij  7* 


or 


A»— 5Tr ^irx-X/'+^y-')’ 


(28) 


where  the  parameter 


nt  _  ^  (*>•  —  *11  la) 

r  m‘A  I  • 


(29) 


With  uniform  velocity  and  density  fields  in  the  initial  Jet 
cross-sectional  area  (uQ  ■  u^^  ■  const,  *  const) 

nlu  *  °*  n2u  =  1 »  ;Ln  connection  with  which  the  right  side  of 
expression  (27)  is  substantially  simplified. 
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Let  us  compose  now  the  equation  of  conservation  of  excess 
enthalpy  for  nonuniform  velocity  and  temperature  fields  in  the 
initial  Jet  cross-sectional  area 


or  in  dimensionless  form 

i 


&T,m  iUtm  J  tp^  ptm  AUjg,*  A Tm  P  | 

+  //» -f-vS-  {  JZ-JL  f  hL  _!•_  JIL  4? 

Xftn  }  e«m  p‘m  *  Tm  f  j  'f%m  »♦«  » «<a  ~F,  ' 


Introducln.fr  the  designations 


following  form: 
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\ 

|  f»»  'mi  1uh  4  Tm  P' 

(32) 
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(33) 
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conservation  of  excess 

enthalpy  to  the 

i 

if 

*»„  ITJSAI  -  »)-|*  ±Tmntm  =  £/»r 


If  gas  Jets  are  mixed  with  uniform  velocity,  density  and  tem¬ 
perature  fields  in  the  initial  cross  section,  then  nT  •  1 .  After 
dividing  the  left  and  right  sides  of  equation  (27)  by  the 
corresponding  parts  of  equation  (35),  it  is  possible  to  establish 


-.he  connection  between  dimensionless  excess  values  of  temperature 
and  velocity  on  the  axis  of  the  principal  section  of  the  Jet: 


A/*  — 


(36) 


where 


A  a  !!ll!  —  ** t  0  —  *>)  -f- 

?  *•»*  — -  ***n  (I  —  #1)  -f-  ti,m  ' 


(37) 


In  the  case  of  a  submerged  jet  (Aum  *  um,  m  ■  0)  with  uniform 
initial  velocity  and  temperature  fields  (n^u  *  n2U  »  ny  ■  1) 


i  _ &Tm _ A , 

**  T  ~"Um  It,  ~  COn,t* 


(38) 


where 


=  «*/«*.  (39) 

In  the  case  of  mixing  of  jets  of  identical  velocity  (m  =  1) 
with  the  uniform  initial  fields 

*tt  =  s=j  const.  ( 4  0  ) 

During  the  mixing  of  Jets  of  different  gases  (or  liquids) 
the  density  distribution  depends  also  on  the  field  of  concentra¬ 
tions  of  each  of  the  gases  (or  liquids)  composing  the  mixture.  The 
field  of  dimensionless  excess  concentration  of  any  of  the  cases 
In  the  transverse  Jet  cross-sectional  area  is  subordinated  to 
dependence  (8a).  The  distribution  of  excess  admixture  concen¬ 
tration  along  the  axis  of  the  jet  is  established  with  the  aid  of 
the  equation  of  conservation  of  excess  admixture  in  the  jet 


j  (*  —  *«)  dM  =»  Jj  {*« — *,)<M f»  <  n  j 

which,  after  bringing  to  dimensionless  form,  can  be  presented 
thus : 


0  —  Ml) 


,J1a  *La.C  .L 

^l*,n  jJ  In  ^ 


(42) 


Let  us  designate 


0,=  C-L.t\^ 

£  »«,  !**  V  • 

(43) 

jl.  *l 

J ST, s«„  r • 

(44) 

fi  u  C  >.  Jf*.  SL^'j 

*  f  U*m  ^  * 

(45) 

(46) 

Then  the  equation  of  conservation  of  excess  impurity  content  will 
be  written  thus : 


(47) 

After  dividing  the  left  and  right  sides  of  equation  (27)  by  the 
corresponding  parts  of  equation  (47),  we  establish  the  connection 
between  the  admixture  concentration  and  the  velocity  on  the  axis 
of  the  Jet: 
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(48) 


where 


k  =  iiilLr  1>  ji«i, 

*  n,»  -  uni,,  \\  •  •  m) 


(K9) 


In  the  case  of  a  submerged  Jet  (m  ■  0)  with  uniform  initial 
velocity  fields  and  admixture  concentration  (n2u  ■  n^  a  1) 


A 


u  — 


~~D\ 


=  const 


(50) 


In  the  case  of  the  mixing  of  Jets  of  identical  velocity  (m  ■  1) 
with  uniform  initial  fields,  we  have 


const 


(51) 


Solving  Jointly  equations  (20),  (27),  (35)  and  (^7),  it  is  possible 
to  find  the  dependences  of  change  in  thickness  of  Jet,  and  also 
the  velocity,  temperature  and  admixture  concentration  along  the 
axis  of  the  principal  section  of  the  Jet.  To  calculate  the 
coefficients  of  initial  nonuniformity  nlu,  n2U»  nT »  nx  lfc  iS 
necessary  to  know  the  fields  of  velocity  density,  temperature 
and  other  parameters  of  liquid  (or  gas)  in  the  initial  Jet  cross- 
sectional  area.  Utilizing  the  fields  of  velocity  (3),  temperature 
(8)  and  admixture  concentration  (8a)  in  the  cross  sections  of  the 
principal  section,  it  is  possible  to  calculate  the  definite 
Integrals  A^,  A2,  B^,  B2,  and  D2  which  are  the  coefficients  of 
equations  (27),  (35)  and  (37). 


For  the  uniform  velocity,  temperature  and  admixture  concen¬ 
tration  fields,  in  the  initial  Jet  cross-sectional  area  the  family 
of  curves  which  describe  change  in  relative  excess  velocity 

Au  (and  also  temperature  AT  and  concentration  Ax„ )  in  the 
m  m  _  m 

dimensionless  length  of  the  Jet1  x  ■  (x/bQ),  has  a  parameter 

'bp  -  half-width  of  the  Initial  cross  oretior.  of  flat  Jet 
(or  the  initial  radius  of  an  axially  symmetrical  jet). 


Ji33 


the  quantity  m  ■  uh/Uq  at  n  •  Pm/Oq  "  const  or  n  at  m  »  const. 

With  a  decrease  in  m  and  increase  of  n  the  "attenuation"  of  the 
Jet  is  accelerated. 

The  initial  flow  nonuniformity  substantially  distorts  the 
effect  of  parameter  m  on  the  dependence  iium(x).  With  considerable 
initial  nonuniformity  (for  example,  during  discharge  from  a 
long  cylindrical  pipe)  the  effect  of  m  ceases  to  be  detected. 

This  can  be  judged  from  the  experimental  data  for  a  subsonic  jet 
(Fig.  7.9)  and  for  a  supersonic  Jet  with  MQ  -  3  (Fig.  7.10). 

The  degree  of  preheating  of  Jets  9  in  these  experiments1  was 
approximately  identical  (respectively  6  *  1.85  and  6=2). 
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Fig.  7.9.  Excess  axial  velocity  in  non- 
isothermal  (9  =  1.85)  axisymmetric  gas  Jet 
spreading  in  cocurrent  flow  (rr.  ■  var)  ;  experi¬ 
mental  data  of  0.  V.  Yakovlevskiy  and  V,  K. 
Pechenkin . 


'For  supersonic  jets  6  is  understood  as  ratio  of  stagnation 
temperatures  in  the  initial  Jet  cross-sectional  area  and  in  the 
surrounding  medium. 


FI*;.  7.10.  Excess  axial  velocity  in 
supersonic  axisymmetric  gas  Jet  (Mq  =  3) 

spreading  in  cocurrent  flow  (m  *  var) ; 
experimental  data  of  B.  A.  Zhestkov, 
e  t  a  1 . 


Calculations  and  experiments  show  that  conversion  factors 
u>.;  determined  by  equalities  (37)  and  (49),  barely  change 
u  'i.f;  the  length  of  the  Jet  and  do  not  depend  on  the  parameter 
-of  compressibility  n. 

Thus,  if  dependence  Au|t|(x)  is  established,  then  it  is  easy 
*  •••  pa:.;-,  from  It  with  the  aid  of  (  36),  (37),  (48)  and  (49)  to 
d-.fc-r.denco?  ATl?i(x)  and  Axm(x);  for  this  it  is  necessary  to  know, 
however,  the  variation  factors  in  the  initial  Jet  cross-sectional 
vo-a  lu,  n2u,  nT  a no  . 

If  In  (37)  we  disregard  the  effect  of  Au^  in  comparison 
v:(.h  r,  then  for  the  case  of  uniform  Initial  fields  (nlu  =  n2u  = 

-  r.  3  n^  ■  1 )  we  will  obtain  the  following  approximate  dependences 

for  flat  Jet 


h  =  k  —  o  so  *  i. 


atd  for  axially  symmetrical  Jet 


k,  =  k,  —  0,745 


(52) 


(53) 
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More  detailed  presentation  of  the  theory  of  a  jet  in  a  flow 
can  be  found  in  the  author's  monograph,  references  to  which  are 
given  above. 


§  3.  Subsonic  Nonisothermal  Jet 
of  Simple  Gas 


Let  us  examine  a  subsonic  Jet  of  gas  which  is  spreading  in 
quiescent  gas  of  the  same  composition.  In  this  case  (r  0) 
the  equation  of  momentum  (27)  is  simplified  and  assumes  che 
form 


_  f  i 
-Ta,- 


(54) 


Here  u  a  u„/urv  -  ratio  of  velocity  on  the  axis  in  current  Jet 
m  m  o 

cross-sectional  area  to  velocity  on  the  axis  of  the  initial  cross 
section,  F  -  area  of  current  cross  section,  PQ  area  of  the  initial 
cross  section. 


The  coefficients  A2  and  n2u  are  determined  from  (2*0  and 
(25)  with  the  aid  of  dependences  (3),  (8),  (21)  and  (36).  To 
calculate  A2  it  is  possible  also  to  make  use  of  the  following 
approximate  dependences,  which  when  0.2  <_  0  <_  5  and  PrT  =  0.5 
give  an  error  of  not  more  than  3JC : 


in  the  case  of  a  flat  jet: 

0,11  w 


(55) 


in  the  case  of  ar.  axially  symmetrical  jet 

.  _  0,1. •VI  I 

A*  “  I  -f«jM5  (t-  l)M„  • 


(56) 


491 


of  (55)  and  (56)  we  have  for  a  flat 


Frott  (54)  on  the  basis 
submerged  jet  (m  =  0) 


_ _ =  »u 

I  +0,S0(»-1)  M„'  4* 

where  according  to  (37) 


(57) 


=  0,SG-i 


(58) 


and  for  the  axially  symmetrical  jet 


0.1. «»*,•  nu 

I  +o,ji.V('o--I)M«  >• 


(59) 


where 


*,  =  0.745  ^.  (60) 

In  these  formulas  for  the  ratios  of  the  Instantaneous  value  of 
half-thickness  b  or  radius  r  of  a  Jet  to  their  values  in  the 
initial  cross  section  (bQ,  rQ)  we  introduce  the  designation 


Expressions  similar  to  equalities  (55)-(60)  are  obtained  also 
for  the  case  of  very  great  preheating  (6  -»  »)»  but  we  will  not 
deal  with  this  here. 

Let  us  find  now  the  velocity  change  along  the  length  of  the 
Jet.  Dividing  variables  In  equation  (22b)  and  integrating  by 
parts  (taking  into  account  boundary  condition  x  =  7  1 ,  b  =  bn, 
um  s  1 ) s  we  have 

‘x  -  relative  distance  from  the  beginning  of  Jet  to  the 
beginning  of  the  principal  section. 
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?(•*  —  •*•)■■  4-1  1 '+  \  /.  ,  t-1 
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Substituting  here  b  and  kT  from  equation  (57)  and  (58),  after 
integration  we  will  obtain  for  a  flat  nonisothermal  jet 


where 


.  I  —  I  »  _  1-1  . 

*  *=*  ~  J~  "l"*'  **  ~ J—  "!• 

P(?)=l  _0^8/  —  l,72i*-J-0.28i'ln|  1 


(61) 


(62) 


The  graph  of  the  P(z)  dependence  is  depicted  on  Fig.  7.11.  As 
a  result  of  the  fact  that  P(z)  *  1,  formula  (61)  at  e  =  1  passes 
to  the  relationship  for  an  isothermal  submerged  Jet 


<(•*  —  *„)«■*  3, 16*,, 


R-'l 


(63) 


After  determining  um(x)  from  (6l),  it  is  not  difficult  to 
find  from  (36)  the  ATm(x)  dependence  for  change  in  axial  tem¬ 
perature,  and  from  (57)  the  thickness  of  the  Jet  in  an  arbitrary 
cross  section. 


The  results  of  calculations  of  the  axial  velocity  and 
thickness  of  a  Jet  according  to  formulas  (61)  and  (57)  with  the 
different  values  of  the  parameter  9  and  uniform  velocity  and 
temperature  profile  in  the  initial  jet  cross-sectional  area 
(n2u  ■  nT  *  1)  are  represented  on  Figs.  7.12  and  7.13.  From 
examination  cf  these  figures  it  follows  that  the  characteristics 
of  propagation  of  nonisothermal  ana  Isothermal  jets  are  sub¬ 
stantially  different.  The  heated  Jet  washes  out  considerably 
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Fig.  7.11.  Auxiliary 

f uno  t.  ion  P (  z ) . 


faster  than  the  cooled:  at  a  fixed  distance  from  the  nozzle  it 

is  thicKer,  but  the  velocity  on  its  axis  is  less.  It  is 

interesting  to  note  that,  bending  ol’  the  Jet  boundaries  at  0  =  1 

is  noticeable  only  at  close  distances  from  nozzle;  in  the 

examination  of  distant  sections  of  a  Jet  flow  its  boundaries 

can  be  considered  virtually  rectilinear,  and  the  flare  angle 

cf  the  Jet  (or  the  coefficient  of  angular  expansion)  as  weakly 

depending  or.  the  value  of  parameter  0.  Figures  7-12  and  7.13 

give  the  change  of  axial  velocity  and  thickness  of  the  Jet 

depending  on  coordinate  x,  calculated  from  the  nozzle  edge,  fV'om 

which  the  Jet  discharges,  while  in  the  above  formulas  the 

reference  point  coincides  with  the  transition  section  of  the  Jet 

(x  -  x  ).  The  quantity  x  is  determined  by  the  configuration  of 
n  n 

the  initial  section  of  the  Jet,  which  is  considered  below. 


Fig.  7.12.  Change  of 
axial  velocity  in 
submerged  nonisothermal 
plane-parallel  gas  Jets 
(effect  of  parameter 
6) . 
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fig-  7.13.  Build-up  of  thickness  in 
submerged  nonisothermal  plane-parallel 
gas  jet  (effect  of  parameter  6). 


Integrating  equations  (22b)  as  applied  to  the  case  of  an 

axially  symmetrical  Jet,  we  obtain,  taking  into  account  boundary 

condition  x  =  x  ’  r  »  r  ,  u  »  1: 

n  n  m 


■£~  ktr4tim 


After  substituting  here  for  r  its  expression  in  u  ,  according  to 
formula  (59)  and  after  replacing  kT  on  the  basis  of  (60),  after 
Integration  let  us  find  in  implicit  form  the  law  of  change  in 
the  axial  velocity  along  the  length  of  an  axlsymmetric  non- 
lsothermlc  Jet 


1 .  a  »-i . 

*  —  ~Y'  *'“**  *” 

/?(*)  —  y'\  -h  U0*  -  0,73/ irctg  ( U 7  |/i  |-  1,-lOi) 
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Auxiliary  function  R(z)  is  depicted  on  Fig.  7.1lj.  Let  us  note 
that  formula  (6^)  at  0  *  1  passes  to  the  corresponding  relation¬ 
ship  for  an  isothermal  axially  symmetrical  Jet 


c(X  —  Xn)  — 

=  2.73  »]•  (66) 


Knowing  um(x),  it  is  possible  to  determine  by  formulas  (36)  and 
(59)  the  temperature  on  the  axis  of  the  Jet  and  the  radius  of 
the  Jet  in  an  arbitrary  cross  section. 


Fig.  7.14.  Auxiliary  func¬ 
tion  R(  z )  . 


To  illustrate  the  obtained  results  Figs.  7.15  and  7.16 
depict  the  curve  of  axial  velocity  change,  relative  radius  of  an 
axially  symmetrical  Jet  with  uniform  Initial  velocity  and  tem¬ 
perature  profile  (n^  *  nT  *  1)  at  different  values  of  parameter 
0.  As  in  the  case  of  a  flat  Jet,  the  velocity  on  the  axis  of 
a  heated  axially  symmetrical  Jet  (6  >  1)  attenuates  faster  than 
in  an  isothermal  Jet,  but  a  cooled  Jet  (6  <  1)  possesses  con¬ 
siderably  greater  range1  than  an  isothermal  Jet.  Let  us  note 


By  the  range  of  a  Jet  is  meant  the  distance  from  the  nozzle 
on  which  the  axial  velocity  of  the  Jet  drops  to  a  determined  given 
value,  for  example  um  *  0.5. 
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that  the  bending  of  boundaries  of  a  nonlsothermal  Jet  is  noticeable 
only  at  close  distances  from  the  transition  section,  and  appears 
more  strongly  the  more  0  differs  from  unity.  With  an  increase 
in  the  distance  from  the  nozzle  of  the  Jet  the  boundaries  become 
virtually  rectilinear,  and  the  angle  of  inclination  of  the 
boundaries  to  the  axis  of  the  Jet  at  9  ■  var  approaches  a  constant 
value,  equal  to  the  slope  angle  for  a  jet  of  noncompresslble 
fluid. 


20  40  SO 


too  no  ua  a 


Fig .  7.15.  Change  of  axial  velocity 
in  a  nonlsothermal  axlsymmetric  sub¬ 
merged  gas  Jet  (effect  of  parameter  9) 


Pi — 


Fig.  7.16.  Build-up  of  thickness  of 
submerged  nonlsothermal  axlsymmetric 
gas  Jet  (effect  of  parameter  6). 


Build-up  of  thickness  of  both  flat  and  axisymmetric  non- 
isotherma]  Jet  when  0  %  1  and  m  •  0  occurs  according  to  linear 
law : 

'i'rW  (67) 


(68) 


It  has  already  been  mentioned  that  the  abscissa  of  the 
transition  cross  section  in  which  the  principal  section  of  the 
Jet  begins  depends  on  the  configuration  of  the  initial  section. 

The  change  of  the  density  ratio  in  the  initial  Jet  cross- 
sectional  area  and  the  surrounding  medium  (pq/pm)  leads  to  a 
change  in  the  length  of  the  initial  section  in  comparison  with 
the  isothermal  case;  during  the  propagation  of  a  Jet  in  a  more 
solid  medium  the  core  of  constant  velocity  (Pig.  7.1)  is  shortened, 
and  in  a  less  dense  medium  it  is  lengthened.  This  property  of 
the  initial  section  is  explained  by  the  following.  Let,  for 
example,  a  plane  parallel  air  Jet  with  density  p0  escape  at  a 
velocity  of  uQ  into  a  motionless  air  medium  with  density  pH 
(Fig.  7.17).  Then  in  the  zone  of  turbulent  mixing  a  certain 
velocity,  temperature  and  density  distribution  is  established, 
which  is  described  by  dependences  (5),  (9)  and  (21). 


Fig.  7.17.  Diagram  of 
boundary  layer  of  non- 
isothermal  Jet. 
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In  view  of  the  pressure  constancy  the  per-second  momenta  at 
the  entrance  and  exit  from  the  contour,  depicted  on  Fig.  7.17, 
are  identical: 


JT» 


(69) 


Mass  is  not  introduced  through  dotted  line  a-1,  since  the 
velocity  vector  u^  is  parallel  uo  this  line;  through  the  outer 
edge  of  the  submerged  Jet  0-2  air  streams  flow  at  right  angles 
to  the  direction  of  propagation  of  the  jet,  therefore  their 
momentum  in  projection  onto  the  Jet  direction  is  eaual  to  zero. 


From  (69),  taking  into  account  (5),  (6),  (7)  and  (21), 
we  have 


y.-y. 


(70) 


After  integration  we  have 


?(*)« 


•rrr 


'*<•  -i)1' 


(• 


I  .  In*  _ <jfclc  —  I 

-  I)4  ‘  (•  -I)'  V  («  —  \)>& 


(71) 


or,  approximately, 

(72) 

In  view  of  the  straightness  of  edges  of  the  mixing  zone  in  the 
initial  section  of  the  Jet  the  quantity  y1/b  is  constant  and 
depends  only  on  0.  At  the  end  of  the  initial  section  (x  =  xh) 
the  Internal  edges  of  the  mixing  zone  meet  (y^  =  bQ),  therefore 
the  relative  length  of  the  initial  section  (*H  =  x H/b q )  can  be 
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obtained  with  the  aid  of  (70)  from  the  condition  of  similarity  of 
triangles  formed  by  rays  0-1  and  0-2  and  by  the  oross  sections 
parallel  to  line  1-2: 

&T-*»  <”> 

According  to  (20)  the  relative  thickness  of  the  mixing  zone  in 
the  initial  section  of  submerged  Jet 

1 (7M) 

The  length  of  the  Initial  section  of  the  Jet  as  a  function 
of  0,  calculated  from  formulas  (71),  (73)  and  (7*0,  is  graphed 
on  Fig.  7.18. 


Fig.  7.18.  Length  of  initial 
section  of  nonisothermal  gas  Jet 
as  a  function  of  parameter  6. 

KEY:  (1)  Theory;  (2)  According 

to  experiments  of  0.  V.  Yakovlevskiy 
and  V.  K.  Pechenkln. 


The  abscissa  of  transition  section  can  be  found  Trom  (74), 
if  we  substitute  for  b  the  initial  half-thickness  of  the  principal 
section  bn,  which  is  determined  from  (67)  at  x  ■  xn>  Figure 
7.19  depicts  the  results  of  calculations  of  xn  for  flat  and 
axially  symmetrical  Jets. 


Fig.  7.19.  Effect  of  degree  of 
preheating  0  on  abscissa  of 
transition  section  for  axlsym- 
metrlc  (1)  and  flat  (2)  Jets. 
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These  values  of  xn  were  used  in  plotting  the  curves  of 
un(x)  and  F(x)  or  r(x)  on  Figs.  7-12,  7.13,  7.15  and  7.16. 

i  *4.  Supersonic  Isobaric  Jet 

Let  us  explain  the  basic  properties  of  a  supersonic  jet 
escaping  into  a  quiescent  gas  of  the  same  composition,  considering 
pressure  in  the  jet  and  the  surrounding  medium  to  be  identical. 

Let  us  use  for  this,  as  for  a  subsonic  Jet,  the  equation  of 
momentum  (5*0  and  the  equation  of  jet  propagation  (22b). 

According  to  the  experimental  data  of  B.  A.  Zhestkov,  et  al., 
in  a  supersonic  jet  velocity  profiles  (3)  and  (5)  are  valid  and 
also  temperature  profiles  (7)  and  (8),  if  in  them  Instead  of 
stream  temperature  T  we  substitute  the  stagnation  temperature 
T* .  Consequently,  in  the  initial  section  of  a  submerged  super¬ 
sonic  Jet  we  have 


4  T'  f-r: 


(75) 


(76) 


in  the  principal  section  correspondingly 


4  T'm  r«-r:  \um)  • 


(77) 


Um 


(78) 


where 


=  -V*)*. 


(79) 


In  the  initial  section  the  ordinate  nH  =  y/b  is  read  from  the 
external  boundary,  and  In  the  principal  section  n  ■  (y/b)  is 
read  from  the  axis  of  the  Jet, 
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After  substituting  expression  (83)  into  the  eo,uation  of  jet 
propagation  (22b),  we  will  obtain 


9 

1 —wi 


or  for  the  initial  section 


(u_  -  1) 
m 

.dx  9 


(85) 


(86) 


From  the  Joint  solution  of  equations  (85),  (5*0  and  (8*0 
we  establish  the  connection  between  axial  velocity  and  distance 
for  the  principal  section  of  a  supersonic  jet 


f (.« ~  *>)  =  O-flTj)  “ F  <**>] • 


(87) 


The  following  designations  are  introduced 

*~om 


and 


FW= 


(l  —V'iTT+W 


o,m«»  y  1  -f  6.O1* 


1— j* 


(88) 


Function  F(z),  calculated  from  equation  (88),  is  depicted  on 
Fig.  7.20. 

As  Aq  -*■  0  we  have  z  ■*  0  and  F(z)  *  1,  therefore  formula 
(87)  passes  to  relationship  (66),  obtained  for  a  jet  of  non- 
compres3ible  fluid.  It  should  be  noted  that  the  compressibility 
effect  of  gas  on  velocity  change  along  the  axis  of  an  axially 
symmetrical  Jet  is  determined  mainly  by  the  first  factor  in  the 
right  side  of  equation  (87). 
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Fig.  7.20.  Auxiliary 
function  F(z). 


Tii.1  curve  of  axial  velocity  change  and  build-up  of  depth 
e;  .let  along  its  length,  calculated  respectively  in  eo.uations 
(tv)  and  (85)  for  c  ®  0.22  and  n2u  B  1  at  several  values  of  the 
parameter  aAg,  are  represented  on  Figs.  7.21  and  7.22.  From 
'jr.;;  ly  s  1 3  of  these  curves  it  follows  that  if  the  Initial  Jet 
velocity  exceeds  the  speed  of  sound,  then  the  drop  in  velocity 
along  tie  axis  of  the  Jet  becomes  le3s  sharp  than  in  the  case  of 
o  lo* -speed  Jet;  in  this  case  with  an  increase  in  the  velocity 
coefficient  XQ  this  distinction  is  more  and  more  noticeable. 

As  concerns  the  boundaries  of  a  supersonic  Jet,  generally 
speaking,  they  are  curvilinear.  In  practice,  however,  this 
cur v.!  linearity  can  be  (Fig.  7 .22)  disregarded,  and  the  Jet 
boundaries  can  be  approximated  at  a  certain  distance  from  the 
transition  section  by  straight  lines  inclined  toward  the  axis 
of  the  jet  at  the  same  angle  as  in  a  nonconpressible  fluid. 

Th<-  quantity  xp  (abscissa  of  transition  section),  is  determined 
frvjji  the  same  procedure  as  in  the  case  of  a  nonisothernal  Jet 
{ upc  of  equation  (83a)  for  the  density  ratio).  Dependence 
vvAX.f)  la  depicted  on  Fig.  7.23. 

1  w 
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Fig.  7.21.  Change  of  axial  velocity 
in  submerged  axisymmetric  supersonic 

gas  jet  (effect  of  parameter  aX»). 
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Fig.  7.22.  Build-up  of  depth  of  submerged 
axisymmetric  supersonic  gas  Jet  (effect  of 

parameter  aX?). 


Fig.  .  <■: 3  •  Effect  o 

2 

velocity  (&\q)  on  abscissa  of 

transition  section  In  an  axially 
symmetrical  let. 
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Concluding  the  examination  of  the  properties  of  submerged 

supersonic  Jets,  let  us  note  that  if  their  curvilinear  boundaric 

are  approximated  by  straight  lines,  then  the  slope  angles  toward 

the  x-axls  of  these  lines  turn  out  to  be  independent  of  the 

2 

parameter  of  comDressifci  li  ty  aX^,  and  the  coirit  of  intersection 
of  these  straight  lines  with  the  x-axis  (pole  of  Jet)  changes 

its  position  relative  to  the  nozzle  edge  depending  on  the  value 

2  2  — 

The  effect  of  parameter  a  A  A  ' 


of  ax. 


a  A  q  on  polar  distance  xc  is 


shown  on  Fig.  7.24.  The  quantity  *  x^/b  characterizes  the 
range  of  the  Jet;  the  results  presented  In  Fig.  7.24  indicate 
a  considerable  Increase  in  range  with  an  Increase  of  parameter 

•»S- 


Fig.  7.24.  Effect  of  discharge 
velocity  (Mq)  and  degree  of  pre¬ 
heating  0  on  the  position  of  the 
pole  of  an  axially  symmetrical  Jet 
according  tc  experimental  data  of 
B.  A.  Zhestkov.  M.  K.  Maximov,  et 


The  simultaneous  effect  of  preheating  and  initial  velocity 

on  the  jet  characteristics  is  connected  with  specific  calculation 

difficulties.  Let  us  say,  however,  that  the  heated  supersonic 

Jet  washes  out  considerably  faster  than  an  isothermal  Jet  at 

2 

the  same  value  of  aXQ,  while  the  effect  of  preheating  is  amplified 
with  an  increase  in  aX^. 

§  5.  Discharge  of  Supersonic  Gas  Jet 
From  Nozzle  in  Off-Design  Conditions 

In  the  work  of  Jet  engines,  different  Jet  apparatuses,  for 
example,  ejectors,  and  in  some  other  procedurally  important 
cases,  the  discharge  of  the  supersonic  Jet  from  a  nozzle  occurs 
in  off-design  conditions,  when  the  pressure  in  the  flow  of  gas 
at  the  nozzle  exit  differs  from  the  pressure  in  the  medium  into 
which  the  Jet  is  discharging.  In  this  case  both  insufficient 
expansions  of  gas  in  nozzle  (p  >  p  ),  and  overexpansion  are 
possible  (pfl  <  pH).  Because  of  this  in  the  section  of  Jet 
adjacent  to  the  nozzle  a  system  of  expansion  and  compression  waves 
appears,  and  also  shock  waves,  because  of  which  a  gradual  pressure 
equalization  in  the  Jet  is  achieved  with  the  pressure  predominating 
in  the  surrounding  medium. 

At  a  certain  distance  from  the  nozzle  the  pressure  in  the 
Jet  becomes  equal  to  the  pressure  in  the  surrounding  medium, 
and  Jet  differs  in  no  way  from  the  ordinary  calculated  Jet, 
which  we  examined  above. 

Conditions  in  the  off-design  discharge  of  a  supersonic 
Jet  are  characterized  by  the  degree  of  off-design,  which  is  the 
ratio  of  the  real  stagnation  pressure  in  receiver  Pq  to  the 
calculated1  pressure  p0Q,  which  can  be  approximately  replaced 


*The  pressure  which  corresponds  to  the  calculated  Mach 
number  of  the  discharge,  determined  by  the  assigned  area  ratio 
of  the  critical  and  nozzle  exit  sections,  is  called  the  design 
pressure . 
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by  the  pressure  ratio  at  the  nozzle  exit  to  the  pressure  in  the 
surrounding  medium: 


n 


P»  H 


Let  us  pause  at  some  experimental  data  relating  to  supersoni 
Jets  during  off-design  discharge  from  nozzles.  In  Fig.  7.25 
below  the  solid  lines  show  the  change  in  total  pressure  p^ 
referred  to  pressure  in  the  receiver,  along  the  axis  of  a  super¬ 
sonic  (M  ■  1.5)  off-design  (n  *  5)  jet,  and  the  dotted  line 
shows  maximum  total  pressure  in  the  jet;  the  upper  part  of 
Fig.  7.25  shows  the  results  of  experimental  research  on  the 
picture  of  flow  in  a  supersonic  Jet  during  off-design  conditions 
of  discharge:  the  total-pressure  profile  in  the  transition  Jet 
cross-sections  and  the  area  of  subsonic  (shaded)  and  supersonic 
speed.  As  we  see,  in  the  initial  section  of  the  Jet  the  maximum 
value  of  pressure  does  not  occur  on  the  axis  of  the  Jet.  Experi¬ 
ments  show  that  a  certain  distance  from  that  cross  section  where 
the  Jet  becomes  lsobarlc  ("lsobaric  cross  section"),  maximum 
speed  is  observed  on  the  axis  of  the  Jet  (beginning  where  the 
solid  and  dotted  lines  meet  in  the  lower  part  of  Fig.  7.25). 

Utilizing  conditions  of  momentum  conservation  between  the 
nozzle-exit  plane  (subscript  "a")  and  the  "lsobaric  cross 
section"  (subscript  "c"),  we  have 

(59) 

where  GQ  and  G„  -  weight  discharges  of  air  in  the  Jet  in  cross 
sections  a  and  c;  u„ ,  u  -  mean  values  of  velocity  in  these 

a  C 

cross  sections;  F  -  area  of  nozzle  in  cross  section  a. 

& 
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Fig.  7.25.  Picture  of  flow  and  distribution  of  total  pressure  in 
supersonic  off-design  gas  Jet  (Mfi  •»  1.5;  n  *  5)  according  to 

the  experiments  of  B.  A.  Zhestkov,  M.  M.  Maximov,  et  al. 


Passing  to  dimensionless  quantities 

■  Q  »,  _V|i.  24 

“•if*  f* 


1  *n  • 

from  (89)  we  obtain  (at  constant  value  of  critical  speed) 

X‘==§'[l+>1“"Jr(l  “FTT^Jlw-'  (9°) 


The  area  of  the  lsobaric  jet  cross-sectional  area  F  is  calculated 

c 

with  the  aid  of  the  equations  of  discharge  and  state1: 


‘More  detailed  analysis  of  change  in  the  parameters  of  gas 
along  the  length  of  the  initial  section  of  off-design  supersonic 
Jet  in  one-dimensional  formulation  is  given  in  §  6. 
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£<  U  — -r±T“ 

fa  Q«M«  >7  j 


(91) 


ilxing  leads  to  an  increase  in  the  flow  mass  and  a  sharp 
increase  in  the  nonuniformity  velocity  profile,  which  in  an 
isobaric  cross  section  bears  a  typically  jet  nature.  Because  the 
Jet  draws  substance  from  the  surrounding  medium,  the  quantity 
Ac  always  should  be  somewhat  lower  than  in  the  case  of  GQ  ■  Gc . 

In  this  case  with  an  increase  of  the  parameter  n  the  noted  effect 
is  exhibited  more  weakly. 

Nonuniformity  of  the  velocity  profile  in  an  isobaric  Jet 

cross  sectional  area  leads  to  a  considerable  increase  in  the 

axial  velocity  (A _ )  as  compared  with  its  mean  value  A _ >  A„. 

cm  r  cm  c 

The  above  factors  always  act  simultaneously,  and,  as  we 
saw,  have  an  effect  on  the  value  Aom<  Figure  7.26  gives  the 
curve  calculated  with  the  aid  of  (90)  assuming  the  absence  of 
mixing  ( G  -  G  )  for  A„  -  1.37  and  k  ■  l.k.  The  experimental 
data  taken  from  the  experiments  of  B.  A.  Zhestkov,  et  al.  (at 
Aa  ■  1.37)  show  that  with  the  large  degrees  of  off-design 
(n  >  3)  neglect  of  the  suction  action  of  the  Jet  leads  to 
oversized  calculated  values  of  velocity  in  the  isobaric  cross 
section.  When  n  %  10  the  effect  of  suction  and  nonuniformity 
on  Acm  is  mutually  balanced,  and  the  velocity  on  the  axis  of 
the  Jet  in  isobaric  cross  section  becomes  very  close  to  A  . 

Velocity  on  the  flow  axis  after  the  Jet  becomes  isobaric 
can  be  calculated  on  the  basis  of  the  momentum  equation  (taking 
into  account  Inequality  of  nozzle  pressure  in  surrounding  medium) 
and  the  equation  of  Jet  propagation  (85).  In  the  case  of  an 
axially  symmetrical  Jet  we  have 

J-=s{(M*2r.rdr  +(A«—  P*)*r»  (92) 
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Fig.  7.26.  Effect  of  degree  of 
off-deslgn  n  on  relative  axial 
velocity  In  an  lsobaric  cross 
section  according  to  experiments 
of  B.  A.  Zhestkov,  M.  M.  Maximov, 
et  al.  (M  -  1.5). 

3, 


The  parameters  of  gas  flow  at  the  nozzle  exit  (designated  in 
equation  (92)  by  the  subscript  "a")  can  be  defined  by  known  gas 
parameters  in  the  receiver  and  the  geometric  dimensions  of  the 
nozzle  assuming  that  at  any  value  n  >  1  in  the  nozzle  the  same 
relative  drop  in  pressures  occurs  as  with  design  conditions  of 
discharge. 

Let  us  bring  equation  (92)  to  dimensionless  form  by  dividing 
both  sides  by  j~“V  After  certain  transformations  we  obtain 


-i>r  rr.(" 


(93) 


where  r  »  r/ra,  &  *  (k  -  l)/k  +  1),  r  -  radius  of  Jet.  Comparing 
(93)  with  expression  (5*0,  we  see  that  the  momentum  equation  for 
an  off-deslgn  Jet  differs  from  the  corresponding  expression  in 
the  case  of  calculated  discharge  by  the  factor 


r+^-'x 


which  depends  only  on  the  conditions  in  the  initial  Jet  cross- 
sectional  area  and  does  not  change  in  terms  of  the  x  coordinate. 
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This  fact  makes  It  possible  to  utilize  as  a  solution  systems 
of  equations  (85)  and  (93),  obtained  above  solution  (87)  for 
a  supersonic  gas  Jet  In  design  conditions  of  discharge.  The 
final  formula  for  determining  the  axial  velocity  of  an  off- 
design  Jet  takes  the  form 

t( jrjsa 

=  i/  Mi„  rptt) 

-fw],  (95) 

whereupon  function  F(z)  Is  determined  by  formula  (88).  The 
build-up  of  Jet  thickness  in  this  case  is  determined  from 
equations  (93)  and  (95). 

From  formula  (95),  and  also  equality  (9*0  it  follows  that 
an  off-deslgn  Jet  with  n  >  1  possesses  considerably  larger 
range  than  the  corresponding  (at  the  same  values  aX0)  lsobaric 

a 

supersonic  Jet;  in  this  case  the  range  of  the  Jet,  defined,  for 

example,  as  the  distance  from  the  nozzle  at  which  the  axial 

velocity  is  half  the  initial,  increases  approximately  as  J'n 
o 

or,  at  large  aXfl,  as  y*.  From  expression  (9*0  it  follows, 

furthermore,  when  the  discharge  velocity  insignificantly  differs 

2 

from  the  sonic  (parameter  aX0  is  low),  then  even  small  off-deslgn 

of  a  Jet  can  lead  to  a  noticeable  increase  in  its  range.  For 
o 

example,  at  aX.  -0.2  (M0  ■  1.11)  and  n  ■  1.2  the  value  of 
N  is  1.36,  i.e.,  the  range  of  the  off-design  Jet  proves  to  be 
17*  more  than  calculated. 

In  order  to  search  for  the  value  of  the  abscissa  of  the 
transition  cross  section  xn,  necessary  for  calculating  the  Jet, 
it  is  necessary  to  know  the  characteristics  of  the  turbulent 
expansion  of  the  Jet  in  its  initial  section.  In  view  of  the 
complexity  of  the  theory  of  the  initial  section  of  an  off-design 
Jet,  we  usually  utilize  either  the  dependences  obtained  for  the 
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corresponding  calculated  Jet  or  experimental  data.  Dependence 
__  o 

xn(aXa,  n),  determined  assuming  the  validity  of  relationships 
for  the  initial  section  of  the  calculated  jet  and  in  the  case  of 
off-design  discharge,  is  depicted  on  Pig.  7.27. 


Fig.  7.27.  Dependence  of 
abscissa  of  transition  section 
of  supersonic  off-design  jets 
2 

on  parameters  a*Q  and  n. 


The  comparison  of  values  of  axial  velocity  calculated 
according  to  formula  (95)  with  the  results  of  velocity  measure¬ 
ments  in  supersonic  off-design  gas  Jets  is  presented  on  Figs. 

7.28  ar.d  7.29.  The  experimental  data  given  on  Fig.  7.28  are 
obtained  for  a  nozzle  design  for  M  =  1.5  U  =  1.37)  at  the 
following  values  of  off-design  parameter  n:0.8;  1;  2;  5i  10. 
Experimental  values  of  velocity  on  Fig.  7.29  correspond  to 
discharge  from  a  nozzle  designed  for  M  =  3  with  n  »  1  and 
n  -  2.  From  examination  of  these  figures  it  follows  that  the 
theoretical  results  in  the  first  approximation  satisfactorily 
agree  with  the  experimental  data,  although  sometimes  a  noticeable 
quantitative  disagreement  between  them  is  observed.  The  noted 
nonconf irmity  can  be  the  consequence  of  using  in  the  initial 
section  of  the  off-design  jet  dependence  for  a  jet  with  the 
design  discharge. 
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Fig.  7.28.  Comparison  of  calculated  and  experimental  values  of 
axial  velocity  in  a  supersonic  axisymmetric  gas  Jet  (M  »  1.5) 

cl 

in  calculated  (n  ■  1)  and  off-design  (n  ■  var)  systems  of  dis¬ 
charge  according  to  the  experiments  of  B.  A.  Zhestkov,  M.  M. 
Maximov,  et  al. 

KEY:  (1)  According  to  formula. 


Fig.  7.29.  Comparison  of  calculated  and  experimental  values  of 
axial  velocity  in  a  supersonic  axisymmetric  gas  Jet  (Ma  ■  3) 

u 

in  calculated  (n  •  1)  and  off-design  (n  ■  2)  systems  of  discharge 
according  to  the  experiments  of  B.  /.  Zhestkov,  M.  M.  Maximov, 
et  al . 

KEY;  (1)  According  to  experiments;  (2)  According  to  formula. 
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Similar  conclusions  follow  from  analysis  of  Figs.  7.30  and 


( 


7. 31.  which  represent  experimental  data  on  the  arrangement  of 
lines  of  half-velocity  in  supersonic  jets  at  different  values 
of  the  calculated  Mach  number  Ma  and  off-design  parameter  n, 

a 

and  also  results  of  the  corresponding  calculations  according  to 
formulas  (93)-(95).  As  can  be  seen  from  examination  of  Figs. 

7.30  and  7.31»  the  lines  of  half-velocity  (and  the  corresponding 
boundaries)  in  supersonic  off-design  Jets  generally  soeaking 
sre  curvilinear,  especially  near  the  transition  cross  section, 
but  the  curvature  of  the  boundaries  is  low,  and  therefore  in  the 
first  approximation  they  can  be  replaced  by  straight  lines.  The 
angle  of  inclination  of  these  lines  does  not  depend  on  parameters 

p 

aX„  and  n  (the  tangent  of  this  angle,  as  in  a  Jet  of  noncom- 

a 

presslble  fluid,  is  0.22),  and  the  position  of  the  points  of 

Intersection  with  the  x-axis  relative  to  the  nozzle  edge  (polar 

_  2 
distance  xA  )  changes  depending  on  the  values  of  aX  and  n. 

U  _  a 

The  experimental  dependence  of  value  Xq  on  n  for  two  values  of 

M_  (or  parameter  axf)  is  given  on  Fig.  7.32. 

cl 


Fig.  7.30.  Comparison  of  calculated  and  experimental  values  of 
"half  radius"  rc  in  supersonic  (Mfl  =  1.5)  gas  Jets  during  design 

and  off-design  conditions  according  to  the  experiments  of  B.  A. 
Zhestkov,  M.  M.  Maximov,  et  al, 

KEY:  (1)  Calculation. 
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Fig.  7.31.  Fig.  7.32. 

Fig.  7.31.  Comparison  of  calculated  and  experimental  values  of 
"half  radius"  r  in  supersonic  (M„  ■  3)  gas  Jets  during  design 

and  off-design  conditions  according  to  the  experiments  of 
B.  A.  Zhestkov,  M.  M.  Maximov,  et  al. 

KEY:  (1)  Calculation. 


Fig.  7.32.  Effect  of  the  degree  of  off-design  on  position  of 
the  pole  of  a  supersonic  gas  jet  according  to  the  experiments  of 
B.  A.  Zhestkov,  M.  M.  Maximov,  et  al. 


As  we  see,  with  an  increase  both  in  the  off-design  parameter 
2 

n  and  the  value  of  the  pole  of  the  jet  shifts  downstream. 

If  we  utilize  the  concept  of  the  pole  of  a  Jet,  assuming  the 
boundaries  of  the  principal  section  of  the  Jet  to  be  rectilinear, 
the  formula  for  determining  the  axial  velocity  and  thickness 
of  an  axially  symmetrical  Jet  assumes  the  form 


c(£  —  ■£,) 


* • 

onit (I  —  -f  (MiaVjflJ,)  • 


(96) 


(97) 

The  axial  velocity  attenuation  curves,  calculated  from  equation 
(96)  for  two  values  of  parameter  n  (1.0  and  2.0  at  Ma  -  3)  are 

9 
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clotted  by  dotted  lines  or:  Kir,  7 .  •,  }  •  th.\«  case  x  %  Is  d.-ter  - 

mined  from  the  experimental  data  pr-t  cented  ;.i  K'r.  7  i  i,.*~ 

lytlng  the  path  of  the  calculated  runve.-t  hr.  a  ocwwr.&rirr  t  ho*  i  with 
experimental  points,  it  io  u'fr.-.U  Je  to  v-v.c  lu.ic-  that  tlv.  eur.-es. 
which  correspond  to  equation  in  area  of  trafieHJ.cn 

and  in  the  beginning  principal.  1  .  mere  st  ror.gly 

the  experimental  values  c.i  a  -.a  i  V'.l.  :l;\  than  the  cvwes 
calculated  from  formula  (ih;. 

The  method  of  calculating  it  jiups-rr’.-.-nlc  Jet  with  n  t  i  given 
In  this  section  should  be  vr.s?  i-rcd  .iv  couthl,/  a  pi  r<- » ;  t  <  . 

It  does  not  consider  the  con  or-1  tv  nwh  lions  Uie  develoj  went 
of  a  jet  in  the  "gas-dynam.'  c"  sec*  *c-f.  which  adjoins  the  r-r.-rr.ie, 
on  which  the  pressure  (with  r.  *  1)  Jm  *•  -,t  cv.cn  5  ricant  )y 
atmospheric.  The  weakest  a  ret  *.h’n  nt.h.'d  i.  ware-  of 

determining  the  abscissa  of  the  x,  ir.r  f* on  ores?  r*  c*.  icn,  .*.*id  a) 
the  fact  that  it  is  suitable  cnl.v  f.;i  isu  r.f  the 

flow  in  which  the  velocity  o  the-  a * i r,  of  '  i.r  let  io  r.n.:iv-i 
in  actuality,  between  the  gar-d,-,  r.er.i .  t  re  blot;  < where  '  •»  ,  ' 

and  this  part  of  the  lsobarlc  floi;  f:  a*,  lpci-aric  .ton-  wit.:-, 
decreased  velocity  on  the  axl-s  .  The  ?» \ .proximate  theory  ol  '..n- 
gas- dynamic  section  of  a  Jet  gi  vm:  ‘-cl..-;. 


[fit-  ine-Dlmens lenal  Theory  of 
!:i\l  ' "Gac-Dynamic")  Section 
N;’- resign  Supersonic  Jet 


:i  p  .  K I 


»  •  »-  f  ;C  j ] 


'  r  -r  >■  ’/<»!'- 


thod  of  characteristics 


wo..'.  1  c 


naracterlstlc  feature  of  an  off-design  supersonic  jet  Is 
la.itlal  rionun  1  formlty  of  the  flow:  the  parameters  of  the 
considerably  both  foi  .  ipth  of  the  jet  and  for  the 

i-a  !!■..*.  of  i  he  transverse  cross  ^or  calculating  such  a 

i.-;<  thod  of  characteristics  -oily  applied  which  makes 

Lie  to  find  for  the  initial  values  of  the  parameters  on 
] *:•  edge  the  parameters  of  the  gas  in  the  entire  supersonic 
n,<‘  flow  which  adjoins  the  nozzle.  In  a  number  of  cases, 
it  Is  necessary  to  know  only  some  total  flow  character- 
f ■ r  example  total  pulse,  the  total  pressure  losses,  the 
•ctlonal  area,  and  the  determination  of  the  internal  Jet 
■e  lr  not  required.  For  the  solution  of  such  tasks, 
cf  the  bulky  and  laborious  method  of  characteristics  it 
■  desirable  to  use  simpler  calculation  methods. 


.  -:t  forth  below  is  one  such  method  that  is  based  on  the 
averaging  of  the  parameters  of  the  Jet  in  the  transverse  cross 
ts-ct  i and  Its  approximate  consideration  as  a  one-dimensional 
»>.:  flew,  : 


l-7!  uu  explain,  first  of  all,  how  admissible  it  is  to  use  the 
averaging  of  the  parameters  in  the  flow  of  such  a  large  nonunl- 
f-r-x'W  as  an  off-deslgn  supersonic  Jet  where,  for  example,  static 
gt  can  decrease  from  the  periphery  to  the  axis  10-20  times 

accordance  with  this,  the  rate  of  flow  changes. 

in  t:.e  calculation  of  a.  jet  the  equations  of  energy,  continuity, 
an  a  moment ur,  are  utilized.  Therefore,  It  is  necessary  that  the 


1  Cnsrs-kez ,  A.  Ya.,  On  the  One-Dimensional  Theory  of  the  Off- 
iv  i  gi.  Supersonic  Gas  Jet.  News  of  AN  USSR,  Department  of  Technical 
No.  5 ,  196.7. 
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values  of  total  energy,  consumption  and  pulse  of  gas  in  the 
transverse  cross  section  calculated  according  to  the  mean  values 
of  the  parameters  be  equal  to  their  real  value  in  an  Initial 
nonuniform  flow.  Furthermore,  for  calculating  it  is  important 
correctly  to  estimate  the  entropy  of  the  flow:  this  makes  it 
possible  to  utiii2e  the  condition  of  the  retention  of  che  value  of 
total  pressure  in  sections  where  there  are  no  losses,  and  also  to 
determine  the  real  value  of  the  total  losses  with  respect  to  a 
change  in  the  mean  total  pressure. 

As  is  known  (Chapter  V),  with  the  averaging  of  a  nonuniform 
flow  in  general  only  three  of  its  total  characteristics  can  be 
maintained  constant.  However,  for  a  supersonic  flow  with  a 
constant  stagnation  temperature  over  the  cross  section,  which  is 
the  initial  section  of  an  off-design  jet  of  ideal  gas  in  the 
absence  of  mixing,  it  is  possible  to  find  such  mean  values  of 
parameters  In  the  cross  section  upon  transition  to  which  the 
amounts  of  flow  rate,  total  energy,  pulse  and  entropy  are  retained 
simultaneously  with  the  high  degree  of  accuracy  with  an  invariable 
cross-sectional  area.  We  will  also  introduce  these  mean  values  of 
the  parameters  of  a  gas  in  the  transverse  cross  sections  of  the 
initial  section  of  the  Jet  into  the  equations  of  continuity, 
energy,  and  pulses.  The  joint  solutions  of  these  equations 
therefore  will  also  pertain  to  the  mean  values  of  the  parameters, 
and  the  cross-sectional  area  hence  determined  will  be  equal  to 
the  real  area  of  the  corresponding  cross  sections  of  the  Jet. 

Almost  all  the  basic  properties  of  a  flow  in  such  a  one-dimensional 
consideration  do  not  change  and  are  estimated  correctly.  Only  one 
intrinsic  property  of  the  flow  is  lost,  namely  the  equality  of  the 
static  pressure  on  the  Jet  boundaries  and  in  the  external  environ¬ 
ment;  therefore,  it  is  necessary  to  arbitrarily  assume  that  in 
every  transverse  flow  cross  section  there  exists  some  constant 
mean  static  pressure  p,  in  general  distinct  from  the  pressure  of 
the  external  environment  p  . 
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Let  us  dwell  on  the  case  of  a  supersonic  jet  which  escapes 
from  an  underexpanded  nozzle,  i.e.,  having  overpressure  p  >  p 

a.  H 

at  the  nozzle  edge  (Fig.  7-33).  The  schematic  picture  of  such  a 
flow  jr>  described  In  §  2,  Chapter  TV. 


escapes  from  a  nozzle  with  static 
overpressure  In  a  stationary  gas  : 

1  -  nozzle;  2  -  Jet  boundaries;  3  - 
shock  waves . 


We  assume  the  gas  ideal,  we  consider  the  parameters  of  the 
gas  on  the  edge  of  the  nozzle  constant  over  the  cross  section,  and 
the  velocity  vectors  of  gas  on  the  nozzle  edge  -  parallel  to  the 
nozzle  axis.  We  disregard  the  mixing  of  the  gas  in  the  initial 
section  with  gas  of  the  surrounding  fixed  environment. 


Let  us  write  the  basic  equations  which  connect  the  parameters 
of  the  gas  in  a  free  Jet  with  the  parameters  in  the  outlet  section 
of  the  nozzle.  First,  as  a  characteristic  cross  section  of  the 
initial  section  of  the  Jet  we  select  the  maximum  cross  section  of 
the  first  "barrel"  (Fig.  7.33). 

We  record  the  equation  of  t It e  equality  of  flow  rates  in  the 

fo  rm 


0«=0a  (98) 

or,  utilizing  the  known  expression  of  flow  rate  through  the  stag¬ 
nation  parameters  p*  and  T*  and  the  velocity  coefficient  A: 

PlflB  —  (99) 

Vt*  v  rs 
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where  subscript  a  pertains  to  the  parameters  in  the  nozzle  outlet 
section.  Values  p*  and  X  are  the  mean  values  of  the  total  pressure 
and  velocity  coefficient  in  the  cross  section  of  a  free  Jet  in 
quest i on . 

According  to  the  equation  of  the  conservation  of  energy 

0c,T*  =  0.',Ti  (100) 

with  G  =  G&  and  cp  ■  cp  the  stagnation  temperature  in  a  jet 

remains  constant.  Therefore,  the  equation  of  continuity  (99) 
assumes  the  form 


fP.)=*±  (101) 

Here  f  =  (F/F  ),  and  0  =  p*/p*  is  the  coefficient  of  total  pressure 
which  estimates  the  total  losses  of  total  pressure  on  the  section 
between  the  initial  and  considered  cross-soctlons  of  the  jet.  In 
order  to  obtain  the  relation  between  the  relative  cross-sectional 
area  f  and  the  velocity  coefficient  X  in  this  cross  section  from 
equation  (101),  it  is  necessary  to  estimate  the  value  of  the 
coefficient  of  total  pressure  o.  For  the  first  "barrel"  of  the 
underexpanded  Jet  the  total  pressure  losses  can  be  disregarded 
since  in  a  slot  jet  between  the  initial  and  maximum  cross  section 
shocks  are  absent,  and  in  the  axisymmetrlc  underexpanded  Jet  the 
intensity  of  curvilinear  shock  (envelope  of  lines  of  compression) 
near  the  nozzle  is  small.  We  will  consider  that  also  in  an  axially 
symmetrical  Jet  for  the  first  "barrel"  0  »  1. 

Let  us  write  the  equation  of  momentum  for  the  section  of  the 
Jet  in  question  in  the  form 

»« =P«F.  —pF  -hP»  V  —  P&  (10?) 
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-..'ho re  the  last  torn  of  the  right  side  is  the  axial  component  of 
the  force  of  external  pressure  p  on  the  lateral  surface  of  the 


Let  us  replace  the  expressions  of  the  gas  pulse  in  both  cross 
sections  in  question  according  to  fcrmula  (115)  In  Chapter  V, 
taking  into  account  in  this  case  the  fact  that  G  =  G„  and 

a 

a  =  a  „ .  As  a  result  we  obtain 
up  Kp  a 


*sr  i  I*  <x>  -  * M  =pM- 


(103) 


We  express  in  (103)  the  product  Ga  according  to  formulas 
(108)  ar.d  (11.1)  in  Chapter  V 


~w  Gnnf^ p'f<> (X) “ (rn)^ pFy (X) 


through  the  parameters  of  gas  in  the  nozzle  outlet  section.  As  a 
result  we  obtain 


(10ft) 


(105) 


where  the  *  p|/p^  is  the  available  pressure  ratio  In  the  Jet, 
n  *  p  /p  -  the  degree  of  the  off-design  of  the  jet  q(X)  and  v(X) 

a  H 

the  known  gas-dynamic  functions. 


We  note  that  according  to  equation  (10C)  cr  to  equations  ( 1 0 it ) 
and  (105)  the  gas  pulse  in  the  Jet  does  not  remain  constant  but 
Increases  in  proportion  to  the  Increase  in  the  area  of  the  Jet 
because  of  the  action  cf  the  force  of  external  pressure. 
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Thus,  we  obtained  two  equations  (101)  and  (104)  containing 
two  unknown  values:  the  relative  cross-sectional  area  f  and  the 
mean  value  of  the  velocity  coefficient  in  this  cross  section  X. 

The  joint  solution  of  the  equations  and  also  the  qualitative  study 
of  the  laws  governing  the  flow  is  most  conveniently  carried  out 
graphically.  The  obtained  graph  is  called  the  phase  diagram  of  an 
off-design  Jet.  Constructed  on  Fig.  7.34  for  the  initial  parameters 
of  the  jet  M  =  1.5  (X  =  1.365)  and  n  =  6.8  (l"L  ■  25)  is  the 

aft  U 

relation  X  *  X(f)  according  to  the  equation  of  flow  rate  (101)  with 
o=l  (curve  1)  and  the  same  relation  according  to  the  equation  of 
momentum  (104)  (curve  2).  The  intersection  of  obtained  curves  1 
and  2  gives  two  pairs  of  values  of  variables  of  f  and  X  that 
satisfy  both  equations.  The  first  point  of  intersection  f  =  1 
and  X  «  X  corresponds  to  the  initial  parameters  of  the  gas  at  the 

a 

nozzle  edge  and  Is  of  no  interest.  The  second  point  of  intersec¬ 
tion,  as  shown  below,  gives  values  f  and  in  the  maximum  cross 
section  of  the  first  "barrel."  Both  points  of  intersection  corre¬ 
spond  to  the  supersonic  flow  velocity.  From  the  value  of  functions 
q(X)  and  z(X),  determined  from  equations  (101)  and  (104),  it  is 
also  possible  to  find  the  second,  subsonic  values  of  the  velocity 
coefficient  X.  However,  these  equations  do  not  have  Joint  solutions 
in  the  subsonic  region. 


Fig.  7-34.  The  phase  diagram  of  an  underex¬ 
panded  (n  >  1)  supersonic  Jet:  1  -  equation 
of  continuity  (101);  2  -  equation  of  momentum 
(104);  3  -  equation  of  continuity  (109);  a  - 
nozzle  outlet  cross  section;  m  -  maximum  cross 
section  of  the  first  "barrel";  d  -  outlet  cross 
section  of  an  ideal  calculated  nozzle;  c  -  iso- 
baric  cross  section. 
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Let  u-:  examine  in  me  re  detail  the  meaning  of  the  obtained 
oluli._r. .  At  first  night  it  appears  strange  that  the  condition 
cf  constancy  of  the  flow  rate  and  rf,e  equation  of  momentum  are 
simultaneously  satisfied  only  in  two  cross  sections  of  the  initial 
section  of  the-  Jot,  whereas  these  conditions  should  be  satisfied 
for  any  cross  section  of  flow.  However,  one  ought  to  consider 
that  In  equations  (101)  and  ( 1 0 h )  with  the  expression  of  the  flow 
rate  and  momentum  of  the  gas  through  the  stagnation  parameters 
and  the  velocity  coefficient  it.  was  assumed  that  the  velocity 
corresponding  to  the  expansion  from  total  pressure  p*  to  static 
pressure  p  !n  this  cross  see  Mon  was  directed  along  the  axis  of 
the  jet  so  that  the  gas  flow  rate  and  its  momentum  In  an  axial 
direction  are  determiner,  by  the  absolute  gas  velocity.  The 
equations  of  the  flow  rale  and  momentum  (101)  and  (104)  are  valid 
only  for  those  cross  sections  of  the  flow  in  which  the  gas  velocity 
can  be  assumed  axial,  ouch  a  cross  section,  apart  from  the  nozzle 
outlet  section,  in  part  of  the  Jet  in  question  Is  the  maximum 
cross  section  of  the  first  "barrel."  Therefore,  from  the  joint 
solution  we  obtain  f  *  fm  and  X  =  X  .  In  all  the  remaining 
intermediate  cross  sections  of  the  divergent  part  of  the  first 
"barrel"  there  are  radial  component  velocities,  in  consequence  of 
which  the  equations  of  a  one-dimensional  flow  (101)  and  (104), 
as  can  be  seen  from  Fig.  7-34,  are  net  satisfied  simultaneously 
here . 


This  means  that  no  flow  exists  with  the  axial  direction  of 
the  velocity  which,  with  given  initial  parameters  at  the  nozzle 
edge  and  p*  *  const  (o  =  1),  could  have  a  cross-sectional  area 
equal  to  the  area  of  any  inter-mediate  cress  section  of  the  first 
"barrel .  " 

For  determining  the  parameters  of  the  gas  in  these  intermediate 
cross  sections,  the  expressions  of  flow  rate  and  momentum  should 
be  written  taking  into  account  tne  radial  velocity  component. 

Using,  as  above,  the  mean  values  of  the  parameters  of  the-  gas  in 


5?4 


each  cross  section,  let  us  assume  that  the  mean  value  of  the 
radial  velocity  is  such  that  the  vector  of  the  mean  absolute 
velocity  comprises  some  angle  a  with  the  axis  of  flow. 

Above,  in  §  6  of  Chapter  V  expressions  for  flow  rate  (123) 
and  (125)  and  gas  pulse  (127)  in  a  one-dimensional  flow  having 
the  velocity  component  in  a  plane  perpendicular  to  the  axis  were 
obtained . 

With  the  aid  of  these  expressions  for  the  flow  rate  and 
momentum,  it  is  possible  to  compose  the  equations  of  continuity 
arid  momentum  for  any  cross  sections  of  the  initial  section  of  the 
Jet.  These  equations  take  the  form 

qO-.  =  (106) 

*(>..  (107) 

For  each  selected  cross-section  of  a  Jet  with  a  relative  area  of 
f  *  F/F  with  given  initial  flow  parameters  and  value  a  (spe- 

a 

clflcally,  for  the  first  "barrel"  with  a  *  1)  the  obtained  equations 
contain  two  unknown  values  X  and  a.  The  Joint  solution  of  the 
equations  is  carried  out  graphically  with  the  use  of  tables  of  pas- 
dynamic  functions  and  a  graph  of  the  function  z(X,  a)  (see  I  6, 
Chapter  V),  where  X  is  the  coefficient  of  absolute  velocity. 

Figure  7.35  gives  the  results  of  such  a  calculation.  As  can 
be  seen,  In  all  intermediate  cross  sections  some  actual  value  of 
angle  a  is  determined  which  seemingly  compensates  for  the  incom¬ 
patibility  of  the  equations  of  a  one-dimensional  parallel  flew 
(101)  and  (104)  for  the  Intermediate  cross  sections  of  the  barrels. 

It  is  natural  that  in  cross  sections  f  =  1  and  f  =  f  for  which 

m 

equations  (101)  and  (104)  are  satisfied  simultaneously,  we  have 

a  *  0  and  X  ■  X  sin  a  -  0. 
r 
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Fig.  7-35.  The  parameters  of  a  gas  in  the 
intermediate  cross  sections  of  the  first 
"barrels"  of  an  off-design  Jet:  1  -  the 
equation  of  momentum  (10*0,  2,  3  -  the  equa¬ 
tions  of  continuity  (101)  and  (109),  the 
dotted  line  is  the  coefficient  of  absolute 
velocity  according  to  equations  (106)  and  (107) 
(Ma  *  1.0;  nQ  =  *(6.5;  n  *  2*1.6). 


Let  us  note  that  the  absolute  velocity  or  the  velocity 
coefficient  A  in  the  Intermediate  cross  sections  (see  dotted  curve 
on  the  graph  of  Fig.  7.35)  and,  consequently,  also  the  value  of 
the  static  pressure  p  -  p*ir(A),  obtained  during  the  calculation, 
taking  into  account  the  radial  components  of  the  velocity,  are 
very  close  to  the  corresponding  values  obtained  from  the  usual 
equation  of  flow  rate  (101)  (unbroken  curve)  without  correction 
for  angle  a. 


If  we  attempt  to  determine  the  value  of  angle  a,  taking  the 

area  of  cross  sections  more  than  F.  or  less  than  F  .  then  it  will 

m  a  ’ 

turn  out  that  cos  a  >  1,  and  the  radial  component  of  the  velocity 
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is  an  imaginary  value.  This  indicates  the  physical  impossibility 

cf  such  a  flew  and,  therefore,  the  fact  that  in  the  initial  section 

of  the  underexpanded  Jet  the  cross-sectional  area  cannot  become  less 

tnan  the  nozzle  outlet  cross  section  P.  or  larger  than  the  area  F_ 

a  rn 

found  from  the  Joint  solution  of  equations  (101)  and  (10*0;  the 
value  of  f  ,  therefore,  is  really  the  maximum  relative  area  of  the 
first  "barrels"  of  the  Jet. 

For  determining  the  parameters  of  a  Jet  in  the  cross  sections 
following  the  maximum  cross  section  of  the  first  "barrel,''  it  is 
possible  to  make  use  of  the  same  equations  which  were  derived  above 
for  the  first  "barrels"  with  the  difference  that  value  o  -  the 
coefficient  of  total  pressure  -  in  equations  (101)  or  (106)  can 
no  longer  be  assumed  equal  to  unity.  The  losses  in  total  pressure 
in  the  shock  waves  during  the  deceleration  of  a  gas  after  over¬ 
expansion  lead  to  the  fact  that  at  the  end  of  the  tapering  portion 
of  the  first  "barrels"  and  in  all  subsequent  cross  sections 
p*  <  p*  and  a  <  1.  Figure  7.36  presents  the  family  cf  curves 
A  *  A ( f )  obtained  from  the  equation  of  continuity  with  o  <  1.  The 
intersection  of  these  curves  with  curve  2,  calculated  from  the 
equation  of  momentum  (10*4),  gives  the  possible  parameters  of  a  gas 
in  the  maximum  and  minimum  cross  sections  of  the  subsequent 
"barrels"  of  the  initial  section  of  the  Jet.  From  the  phase 
diagram  it  is  obvious  that  in  each  subsequent  "barrel"  maximum 
values  of  the  area  and  velocity  coefficient  are  less,  but  the 
minimum  values  are  greater  than  in  preceding  one;  a  reduction  in 
the  total  pressure  leads  to  a  decrease  in  the  range  of  a  change 
of  the  parameters  of  the  gas  in  the  "barrels."  With  a  certain 
value  of  a  •  a  ,  F  .  =  F  is  obtained;  this  shows  that  in  a 

flow,  if  we  do  not  consider  mixing  with  the  external  environment, 
constant  values  of  the  parameters  which  correspond  to  point  c  of 
the  phase  diagram  are  established.  This  is  also  the  limiting 
state  of  the  gas  attained  in  the  initial  section  of  an  off-design 
Jet,  if  we  do  not  consider  mixing  with  the  external  environment. 
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Fig.  7.36.  The  phase  diagram  of  an  off-design 
supersonic  jet  taking  into  account  the  total 
pressure  losses:  1  -  the  equation  of  con¬ 
tinuity  (101);  2  -  the  equation  of  momentum; 

3  -  the  equation  of  continuity  (109). 


It  is  possible  to  show  that  the  static  pressure  in  this  cross 
section,  called  isobarlc,  is  equal  to  the  external  pressure,  in 
consequence  of  which  a  further  change  in  the  flow  parameters  also 
ceases.  For  determining  the  parameters  of  a  gas  in  an  isobarlc 
cross  section,  let  us  write  the  condition  of  constancy  of  the  flow 
rate,  expressing  the  gas  flow  rate  by  the  static  pressure  (p  *  p  ) 

C  H 


P*Fry  ().t) _ PjFrf  (*«> 

i  f?  "  vn 


(108) 


or 


y  l\) = n«  ^  9  (>,*). 


(10*) 


The  Joint  solution  of  this  equation  with  the  equation  of  momentum 

in  the  form  of  (10^)  makes  it  possible  to  find  values  Xc  and 

f  -  F  /F  . 
c  c  a 


Let  us  note  that  in  all  cases  \  >  1  is  obtained  from  the 

c 

calculation,  i.e.,  with  G  *  const.  The  Jet  at  the  end  of  the 
initial  section  always  remains  supersonic;  the  transition  through 
the  speed  of  sound  becomes  possible  only  as  a  result  of  mixing 
with  the  external  environment  which  is  not  considered  here. 
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According  to  the  value  Ac,  it  is  easy  to  determine  total 
pressure  p*  «  p  /m(X  )  and  to  calculate  the  value  of  the  total 

*  C  W  C 

losses  of  the  total  pressure  of  a  gas  in  the  initial  section 


(110) 


Thus,  the  value  of  the  total  losses  of  total  pressure  in  all 
"barrels"  of  the  initial  section  can  be  determined  without  a 
detailed  examination  of  the  processes  which  proceed  in  the  Jet. 
The  calculations  show  that  these  losses  are  very  great  and  are 
determined  mainly  by  the  degree  of  off-design  n  (Fig.  7.37). 


Fig.  7.37.  The  velocity  coefficient  of  a  gas  ] 
in  an  lsobaric  cross  section  and  the  total  | 
losses  of  total  pressure  in  the  initial  sec-  \ 
tion  of  an  off-design  supersonic  jet,  1<  ■  1 . 4  .  i 


On  the  phase  diagram  (Figs.  7 . 3^  ,  7 . 3£ )  curve  3,  constructed 
according  to  equation  (109),  indicates  possible  states  of  gas  flow 
(with  given  initial  parameters)  with  which  the  mean  static  pressure 
is  equal  to  c  ;  above  this  curve  p  <  p  ,  below  p  >  p  .  It  is  easy 
to  see  that  the  point  of  intersection  d  cf  curve  3  with  curve  ] 

(p*  =  p'*)  indicates  the  parameters  of  the  gas  with  ideal  expansion 

from  p*  tc  p  in  a  Laval  nozzle  ;  point  c  gives  the  parameters  of  a 

d  H 


I 
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free  Jet  in  an  isobaric  cross  section.  The  phase  diagram  directly 
shows  the  qualitative  relationships  between  the  parameters  of  the 
gas  at  points  c,  m,  d  and  a.  Specifically,  let  us  note  that  the 
area  of  the  maximum  and  isobaric  cross  sections  of  a  free  jet  with 
n  >  1  Is  always  obtained  larger  than  the  area  of  the  outlet  cross 
section  of  a  design  Laval  nozzle.  The  smaller  the  section  of  free 
expansion  of  the  gas,  the  closer  to  each  other  the  parameters  of 
the  gas  in  states  c,  d,  m  and  a. 

The  effect  of  the  degree  of  off-design  of  a  nozzle  can  be 
connected  with  a  change  in  the  external  power  effect  on  the  jet. 

In  fact,  with  an  increase  in  the  expansion  ratio  of  the  nozzle 
(decrease  in  n)  part  of  the  free  flow  is  replaced  by  a  supplementary 
part  of  the  nozzle.  Instead  of  external  pressure  pR  variable 
pressure  p  >  now  acts  on  the  Jet  boundaries,  since  n  >  1.  An 
increase  in  the  force  which  acts  on  the  jet  in  the  direction  of 
motion 


/>— cm) 

is  equal  to  the  force  of  excess  pressure  on  the  walls  of  the 
supplementary  part  of  the  nozzle.  Value  P  will  enter  the  right 
side  of  the  equation  of  momentum  (102)  recorded  for  the  section  of 
flow  from  the  Initial  output  area  of  the  nozzle  to  an  arbitrary 
Jet  cross-section  as  a  supplementary  term;  because  of  this,  the 
pulse  of  the  gas  in  ?  cross  section  with  an  area  of  F  increases. 
Equation  (104)  for  this  case  take3  the  form 

*(>)=*  x(X.)  + 

<112) 


where 


K=* 
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The  equation  of  continuity  doe;;  nc  liep  •  no  rr,  t  h**  ma.rr.J r.udi.- 
of  force  P.  With  the  aid  of  the  phase  alartram  (Mr.  7.yt-*>  it  1:; 
easy  tc  establish  the  qualitative  influ*  r  e*.  of  the  force  cT.-ct 
the  jet.  The  parameters  of  the  gas  in  tne  me  >.  5  r.un  and  isobar  5  r 
cress  sections  are  determined  by  the  pot*.;!.  t;f  V:>‘.  erseetion  of  i 
invariable  curves  1  and  3  with  curve  2*  c  -  r.-i  nd  from  equate--. 
(112).  With  P  >  0,  curve  2*  always  lies  n  '  gi-or  tne  iniliu! 

curve  2.  There  fore ,  the  areas  of  the  maximum  orv;  ‘.C'-Miri;**  e  re 
sections  are  obtained  smaller  than  in  a  Jet:  -.no  velocity 

coefficient  X  in  the  maximum  cross  section  de  .n  easv;.  ,  while  the 
velocity  coefficient  X,  in  the  isobaric  er>  *r.  section  !  r> ere  user  . 

Thus,  ar.  increase  In  the  force  which,  acts  in  a  !  i  -v  in  t  *  -.ii  r'-.. 

of  notion  (or  an  increase  in  the  reaction  on  th--*  n-ozl*’  viiir) 
leads  to  a  decrease  in  the  overexpansion  of  the  «• .  *  ’.  *  -,  t*.*-  "-'an 

and  to  a  decrease  in  the  total  losses  «.  f  tot-T!  ;  .  ••  .*  c  f  t  he 

in  the  initial  section  of  the  jet.  The  resu't  r*t  h  ••  i  :,*..••»  v.  m.->  the 
aid  of  the  phase  diagram  is  not  obvious.  Actual  •  .  despite  me 
fact  that  supplementary  force  P  acts  alone  th  fl-.v,  ,  i  '  in.;,.-  i 

the  gas  in  ’he  maximum  cross-section  of  th*:  ‘  i, 


I*  —  g  "m  I  PnJ'm  ~s  C’msl  t  X 


as  the  joint  solution  of  the  equations  of  luI; 
shows,  does  not  Increase,  but  decreases,  wh  M; 
a  reduction  in  the  area  of  this  cross  section. 


The  indicated  method  of  the  analysis  of  the  foi  •:*. 
a  jet  also  turns  cut  to  be  useful  in  the  examlr.aM 
cases  of  gas  flow.  Being  given  the  different  1*  Via', 
of  the  jet,  according  tc  the  aforementioned  re  1  at  '  sn 
possible  to  determine  the  dependence  of  the  paran-.-ter 
in  characteristic  Jet  cross  sections  on  the  dei.re-  cl' 
and  M  number  on  the  nozzle  edge  (Figs.  7.39,  7- “7). 
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Fig.  7.38.  Change  in  the  parameters  of  a  gas 
in  the  maximum  (m)  and  isobaric  (c)  cross 
sections  of  the  initial  section  depending  on 
the  magnitude  of  the  force  which  acts  on  the 
jet  boundaries:  1  -  the  equation  of  continu¬ 
ity  (101);  2  -  the  equation  of  momentum  v/ith 
P  =  0;  2'  -  equation  (112)  with  P  >  0;  3  - 
the  equation  of  continuity  (109).  M  =  1.5; 
n  =  6.8.  a 


Fig.  7.39.  The  parameters  of  a  gas  in  a  maxi 
mum  Jet  crcss-section  depending  on  the  degree 
of  off-design  n  =  p  /p  ,  k  ■  1.^ 

3  H 
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Fig.  7.70.  The  ratio  of  the  areas  of  maximum 
and  isobaric  (dotted  line)  cross  sections  of 
an  off-design  supersonic  jet  to  the  area  of 
critical  cross  section  of  a  Laval  nozzle, 

'  'k  '  =  1 7  . 


From  the  calculations  carried  out  it  follows  that  in  all  cases 
with  n  >  1  the  mean  value  of  the  static  pressure  in  the  maximum 
jet  cross-section 


Pm=Pl-On) 


is  considerably  lower  than  the  external  pressure 
of  the  calculation  obtained  over  a  wide  range  of 
of  the  jet  closely  correspond  to  the  approximate 
n  >  2.5\  k  =  1.7) 


p  .  The  results 

H 

initial  parameters 
relation  (for 


ss  —  —  0,07.  (113) 

P a  it  •  ' 

From  Figs.  7.71,  7.72  it  can  be  seen  that  the  results  of 
calculating  the  area  (diameter)  of  tne  maximum  and  isobario  Jet 
cross-sections  according  to  the  given  method  correspond  well  to 
the  experimental  data  of  different  authors.  Let  us  note  that  with 
the  given  init  ial  par.unr.  t  c-r?  of  tne  jet  the  conformity  cf  the 
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Fig.  V.^l  •  The  diameter  •.!"  t  : .a  >:  s  mum  ores.?  section  i 
an  undorexpanded  sup  et\  «.-n:  •:  .•  <•• t  •.  •oat-di  c.f.  1  o  experi¬ 
mental  end  c&i oul  at 1  et.  d  >  ‘,  a  :  '•  -  i  .  f  .  Y'-l  kovaya  ’  s 

experiment.:? ;  r  -  V.-.  i  .'.nr  i t --xr  •.  rlmca?  ”  ;  <  - 

0.  A.  Akimov';-:  c  xp-..rl  :v  n*  r  ;  .  Lav':;  experiments  ; 

‘3  -  T.  A  dam  re.  i: '  r  .  /nv  r ; a  ;  ■  -  cal  ru  I  at  i  or.  ae  cordir. 
to  the  method  of  character*.  rni  .  The  solid  lines  are 

the  calculation  acerd  in,'  t-.<  th-  one-oiiaer.si  onal  the  or 
k  =  1  .it. 
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calculated  and  measured  cross-sectional  area  simultaneously  means 
that  the  mean  values  of  the  velocity  in  this  cross  section  (see 
equation  (104)  and  the  value  of  the  total  pressure  -  coefficient  o 
(see  equation  (101))  also  coincide. 

From  an  examination  of  the  phase  diagram  it  is  possible  to 
obtain  the  qualitative  results  for  a  number  of  limiting  conditions 
in  the  outflow.  Specifically,  during  the  outflow  of  gas  into  a 
void  through  a  nozzle  of  finite  dimensions  (p  =  0,  nQ  = 
q(X  )  t  0)  in  the  equation  of  momentum  (104)  the  second  term  of 
the  right  side  disappears,  in  consequence  of  which  it  assumes  the 
form 


*(>.)  — *(>.„)  or  >.  =  >, 

Curve  2  on  the  phase  diagram  (see  Fig.  7.34)  in  this  case 

is  converted  to  a  straight  line  parallel  to  the  abscissa,  and  the 

point  of  its  intersection  with  the  invariable  curve  1  which 

expresses  the  equation  of  continuity  departs  into  infinity  (f  -*  °°, 

X  -+  A  +  1/k  -  1)  .  This  means  that  the  let  which  escapes  into  a 
m 

void  does  not  form  "barrels,"  but  it  increases  boundlessly  in 
cross  section,  retaining  the  radial  velocity  component  everywhere. 

If  the  shaping  of  the  nozzle  does  not  assure  obtaining  a 

parallel  uniform  flow  of  gas  in  the  outlet  cross  section  as  was 

accepted  above,  then  in  equations  (101)  and  (104)  one  ought  to 

consider  the  presence  of  a  radial  velocity  component  in  cross 

section  a.  For  this,  as  v/as  done  during  the  derivation  of  equations 

(106)  and  (107),  one  ought  to  replace  functions  q(X  )  and  z(X  ), 

a  a 

with  the  generalized  functions  q ( X  ,  a  )  and  z(X  ,  or),  where  a 

a  a  da  d 

is  the  mean  value  of  the  angle  between  the  vector  of  the  absolute 
gas  velocity  at  the  nozzle  outlet  and  the  nozzle  axis.  For  a 
conical  nozzle,  it  is  easy  to  obtain  the  following  expression  for 
the  mean  value  of  angle  a: 


cos 


!  cos  J 
I  f  cos?' 


(114a) 
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which  with.  8  <  3<;  '  !  r  apr  re  :-:I  mol  ,'d 
accuracy  by  the  formula 


iiere  6  is  the  angle  5  o'-  v- '  :,u  of  the  c-'-ne  and  the 
axis. 


The  solution  of  the  sy-dom  of  c-v'ut  ions  after  substitution 
of  the  value.;  q  ( \  a  )  and  :!  \  ,  a  '  in  the  right  •; !  do  ol  (  101) 

:  1  C  X.  hi 

and  (lCUO  is  also  carried  .el  f.  t  he  on  re  a,  =  0.  Calculations 

a. 

snow  that  with  an  increase  i  r,  the  n  •  ■  v a  nr  lie-  cf  taper  lilt  area 
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In  the  so  lilt.  I  on  cf  a 

nur.l  er  or 

r  rot 

iems,  it  1 

necessary  to 

know  the  configuration  of  tin.  initial  part  of  the  jet  and  the 
distance  between  the  nozzle  and  the  rax 5 muni  cross  section  of  the 
first  "barrels."  A  ene-dlrer.v  tcr.r.l  examli.-al  ion  cf  pas  flows  does 
not  usually  make  id  rose  it  ie  r o  obtain  oat  a  of  this  type.  Here, 
however,  it  is  possible  to  Ire; leal  e  the  method  which  makes  it 
possible  to  approximately  termi no  too  outline  of  the  expanding 
initial  part  of  the  jet  on  the  basis  of  the  result.-;  obtained  from 
the  one-dimensional  ralcuiat  !  -r . 


In  tiie  definition  c  f  t: ! . •  name  of  the  gas  in  the  inter¬ 

mediate  cross  sections,  of  the  ."  r-i  "i  t. ■—  els"  for  earr.  cross 
section  with  an  area  &*"  K  <  1'.  ..  !  ■  -  in.  use  of  equations  .'106)  and 

(107),  as  noted  above ,  a  ;» .1  r.  v  c  f  the  angle  a  can  be  found 

characterizing  the  value  cf  the  rod  la  i  components  of  the  gas 
velocity  in  this  cross  sect  i-  /■>,  ■  \.f  j  c  ocr.prised  by  the 
vector  of  the  absolute  mean-n'-:  -  *  rur  v;  1  o- Ity  ai.1  axis  cf  the 
jet.  In  a  real  ncnur.1  f'-rm  "low,  hi-.-  angles  of  deflection  of  the 
velocity  vectors  l’ron.  1  a  '  s  a;  -  f!  -.•rent  at  different  points 


r>3  6 


( 


( 


of  the  cross  section  and  increase  from  the  axis  to  the  periphery; 
therefore,  the  value  of  angle  a  found  above  will  be  some  mean. 
However,  taking  into  account  that  the  major  portion  of  the  gas  flow 
rate  passes  through  the  peripheral  zone  of  the  cross  sections  both 
due  to  its  larger  area  and  due  to  the  low  flow  density  in  the 
central  overexpanded  part  of  the  Jet,  it  is  possible  to  assume 
that  this  mean  value  of  the  angle  will  be  close  to  the  values  of 
the  divergence  angle  at  the  Jet  boundary.  Arbitrarily  assuming 
that  c»r  *  a,  we  obtain  the  possibility  for  the  approximate  con¬ 
struction  of  the  Jet  boundaries. 

The  initial  angle  of  deflection  of  the  Jet  boundary  at  the 
nozzle  edge  where,  due  to  the  presence  of  a  nucleus  of  undisturbed 
flow  the  indicated  considerations  are  unacceptable,  is  determined 
analogous  to  the  angle  of  the  rotation  of  a  supersonic  flow  which 
flows  around  an  obtuse  angle  (see  §  4  Chapter  IV),  from  the  formula 

+  (115) 

Here  B  is  the  angle  between  the  tangent  tc  the  nozzle  generatrix 
in  the  outlet  section  and  the  axis,  and  6  is  the  angle  of  rotation 
of  the  flow  from  the  initial  direction  which  is  found  from  tables 
(see  appendix)  for  given  values  of  M  number  at  the  nozzle  edge  and 
ratio  of  pressures  p*/p  or  p./p  .  Instead  of  the  tables,  for 
determinat ion  of  5  with  k  =  1.40  the  approximate  formula  can  be 
recommended  (for  X  <  2.3) 

*  =  xj\  (116) 

where  XQ  =  X(n^)  is  the  velocity  coefficient  cn  the  Jet  boundary 
(i.e.,  with  the  full  expansion  of  the  gas  up  to  external  pressure). 


According  to  the  size  of  the  initial  angle  and  values  of 

angle  a  found  from  equations  (106)  and  (107)  for  several  (5-6)  values 

of  the  relative  cross-sect ional  area  f  <  f  ,  it  is  possible  to 
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construct  the  approximate  outlines  of  the  expanding  portion  of  the 
first  "barrels."  For  this,  added  consecutively  to  the  straight 
iine  drawn  through  the  edge  of  nozzle  at  an  angle  of  aQ,  at  points 
corresponding  to  radii  of  selected  intermediate  cross  sections 
i'j  ,  r^ ,  r^j  etc.,  are  segments  at-  angles  ,  a^,  etc.,  up  to 

the  intersection  with  the  straight  line  r  =  r  :  the  obtained 
broken  line  Is  rounded  off. 

In  spite  of  the  arbitrariness  of  the  given  construction, 
the  outline  thus  obtained  closely  corresponds  to  the  form  of  jet 
visible  in  the  photograph  and  also  to  the  result  cf  the  calculation 
according  to  the  method  of  characteristic  if  the  degree  of  off- 
design  of  the  Jet  does  not  exceed  values  n  *  100-150  (Fig.  7.**3). 


Fig.  7.^3.  Outline  of  the  expanding  portion  of 
the  first  "barrels"  of  a  supersonic  Jet. 

Curves  -  according  to  a  shadow  photograph  of 
the  Jet,  dots  -  the  calculation  for  6  cross 
sections:  1  -  M  =  2. 5.  n  =  6, *13,  8  =  5°;  2  - 
M  **  1.0,  n  =  24.6,  8  =  0,  k  *  1.4. 

All  the  results  presented  above  are  obtained  under  the 
assumption  that  in  the  initial  section  of  the  jet  there  is  no  mixing 
with  the  environment.  This  is  meaningful  to  the  extent  that  it 
makes  it  possible  to  reveal  the  regular  laws  inherent  in  the  Jet 
itself  and  to  determine  the  losses  which  appear  in  the  process  of 
the  stabilization  of  the  parameters  of  an  off-design  jet.  With 
the  large  degree  of  off  design,  when  the  initial  section  is  limited 
by  one  or  two  "barrels,"  the  indicated  assumption  does  not  produce 
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considerable  error.  With  a  large  length  of  section  an  increase 
in  the  flow  mass  can  become  noticeable,  which  will  change  the  flow 
parameters  in  the  isobaric  cross  section.  The  real  mean  values  of 
the  parameters  can  be  obtained  from  a  calculation  similar  to  the 
one  given  above  if,  during  the  derivation  of  the  fundamental 
equations,  we  consider  the  difference  in  the  gas  flow  rate  in  the 
initial  and  final  cross  sections.  In  this,  value  AG  or  G/G.  should 

a 

be  given  or  determined  from  an  examination  of  the  turbulent  mixing 
of  the  Jet  with  the  environment. 

The  presented  design  procedure  according  to  mean  values  of  the 
parameters  in  the  basic  sections  of  an  off-design  Jet  can  also  be 
extended  to  the  case  of  outflow  with  overexpansion  (n  <  1). 

In  conclusion,  let  us  recall  that  the  presented  one-dimensional 
theory  does  not  permit  obtaining  data  on  the  internal  structure  of 
a  Jet  and  distribution  of  parameters  over  its  cross  section;  for 
this  purpose  it  is  necessary  to  use  more  complex  methods,  for 
example,  the  method  of  characteristics.  At  the  same  time,  some  of 
the  results  obtained  above,  for  example  the  values  of  the  parameters 
in  an  isobaric  cross  section,  cannot  be  found  by  the  method  of 
characteristics  without  additional  assumptions. 
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CHAPTER  VIII 


GAS  FLOWS  IN  NOZZLES  AND  OIFFUSERS 

§  1.  The  Resistance  of  a  Nozzle 


The  total  pressure  losses  in  a  nozzle  are  usually  reduced  to 
friction  losses.  In  the  ideal  case,  in  the  absence  of  losses  the 
rate  of  outflow  from  a  nozzle  is  connected  with  the  ratio  of  the 
static  pressure  in  outlet  cross  section  p  to  the  total  pressure 

CL 

in  the  nozzle  pQc  by  the  known  equality 


£« 

p« 


TRl'“ 


» 


In  the  presence  of  losses  the  actual  exhaust  velocity  is  less  than 
the  ideal: 


>v 


(1) 


where  <t>  is  the  velocity  coefficient ;  its  value  usually  equals 

<f>  =  0.97-0.99.  Introducing  the  pressure  coefficient  which  considers 

the  total  pressure  losses  in  the  nozzle  ac  “  p0a/p0c  we  obtaln 


from  which  the  dependence  of  the  pressure  coefficient  on  the 
velocity  coefficient  of  the  nozzle  is  established: 


(2) 


* 


For  example  with  Xn  *  1  and  $  *  0.98  we  obtain  a  ■  0.975. 

ft  c 

The  relation  oc  »  f($)  with  different  values  of  M  number  In 
the  outlet  cross  section  Is  presented  in  Fig.  8.1;  the  curves  are 
designed  according  to  formula  (2)  with  the  use  of  expression  (46) 
from  Chapter  I.  Figure  8.1  shows  that  with  discharge  velocities 
which  considerably  exceed  the  speed  of  sound  (M  >  1.5),  large  total 
pressure  losses  correspond  even  to  the  moderate  velocity  losses 
(<f>  >  0.97). 


coefficient  of  the  total  pressure  on 
the  velocity  coefficient. 

For  the  calculation  of  the  gas  flew  rate  through  a  nozzle 
taking  losses  into  account,  in  formula  (8)  in  Chapter  IV  one  ought 

to  substitute  the  value  p_  =  a  p„  . 

0  c^Oc 


541 


In  those  cases  when  the  field  of  total  pressures  in  the  nozzle 
entry  cross  section  is  uniform  and  the  outlines  of  the  nozzle  are 
so  smooth  that  there  are  no  vertical  regions  and  shock  waves  in  it, 
the  resistance  of  the  nozzle  is  reduced  to  friction  drag  in  the 
boundary  layer.  In  view  of  the  fact  that  the  length  of  the  nozzle 
usually  is  not  greater  chan  several  nozzle  diameters,  the  thickness 
of  the  boundary  layer  comprises  a  small  fraction  of  the  nozzle 
radius,  l.e.,  the  major  part  of  the  cross  section  of  the  nozzle  is 
filled  by  the  flow  core  which  consists  of  Jets  of  constant  total 
pressure  in  which  the  parameters  of  the  gas  change  according  to 
the  laws  of  an  ideal  adiabatic  curve.  In  that  case  the  total 
pressures  in  the  flow  core  in  the  outlet  and  entrance  cross  sections 
of  a  nozzle  are  identical,  but  due  to  the  existence  of  a  boundary 
layer  a  precise  value  of  the  discharge  velocity  cannot  be  determined 
directly  by  formulas  (2)  and  (3)  or  (4)  of  Chapter  IV.  However, 
it  is  possible  to  make  use  of  these  formulas  if  we  Introduce  a 
correction  into  the  value  of  the  transverse  cross-sectional  area 
of  the  nozzle,  applying  the  concept  about  the  thickness  of  displace¬ 
ment  of  the  boundary  layer  (see  §  2,  Chapter  VI). 

As  is  known,  the  displacement  of  a  wall  from  its  true  position 
away  from  the  nozzle  axis  by  a  distance  equal  to  the  displacement 
thickness  (Fig.  8.2)  leads  to  the  fact  that  the  distribution  of 
static  pressure  and  velocity  over  the  deflected  wall  with  its  flow- 
around  bj  a  viscous  liquid  turns  out  to  be  the  same  as  over  a  true 
wall  flowed  around  by  an  ideal  fluid.  In  other  words,  by  the 
appropriate  Increase  in  the  transverse  cross  sections  of  the  nozzle 
it  Is  possible  to  compensate  for  the  boundary  layer  effect  on  the 
distribution  of  velocity  and  pressure  along  the  axis  of  the  nozzle. 
Conversely,  If  we  replace  the  given  nozzle  by  a  fictitious  one 
whose  outline  in  each  cross  section  Is  shifted  toward  the  nozzle 
axis  by  a  distance  equal  to  the  displacement  thickness  5*,  then 
the  velocity  distribution  along  the  length  of  the  fictitious  nozzle 
can  be  determined  according  to  Isentropic  formulas  (2),  (3)  or  (4) 
of  Chapter  IV,  whereupon  it  turns  out  to  be  the  same  as  in  the 
given  nozzle. 


5^2 


Fig.  8.2.  Diagram  of  a 
change  in  the  displace¬ 
ment  thickness  6*  along 
the  length  of  a  nozzle. 


In  a  plane-parallel  nozzle  the  area  of  the  fictitious  cross 
section  F.  is  found  from  the  condition 


where  b  is  the  width  of  the  transverse  cross  section  of  the  given 
nozzle . 


In  ar.  axisymmetric  nozzle 


here  R  is  the  radius  of  the  given  nozzle. 

Then  the  discharge  velocity  from  the  given  nozzle  is  determined 
from  the  formula 


F*Wf=>lk \*rTi  / 1  A  —  iitV^  >.  . 


A- I  %.\rri 


In  this  formula  F.  -  the  discharge  cross  section  of  a  fictitious 

<P  a 

nozzle,  F.  -  the  throat  area  of  the  fictitious  nozzle. 

’  0  HP 


In  the  core  of  the  constant  total  pressure  which  fills  the 
major  part  of  the  transverse  cross  section  of  a  given  nozzle,  the 
gas  velocity  is  determined  by  equation  (5).  In  accordance  with  this 
value  of  velocity,  using  known  formula  (72)  in  Chapter  I  which 
corresponds  to  the  ideal  adiabatic  process  in  a  gas  flow,  it  is 


possible  to  find  the  static  pressure  in  the  corresponding  trans¬ 
verse  cross  section  of  the  given  nozzle: 


» ' 


here  pQ  is  the  total  pressure  on  the  axis  of  the  nozzle  whose  value 
in  all  cross  sections  is  identical. 

The  consideration  of  the  boundary  layer  effect  by  means  of 
the  replacement  of  the  true  nozzle  outline  by  a  fictitious  outline 
leads  to  the  narrowing  of  the  nozzle;  therefore,  in  a  subsonic 
flow  the  boundary  layer  causes  an  increase;  and  in  a  supersonic 
flow  -  a  decrease  in  velocity  (as  compared  with  the  case  of  the 
flow  of  a  nonviscous  gas  in  a  nozzle  of  true  outline). 

Thus,  in  spite  of  the  retention  of  the  total  pressure  in  the 

core  of  the  flow,  the  velocity  in  the  core  in  a  subsonic  nozzle 

proves  to  be  more  than  in  the  ideal  case:  Xg  >  ,  and  in  a 

supersonic  nozzle  -  less  than  in  the  ideal  case:  X„  <  X^  .  In 

a  a  nfl 

accordance  with  this,  the  static  pressure  in  any  cross  section  of 
a  true  nozzle  with  subsonic  flow  is  reduced,  and  with  supersonic 
flow  is  increased  in  comparison  with  the  pressure  in  the  same 
cross  section  of  an  ideal  nozzle. 

In  view  of  the  smallness  of  the  corrections  which  consider 
the  boundary  layer  effect  on  the  velocity  and  the  pressure,  their 
value  can  be  obtained  by  means  of  the  expansion  of  formula  (5) 
into  a  number.  Omitting  the  indices  in  (5),  we  have 

P 


544 


If  a  change  in  the  transverse  cross-sectional  area  ;  y  ■,  -c, 
value  of  AF  causes  a  change  in  the  velocity  also  by  a  sr-vl  1  vs', 
of  AX,  then  with  k  ■  const 


/••-FA/' 


‘('"■J+l 


£ 


(>^AX)[l-jy  (X  +  AM’f1 


After  expansion  into  a  binomial  series  and  rejection  of  ail 
with  factors  on  the  order  of  AX  and  above  as  a  result  of  ti,,. 
smallness  we  obtain 


AF  _  i)l  X»— I  .  AX*  (3  —  X»> 

"""" T  > -Sri +  "+4-SW’ 


(7) 


In  all  cases  except  X  =  1,  this  formula  can  be  simr.)  i  f  i 

2 

after  also  rejecting  the  term  with  factor  AX  .  Then  w.-  have 


A  P  AX 

>,SST 


X*-l 

A-  I 

"  FTT 


X* 


(fe) 


In  the  case  of  X  *  1,  i.e.,  in  the  vicinity  of  the  supersonic 
nozzle  throat,  formula  (7)  acquires  a  very  simple  form: 


A F 
/•• 


=  i±J(AX^ 


Hence,  it  follows  that  an  insignificant  change  in  the  cross- 
sectional  area  of  the  nozzle  near  the  throat  causes  a  noticeable 
velocity  change.  For  example,  a  change  in  the  area  of  the  nczzl-- 
near  the  throat  by  1-7  (AF/F  =  0.01)  gives  a  velocity  chanrc-  of 
(AX  =  0.09). 


Formula  (8)  establishes  the  connection  between  -.mail  de v :  at  : 
in  the  cross-sectional  area  and  the  corresponding  small  —  • , u r, ; - ■ 


tr,e  ga^  flow  rate.  Upon  consideration  of  the  boundary  layer  effect 
or,  ti.e  flew  rate  It  is  possible  to  introduce  the  displacement 
tnickness  instead  of  a  change  in  the  cross-sectional  area;  for 
an  ax i symmetric  nozzle  according  to  (U)  we  have 


ig  _ 

r  ~  ~h  ~~ 


Hence  the  connection  between  the  displacement  thickness  and  velocity 
change  ac  ires  the  following  form  (with  X  /  1)  : 


4*  =  -. 


i  ax 
i 


x«-i 


*TT 


x* 


(10) 


For  example,  a  change  in  the  velocity  coefficient  by  3%  with 
k  =  I.Jj  and  X  =  1.5  (M  =  1.73)  is  achieved  because  of  the  displace¬ 
ment  thickness  6*,  which  comprises  3 %  of  the  radius  of  the  nozzle. 


The  small  pressure  changes  caused  by  small  velocity  changes 
can  also  be  calculated  according  to  the  formula  obtained  by  means 
of  the  expansion  of  equality  (72)  of  Chapter  I  into  a  binomial 

series  and  the  rejection  of  all  terms  with  the  factors  on  the  order 

2 

of  AX  and  above.  In  fact, 


hence 


i  —  x» 
*+ 1 


and,  further, 


(ID 
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For  the  example  examined  above  (AX/X  =  0.03,  X  E  1.5),  from 
(11)  we  obtain  Ap/p  '  0.12.  In  the  case  of  X  =  1,  for  the 
dependence  of  the  pressure  Increase  on  the  velocity  Increase  we 
obtain  the  following  simple  formula: 


¥ 

p 


=  -AAX, 


(12) 


i.e.,  In  the  vicinity  of  the  throat  the  pressure  change  Is 
proportional  to  the  velocity  change. 


In  view  of  the  presence  of  a  boundary  layer,  the  mean  gas 

velocity  in  the  transverse  cross  section  is  less  than  the  velocity 

in  the  core  of  the  flow:  X  X  .  For  the  calculation  of  the 

cp  a 

mean  velocity  for  the  mass  of  the  gas 


—  7>  \ 


it  is  possible  to  utilize  the  concept  of  the  momentum  thickness  in 
the  boundary  layer  6**  (see  Chapter  VI).  This  value  shows  by  what 
distance  6**  it  is  necessary  to  displace  the  nozzle  outline 
(toward  its  axis)  so  that  a  uniform  flow  in  the  fictitious  nozzle 
with  the  same  velocity  as  in  the  flow  core  of  a  true  nozzle  would 
have  the  same  per-second  momentum  as  in  a  true  nozzle.  Then 


xo,=x,,a 


Hence,  the  velocity  coefficient  which  considers  the  boundary  layer 
effect  is  equal  to 


t  ~ 


i — si**. 


(13) 
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where 


Let  us  note  that  the  value  $  In  formula  (13)  expresses  the 
ratio  cf  the  mean  velocity  for  the  mass  of  the  gas  to  the  velocity 
in  the  flow  core  and  not  to  the  velocity  in  an  ideal  nozzle.  The 
transition  to  the  value 

can  be  realized  in  the  following  way: 

where  according  to  (10) 


j*  sa  Lin  —  I 
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The  experiments  of  Keenan  and  Nauman1  make  it  possible  to  estimate 

the  ratio  of  the  fictitious  diameter  of  the  nozzle  outlet  D.  to 

$ 

the  true  diameter  of  the  outlet  (D  )  with  different  values  of  R 
and  M  numbers.  The  results  of  these  experiments  are  reduced  to  a 
table . 


No  2** 

cl«  ! 

% 

M 

4  M  J 

5f 

i 

0,502" 

0.U45" 

30  -10* 

2,58 

0,79 

0,82 

2 

0,1ft'" 

0,4 1W 

3.14 

3»  -10» 

356 

3 

0.175" 

043X" 

U  •  10* 

•  - 

_ 

4 

0.107- 

0.4W." 

337 

1.2  .10* 

4,30 

0.67 

b 

0,1ft" 

0,106" 

lM 

0,27  •  10* 

353 

0.71 

Diameters  of  the  critical  D  and  outlet  D„  cross  sections 

up  a 

are  given  in  this  table  in  Inches  and  R  numbers  are  calculated 

Cl 

according  to  the  outlet  diameter  of  the  nozzle.  As  we  see,  true 
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values  of  the  number  in  the  outlet  cross  section  are  lower 
a 

than  the  calculated  one  (M„  <  M  )  and  the  fictitious  diameter 

a  a  n£ 

of  the  outlet  aperture  is  less  than  the  true  by  18-33?,  i.e.,  the 
dimensionless  displacement  thickness 

$•  =  0,1  *->-0.33. 

••/hereupon  the  smaller  values  of  the  displacement  thickness  corre¬ 
spond  to  the  higher  values  of  R,  number. 

3. 

The  presence  of  large  pressure  gradients  extremely  complicates 
the  boundary-layer  calculation  in  nozzles,  especially  at  supersonic 
speeds.  The  approximate  design  procedure  of  a  turbulent  boundary 
layer  in  a  Laval  nozzle  developed  by  Bartz1  is  based  on  the  follow¬ 
ing  assumptions:  the  velocity  profile  and  excess  temperature  In 
all  cross  sections  of  the  nozzle  are  subordinated  to  "law  1/7," 
the  local  values  of  the  friction  coefficient  on  the  wall  and  the 
boundary  layer  thicknesses  are  connected  by  the  same  relation  as 
in  the  case  of  a  plate,  the  Nusselt  layer  is  calculated  as  one- 
dimensional  (without  consideration  of  the  boundary  layer  effect). 

The  results  of  such  a  calculation  for  the  nozzle  depicted  on  Fig. 

8.3  are  given  on  Fig.  8.4,  where  along  the  ordinate  the  thicknesses 
of  the  dynamic  boundary  layer  <5  are  laid  off  (in  inches),  and 
along  the  abscissa  the  distance  from  the  beginning  of  the  nozzle 
to  the  current  cross  section  is  laid  off,  expressed  In  fractions 
of  the  reduced  length  of  the  nozzle  x  (in  this  example  x  =  8.02'n, 
The  calculation  is  performed  for  two  cases  when  in  the  beginning 
of  the  nozzle  the  boundary  layer  thickness  6Q  =  0.188"  and  when 
6Q  =  0.  The  most  important  result  of  this  calculation,  confirmed 
by  experimental  data,  consists  in  the  fact  that  the  boundary  layer 
thickness  in  the  throat  is  very  small  (<5  =  0.028;  6*  =  0.0038) 

and  virtually  does  not  depend  on  the  boundary  layer  thickness  in 


'Bartz  D.  R .,  An  Approximate  Solution  of  Comprer 
lent  Boundary  Layer  Development,  ASi-iE  Paper,  fi  54-A-l 
Trans.  ASHE,  V.  77,  Mo.  2,  1055,  p.  1235-124;. 
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Pig.  8.4. 


Fig.  8.3.  Laval  nozzle  (from  the  work  of  Bartz). 

Fig.  8.4.  Change  in  the  boundary  layer  thickness  6  along 
the  length  of  a  conical  Laval  nozzle  (see  Fig.  8.3):  1  - 

thickness  of  layer  in  the  initial  cross  section 
6q  «  0.188";  2  -  the  same  with  6q  e  0;  3  -  thickness  of 

layer  in  the  throat  6  =0. 

J  up 


the  initial  cross  section  of  the  nozzle.  This  means  that  the 
boundary  layer  thickness  in  the  outlet  cross  section  of  a  Laval 
nozzle  can  be  approxi mately  determined  on  the  assumption  that  in 
the  throat  it  is  equal  to  zero  (6  =  0).  This  case  is  shown  on 

H  p 

Fig.  8.4  by  the  dotted  curve. 


The  values  of  total  pressure  (taking  into  account  the  boundary 
layer)  in  the  outlet  section  of  a  conical  supersonic  nozzle  can  be 
estimated  approximately  according  to  the  following  formula:1 


±1 

1* 


1 


M<  I 

-»^T 


* 


(14) 


here  p.  is  the  mean  total  pressure  on  the  cross  section  at  the 
outlet,  pA  -  the  same  in  the  nozzle  throat,  M  -  the  computed 
value  of  the  Mach  number,  a  -  the  half  angle  of  aperture  of  the 
nozzle,  -  the  value  of  the  coefficient  of  friction.  The  curves 
calculated  from  formula  (14)  with  k  ■  1.4  are  depicted  on  Fig.  8.5. 


‘Evvard  J.,  Diffusers  and  Nozzles  -  in  the  collection  High 
Speed  Aerodynamics  and  Jet  Propulsion,  v.  VII,  1957,  p.  638-654. 
Russkiy  perevod  Izd.  inostr.  lit.,  1959- 
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Pig.  8.5.  Change  in  total  pressure  along  the 
length  of  the  nozzle,  presented  depending  on 
the  local  value  of  the  Mach  number. 


For  calculating  the  value  of  the  friction  coefficient  in  a 
nozzle  it  is  possible  to  use  the  approximate  relation1  which  is 
in  good  agreement  with  the  data  of  Chapter  VI: 

r,  =  0,003  [l  +  0.72  (15) 

Besides  the  friction  drag,  the  losses  connected  with  the  nonuni¬ 
formity  of  flow  in  the  zone  of  the  throat  and  the  deviation  of  the 
flow  from  the  axial  direction  at  the  nozzle  exit  are  important. 

The  complete  velocity  coefficient  of  a  nozzle  <{>  can  be 
presented  in  the  form  of  the  product  of  three  coefficients  which 
consider  friction  losses  (<pp),  losses  from  the  nonunifovmity  of 
flow  in  the  throat  of  the  nozzle  ( <J>p )  ,  and  loss  as  a  result  of 
the  deviation  of  the  flow  in  the  outlet  section  from  the  axial 
direction 


f  -  f/'fpP-  (16) 

Value  <J>£.  is  calculated  w i  ■  h  the  aid  of  the  methods  of 
boundary-layer  theory  cf  a  compressible  gas  (see  Chapter  VI). 


1 Ahlberg  J . ,  Hamilton  " . ,  Hlgdal  I., 
Perfect  ilozzles  in  Cptin.u:-  liozzles  f'es'on, 

p.  61-1-620. 
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Value  $  In  conical  nozzles  depends  mainly  on  the  relative 
P 

radius  of  curvature  of  the  nozzle  wall  in  the  area  of  the  throat; 
the  corresponding  experimental  data  of  Rao1  are  approximated  we 1 1 
fcy  the  exponential  formula 


,«:wa  (17) 

here  k  is  the  adiabatic  index  (in  experiments  k  =  1.23  and  l.lO, 

R  is  the  radius  of  the  critical  cross  section  (throat),  and  r  is 

np 

the  radius  of  curvature  of  the  nozzle  wall  in  the  area  of  the 
throat.  In  Rao ' s  experiments  relation  R  /r  changed  from  0  to  1. 

H  P 

The  coefficient  <fc  for  a  uniform  conical  flow  at  the  nozzle 
edge  is  determined  from  the  mean  value  of  the  projection  of  the 
velocity  vector  to  the  nozzle  axis 


Here  a  is  the  half-angle  of  aperture  of  the  nozzle. 

If  there  are  losses,  then  the  maximum  thrust  is  reached  not 
with  the  design  nozzle  configuration,  but  with  a  certain  under- 
expansior.  of  the  gas  since  a  small  contraction  in  the  output  pulse 
in  this  case  is  more  than  compensated  for  by  a  gain 
because  of  a  decrease  in  losses. 

The  following  analytical  dependence  of  the  optimum  degree  of 
expansion  of  the  nozzle  on  the  velocity  coefficient  is  in  good 
agreement  with  the  experimental  data:2 


lRao  G.  V.,  Evaluation  of  Conical  Nozzle  Thrust  Coefficient. 

ARC  J.,  N  8,  1959,  p.  606-607. 

2Purham  F.  P.,  Thrust  Characteristics  of  Underexpanded  Nozzles, 
Jot  Prop.,  N  12,  1955,  p.  696-700. 
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(19) 


where  F& ,  F  are  the  areas  of  output  and  critical  cross  sections, 

Pa  -  pressure  on  the  nozzle  edge,  pQ  -  the  total  pressure  at  the 
outlet  in  the  nozzle,  <f>  -  velocity  coefficient  of  the  nozzle,  $  - 

velocity  coefficient  taking  into  account  losses  only  in  the 
tapering  portion  of  the  nozzle.  With  $  ■  4>  *  1  formula  (19) 

K  p 

is  identical  with  formula  (4)  in  Chapter  IV  obtained  for  an  Ideal 
nozzle  of  which  it  is  possible  to  be  convinced  after  substituting 
relation  (6)  in  (19). 

Under  conditions  of  outflow  from  a  nozzle  with  large  over¬ 
expansion,  when  a  bridge-type  shock  is  established  on  the  nozzle 
edge  (Fig.  8.6),  the  ratio  of  pressures  on  the  edge  p  /p  can 

H  a 

prove  to  be  higher  than  the  critical  one  for  the  boundary  layer  of 
the  nozzle  with  its  interaction  with  the  oblique  shock  wave  ab . 

In  this  case  the  boundary-layer  separation  from  the  wall  appears  and 
the  system  of  shocks  displaces  Inside  nozzle  to  cross  section  a', 
where  the  velocity  Is  less  (X'  <  X  )  and  the  pressure  before  the 
shocks  is  higher  (p.1  >  p  )  than  in  cross  section  a;  with  the 

cl  a, 

proper  decrease  in  the  ratio  of  pressures  in  the  oblique  shock 

S  =■*•,«><*  • 

The  system  is  stabilized  and  the  outflow  proceeds  with  separation 
from  the  wall  at  a  supersonic  speed  less  than  in  the  design 
conditions.  Beyond  the  locus  of  separation  the  pressure  on  the 
wall  within  the  nozzle  is  equal  to  atmospheric  pressure,  in 
connection  with  which  higher  thrust  is  obtained  than  under  the 
conditions  of  full  cverexpansion  when  in  the  outlet  section  of  the 
nozzle  rarefaction  predominates  (see  §  2,  Chapter  IV).  The  cal¬ 
culation  of  the  flow  separation  in  the  nozzles  Is  a  difficult 


e 


Fig.  8.6.  Outflow  from  a  Laval  nozzle  with 
strong  overexpansion:  abc  -  bridge-type  shock 
on  the  edge,  a'  -  shock  within  the  nozzle 
caused  by  separation  of  flow. 


task.  Experimental  study  of  this  phenomenon  made  it  possible  to 
obtain  the  following  generalized  relation:1 


P*  oip  _  pa 


(20) 


Here  pQ  QTp  is  the  total  pressure  at  which  separation  occurs, 
p-  -  the  total  pressure  in  the  design  mode.  Another  emoirical 

0  p  3  C  H  ^ 

relation  is  applied:2 


(2D 

Only  with  the  displacement  of  the  system  of  shocks  to  the  zone  with 
Mach  number  M  _<  1.3  (see  §  8,  Chapter  VI)  does  the  boundary-lay er 
separation  cease  and  the  system  degenerates  into  a  shock  close  to 
a  straight  line  behind  which  a  subsonic  diffuser  flow  is  established 
right  up  to  the  nozzle  edge.  The  regions  of  the  unstable  gas  flow 
in  the  nozzles  are  depicted  on  Fig.  8.7. 


‘Ashwood  F.  F.,  Higgins  D.  G.,  The  Influence  of  Design 
Pressure  Ratio  and  Divergence  Angle  on  the  Thrust  of  Convergent- 
Divergent  Propelling  Nozzles.  ARC  CP  N  325,  1957. 

2Fraser  P.  P.,  Eisenklam  P.,  Wilke  D.,  Investigation  of 
Supersonic  Flow  Separation  in  Nozzles,  J.  of  Mech .  Eng.  Science, 
Vol .  1,  N  3,  1959,  pp.  267-279. 
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Fig.  8.7.  Regions  of 
unstable  flow  in  Laval 
no22les . 

KEY:  (a)  Stable;  (b) 

Unstable;  (c)  Subsonic 
flow  in  throat . 


§ -2,.  The  j^orms  of  Nozzles  .... 

Figure  8.3  shows  a  Laval  nozzle  composed  of  two  cones  connected 
by  a  neck  which  is  described  by  a  circular  arc.  Such  nozzles  are 
applied  with  not  very  large  supersonic  speeds  of  outflow  (M  <  3). 

It  is  recommended  that  the  lateral  angles  of  the  tapering  portion 
of  the  nozzle  be  taken  within  the  limits  of  15-30°,  and  of  the 
expanding  portion  -  within  limits  of  5-8°,  and  the  radius  of 
curvature  of  the  wall  of  the  neck  should  be  not  less  than  the 
throat  diameter.  Under  these  conditions  such  a  conical  nozzle 
provides  (according  to  experimental  data)  a  decrease  in  the  pulse 
In  comparison  with  the  nozzles  of  special  shape  of  not  more  than 
1-2%. 


For  obtaining  a  uniform  parallel  flow  (in  connection  with 
supersonic  wind  tunnels  and  the  jet  apparatuses  with  a  very  high 
velocity  of  outflows)  nozzles  are  used  with  specially  shaped  walls 
for  the  construction  of  which  methods  of  characteristics  or 
functional  series  are  employed.1 


‘Katskova  0.  K . ,  Naumova  I.  N.,  Shmyglevskly  Yu.  D. , 

Shullshln  N.  The  Experience  of  the  calculation  of  plane  and 

axlsymmetric  supersonic  gas  flows  by  the  method  of  characteristics. 
The  data  processing  center  cf  the  A.  S.  of  the  USSR,  1581. 
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Lot  us  present  a  simple  geometric  method  for  the  calculation 
cf  a  nozzl^  which  provides  outlines  very  close  to  optimum.  The 
neck  of  such  a  nozzle  is  described  by  two  circles:  subsonic  part  - 
with  a  radius  of  1.5  R  and  the  supersonic  part  -  with  a  radius 
of  0.1)  D  ,  where  R  is  the  radius  of  the  throat  (Fi«r.  S.8). 

Hp  1  H  p 

Drawn  to  the  segment  of  the  arc  of  a  radius  of  0.4  R  at  a  given 

H  p 

angle  9,  to  the  nozzle  axis  is  tangent  NQ  up  to  the  intersection 
N 

with  segment  Qa  which  passes  through  the  nozzle  edge  and  is 
inclined  toward  the  axis  at  a  given  angle  0  (in  the  case  of  a 

a 

wind  tunnel  6=0).  Segments  NQ  and  Qa  are  divided  into  an  equal 

a 

number  of  sections,  in  which  regard  the  dividing  points  of  line 
Qa  are  connected  with  the  like-named  dividing  points  of  line  NQ; 

♦  the  envelope  of  the  obtained  grid  of  straight  lines  forms  the 

sought  nozzle  contour. 


Fig.  8.8.  Diagram  of  the  construction  of  a 
nozzle  outline. 


Figure  8.9  presents  graphs  for  determining  the  slope  angles 
0KJ  (solid  lines)  and  0&  (dotted  line)  for  given  values  of  relative- 
length  of  a  nozzle  1/ R  and  the  relative  j’adlus  of  outlet  cross 

H  p 

section  R  /R  .  The  quality  of  the  described  geometric  method  of 

a  H  p 

the  construction  of  nozzles  can  be  Judged  from  this  example:  the 
maximum  linear  deflection  of  the  outline  from  the  optimum, 


1 Rac  G.,  ApDroxImatlon  of  Optimum  Thrust  Nozzle  Contour. 

a.  n.  s.  j,  ,  ;;  6,  i960,  p.  561. 
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calculated  with  respect  to  a  precise  procedure,  for  nozzle 


Rn  *  5R l 
a  ap  ’ 


12RHp  is  0.03  RHp, 


The  outline  of  the  shortest  possible  nozzle  is  determined  by 
the  displacement  of  point  N  (Fig.  8.B)  to  the  critical  cross 
section  ("angular  nozzle");  angle  0^  is  selected  so  that  an 
increase  in  the  Mach  number  in  a  Prandt 1-Meyer  flow  (near  point  N) 
would  occur  up  to  the  value  of  the  Mach  number  on  the  nozzle  edge. 


There  is  great  practical  interest  in  a  nozzle  with  an  inner 
body,  a  schematic  diagram  of  which  is  given  on  Fig.  8.10.  In 
such  a  nozzle  the  gas  flows  along  an  annular  channel  (between  the 
inner  body  and  the  cowling)  ;  the  critical  cross  section  can  be 
regulated  either  by  the  longitudinal  travel  of  the  inner  body  or 
by  the  rotation  of  flaps  on  the  cowling.  Figure  8.11  depicts  two 
type?  <  nozzle  with  an  inner  body:  a)  with  partial  internal  and 
b)  with  purely  external  expansion  of  the  gas.  In  the  first  case, 
from  the  critical  cross  section  to  cross  section  A  the  supersonic 
Jet  is  expanded  in  the  channel,  and  beginning  from  point  A  the 
outer  edge  of  the  expanding  Jet  is  free.  If  point  of  inflection 
0  of  the  supersonic  part  of  the  nozzle  is  placed  in  the  critical 
cross  section,  then  the  characteristics  exiting  from  It  in  the 
form  of  a  beam  (first  family)  are  reflected  from  the  cowling  and 
the  reflected  characteristics  (second  family)  fall  on  the  walls 
of  the  Inner  body. 


Fig.  8.9.  The  dependence 
of  angles  6^  (solid  lines) 

and  0  (dotted  line)  on 
a 

the  relative  values  of 
length  and  radius  on  the 
nozzle  edge . 
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n-.vwle  with  sn  Inner1  ccay : 
]  -  Inner  body ;  2  -  cowl - 
: ; . ;  ?,  -  &uj  u  stabl  e  f  1  ap  s  ; 
■t  -  ooo lli:,-;  air. 


•"W'Vnbs'  ' 


^  bf^  4 

Fig.  8.11.  Mannar,  of  nozzles  with  an  Inner 
body:  a)  with,  point  of  inflection  with  mixed 

expansion;  lv)  with  purely  external  expansion. 


Flow  is  turned  toward  the  axis  of  symmetry ,  intersecting  the 
characteristics  of  the  first  family,  and  then  returns  to  the 
Initial  direction,  intersecting  the  characteristics  of  the  second 
family.  The  shape  of  the  inn^r  body  is  selected  in  such  a  ".'ay 
that  at  the  point  of  full  of  ar.y  characteristic  the  flow  direct io 
behind  it  would  coincide  wit!)  the  direction  of  the  wall;  in  this 


case  the  characteristics 


:e;'or.d  fam’ly  are  not  reflected 


from  the  inner  body  (they  attenuate).  behind  the  extreme  charac¬ 
teristic  AS  the  gas  flows  evenly  f.  :•!  recti Uiiearly. 


In  a  nozzle  with  purely  ex',  ernal  expansion  (Fig.  8.11b),  the 


critical  cross  sect  1  on  and  : 
dlsnoeed  on  section,  A  c  f  *  cowl  1  r.<". 


.  in  fleet  lot,  of  flow 


The  expansion  of  a  gas  in  this  case  is  one-way,  and  the  threat 
is  inclined  toward  the  axis  by  the  angle  6  equal  to  the  angle  of 
rotation  of  the  gas  flow  near  point  A  upon  acceleration  from 
critical  velocity  (M  =  1)  to  the  computed  value  of  the  Mach  number 
(M  )  for  this  pressure  ratio.  The  overall  length  of  the  part  of 
the  inner  body  protruding  beyond  the  cowling  (afterbody)  is 
determined  by  the  point  of  intersection  of  the  last  characteristic 
AB  with  the  axis.  Experiments  show,  however,  that  the  afterbody 
of  the  inner  body  can  be  shortened  by  30-50)5  without  a  noticeable 
reduction  in  the  thrust. 

In  a  nozzle  throat  made  in  accordance  with  the  second  scheme 
(Fig.  3.11b)  the  cowling  should  be  parallel  to  the  wall  of  the 
inner  body;  this  leads  to  additional  drag  in  connection  with  the 
losses  to  the  external  flow  about  the  convergent  section  cf  the 
cowling . 

With  not  very  large  design  values  of  Mach  number  (M  <  2) 
the  inner  body  can  be  made  conical. 

Nozzles  with  an  inner  body  are  obtained  considerably  shorter 
than  the  usual  Laval  nozzles  and  unlike  the  letter  give  very  small 
reductions  in  relative  pulse  at  pressures  considerably  lower  than 
designed  (due  to  the  absence  of  walls  in  the  supersonic  part  the 
overexpansion  cf  gas  does  not  occur’ . 

Figure  8.12  presents  the  experimental  data  of  Pearson1  on  a 
change  in  the  relative  value  of  output  pulse  I  with  deviation  from 
the  design  conditions  (p„  /p  =  8)  for  the  Laval  nozzle  and  nozzle 

U  cl  H 

with  an  Inner  body  (dotted  line). 

1 Krase  W.  H.  Performance  analysis  of  plug  nozzles  for 
turbojet  and  rocket  exhausts ,  Paper  A.  S.  M.  E. ,  N  58,  A.  , 
1958. 
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Pig.  8.13.  Flow  conditions  In  a  nozzle  with  the 
central  insert:  a)  at  the  ground;  b)  at  the 
medium  altitudes;  c)  at  high  altitudes. 


Fig.  8. 1H.  Diagrams  of  ejector  nozzles:  a) 
with  the  shaped  cowling;  b)  with  cylindrical 
cowling. 

products  of  the  engine  escape  through  the  simple  narrowing  nozzle 
placed  inside  an  external  cowling  coaxial  with  it  which  has  a 
special  shape  (Fig.  8. 14a)  or  the  form  of  a  cylindrical  ring 
(Fig.  8. mb).  The  critical  velocity  is  established  on  the  edge 
of  the  internal  nozzle  and  if  pressure  here  is  higher  than  the 
surrounding  pressure,  then  the  central  Jet  within  the  ejector  is 
expanded,  narrowing  the  flow  cross  sections  of  the  airflow  being 
ejected  by  it  which  enters  an  annular  channel  from  the  intermediate 
compressor  stage  or  from  the  atmosphere. 

The  velocity  of  the  ejected  flow  is  usually  less  than  the 
speed  of  sound;  therefore,  in  the  outlet  section  of  the  ejector 
it  is  accelerated.  In  some  cross  section  2-2  (Fig.  8.15)  the 
pressures  of  two  flows  are  equalized;  the  more  the  excess  pressure 
in  it,  the  further  this  cross  section  is  located  from  the  edge  of 
the  internal  nozzle.  The  transverse  dimension  of  the  internal 
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c)  d) 

Fig.  8.15.  Diagrams  of  flow  In  an  ejector 
nozzle  In  off-design  conditions:  a)  pressure 
on  the  edge  of  an  internal  nozzle  equal  to 
atmospheric;  b)  small  pressure  excess  on  the 
edge  of  an  internal  nozzle;  c)  critical  mode 
of  ejector;  d)  cutoff  mode  of  the  ejector. 

jet  increases,  and  of  the  ejected  Jet  -  decreases  with  an  increase 
in  the  excess  pressure  in  the  internal  nozzle.  The  configurations 
of  two  flows  with  different  values  of  excess  pressure  are  shown 
on  Fig.  8.15.  The  operating  mode  of  the  ejector  in  which  the 
secondary  flow  is  accelerated  (in  cross  section  2-2)  to  the  3peed 
of  sound  is  called  critical  (Fig.  8.15c);  if  the  central  jet  is 
expanded  so  much  that  it  fills  the  entire  outlet  cross  section  of 
the  ejector  (Fig.  8,15d),  then  the  cutoff  condition  begins  where 
the  flow  rate  of  the  ejected  gas  is  equal  to  zero. 

For  the  regulation  of  an  ejector  nozzle  it  is  possible  to 
install  rotary  flaps  both  on  the  internal  nozzle  and  on  the 
external  cowling  (Fig.  8,16). 

If  the  parameters  of  the  ejector  nozzle  are  selected  in  such 
a  way  that  In  cross  section  2-2  (Fig.  8.15)  atmospheric  pressure 
is  obtained,  then  the  expansion  of  the  ejection  gas  will  be 
complete;  in  this  case,  the  thrust  of  the  ejector  nozzle  is 

>  I 
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Fig.  8.16.  Ejector 
nozzle  with  controllable 
cross  sections  of  neck 
and  edge. 


greater  than  that  of  a  simple  tapered  nozzle  since  the  pressure 
on  the  part  of  the  ejected  gas  on  the  wall  of  the  internal  nozzle 
is  higher  than  atmospheric.  The  cross  section  of  the  cowling  of 
an  ejector  nozzle  should  be  such  that  in  the  design  mode  the 
flow  rate  of  the  ejected  gas  would  decrease  to  the  minimum 
necessary  for  the  purposes  of  cooling  the  wall. 

A  reduction  in  the  pressure  excess  in  an  ejector  nozzle  leads 
to  a  decrease  in  the  velocity  of  the  internal  Jet  in  cross  section 
2-2,  which  averts  the  possibility  of  the  overexpansion  of  the  gas 
and  corresponding  thrust  loss  (in  comparison  with  a  Laval  nozzle). 

(  A  typical  characteristic  of  an  ejector  nozzle  of  a  TRD,  i.e., 

the  relation  between  the  coefficient  of  ejection  k,  -  (G^  /G  ) 
and  the  ratio  of  the  total  pressure  of  the  internal  Jet  to  atmos¬ 
pheric  pressure  is  depicted  on  Fig.  8.17.  In  order  for  the 
ejector  nozzle  to  operate  under  the  mo3t  advantageous  conditions, 
it  is  necessary  to  regulate  the  flow  rate  of  secondary  air  (with 
low  flying  speeds  lr creasing  the  coefficient  of  ejection  to 
values  on  the  order  of  ]<3w  =  0.1  and  reducing  it  with  high  speeds 
to  a  minimum  on  the  order  of  k  ■  O.C1-0.02).  The  ratios  of  the 

3W 

total  pressure  of  the  ejected  air  in  the  nozzle  to  the  total 
pressure  in  the  inlet  duct  of  the  engine  (pQ  3W/Pq  which  can 
be  recommended  for  obtaining  the  optimum  modes  for  operation  of 
the  ejector  nozzle  at  different  flying  speeds  (cr  Mq )  are  given 
on  Fig.  8.18. 
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Fig.  8.17.  The  characteristic  of  an 
ejector  nozzle . 


Fig.  8.18.  The  ratio  of 
the  total  pressure  of 
secondary  air  to  the 
total  pressure  in  the 
inlet  duct  of  an  engine 
for  optimum  conditions 
in  the  ejector  nozzle. 


The  optimum  relative  length  of  an  ejector  nozzle  which 
provides  the  smallest  thrust  losses  in  the  design  mode,1 

where  l  is  the  distance  from  the  edge  of  the  internal  nozzle  to 
the  edge  of  the  cowling,  Rt  is  the  radius  of  the  critical  (outlet) 
cross  section  of  the  internal  nozzle. 

The  thrust  of  an  ejector  nozzle  is  equal  to  the  total  pulse 
of  two  Jets  on  the  edge  of  the  cowling.  The  parameters  of  Jets 
with  cylindrical  cowling  are  determined  from  conditions  for  the 
maintenance  of  flow  rate  and  pulse  (not  considering  friction) 
between  cross  sections  1  and  2  of  the  edges  of  the  internal  nozzle 

‘Person  H.,  Holliday  J.,  Smith  S.,  A  Theory  of  the  Cylindrical 
Ejector  Supersonic  Propelling  Nozzle,  R.  A.  S.  v.  62,  NN  573, 

574,  1956. 
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and  the  cowling  (see  the  calculation  of  a  gas  ejector  in  Chapter 

IX)  under  the  assumption  of  the  absence  of  mixing  of  the  jets. 

This  task  has  two  solutions  from  which  they  select  the  one  in 
which,  the  internal  Jet  in  cross  section  2  is  supersonic  and  the 
Jet  being  ejected  is  subsonic  or  sonic.  The  extent  to  which  data 
of  such  a  calculation  correspond  to  experimental  data  can  be 
judged  from  Fig.  8.19  where  along  the  ordinate  the  relation  of  the 
total  pressures  of  two  flows  is  laid  off,  and  along  the  abscissa  - 
the  ratio  of  the  total  pressure  of  the  interna!1  jet  to  atmospheric 
pressure.  The  data  presented  pertain  to  the  case  where  the  ratio 
of  the  areas  on  the  edge  of  the  cowling  F.  and  the  internal  nozzle 

a 

F^p  is  1.73.  Serving  as  the  variable  parameter  for  the  curves  is 

the  product  k  k(Tn  ~7T7  77,  where  T-.  ,  and  T,.  ^  are  the  stagnation 

temperatures  of  external  and  internal  Jets.  The  horizontal 
sections  of  curves  correspond  to  the  critical  modes  of  the  nozzle. 


Fig.  8.19.  Characteristics  of  an  ejector  noz¬ 
zle  ( F  /F  =  1.73,  1  =  0.6). 

Cl  H  p 
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Losses  in  an  ejector  nozzle  reach  the  minimum  when  the 
relation  of  the  velocities  of  two  jets  on  the  edge  of  the  internal 
nozzle  is  equal  to  the  relation  of  their  total  enthalpies.1 

The  typical  nature  of  the  dependences  of  the  thrust  of  a  TRD 
cn  the  coefficient  of  ejection  with  different  values  of  number 
of  flight  is  shown  on  Fig.  8.20.  The  dashed  line  connects  the 
modes  of  the  maximums  of  thrust.  In  view  of  the  flatness  of  curves 
?(k  )  it  is  possible  to  select  the  values  of  the  coefficients  of 

ejection  considerably  lower  than  optimum,  which  makes  it  possible 
to  decrease  the  flow  rate  of  secondary  air. 


Fig.  8.20.  For  determining  the 
optimum  values  of  the  coefficient  of 
ejection . 


5  3*  The  Resistance  of  a  Subsonic 
Diffuser 

Let  us  examine  the  diffuser  of  an  engine  installed  in  a 
moving  aircraft.  Let  the  velocity  of  the  aircraft  be  wh  ,  and  the 
speed  of  sound  which  corresponds  to  the  temperature  of  the 


*Knox  R. ,  The  Optimized  Ejector  Nozzle  Thrust  Augmenter  JASS, 
N  H,  1962,  pp.  JJ70-m. 
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atmosphere  a  .  Let  us  introduce  the  designations:  Fh  is  the 
transverse  cross-sectional  area  of  a  Jet  at  infinity  in  front  of 
the  engine,  vh  is  the  specific  gravity  of  the  air  far  in  front  of 
the  engine,  ph  -  the  pressure  in  the  atmosphere.  Let  us  designate 
the  values  of  area,  velocity,  and  pressure  in  the  inlet  of  the 
diffuser  F  ,  w  ,  p  .  The  values  of  the  same  quantities  at  the 

end  of  the  diffuser  F„,  w  .  p  . 

A  A  n 

The  operation  of  a  diffuser  depends  on  the  ratio  of  the  flying 
speed  to  the  velocity  in  its  inlet.  Let  us  first  examine  system 
v;  <  a  ,  i.e.,  subsonic  flight.  The  rate  of  air  flow  through  the 
engine,  and  therefore,  through  the  diffuser  G.  kgf/s. 

It  is  possible  to  visualize  the  case  where  a  Jet  enters  a 
diffuser  without  a  change  in  its  configuration.  The  transverse 
cross-sectional  area  of  a  Jet  at  infinity  in  front  of  the  engine 
in  this  case  Is  equal  to  the  area  of  the  inlet  of  the  diffuser 


Generally,  the  form  of  the  Jet  at  the  engine  inlet  is  determined 
by  the  relation  F  /?  .  In  the  case  given  above  F  -  F  ,  ccr.se- 
quently  there  is  no  transformation  of  the  velocity  and  pressure 
in  front  of  the  diffuser  (Fig.  8.21b): 

«V=»w.  and  P,= Pa¬ 
ir  the  rate  of  air  flow  through  the  diffuser  increases,  then 
the  Jet  will  change  its  form  as  shown  in  Fig.  8.21c.  A  change 
in  the  form  of  the  Jet  is  accompanied  by  the  transformation  of  the 
velocity  and  pressure: 


»»>«..  P,<P- 


Fig.  8.21.  Possible  configurations 
of  a  Jet  in  front  of  a  diffuser. 

With  a  decrease  in  the  rate  of  air  flow,  the  Jet  seemingly 
forms  a  diffuser  even  in  the  atmosphere  (in  front  of  the  engine) 
in  connection  with  a  decrease  in  the  velocity  and  a  pressure 
increase  (Fig.  8.21a). 

With  a  constant  air  flow  rate  the  form  of  the  Jet  in  front  of 
the  engine  depends  on  the  size  of  the  inlet  of  the  diffuser. 

Changing  the  dimensions  of  the  diffuser,  we  can  obtain  any  of 
three  presented  operating  modes.  Favorable  for  the  operating 
conditions  of  the  engine  is  the  case  where  the  flow  decelerates 
somewhat  even  in  front  of  the  diffuser  since  the  deceleration  or 
the  Jet  in  front  of  the  diffuser  proceeds  without  any  losses  and 
the  internal  resistance  of  the  diffuser  decreases  as  a  result  of 
reduction  of  velocity  at  the  entry.  It  is  necessary,  however,  to 
note  that  besides  internal  losses  one  should  also  consider  the 
external  engine  drag  which  increases  with  the  shortening  of  the 
diffuser.  This  is  explained  by  the  fact  that  with  the  spreading 
of  the  flow  in  front  of  the  nose  of  the  engine  the  Jets  will 
approach  its  surface  at  large  angles  of  attack  and  separation  cun 
be  formed  on  the  external  surface  of  the  nose  (Fig.  8.22).  For 

1  t 
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Fig,  8,22.  Separation  of  Jets  with 
large  diffuser  inlet. 

satisfaction  of  these  contradictory  requirements  it  is  necessary 
to  find  optimum  conditions  for  the  operation  of  the  inlet  section 
cf  the  engine. 

Teste  show  that  for  a  eubeonia  jet  engine  the  optimum  liee 
aloee  to  the  mode 


0,3  U’,. 


If  losses  were  absent  in  the  diffuser,  gas  in  any  of  its 
cross  sections  would  have  the  very  same  total  pressure  equal  (at 
the  subsonic  speeds  of  flight)  to  the  total  pressure  in  the  incoming 
air  Jet.  The  presence  of  losses  disturbs  this  equality,  and  the 
total  pressure  at  the  end  of  the  diffuser  is  always  lower  than  in 
the  beginning: 


P"  i  ^  Pn  »• 


Static  pressure  along  the  diffuser,  on  the  contrary,  increases 
because  of  a  decrease  in  velocity. 

The  value  of  hydraulic  losses  in  the  diffuser  is  conveniently 
expressed  in  fractions  of  velocity  head  in  its  broad  cross  section: 

tf*. 

x  =  P"  m  i  =  'sf'o  a  "j  • 
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Here  c  is  the  coefficient  of  hydraulic  resistance  of  the 
Usually  diffuser  losses  are  relatively  small:  fl/p Q  H 
Therefore,  the  density  of  the  stagnated  gas  in  a  diffuser 
considered  virtually  constant  Oq  a  5  P0  h *  Consequently, 
possible  to  accept 


diffuser. 
<<  1. 
can  be 
it  is 


Let  us  reduce  this  formula  to  the  dimensionless  form: 


kIK.j  T'’ 


here 


« 

Po  M 


t 

'Mm 


k  -L  \  t 
- J-  U*P* 


After  the  appropriate  conversions  we  have 


*  .  »i 

FF1 


We  note  that  w  /a  «  X.  is  the  velocity  coefficient  at  the  end  of 

A  Hp  fl 

the  diffuser.  As  a  result,  we  obtain  the  following  expression 
for  the  coefficient  of  the  total  pressure  in  the  diffuser: 


k  .  l, 

•  k+1  if* 


(22) 


The  resistance  of  the  diffuser  is  composed  of  losses  to 
friction  and  to  vortex  formations.  Vortical  losses  are  caused  by 
the  boundary-layer  separation  from  the  wrIIs  of  the  diffuser  whose 
reasons  are  explained  in  Chapter  VI:  they  depend  on  the  diffuser 
cone  angle  and  play  the  main  role.  With  small  diffuser  cone 
angles  hydraulic  losses  are  small,  but  they  Increase  in  proportion 
to  the  increase  in  the  angle.  With  an  increase  of  cone  angle  the 
vortex  zone  moves  from  the  end  of  the  diffuser  to  its  beginning  and 
at  wide  angles  the  entire  wall  1b  covered  with  a  vortical  region. 
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numerous  experiments  lead  to  the  conclusion  that  vertex  dif¬ 
fuser  losses  can  be  estimated  as  softened  shock  resistance  ( ir. 
comparison  with  the  sudden  expansion  of  the  channel) 


(23a) 


where  the  shock  loss  is 


Here  t|i  is  the  shock  coefficient  (\p  <  1).  The  experiments  showed1 
that  the  shock  coefficient  is  a  function  of  the  diffuser  cone 
angle  a  alone. 

The  correspondin g  relat ion  for  a  rectilinear  diffuser  with 
circular  cross  section  is  given  on  Fig.  8.23.  Corresponding  to 
large  cone  angles  (a  >  ^0°)  is  >  1,  i.e.,  there  is  no  softening 
of  the  shock.  At  angle  a  ■  0  we  have  \p  ■  0,  i.e.,  there  is  r.o 
chock.  The  maximum  value  of  the  shock  coefficient  ( ip  =  1.2)  is 
reached  at  angle  a  ■  60° .  In  this  case  losses  are  even  greater 
than  with  the  sudden  expansion  of  the  channel,  when  \p  •  1 .  This 
is  explained  by  the  fact  that  the  vortex  zone  in  a  right  angle  is 
stable,  while  with  an  inclined  wall  (a  18  60°)  the  vortex  zone  i~ 
periodically  carried  away  by  the  flow.  Thus,  added  losses  at  such 
angles  are  caused  by  the  expenditures  of  energy  on  the  renewal  of 
the  vertex  zone. 

Usually  diffusers  are  used  with  angles  a  *  6-10°.  Correspond¬ 
ing  to  such  values  of  cone  angles  are  the  values  ip  *  0.15-0.20. 

In  this  region  the  visible  separation  of  the  jet  from  the  wall  of 
the  diffuser  is  not  observed. 


‘Abramovich  G.  iJ.  The  Aerodynamics  of  the  Local  Resistances . 
Transactions  of  TsAGI,  Issue  211,  1935- 
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Fig.  8.23.  The  dependence  of  the  shock  coef¬ 
ficient  on  the  diffuser  cone  angle  of  round 
cross-section . 


If  we  disregard  the  change  in  air  density  within  the  limits 
of  the  diffuser,  then  we  have 


substituting  this  equality  in  (23a),  we  obtain 


(23b) 


As  an  example  let  us  compute  the  Iobs  factor  for  a  diffuser 

with  the  relationship  of  transverse  cross  sections  F  /F  -  3  with 

A  e 

cone  angle  a  ■  8° .  It  is  possible  to  accept  (taking  into  account 

friction)  -  0.2  for  this  case.  Then  ■  0.2-4  ■  0.8, 

*  1  -  0.44  The  velocity  coefficient  at  the  end  of  the 

diffuser  of  a  subsonic  Jet  engine  is  usually  on  the  order  of 

Xn  »  0.2-0. 4.  Then 
A 


a,  =  0,98 -*-0,94. 

We  will  not  dwell  on  the  calculation  of  friction  drag  since  it  is 
illuminated  in  sufficient  detail  in  Chapter  VI. 
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experiments  show  that  in  diffusers  with  curvilinear  side 
walls  with  large  expansion  angles  the  hydraulic  losses  can  be 
substantially  less1  than  in  diffusers  with  rectilinear  walls. 

The  results  of  the  experimental  determination  of  losses 
(including  friction)  in  plane  diffusers  of  one  and  the  same  length 
wit’n  a  constant  mean  expansion  angle  a  =  3 8° ^4 0  *  but  with  the 
different  outlines  of  the  lateral  walls  are  given  below.  Figure 
8.24  depicts  the  outlines  of  the  tested  diffusers.  The  first 
outline  -  a  straight  line,  the  second  -  a  circular  arc,  the  third 
corresponds  to  a  constant  pressure  gradient  along  the  length  of 
the  diffuser  dp/dx  =  const,  the  fourth  -  to  a  constant  velocity 
gradient  dw/dx  =  const,  and  the  fifth  is  constructed  according  to 
the  formula 


where  p  is  the  dimensionless  pressure  determined  from  the 
relationship 


The  smallest  value  of  the  drag  coefficient  t  =  0.24  is 
obtained  for  diffusers  3  and  4  with  constant  pressure  gradient  and 
constant  velocity  gradient.  For  diffuser  5  5  5  0.26,  for  diffuser 
2  with  the  walls  made  along  a  circular  arc  the  drag  coefficient 
C  =  0.27  is  obtained,  and  for  diffuser  1  with  straight  walls 
C  *  0.32. 


‘idel'chik  I.  Ye.,  The  Aerodynamics  of  Flow  and  Loss  of  Head 
in  Diffusers.  Collection  of  articles  on  industrial  aerodynamics 
under  the  editorship  of  K.  A.  Ushakov,  M.  ,  194'7. 


573 


Fig.  8.24.  The  outlines  of  tested 
diffusers . 

KEY:  (1)  Straight  line;  (2)  Arc 
of  circle. 

Thus,  in  diffusers  with  constant  pressure  or  velocity 
gradients  a  reduction  in  losses  of  approximately  25?  is  achieved 
in  comparison  with  a  straight  diffuser. 

Figure  8.25  depicts  graphs  of  the  dependence  of  the  loss 
factor  on  length  (i.e.,  on  angle  o)  for  diffusers  of  types  1  and  3- 
With  sufficiently  long  (close  to  optimum)  diffusers  of  these  types 
the  difference  in  losses  becomes  small. 


Fig.  8.25.  The  dependence  of  the  loss 
factor  on  the  length  of  the  diffuser. 
KEY:  (1)  Straight  wall. 
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We  examined  the  resistance  of  a  diffuser  under  those  conditions 
where  it  is  possible  to  disregard  the  compressibility  effect  of 
the  air  which,  as  the  experiments  show,  begins  to  show  up  in  the 
value  of  the  loss  factor  only  in  the  case  where  the  velocity  in 
the  diffuser  inlet  is  close  to  the  speed  of  sound  (\  >  0.7). 

Figure  8,26  presents  graphs  of  the  experimental  dependences 

of  the  relation  of  the  total  pressures  at  the  end  and  the  beginning 

of  a  diffuser  o„  =  p-  „/pA  „  on  ?'<  number  in  a  diffuser  inlet1 
a  ^0  a  0  e  e 

(with  central  expansion  angles  a  =  6,  8,  10°,  diameter  of 

entrance  cross  section  100  mm  and  the  exit  cross  section  diameter 

222  mm).  The  sharp  drop  in  the  values  of  0  ,  which  set  in  with 

values  of  M,  number  of  approximately  0.9  is  explained  by  the  fact 

that  in  these  modes  in  the  initial  part  of  the  diffuser  a  zone  of 

supersonic  velocity  develops  which  is  closed  by  the  shock  wave 

which  introduced  large  wave  drag.  This  can  be  Judged  from  the 

curve  on  Fig.  8.27  which  depicts  the  dependence  of  the  M'  number 

directly  at  the  entrv  to  the  diffuser  on  the  M  number  at  a 

e 

distance  of  one  caliber  in  front  of  the  entry  to  the  diffuser. 

A  drawing  of  one  of  the  diffusers  (with  a  =  6°),  tested  by 
X.  S.  St.  si  Hard,  is  presented  on  Fig.  8.28;  the  remaining  diffusers 
of  this  series  differed  from  that  depicted  on  this  figure  only  by 
the  angle  and  accordingly  by  the  length  of  the  conical  section. 

To  evaluate  the  effect  of  the  R  number  on  the  resistance  of 
the  diffuser,  K.  S.  Stsillard  also  tested  geometrically  similar 
diffusers  of  smaller  size  (with  inlet  diameter  18  mm).  The  results 
of  tests  of  diffusers  of  increased  and  small  sizes  turned  out  to 
be  close,  which  testifies  to  the  weak  effect  of  the  R  number  on 
losses  in  a  diffuser. 


'Stsillard  K.  S.,  The  Investigation  of  Diffusers  at  Hlrh 
Velocities.  Technical  liotes  of  TsAGI ,  1 9 3 S • 
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Fig.  8.26.  The  dependence  of  the  total 
pressure  coefficient  in  a  diffuser  on  M 
number  in  front  of  a  diffuser  with  e 
expansion  angles  a  =  i) ,  6,  8  and  10° 
(according  to  K.  S.  Stslllard's  experi¬ 
ments)  . 
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Fig.  8.27.  The  connection  between 

the  values  of  M  number  in  the 

beginning  (M  )  and  the  end  (M')  of 
e?  e 

the  cylindrical  entrance  section 

of  a  diffuser  (according  to  K.  S. 

Stslllard's  experiments). 
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Fig.  8.28.  Diagram  of  one  of  the  diffusers 
tested  by  K.  S.  Stsillard. 
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i-.elati  or  o  =  f(I>‘e)  does  not  give  a  graphic  representation  of 
the  effect  if  compressibility  on  drag  since  value  changes  with 
velocity  even  with  a  constant  value  of  the  loss  factor.  A 
convenient  characteristic  of  losses  during  the  flow  of  a  compress¬ 
'll  le  gas  ir  a  diffuser  is  the  coefficient 


Here  the  numerator  Is  tne  adiabatic  work  which  must  be  expended  in 
order  to  raise  the  total  pressure  in  an  ideal  compressor  at  the 
end  of  the  diffuser  to  the  value  of  the  total  pressure  in  the 
beginning  of  the  diffuser,  and  the  denominator  expresses  the 
kinetic  energy  of  a  gas  Jet  in  the  inlet  of  the  diffuser. 

relations  c  *  f(M  )  for  four  of  K.  S.  Stsillard's  diffusers, 

C  W  0 

recalculated  for  the  curves  on  Fig.  8.26,  are  depicted  on  Fig.  8.29 
A .«  we  see,  tne  effect  of  compressibility  of  a  gas  on  the  value  cf 
trie  loss  factor  begins  to  be  felt  only  at  transonic  velocities 
(Mri  >  0.7).  Some  drop  in  the  curves  cCH  *  f(M  )  in  the  rerh  n 
M  <  9.3,  whore  the  compressibility  effect-  is  knowingly  unthinkable 
can  be  explained  only  by  the  effect  of  the  R  number  which  increases 
with  an  increase  in  M  number. 


£c* 


a  =  A,  C,  ,c  and  1  ‘  <  accord inr  be  Y .  S .  Stsillard’s 

e xperimeni s )  . 


Let  us  now  examine  the  operation  of  the  di f fuser  of  a  VRD 
(let  e n g  ire)  which,  ha:-  a  usual  ("subsonic")  form  v.'ith  a  supersonic 
flow  velocity  at  trie  entry.  A  shod:  wave  is  formed  in  front  of  the 
entry  to  such,  a  diffuser  with  a  curvilinear  front  (Pig.  8.30). 

In  the  center  section,  i.e,,  ir.  the  one  which  intersects  the 
working  air  jet  which  goes  inside  the  engine,  the  shock  should  be 
a  straight  line.  The  latter  ensues  from  the  fact  that  the  working 
jet  retains  its  initial  direction  after  the  shock.  Thus,  the 
velocity  in  the  working  Jet  after  the  shock  is  subsonic. 


Fig.  8.30.  The  shadow  photograph  of  a 
supersonic  flow  in  front  of  a  simple  dif¬ 
fuser. 


Depending  on  the  value  of  the  inlet  of  the  diffuser  (F  ),  one 

or  other  relationship  occurs  between  the  values  of  velocity  after 

the  shock  (w,)  and  at  the  entry  to  the  diffuser  (w  ).  Two  cases 
1  e 

are  fundamentally  possible: 

a)  w,  >  w  ,  i.e.,  the  flow  between  the  front  of  the  shock  and 

1  e 

the  inlet  to  the  diffuser  is  decelerated; 

b)  w,  -  w  ,  i.e.,  the  velocity  after  the  shock  and  the 
velocity  at  the  inlet  to  the  diffuser  are  identical. 
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Also  possible  is  the  case  where  the  working  Jet  enters  the 
diffuser  at  supersonic  velocity j  then  the  shock  wave  is  obtained 
not  in  front  of  the  diffuser,  but  within  it.  Mode  <  w  ,  i.e., 

the  acceleration  of  the  flow  between  the  front  of  the  shock  and 
the  entry  to  the  diffuser,  is  not  realized  in  practice. 

Thus,  in  an  engine  with  simple  diffuser  the  deceleration  of 
the  entering  Jet  at  the  supersonic  initial  velocity  begins  with  a 
straight  check  wave.  The  losses  in  shock  and  the  flow  parameters 
after  the  shock  are  determined  from  the  formulas  given  in  Chapter 
ITT  . 

Since  the  flew  in  a  simple  diffuser  is  subsonic  even  with 
supersonic  flying  speed  (X^  <  1,  X  <  1),  hydraulic  losses  in  the 
duct  of  such  a  diffuser  car.  re  calculated  from  formulas  (22)  and 
(23)  of  this  chapter. 

If  for  the  case  of  subsonic  speed  of  flight  the  total  pressure 
losses  with  the  deceleration  of  a  working  jet  were  determined 
only  by  the  interna)  drag  of  the  diffuser  o^,  then  for  the  case  of 
supersonic  speed  these  losses  also  include  external  wave  drag  an, 
i.e.,  are  determined  by  the  product  of  pressure  coefficients  in 
a  straight  shock  and  in  the  diffuser  (ono  ) . 
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5  4. 


Supersonic  Diffusers 

Sy  applying  diffusers  of  special  form  it  is  possible  to 
achieve  a  stepped  slowing  down  of  supersonic  flow  by  means  of 
different  systems  of  oblique  shock  v::.vcs .  Since  in  a  usual  step 
oblique  shook  the  speed  remains  super. sonic ,  then  for  the  complete 
slowing  down  of  flow  it  is  necessary  w. place  behind  the  last  oblique 
shock  a  normal  shock  or  a  special  ("strong")  oblique  shock  which 
gives  a  transition  to  the  subsonic  speed  of  flow.  In  Fig.  3>12 
the  strong  oblique  shocks  answer  to  t  h-"*  -upper  arms  of  curves  a  «  f(a>), 
lying  higher  than  the  max i mums ,  whereupon  the  front  of  a  strong 
oblique  shock  is  located  with  respect  to  the  incident  flow  at  an 
angle  of  no  less  than  60°.  Only  under  this  condition  (a  >  60°) 
is  it  possible  to  obtain  behind  the  front  of  an  oblique  shock  a 
subsonic  speed  of  flow  ( M ^  <  1). 

The  different  combinations  of  shocks  are  investigated  in  the 
work  cf  G.  I.  Petrov  and  Ye.  F.  Ukhev.1  Let  us  examine  the  problem 
concerning  a  supersonic  diffuser  by  utilizing  the  results  of  this 
work.  We  will  turn  first  to  the  simplest  layout  of  a  supersonic 
diffuser  in  which  the  stagnation  of  flow  Is  achieved  by  means  of 
two  shocks:  an  oblique  and  norma i  .  In  an  oblique  shock  decrease 
in  supersonic  speed  occurs,  while  in  a  normal  shock  -  the  lowered 
supersonic  speed  is  transferred  into  subsonic. 

Let  us  designate  the  velocity  coefficient  of  the  undisturbed 
flow  by  Xh,  the  velocity  coefficient  behind  the  oblique  shock  by 
X^,  and  the  velocity  coefficient  behind  the  normal  shock  by 
X^  *  (1/X^).  As  it  was  established  above,  an  oblique  shock  wave 
is  a  normal  shock  in  relation  to  the  velocity  components  normal 
to  its  front.  Thus  the  calculation  of  the  first  oblique  shock  of 


'G.  I.  Petrov  and  Ye.  F.  'Jkhov,  Calculation  of  the  Restoration 
of  Pressure  upon  Transition  from  Supersonic  Flow  to  Subsonic  in 
Different  Systems  of  Step  Shock  Waves,  M. ,  1947. 


a  system  can  be  carried  out  according  to  the  formulas  for  a  normal 
shock.  Formulas  (38),  (40),  and  (43)  of  Chapter  III  make  it 
possible  to  calculate  the  change  in  the  total  pressure  in  an  oblique 
shock  wave. 


Now,  using  expressions  (21)  and  (24)  of  Chapeer  III,  it  is  not 
difficult  to  determine  the  change  in  static  and  total  pressures 
in  a  normal  shock  arranged  behind  an  oblique  shock.  For  this  it 
is  necessary  only  to  consider  that  the  velocity  coefficient 
before  the  normal  shock  is  X^,  then 


i 


The  overall  change  in  the  total  pressure  in  a  supersonic  diffuser, 
which  contains  oblique  and  normal  shocks,  is  determined  by  the 
product  of  the  pressure  coefficients 


„  .  _ Pf» 

•  "  ‘ 


With  a  change  in  the  angle  a  between  the  front  of  an  cbiique  shock 
and  the  direction  of  undisturbed  flow  the  relations  of  the  values 
of  total  and  static  pressures  behind  and  before  the  system  of 
shocks  change. 


Figure  8.31  depicts  the  charts  of  the  dependence  of  the 
relations  of  the  total  pressures  behind  and  before  the  system  of 
shocks  or.  the  angle  of  the  oblique  shock  at  different  values  of 
velocity  of  undisturbed  flow  (i.e.,  at  different  values  M  or  X  ), 
calculated  for  a  diffuser  with  two  shocks:  oblique  and  following 
behind  it  a  normal.  For  every  value  of  number  (Fig.  8.31) 
there  is  a  certain  angle  of  oblique  shock  (a  ),  at  which  the 
restoration  of  the  total  pressure  in  the  diffuser  reaches  a 
maximum;  the  less  the  flow  velocity,  the  closer  the  optimum  angle 
to  a  straight  line.  The  dotted  line  A  connects  the  points 
(a  ■  cxq  ) ,  in  which  the  oblique  shock  degenerates  into  a  weak  wave; 
in  this  case  the  system,  consists  of  one  normal  shock.  The  dotted 


line  B  connects  the  points,  to  the 

right  of  which  the  velocity  behind 

the  oblique  shock  is  subsonic.  In 

other  words,  the  branch  of  each 

curve  lying  to  the  right  of  line 

B  answers  to  a  strong  oblique 

shock,  behind  which  there  is  no 

normal  shock.  With  a  ■  90°  the 

strong  oblique  shock  converts  to 

a  normal  shock.  By  virture  of  what 

was  given  on  each  of  the  curves 

the  pressure  coefficients  a  a 

h  n 

with  a  ■  90°  and  a  «  Uq  (angle  of 
weak  disturbance)  obtained  are 
identical . 

Figure  8.31  shows  that  the  superiority  of  the  system  -  oblique 
shock  with  a  subsequent  normal  shock  over  one  normal  shock  -  becomes 
significant  only  at  M  1  1.5.  In  the  case  M  ■  2  the  optimum 

H 

restoration  of  total  pressure  in  a  system  of  two  shocks  comprises 
o  an  ■  0.91  (with  <*___  •  50°),  whereas  one  normal  shock  gives  0.72, 
i.e.,  27%  less.  With  ■  3  we  have  respectively  for  a  system  of 
two  shocks  oMon  -  0.58  (°onT  ■  ^3°)  and  for  one  normal  shock 
oh  *  0.33  (a  ■  90°),  i.e.,  two  shocks  give  a  gain  in  total  pressure 
of  approximately  7QJf.  With  a  further  increase  in  the  velocity 
of  incident  flow  the  advantage  of  two  shocks  becomes  even  more 
considerable . 

We  examined  in  detail  a  system  of  two  shocks.  Applying  the 
complex  systems,  which  consist  of  three,  four,  and  a  greater 
number  of  shocks,  it  is  possible  to  obtain  better  results  than 
in  a  two-shock  system.  The  calculation  of  any  system  of  step 
shock  waves  is  conducted  with  the  help  of  formulas  (38)-(52)  of 
Chapter  III  and  formulas  (25),  (26).  It  is  possible  to  find  the 
optimum  modes  for  a  complex  system  of  shocks  by  means  of  consecutive 


Fig.  8. 31*  The  dependence 
of  the  relation  of  the 
total  pressures  behind 
and  before  a  system  of 
two  shocks  (oblique  + 
normal)  on  the  angle 
of  the  oblique  shock. 
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calculation.  Let  us  indicate  first  how  a  system  of  three  shocks 
(two  oblique  and  a  terminal  normal)  is  calculated.  In  this  case 
first  the  velocity  coefficient  (or  Mach  number)  and  the  pressure 
behind  the  first  oblique  shock  at  different  angles  of  slant  of  its 
front  is  determined,  and  on  the  basis  of  the  already  available 
data  for  every  value  of  the  velocity  coefficient  behind  the  first 
shock  the  optimum  system  from  the  remaining  two  shocks  (oblique 
with  a  subsequent  normal)  is  selected.  As  a  result  curves 
on  *  f(o)  are  obtained  which  are  similar  to  those  given  in  Pig. 

8.31;  on  them  are  established  the  optimum  relationships  for  a 
system  of  three  shocks.  Further  it  is  possible  to  find  the  optimum 
relationships  for  a  system  of  four  shocks  (three  oblique  with  a 
subsequent  normal).  For  this  it  is  necessary  to  conduct  the 
calculation  at  different  positions  of  the  first  oblique  shock, 
selecting  for  every  position  of  it  (in  terms  of  the  value  of 
velocity  behind  the  first  shock)  the  optimum  system  of  three  shocks. 
By  the  same  consecutive  calculation  it  is  possible  to  determine 
the  optimum  modes  for  any  assigned  number  of  shocks. 

Figure  8.32  gives  the  curves  of  the  optimum  values  a  -  the 

A 

ratios  of  the  total  pressure  behind  a  system  of  shocks  to  the  total 
pressure  before  it  depending  on  M  number  before  the  diffuser  for 
the  cases: 

1)  normal  shock, 

2)  oblique  shock  with  a  subsequent  normal  shock, 

3)  two  oblique  shocks  with  a  subsequent  normal  shock, 

if)  three  oblique  shocks  with  a  subsequent  normal  shock. 

The  optimum,  modes  are  obtained  In  the  described  manner  and 
correspond  to  the  maximum  restoration  of  total  pressure.  Figure 
8.32  shows  that  the  complex  systems  of  shocks  can  give  a  large 
effect  only  at  a  very  high  velocity.  So,  with  M  <  1.5  good 
results  are  given  by  one  normal  shock,  and  more  complex  systems  in 
this  velocity  range  are  net  required.  With  M  a.  1.5  it  is  advan¬ 
tageous  to  apply  a  two-shock  system  (oblique  with  a  subsequent 
normal).  The  advantages  of  a  four-shock  system  (three  oblique  with 
a  subsequent  normal)  become  signigicant  only  at  M  a  3 • 
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Pig.  8.32,  The  dependence  of 
the  optimum  coefficient  of 
total  pressure  in  different 
systems  of  shock  waves  on 
Mach  number  in  the  incident 
flow, 


Above  we  examined  the  different  shock  systems  without 
depending  on  the  configuration  of  the  diffuser,  which  was  necessary 
in  order  to  realize  the  necessary  system.  The  results  obtained 
are  applicable  directly  to  plane  diffusers  and  with  insignificant 
changes  to  axisymmetric  diffusers. 


The  schematic  layout  of  a  plane  diffuser  with  two  shock  waves 
is  depicted  in  Fig.  8.33.  In  order  to  obtain  the  first  oblique 
shock  with  the  necessary  angle  of  slope  a,  one  ought  to  install 
a  wedge-shaped  projection,  deviating  the  flow  by  the  angle  w, 
which  for  the  assigned  value  of  Mh  Is  selected  according  to  Fig. 
3.12.  The  presence  of  a  weuge  does  not  disturb  the  external  flow 
around  the  diffuser,  if  the  distance  OC  is  selected  from  the 
condition  of  encounter  of  the  shock  front  OA  with  the  edge  of  the 
inlet.  The  area  of  the  inlet  of  the  diffuser  should  be  designed 
so  that  the  flow  velocity  in  it  would  be  equal  to  the  velocity 
behind  the  normal  shock.  In  this  case  the  normal  shock  is  placed 
in  plane  CA  and  does  not  influence  the  external  flow  around  the 
diffuser . 


Fig.  8.33.  Arrangement  of  a 
plane  diffuser  with  two  shocks: 
OA  -  first  oblique  shock,  CA  - 
normal  shock,  AB  -  oblique  shock 
of  external  flow. 
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Figure  8 . 3 depicts  the  schematic  diagram  of  th?  di  ffu.ter 
with  three  shock  waves.  In  this  case  the  surface  or  ;  ho  wedge 
should  have  a  fracture.  The  angle  of  deflection  of  undist uroeh 
flow  uj^  and  the  angle  of  secondary  deviation  Uj  are“  S'-lerted  aa 
before  on  the  curves  of  Fig.  3*12  ih  accordance  witn  the  assigned 
slope  angles  cf  the  first  (a^)  and  the  second  (a?)  ob  iqut-  shocks 
also  taking  into  account  the  velocities  before  the  first-  (H  )  and 
before  the  second  (M^)  shocks.  The  area  of  the  Inlet  ft  i 
selected  based^  on  the  velocity  behind  the  normal  shock  (M 
Distances  OD  and  DC  are  calculated  from  the  condition  of  the 
intersection  cf  shocks  C A  and  DA  on  the  edge  of  the  in.et.  .'rid  r 
these  conditions  through  a  system,  of  three  shocks  passes  o.-ny  h  r 
which  enters  inside  the  diffuser:  external  flow  Is  nc  api".  v  ^  .. 
by  this  system  of  shocks. 

Fig.  d . 3 1 .  Arrangement  of  t 
plane  diffuser  with  th:>  <- 
shocks:  OA  -  the  firs?  ol- ■  l  -p. 

shock,  DA  -  the  second  - n i  i ; -f • 
shock,  CA  -  normal  shoe- , 

AB  -  oblique  shccK  cf  «.  ■.  tor:. 
flow. 


The  schematic  diagram  cf  an  axisymmetric  supersonic  d!f;-. 
does  not  differ  from  the  diagram  of  a  plane  diffuser. 

The  states  of  the  gas  behind  complex  systems  cf  axioyrr.et 
and  step  shocks  (with  equal  slope  angles  of  shocks  with  cent  i  ;  * 
ordinal  numbers)  should  be  close  to  each  other.  It  is  pcssit 
to  be  convinced  of  this  is  Fig.  6.35»  in  which,  are  rcpresr.’.t' 
the  relations  of  the  values  of  the  total  pressures  behinu  ai.u 
before  systems  of  two  shocks  (oblique  with  a  subsequent  rr.rrw1.  • 
at  the  optimum  slope  angles  cf  oblique  shock  depending  on  M 
number  of  incident  flow.  .'i.e  of  the  curves  cf  Fig.  8 . 3t 


Fla.  8.35.  The  restor¬ 
ation  of  the  total  pres¬ 
sure  behind  a  system  of 
two  shocks  (oblique  + 
normal)  at  optimum  angles 
of  oblique  shock  depending 
on  the  flow  velocity  for 
axisymmetric  end  plane 
(dottc.'.  line)  flows. 


corresponds  to  axisymmetric,  the 
other  (dotted  line)  -  to  a  plane 
flow.  During  the  calculation  of  a 
terminal  normal  shock  in  the  axisym¬ 
metric  case  the  velocity  before  it 
(X^)  was  determined  from  formula  (53) 
in  Chapter  III.  In  a  complex 
axyisymmetric  diffuser  all  shocks, 
except  the  first,  can  be  considered 
virtually  plane  in  view  of  the  fact 
that  they  are  situated  in  relatively 
narrow  annular  channels. 

The  analytical  investigations 
carried  out  by  G.  I.  Petrov  and  Ye. 

P.  Likhov,1  and  also  by  K.  Oswatisch,1 
showed  that  the  maximum  relation  of 
total  pressures  (minimum  of  losses) 
in  a  system  of  several  step  oblique 
shock  waves  and  a  terminal  normal 
shock  equal  to 


- 8|I|5j...3u.  (27) 

is  obtained  when  the  oblique  shocks  have  the  identical  intensity: 


a,  a, « 

With  this  condition  from  (27)  we  have 


(28) 


(«*)««— 


(29.) 


*See  footnote  on  page  580, 

2Cswatisch  K.,  Der  Druckruckgewinn  bei  Geshossen  mit 
Rueckstossantrleb  bei  hohen  Ueberschall  ischwindigkeiten . 
Forschungen  und  Entwicklungen  des  Heers^  iffenamtes.  Bericht  N  2. 
1005,  Gottingen,  January  19^^. 

Herman  R.  Supersonic  inlet  diffusers.  Fizimatgiv,  i960. 
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Here  m  -  the  total  number  of  shocks,  (m-1)  -  the  number  of  oblique 
shocks,  c  -  the  relation  of  the  total  pressures  behind  and  before 

H 

a  single  oblique  shock,  or  -  the  same  for  a  normal  shock. 

From  formula  (40)  in  Chapter  III  It.  follows  th?  "  with  equal 

losses  of  total  oressure  (c  *  Idem)  the  coefficient-  of  the  normal 
‘  \ 

components  of  velocity  before  the  shock  should  be  identical 

(Xh  n =  Xln  =  •••  “  ldem*  1*e*»  Mh  n  "  Min  "  "  idem  cr 

M  sin  a  =  M,  sin  ot,  =  ...  =  Idem);  because  of  this  the  relation 

H  H  X  X 

of  the  static  pressures,  densities,  and  other  parameters  in  all 
oblique  shocks  arc  the  same  (-1  =  —  =...=  Idem,  £-,.  =  ^'=...  =  idcm, 

y-  —  jr  =  •  ■  •  —  idvin.  n=  ?!  ==...  =  idem)  arid  the  increases  of  entropy  in 
them  are  equal  (s1  -  s  =  s2  -  s.  =  ...  =  idem).  Analytical 
Investigation  shows  that  all  the  parameters  of  a  terminal  normal 
shock  in  an  optimum  system  differ  only  a  little  from  the  parameters 
of  the  single  oblique  shock  of  this  system.  So,  in  the  ran.ire  of 
values  of  Mach  number  of  incident  undisturbed  flow  1.5  £  M  £  5 
the  relative  value  of  the  Mach  number  before  the  normal  shock  is 
virtually  constant  and  equal  to 

i  =  0.94MMsin*j.  (30) 

Knowing  value  M  - ,  it  is  Dossible  to  calculate  the  velocity 
m-1 

coefficient  before  the  normal  shock,  the  relation  of  the  total 

and  static  pressures,  and  also  all  the  other  parameters  behind 
and  before  the  Jump. 

For  the  approximate  precomputations  it  is  possible  to  determine 
the  Mach  number  before  the  normal  shock  based  on  the  normal 
velocity  component,  before  the  single  oblique  shock  M„  sin  i,\ 

Then  the  optimum  relation  of  the  total,  pressures  in  the  system  of 
shocks  is  equal  to 


This  expression  gives  a  better  approximation  to  the  exact 
expression  (29),  the  greater  the  number  of  shocks  m  in  the  system. 
When  using  the  multishock  system  the  intensity  of  every  shock  is 
relatively  small,  and  this  means  that  the  velocity  of  subsonic 
flow  behind  the  terminal  normal  shock  is  close  to  the  speed  of 
sound  But  in  this  case  a  small  jet  contration,  which 

usually  proceeds  before  the  inlet  of  diffuser,  is  sufficient  in 
order  that  in  this  opening  the  critical  speed  (M„=i)  would  be 
established.  Experiments  show  that  this  condition  is  realized 
in  practice  under  basic  conditions  of  operation  of  a  multiple- 
shock  diffuser  in  the  system  of  an  engine. 

In  that  case  the  rate  of  air  flow  through  the  diffuser  is 
determined  from  formula  (8a)  in  Chapter  IV: 

kgf/s .  (32) 

Here  pr  =  a  p„  -  the  total  pressure  in  the  entrance  section  of 
the  diffuser  (behind  the  system  of  shocks);  *  TQh  -  the 

stagnation  temperature  in  the  entrance  section  of  the  diffuser, 
equal  to  the  stagnation  temperature  in  the  incoming  undisturbed 
flow,  F0x  =  FKp  -  the  entrance  section  area  of  the  diffuser. 

The  rate  of  flow  in  the  channels  of  an  engine  (specifically 
before  the  compressor  and  before  the  combustion  chamber)  usually 
should  be  considerably  lower  than  the  speed  of  sound,  as  a  result 
of  which  the  internal  duct  of  the  supersonic  diffuser,  where  air 
arrives  from  the  Inlet,  is  made  expanding.  But  if  in  the  inlet 
the  velocity  is  equal  to  critical,  then  3uch  a  channel  can  also 
work  as  the  divergent  section  of  the  Laval  nozzle  with  the  formation 
of  the  supersonic  flow  being  completed  by  an  additional  shock  wave. 


It  is  attempted  to  select  the  form  of  the  internal  duct  and 
working  conditions  of  the  diffuser  that  the  losses  in  supplementary 
shock,  at  least  in  the  basic  (calculated)  system  were  as  little 
as  possible,  and  this  is  achieved  by  the  maximally  possible  con¬ 
traction  in  the  supplementary  supersonic  zone  of  flow. 
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With  a  smooth  form  and  small  expansion  angles  of  the  initial 
part  (neck)  of  the  internal  duct  of  the  diffuser  it  is  possible  to 
avoid  the  boundary-layer  separation  in  the  shock  (with  H  <  3*5)* 
terminating  the  supplementary  supersonic  zone,  and  to  reduce  the 
losses  of  total  pressure  in  the  internal  duct  down  to  3-5? 

(cr  *  C. 97-0. 95). 

0H 

The  supersonic  diffusers  described  above,  in  which  the  basic 
shock  system  is  arranged  before  the  inlet  (before  the  cowling) 
are  related  to  the  category  of  diffusers  with  external  compression 
(in  spite  of  the  presence  of  supplementary  compression  in  the 
internal  duct).  If  in  such  a  diffuser  all  the  shocks  intersect 
at  edge  A  of  the  cowling  (Fig.  8.34),  then,  as  already  mentioned, 
the  system  of  shocks  does  not  disturb  the  external  flow  around 
the  cowling.  However,  the  internal  wall  of  the  cowling  should  be 
oriented  on  the  direction  of  flow  in  a  terminal  normal  shock,  which 
the  stronger  it  is  deflected  from  the  direction  of  the  incoming 
undisturbed  flow,  the  greater  the  oblique  shocks  on  the  central 
body  of  the  diffuser. 

In  turn  the  external  wall  of  the  cowling  makes  up  with  the 
Interior  an  angle  of  Aw  *  3-5°,  therefore  the  angle  of  incidence 
of  the  face  of  the  cowling  with  the  incoming  undisturbed  flow  is 
equal  to 

=  V*  u>j|  Au)  SS  U**  \  J  J  / 

I 

where  -  the  deviation  of  the  flow  in  a  single  oblique  shook, 

**3S  S"*'”  the  total  deviation  of  the  flow  in  a  system  of  oblique 

I 

shocks . 

In  a  multiple-shock  diffuser  with  external  compression  the 
angle  is  great  and  shock  A6  on  the  face  of  the  cowling  (Fig. 
8.34)  turns  out  to  be  intense.  Such  cases  are  possible  where 
angle  is  greater  than  the  critical  angle  of  rotation  of  flow 


In  Fie;.  8.3"  the  dotted  line  depicts  the  dependence  of  the 
critical  angle  of  retail jn  <f  flew  in  a  connected  step  shock  on 
me  Mach  number  u-  (M  1  with  k  -  I . .  Here  are  plott  ed  the  carves 

IV.ci  X  M 

of'  the  values  of  total  angle  of  rotation  of  flow  in  an  optimum 
system  of  step  shocks  (for  n  diffuser  with  external  compression), 
which  consists  cf  a  various  number  of  shocks  (m  =  2,  3,  4 ) .  As 
can  be  seen  from  F 5 p .  2.37,  the  t : al  angle  of  rotation  of  flew 
in  the  optimum  system  of  three  shocks  is  approximately  equal  to 
the  critical  angle  of  rotation  cf  undisturbed  flow  at  the  cowling, 
tut  in  the  case  of  -'our  shocks  -  is  greater-  than  critical.  In 
ether  words,  with  m  >  3  (for  k  =  1.4)  in  an  optimum  diffuser  wl':h 
external  compression  the  formation  of  a  detached  shock  wave  on 
the  face  of  the  cowling  is  unavoidable. 


rig.  8.37.  The  dependence  of  the 

total  angle  of  rotation  of  flow 

i  n  ar.  optimum  system  of  shocks  on 

’he  iiach  number  with  a  different 

: .•umber  m  cf  shocks:  w  -  the 

max 

ir.a.-  '  mum  angle  of  rotation  in  an 
oblique  shock ,  *m4t  —  the  rotation 

of  flow  during  lsentroplc  com¬ 
pression  about  a  central  body. 


As  Fig.  8.32  shows,  an  Increase  in  the  number  of  shocks 
leads  to  a  decrease  in  the  total  losses  of  total  pressure  in  the 
system.  With  an  Increase  in  the  number  of  shocks  to  infinity 
the  losses  in  the  system  should  drop  to  zero  (a^  -*■  1),  i.e.,  a 
transfer  to  isentropic  stagnation  is  achieved.  The  form  of  the 
central  body  of  a  plane  "isentropic”  supersonic  diffuser  with 
external  compression  is  depicted  in  Fig.  8.38. 

Fig.  8.38.  Isentropic 
external  compression  in 
a  supersonic  diffuser. 


The  full  angle  of  rotation  of  flow  about  such  a  central  body 
is  calculated  from  formulas  and  the  tables  of  Prandtl-Mayer  flow 
(see  5  3  Chapter  IV),  since  isentropic  compression  is  reversed 
Isentropic  expansion. 

In  other  words  the  angle  of  rotation  of  flow  in  a  plane 
isentropic  central  body  during  stagnation  from  the  value  of 
number  to  M  ■  1  is  equal  to  the  angle  of  rotation  in  a  Prandtl- 
Mayer  flow  with  expansion  from  H  ■  1  to  H  *  Mm(u,h  "  6^).  Curve 
5  (M^)  for  k  *  1.4  is  given  in  Fig.  8.37  (m  m  *) .  If  the  beam 
of  characteristics  of  the  isentropic  flow  of  compression  converged 
on  the  edge  of  the  diffuser  cowling,  then  the  Jet  entering  into 
the  diffuser  would  not  disturb  the  external  flow  around  the  cowling 

In  actuality  the  total  isentropic  stagnation  of  the  flow  of 
gas  cannot  be  realized,  since  on  the  surface  of  the  central  body 
there  is  an  Increase  in  pressure  which  causes  the  deformation  of 
the  boundary  layer  velocity  profile  which  leads  to  the  breakaway 
of  the  latter.  At  the  separation  point  of  the  boundary  layer  a 
3trvig  disturbance  of  supersonic  flow  appears,  as  a  result  of  which 
a  '-hock  wave  Is  formed  (Fig.  8.38)  which  converts  to  a  shock  wave 
of  external  flow  around  the  cowling. 
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All  the  same  the  selection  of  the  corresponding  form  of 
central  body,  especially  with  the  realization  of  the  boundary- 
layer  bleed,  makes  it  possible  to  partially  utilize  isentroplc 
stagnation  of  flow  in  a  diffuser  of  external  compression  and  to 
obtain  the  recovery  of  pressure  somewhat  higher  than  in  a  three- 
cr  four-shock  diffuser. 

If  the  point  of  intersection  of  shocks  (or  the  Mach  waves 
in  an  isentroplc  diffuser)  does  not  coincide  with  the  edge  of  the 
cowling,  then  from  this  point  to  the  side  of  external  flow  the 
shock  wave,  the  intensity  of  which  is  determined  by  two  conditions 
will  move  away.  These  conditions  are: 

1)  the  agreement  of  the  direction  of  external  flow  and 
internal  Jet; 

2)  the  equality  of  pressure  on  both  sides  of  the  surface  which 
separates  the  external  flow  from  the  internal  Jet. 

The  curve  of  the  values  of  angle  of  rotation  of  flow 
determined  by  these  conditions,  is  given  in  Pig.  8.37  (for  isen- 
tropic  compression).  If  the  angle  of  rotation  of  streams  In  a 
shock  proves  to  be  more  than  the  maximum  possible  at  this  velocity 
of  incoming  flow,  then  the  shock  is  converted  into  a  curvilinear 
shock  wave  which  penetrates  the  internal  flow  and  pulls  Itself  to 
the  wall  of  the  central  body  (Pig.  8.36).  Behind  the  curvilinear 
wave  the  sunersonic  flow  is  broken  down  both  near  the  external 
and  internal  walls  of  the  cowling. 

For  a  decrease  in  the  external  drag  diffusers  with  incomplete 
(partial)  external  compression  are  used  (Pig.  8.39).  In  such  a 
diffuser  the  cowling  comprises  with  the  direction  of  undisturbed 
flow  a  smaller  angle  than  the  last  face  of  the  central  body. 

Thus  flow  encounters  the  internal  surface  of  the  cowling  at  a 
certain  angle  and  is  forced  to  be  deflected  with  the  formation  of 
an  oblique  shock  AC,  which  goes  from  the  edge  of  the  cowling  to 
that  part  of  the  central  body  which  is  arranged  in  the  internal 
duct  of  the  diffuser;  the  terminal  normal  shock  EP  is  disposed 
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Pig*  8.39*  Supersonic  dif¬ 
fuser  with  partial  external 
compression . 

near  the  narrow  cross  section  of  the  internal  duct.  The  diffuser 
cowling  with  partial  external  compression  can  have  a  low  external 
drag.  If  the  cowling  is  directed  parallel  to  the  velocity  vector 
of  undisturbed  flow,  then  its  external  wave  resistance  is  close  to 
zero. 

A  supersonic  diffuser  with  total  internal  compression  can  be 
realized  without  a  central  body  (Fig.  8.40).  In  such  a  diffuser 
the  oblique  shock  will  move  away  from  the  edge  of  cowling  A  and 
intersects  at  pcint  0  on  the  axis  of  the  diffuser  with  the  shock 
which  goes  from  the  opposite  edge.  The  flow  of  gas  in  shock  AO 
deviates  from  the  initial  direction  and  becomes  parallel  to  wall 
AC.  At  point  0  the  lines  of  flow  are  forced  to  return  to  the 
initial  direction,  in  connection  with  which  the  reflected  shock 
OD  appears.  At  point  D  the  flow  again  deviates  from  the  axial 
direction  and  becomes  parallel  to  the  wall  of  the  diffuser;  this 
causes  a  new  shock  which  is  reflected  from  the  axis  of  the  diffuser, 
forming  the  following  shock,  etc.  Since  in  the  shock  waves  the 
flow  is  decelerated,  then  the  maximum  angle  of  rotation  in  evfery 
subsequent  Jump  is  less  than  in  the  preceding.  The  described 
process  is  continued  until  the  required  deviation  of  flow  angle 
turns  out  to  be  greater  than  maximum  (w  >  w  )j  with  the  advent 
of  this  mode  instead  of  the  next  step  shock  a  curvilinear  shock 
wave  EF  is  formed,  behind  which  the  flow  becomes  subsonic.  Further 
flow  In  the  converging  channel  occurs  with  an  increase  in  velocity, 
whereupon  In  the  narrow  cross  section  the  velocity  should  be  teiow 
or  eaua!  to  critical;  in  the  latter  ca3e  behind  the  narrow  cross 
section  a  supplementary  supersonic  zone  terminated  by  the  shock 
wave  GH  can  arise. 
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Fig.  8.40.  Supersonic 
diffuser  with  internal 
compression . 


At  a  very  low  slope  angle  of  the  side  wall  of  the  diffuser 
with  total  internal  compression  (ui  <  1°)  partial  lsentropic 
stagnation  is  possible;  it  is  attained  up  to  the  place  of  the 
boundary-layer  separation  which  cau3eB  the  shock  wave. 

A  supersonic  diffuser  with  total  internal  compression  is 
utilized  in  wind  tunnels.  As  a  result  of  partial  lsentropic 
compression  in  a  diffuser  of  narrow  angle  it  is  possible  to  cut 
the  losses  in  half  in  comparison  with  the  same  in  a  normal  shock 
(calculated  according  to  the  Mach  number  before  the  diffuser). 

The  boundary  layer  influences  the  work  of  the  diffuser  not 
only  in  the  case  of  lsentropic  compression.  In  diffusers  of  other 
layouts  the  boundary  layer  effect  is  also  very  perceptible;  it 
does  not  influence  only  the  first  shock,  which  is  established  in 
the  case  of  encounter  of  undisturbed  flow  with  the  leading  edge 
of  the  central  body  or  cowling. 

All  the  subsequent  shocks  appear  or  are  reflected  in  places 
of  interaction  of  the  boundary  layer  with  the  shock  (in  the  case  of 
a  drop  in  pressures  on  the  shock  above  "critical,"  see  S  6,  Chapter 
VI).  As  a  result  of  this  interaction  the  losses  of  pressure 
Increase,  and  the  shock  waves  are  transformed  and  displaced.  If 
the  latter  fact  is  not  taken  into  account  when  selecting  the  form 
of  the  central  body  of  a  diffuser  with  external  compression,  then 
the  intersection  of  all  shocks  on  the  edge  of  the  cowling  will  not 
be  ensured,  (Fig.  8.4l),  due  to  which  the  external  flow  around  the 
diffuser  will  be  disturbed.  One  ought  to  keep  in  mind  also  the 
viscosity  effect  when  selecting  the  transverse  dimensions  of  the 
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Fig.  8.41.  The  distortion  of 
the  system  of  shocks  during 
their  interaction  with  the 
boundary  layer.  Dotted  line  - 
shocks  in  an  ideal  gas,  solid 
lines  -  shocks  in  a  viscous 
gas . 

KEY:  (1)  Boundary  layer. 

channel  of  the  diffuser  (by  means  of  an  increase  in  the  flow 
areas  in  accordance  with  the  build-up,  along  the  length  of  the 
channel,  of  the  displacement  thickness  of  the  boundary  layer  as 
this  was  shown  in  the  example  of  a  nozzle  in  $  1  of  this  Chapter). 

Up  to  now  we  examined  supersonic  diffusers  working  on  the 
basic,  calculated  value  of  the  incoming  flow  velocity.  During  a 
deviation  from  the  design  conditions  the  form  of  the  system  of 
shocks  changes,  in  connection  with  which  some  of  the  assigned 
conditions  are  disrupted.  Specifically  in  an  uncontrolled 
diffuser  with  external  compression  with  a  decrease  in  the  Mach 
number  of  incident  flow  the  shock  waves  become  steeper  (Fig.  3.42); 
due  to  this  the  extreme  flow  line  of  the  internal  Jet  (getting 
intc  the  diffuser)  passes  through  points  abA,  being  diverted  in 
every  shock  of  the  system.  But  then  the  Jet  cross-section  F'0h, 
which  is  enclosed  by  the  diffuser,  proves  to  be  less  than  under 
calculated  conditions,  for  which  it  is  equal  to  total  cross  section 
Fqa  (from  edge  A  of  the  cowling  to  the  axis  of  the  diffuser,  see 
for  example  Fig.  8.39). 

Fig.  8.42.  The  form  of  the 
Jet  which  enters  the  dlffusar 
at  a  flight  velocity  lower 
than  calculated. 
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The  relation 


is  sailed  the  flow  coefficient.  Losses  in  the  internal  jet,  as 
can  be  seen  from  Fig.  8.42,1  should  not  depend  on  whether  or  not 
the  shocks  on  edge  A  of  the  cowling  intersect;  the  external 
resistance  of  the  diffuser  under  the  action  of  the  shifted  shocks 
increases,  since  part  of  the  flow  which  flows  around  the  diffuser 
is  forced  to  cross  these  shocks  up  to  encounter  with  the  cowling. 


The  nature  of  the  dependence  of  the  coefficient  of  total 
pressure  and  the  flow  coefficient  on  the  Mach  number  in  a  three- 
shock  diffuser  of  permanent  form  (with  external  compression)  is 
shewn  in  Fig.  8.43  (calculated  value  M  *  3).  Here  are  plotted 
the  curves  o  (M  )  and  $  (M  )  for  an  optimum  diffuser  (dotted 
line),  the  geometric  form  of  which  with  a  change  in  value  Hh  should 
change  (ideally  regulated  diffuser).  Under  all  conditions,  except 
calculated,  a  non-variable  diffuser  has  a  value  o  lower  than 
optimum;  values  $  <  1  are  obtained  only  in  the  range  of  values 
lower  than  calculated. 


Fig.  8.143.  Dependence  on 
flight  velocity  of  the 
coefficients  of  total 
pressure  and  flow  for  a 
three-shock  supersonic 
diffuser  with  external 
compression  which  has  the 
optimum  characteristics 
with  M  «3. 

HP 


The  calculation  of  curves  In  Fig.  8. A3  is  done  in  the  following 

manner.  According  to  Fig.  8.32  the  value  (o„)_ ov  ■  0.73  is  taken 

A  max 

for  the  optimum  system  of  three  shocks  with  »  3  and  multiplied 
by  the  total  pressure  recovery  coefficient  of  the  internal  part  of 


'Shocks  in  Fig.  8.42  are  constructed  without  allowing  for  the 
boundary  layer  effects. 
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the  diffuser  (we  accept  a  ■  0.95);  the  product  of  these  coef- 

ficients  characterizes  total  losses  within  the  diffuser  under 

design  conditions  (o  ■  0.7)  for  which  the  flow  coefficient  is 

close  to  unity  $  ■  0.98-1.  The  approximate  value  ck  for  a  single 

oblique  shock  of  an  optimum  three~shock  system  according  to  (3D 

■  i -  0.89.  Answering  to  this  value  oh  on  the  basis  of  (25) 

is  the  coefficient  of  normal  velocity  component  (with  k  ■  1.4) 

>.  -  1.43  and  Mach  number  calculated  on  the  normal  velocity 

n 

component  of  incoming  flow: 


Mm 


r 


r+r 


>• 


1  — 


*  - 1 . 

m' 


s  M„  sin  »i  =  1.6. 


Hence  the  angle  of  inclination  of  the  first  shock  -  arc  sin 
1.6/3  ■  32°.  On  the  curves  in  Fig.  3-12  of  Chapter  III  we  find 
the  angle  of  the  first  wedge  of  the  central  body  (with  Mh  »  3  and 
a,  -  32°)  w,  -  15°  and  in  Fig.  3-19  of  Chapter  III  -  the  Mach 


number  behind 


;he  first  shock  M, 


2.3. 


The  value  of  the  Mach  number  for  a  normal  velocity  component 
before  the  second  shock  in  an  optimum  system  should  be  the  same  as 
before  the  first  shock  Mh  n  -  *  M2  sin  <x2  »  1.6.  Hence  the 

angle  of  inclination  of  the  second  shock  to  the  flow  direction 
behind  the  first  shock 

=3  arciln  =  "I'D 

to  which  corresponds  the  flow  angle  of  deviation  on  the  second 
step  of  the  wedge  «2  ■  18°.  The  total  angle  of  rotation  of  flow 
in  the  optimum  system  of  shocks  in  question  (w^  +  w2)  "  33° >  and 
the  Mach  number  behind  the  second  shock  M2  ■  1.6.  The  refined 
value  of  the  Mach  number  before  the  terminal  normal  shock  according 
to  (30)  Mm_1  «  0.94  Mh  n  -  1.5. 


Now  it  is  possible  to  refine  the  calculation  cf  the  system 
of  shocks,  for  which  one  ought  to  determine  the  value  oR  in  a 
normal  shock  with  M  x  -  1.5,  value  a ^  in  each  of  two  identical 
oblique  shocks 


the  velocity  coefficient  and  Mach  number  for  normal  component 

velocity  in  oblique  shocks  X'  and  M'  ,  the  slope  angles  of 

oblique  shocks  and  cij,  and  the  angles  of  steps  on  the  central 

body  of  the  diffuser  w^,  After  thip  it  is  possible  to  refine 

the  values  of  the  Mach  number  M  ,  before  the  terminal  normal 

m-i 

shock.  In  view  of  the  fact  that  the  refined  values  differ  little 
from  those  obtained  in  the  first  approximation,  we  will  not  give 
them . 


For  the  facilitation  of  the  calculations  it  is  possible  to 
r.ake  use  of  Fig.  8.44,  in  which  are  given  the  curves  Mh  sin  • 

■  f(MH),  which  correspond  to  the  data  of  an  optimum  diffuser  with 
systems  of  two,  three,  and  four  shocks.  Figure  8.^5a,  b,  and  c 
depict  the  charts  of  the  angles  of  deflection  of  flow  in  oblique 
shocks  w(M  )  for  the  same  three  systems,  in  Fig.  8.46a,  b  -  the 
values  of  the  Mach  numbers  behind  oblique  shocks,  while  in  Fig. 
8.47a,  b,  c  -  the  value  of  the  slope  angles  of  shocks  in  these 
systems . 


Fig.  8.44.  Normal  component 
sin  o  depending  on  M  for 

H  H  H 

an  optimum  system  of  m  Jumps. 


The  described  procedure  is  related  to  the  calculation  of  a 
plane  supersonic  diffuser  with  external  compression  and  an  optimum 
shock  system  under  design  conditions,  during  which  all  the  shocks 
‘riteraect  at  the  edge  of  the  cowling. 
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Fig.  6.145.  The  dependence  of  the  angles  of  deflection  of 
the  shock  of  an  optimum  system  on  Ms  a)  with  m  ■  2,  b) 

in  =  3,  c)  with  m  =  4. 


Fig.  8.146.  The  dependence  of  the  Mach 
number  behind  oblique  jumps  of  an  optimum, 
system  on  M^:  a)  with  m  *  3,  b)  with 

n  *  4 . 

At  a  flying  speed  lower  than  calculated  and  a  fixed 
of  diffuser,  as  has  already  been  said,  the  shock-wave  anj 
will  become  greater.  For  example,  if  M  =  2.5,  then  f.  r 
described  dll  fuser  we  will  obtain  the  angle  of  slope  of  • 
shock  a.  =  36°  (with  w.  =  15°),  the  Macs  number  for  the  r. 


n-3,  c)withm*4. 


velocity  component  before  the  first  shock  n  =  sln  =  1.48, 

and  the  corresponding  values  of  the  velocity  coefficient 

Am  ^  =  1.35.  The  coefficient  of  total  pressure  in  the  first  shock 

comprises  in  this  case  o  ^  =  0.936,  the  Mach  number  behind  the 

first  shock  =  1.9,  the  angle  of  slope  toward  the  flow  of  the 

second  shock  *  arc  sin  1.48/1.9  =  53°  (with  w2  =  18°),  the 

coefficient  of  total  pressure  in  the  second  shock  cjh2  =  0.9^9,  the 

Mach  number  before  the  terminal  normal  shock  M  ,  *  1,2,  the 

m-l 

coefficient  of  total  pressure  in  the  normal  shock  on  =  0.993,  and 
the  total  values  of  this  coefficient 

et  —  ’.i’.i’no..1®  0.825. 

If  the  angle  of  rotation  of  flow  in  the  second  oblique  shock 
proves  to  be  more  than  maximally  possible  (u>2  >  wmax)  with 
value  obtained,  then  instead  of  a  three-shock  system  a  twc-shock 
is  realized  (a  9  =  1);  the  approximate  value  of  the  pressure 
coefficient  in  this  case  is  equal  to 
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whereupon  on  Is  calculated  from  the  value  of  the  Mach  number  behind 
the  first  shock. 


The  flow  coefficient  $  *  Fh/Fqa  at  a  velocity  equal  to  or 
greater  than  calculated,  is  close  to  a  unit.  At  low  values  of 
M  the  dependence  <j>(Mw)  for  a  diffuser  with  external  compression 
is  determined  from  the  condition  of  equality  of  rate  of  flow  in 
the  intake  (critical)  cross  section  and  before  the  system  of  shocks 


k|i  —  'r-n’^uFf 

Here  (o’p  )  -  the  air  density  in  the  critical  cross  section, 

A  up 

calculated  taking  into  account  the  losses  of  total  pressure  in  the 

system  of  shocks  (not  allowing  for  losses  in  the  internal  part  of 

the  diffuser:  a'  *  a  /a  ).  Hence,  utilizing  expression  (.109)  of 
a  a  b  h  ' 

Chapter  V,  we  have 


Under  design  conditions  the  jet  cross-sectional  area  covered  by 
the  diffuser  is  equal  to  the  total  cross  section  of  the  latter 
in  the  intake  plane  (F  =  F.),  therefore 

H  A 


■£-rfe-  <*> 

where  X  is  the  calculated  velocity  coefficient  of  incident  flow. 

Hp 

After  dividing  (3^)  and  (35)  termwise  we  obtain  the  expression 
for  the  flow  coefficient  of  the  diffuser 

For  any  diffuser  we  have 

d,  =s  i'lf  ar.d  f  w  t  when  X„  =  X,p, 

-ji  —  1 .  1  ('*)  —  I  and  ?  =  — r7' —  when  '■«  =  1 . 

if 


c\  =  I.  q  ('„)  -»  0  and  y  -►  co  when 


For  1  <  V  <  X  in  terms  of“  the  rated  value  X  we  find  with 

H  Hp  H 

the  help  of  the  table  of  gas-dynamic  functions  the  value  q(A  ) 
and  calculate  the  coefficient  of  total  pressure  in  the  system  of 
shocks  c  ,  which  is  obtained  on  the  central  body  of  a  diffuser  of 
assigned  form.  For  example,  for  an  optimum  diffuser  with  external 
compression  under  design  conditions  =  1.97  (M  =  3),  -  0.73 

was  obtained  above;  for  the  same  diffuser  with  ®  2,5  (Ah  *  1.825, 
q ( A m )  *  0.38,  a ^  =  0.825  was  found  to  which  according  to  (36) 
corresponds  4>  =  0.76.  Curves  $(M  )  and  0  (M  )  calculated  from 

H  A  H 

such  a  method  are  given  in  Fig.  8.43.  Steps  on  the  curve  0  (H  ) 

A  ^ 

correspond  to  transfers  from  a  three-shock  system  to  two-shock 
and  from  the  latter  to  one  normal  shock. 

By  the  dotted  line,  as  noted  earlier,  the  curves  were  plotted 
which  corresponded  to  the  Ideally  adjustable  three-shock  diffuser, 
in  which  the  forms  of  the  central  body  and  cowling,  and  also  the 
flow  area  of  the  throat  change  according  to  such  a  law,  that  for 
every  value  of  velocity  an  optimum  system  of  three  shocks  which 
intersect  on  the  edge  of  cowling  is  established. 

At  values  of  velocity  higher  than  calculated  (M  >  M  )  it  is 

H  HP 

possible  to  assume  <J>  =■  1  and  o'  <  o'  .  The  first  of  these 

4  A  OHT 

conditions  is  connected  with  the  fact  that  the  shocks  in  this 
system  are  not  focused  on  the  edge  of  the  cowling,  but  are 
enveloped  inside  the  diffuser  (Fig.  8.48),  as  a  result  of  which 
in  the  inlet  of  the  diffuser  the  Jet  of  undisturbed  flow  arrives, 
the  cross  section  of  which  is  equal  to  the  cross  section  of  the 
diffuser. 

Fig.  8.48.  Flow  at  the  entry 
to  the  diffuser  at  a  flying 
speed  greater  than  calculated. 


The  second  condition  (a!  <  a'  _  )  is  predetermined  by  the 

OHT 

fact  that  with  M  >  M  the  gas  density  in  the  critical  cross 

h  np 

section  is  higher  than  under  design  conditions  (in  spite  of  the 
increase  of  losses,  the  total  pressure  behind  the  system  of  shocks 
with  an  increase  in  velocity  increases).  Due  to  this  the  throat 
(D)  of  an  uncontrolled  diffuser  with  M  >  M  turns  out  to  be 

H  Hp 

overexpanded  and  the  velocity  obtained  in  it  is  higher  than 
critical.  But  then  after  the  throat  occurs  a  further  acceleration 
of  supersonic  flow,  which  leads  to  the  enhanced  intensity  of 
normal  shock.  EF ,  terminating  the  supersonic  zone  (value  op 
decreases  as  a  result  of  the  increase  of  the  value  of  Mach  number 

M  .  before  the  normal  shock). 

m-i 

When  the  inlet  diffuser  is  operating  at  a  velocity  lower  than 
calculated,  when  into  the  diffuser  a  Jet  of  Incomplete  cross 
section  (<(><])  is  trapped,  there  appears  (as  has  already  been 
Indicated  during  the  discussion  of  the  diagram  of  flow  depicted 
in  Fig.  8.112)  a  force  of  supplementary  external  drag,  equal  to 
projection  on  the  direction  of  flow  of  the  force  of  the  excess 
pressure  acting  on  surface  abA: 

A „„„  =  (/'■  -  A  si»  I  (/>«•—/’.)  1% sln  "«■  (37) 

Here  1,,  -  the  lengths  of  segments  ab,  bA ;  «, ,  -  the  slope 

angles  of  these  segments  which  are  parallel  tc  the  corresponding 
sections  of  the  central  body;  p^,  p2  -  pressures  behind  the  first 
and  second  oblique  jumps.  After  dividing  force  X^on  by  the  dynamic 
head  of  incident  flow  and  the  area  of  the  frontal  cross  section 
of  the  cowling  F^,  we  will  obtain  the  coefficient  of  supplementary 
resistance  cf  a  "liquid  outline"  abA: 

(38) 

ntV4 

The  greatest  value  of  coefficient  cx  w  takes  place  ir.  the  case  of 
formation  before  the  diffuser  cf  a  curvilinear  shock  wave  (Fig. 
8.149),  when  on  the  boundary  of  the  internal  Jet  aA  the  pressure 
is  approximately  the  same  as  behind  the  normal  shock  wave: 
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(39) 


X  lit* 


Pa  ' —  <*H 
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Here  pn  -  pressure  behind  the  normal  shock  at  a  velocity  which 
corresponds  to  the  Mach  number  M  j  F  -  the  cross-sectional  area 
of  the  Jet  in  point  a,  ?A  -  the  cross-sectional  area  of  the 
diffuser  in  the  plane  of  the  inlet  opening. 


Substituting  in  (39)  expression  (45)  from  Chapter  III  for 
pressure  behind  a  normal  shock,  "we  will  obtain 

—  <1  —  (40) 

With  M  £  1  supplementary  resistance  disappears  in  connection  with 
the  absence  of  shock  waves. 


Figure  8.50  depicts  the  results  of 
calculating  dependences  <t> ( M  )  and  c  (M  ) 
for  supersonic  diffusers  with  a  single- 
stage  and  two-stage  central  body,  which 
has  the  different  total  angles  of  rotation 
of  flow  ujh  *>  +  u.,.  As  we  see,  at  Just 

one  value  of  total  angle  of  rotation  of 
and  cx  w(Mh)  for  two-atage  and  single-stage 

The  operation  of  the  diffuser  is  influenced  by  the  angle  of 
attack  y  (angle  between  the  axis  of  the  diffuser  and  the  direction 
cf  incident  flow),  with  an  Increase  in  which  the  coefficients  of 
total  pressure  a  and  the  rate  of  flow  $  decrease  and  additional 
drag  c  Increases.  The  nature  of  dependences  o(y),  4>(y)  and 
c  (y)  for  the  different  types  cf  air  intakes  is  dissimilar. 

X  w 

Up  to  now  we  cited  data  on  the  operation  of  plane  supersonic 
diffusers.  The  basic  dependences  for  axlsymmetrlc ,  and  also 


Fig.  8.49.  Flow 
around  a  diffuser 
with  a  curvilinear 
wave  before  it. 

flow  the  curves  4>  ( M ^ ) 
wedges  differ  little. 
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Fig.  8.50.  Comparison  of  values  $  and  w 

for  one-  and  two-stage  wedges. 

KEY:  (1)  Two-stage  wedge;  (2)  Single-stage 

wedge . 

lateral1  and  other  types  of  diffusers  have  the  same  nature,  but 
their  calculation  presents  great  difficulties. 

In  the  examination  of  diffusers  it  was  assumed  that  in  the 
throat  of  a  diffuser  the  velocity  was  equal  to  critical,  and  behind 
the  throat  there  is  a  small  supersonic  zone  terminated  by  a 
supplementary  shock  wave.  In  that  case  the  system  of  shocks  and 
the  rate  of  air  flow  at  the  entry  to  the  diffuser  do  not  depend 
on  the  engine  power  rating. 

However,  with  deep  throttling  of  the  engine  (considerable 
change  in  the  number  of  revolutions  cr  nozzle  area,  etc.)  the 
indicated  operating  mode  of  the  diffuser  -  air  intake  is  disturbed. 
So,  with  a  decrease  in  the  volume  flow  rate  through  the  engine 
Che  counterpressure  behind  the  diffuser  increases,  in  connection 
with  which  the  supplementary  supersonic  zone  is  reduced  and  losses 


'Lateral  diffusers  are  those  attached  to  the  fuselage  cr  the 
wing  surface  of  a  flight  vehicle,  i.e.,  having  a  common  wnll  with 
any  part  of  the  latter. 


in  the  supplementary  shock  drop  (o  increases).  Under  certain 
throttling  conditions  the  supplementary  supersonic  zone  in  the 
difi’user  disappears.  A  further  decrease  in  the  rate  of  flow  leads 
to  the  fact  that  in  the  throat  of  the  diffuser  a  subsonic  velocity 
is  established  whereupon  the  throttling  begins  to  affect  the 
intensity  of  the  terminal  shock  wave  of  the  intake  system:  due 
tc  a  decrease  in  the  rate  of  flow  the  velocity  behind  the  shock 
decreases,  which  makes  it  necessary  to  displace  it  into  the  area 
of  larger  values  of  the  velocity  before  it,  but  in  this  case  the 
system  of  shocks  will  not  be  focused  on  the  edge  of  the  cowling. 

Beginning  from  this  system  an  increase  is  observed  in  the 
losses  of  total  pressure  and  the  external  drag  and  a  reduction  of 
the  flow  coefficient  in  the  diffuser.  An  increase  in  the  intensity 
of  the  terminal  shock  wave  can  lead  to  the  fact  that  a  drop  in 
the  pressures  on  it  will  become  higher  than  critical  for  the 
boundary  layer  and  a  breakaway  of  the  latter  will  arise,  whereupon 
vortex  formations  will  cause  the  fluctuations  of  the  rate  of  air 
flow  and  the  location  of  the  system  of  shocks. 

At  the  moment  of  the  greatest  decrease  in  the  rate  of  flow 
the  system  of  shocks  is  converted  into  a  curvilinear  shock  wave, 
ejected  forward  beyond  the  limits  of  the  central  body.  This  leads 
to  the  elimination  of  the  boundary-layer  separation  and  an 
Increase  in  the  rate  of  air  flow,  a3  a  result  of  which  the  system 
of  shocks  is  restored,  and  its  terminating  shock  will  approach 
that  place,  where  again  the  boundary-layer  separation  occurs,  etc. 
Under  these  conditions  a  strong  vibration  ("surging")  of  the 
engine  is  observed  -  low-frequency  pulsations  of  pressure  connected 
with  the  fluctuation  in  the  rate  of  air  flow.  In  view  of  the 
possible  failure  of  the  engine  it  cannot  operate  under  the  condi¬ 
tions  of  surging. 

With  an  increase  in  the  volumetric  rate  of  air  flow  in  the 
engine  (higher  than  calculated)  the  supplementary  supersonic  zone 
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(behind  the  throat  of  the  diffuser)  Is  expanded  and  the  supple¬ 
mentary  shock  Is  displaced  into  the  area  of  greater  velocities, 
due  to  which  the  losses  of  total  pressure  In  It  increase  and  the 
air  density  before  the  engine  drops  (this  provides  the  increase 
of  volume  flow  rate  with  a  constant  rate  of  flow  through  the 
diffuser) . 

With  a  certain  increase  in  the  volume  flow  rate  the  supple¬ 
mentary  shock  becomes  so  intense  that  it  causes  the  boundary- 
layer  separation  (in  the  internal  duct  behind  the  throat  of  the 
diffuser).  Characteristic  for  this  system  are  the  high-frequency 
pulsations  of  pressure  accompanied  by  a  high  unpleasant  sound  - 
"buzzing."  Surging  and  "buzzing"  limit  the  throttle  operating 
mode  of  an  engine  equipped  with  a  diffuser. 

The  source  of  strong  pulsations  can  also  be  the  surface  of 

the  tangential  rupture  of  velocity  (from  the  point  of  intersection 

of  shocks),  if  it  enters  inside  the  diffuser.  The  typical  curves 

of  dependence  of  values  o  and  c  on  the  relative  volumetric 

A  X  W 

rate  of  air  flow  V/V  (ratio  of  real  flow  rate  V  to  calculated  V  ) 

P  P 

at  different  values  of  Mach  number  are  given  in  Fig.  6.(31. 

They  apply  also  for  the  throttle  characteristics  of  diffusers  in 

the  form  of  dependence  o  (<fr)  and  c  (<J>)  with  M  *  const  (Pig. 

^  X  Hi  H 

8.52). 

For  the  expansion  of  the  operating  range  of  throttle  systems 
and  improvement  of  the  diffuser  characteristics  at  off-design 
flying  speeds  different  methods  for  the  control  of  diffusers  are 

resorted  to  (change  in  the  flow  area  of  the  throat  and  relative 

position  of  the  central  body  and  cowling,  the  discharge  of  air 
through  openings  in  the  wall  of  the  diffuser,  the  control  by 
suction  or  bleeding  of  the  boundary-layer  on  the  central  bcdy  or 
on  the  cowling,  etc.).  These  are  described  in  specialized  liter¬ 
ature.1  The  regulation  of  rate  of  flow  of  air  through  the  throat 

'See  the  books  by  R.  Herman  and  Yu.  N.  Nechaev  which  are  given 

in  the  bibliography. 
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f. 


Fig.  8.51. 


Fig.  8.52. 


Fig.  3.51.  The  characteristics  of  an  uncontrolled 
Intake  supersonic  diffuser  with  M  m  2.2. 

r  H  P 

KEY:  (1)  Line  of  critical  conditions;  (2)  Surge 

line;  (3)  Boundary  of  "buzzing." 

Fig.  8.52.  The  throttle  characteristic  of  an 
uncontrolled  supersonic  diffuser. 


cf  a  supersonic  diffuser  is  also  necessary  for  placing  the  latter 
in  operational  conditions  ("starting").  The  fact  is  that  the 
calculated  flow  velocity  is  established  not  suddenly,  but  by  means 
cf  transfer  from  the  rest  position  to  motion  at  a  gradually 
Increasing  velocity.  Let  us  examine  this  process  In  an  example 
of  the  operation  of  a  wind  tunnel  diffuser  (Fig.  8.53)*  The 
acceleration  of  the  air  flow  In  a  wind  tunnel  takes  place  in  the 
following  manner.  First  -  with  the  starting  of  the  tunel  -  the 
velocity  in  its  channel  everywhere  is  lower  than  sonic  and  has  the 
greatest  value  In  the  .narrowest  place  -  the  throat  of  the  nczzle 
(g.s).  Gradually  increasing  the  flow  rate  of  air  leads  to 
conditions  in  which  the  velocity  In  the  throat  of  the  nozzle  becomes 
critical,  but  in  all  remaining  cross  sections  remains  subsonic. 


o 
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Fig.  8.53*  The  different  flow 
conditions  of  gas  in  a  wind 
tunnel:  a)  shock  is  located  in 
the  Laval  nozzle  (insufficient 
evacuation  before  the  exhauster), 
b)  flow  in  the  t«_st  section  of 
the  tube  supersonic  (system 
after  ’’starting” ) ,  c)  opera¬ 
tional  conditions  (with  a 
narrowed  diffuser  throat), 

KEY:  (1)  p.H.  »  r.ch.  -  test 

section. 


A  further  increase  in  the  volume  flow  rate  at  the  exit  from 

the  tube  (in  the  exhauster)  is  not  accompanied  by  an  increase  of 

weight  rate  in  the  throat  of  the  nozzle,  however,  it  leads  to 

the  appearance  of  a  supersonic  zone  behind  the  throat  of  the 

nozzle  which  is  terminated  by  a  shock  wave  (Fig.  8.53a);  in  the 

latter  the  total  pressure  and  density  of  the  stagnation  gas 

decrease,  producing  a  relative  increase  in  the  volume  flow  rate 

in  the  diffuser  of  the  tube,  the  throat  (g.d.)  of  which  therefore 

must  have  an  area  greater  than  the  throat  cf  the  nozzle: 

F  >  F  Under  certain  operating  conditions  of  the  exhauster 

r  ,  r  ,  c 

the  density  of  the  decelerated  air  because  of  losses  in  shock  can 

decrease  so  much  that  the  velocity  in  the  throat  cf  the  diffuser 

will  become  critical.  At  the  Identical  values  of  stagnation 

temperature  (Tq  *  const)  an  identical  critical  velocity  is 

established  both  in  the  throat  of  the  nozzle  and  the  diffuser 

(a  *  idem).  Then  from  the  equation  of  continuity  we  have 
up 

PlV’l.t  **  Pi 

Gas  density  in  the  critical  cress  section  with  ?c  -  const  is 
proportional  to  the  total  pressure 
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which  changes  because  of  losses  in  shock.  Thus  the  areas  of  two 
throats  during  critical  conditions  in  them  are  connected  by  the 
relationship 


'  vr,  t,.k  • 


(42) 


Ir.  order  that  in  the  wind-tunnel  test  section  the  necessary 
supersonic  speed  (M  )  would  be  obtained,  the  shock  wave  should  be 
located  at  the  end  of  the  test  section.  After  the  shock  (in  the 
tapering  channel  of  the  diffuser)  the  subsonic  flow  is  accelerated 
and  only  in  the  throat  of  diffuser  the  velocity  again  becomes 
critical.  Behind  the  throat  of  the  diffuser  a  supplementary 
supersonic  zone  is  formed  which  is  terminated  by  a  shock  whose 
Intensity  is  greater,  the  stronger  the  evacuation  which  is  created 
by  the  exhauster  of  the  tube. 


Thus  the  value  o(M),  on  which  according  to  ( 2 )  depends  the 
relative  size  of  the  "critical"  throat  of  diffuser,  in  turn  is 
determined  by  the  intensity  of  the  shock,  which  corresponds  to  the 
Mach  number  in  the  test  section.  If  we  consider  that  a  normal 
shock  appears,  then  according  to  formula  (2*0  in  Chapter  III 

t 


,_*=4x. 

1  an  • 

:  » -i  i 

*+  I  7;  . 


where  Ah  -  the  velocity  coefficient  in  the  test  section  of  the 
tube.  Converting  to  gas-dynamic  functions  from  Chapter  V  we  find 


a 


(43) 


From  (42)  and  (43)  it  follows  that  for  the  output  of  a  wind  tunnel 
on  the  rated  value  of  supersonic  speed  the  relative  cross  section 
of  the  threat  of  the  diffuser  should  be  no  less  than  the  following 
value : 
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If  we  make  the  relative  cross  section  of  the  throat  of  the  diffuser 

somewhat  larger  than  according  to  formula  (M),  then  It  is  possible 

to  "extend"  the  shock  wave  from  the  test  section  into  the  divergent 

section  of  the  diffuser  (Fig.  8.53c  )i  then  in  the  narrowing 

section  of  the  diffuser  will  be  established  a  decelerating  (after 

the  test  section)  supersonic  gas  flow,  whereupon  in  the  throat 

of  the  diffuser  the  velocity  coefficient  A  >  1;  according  to 

'  *  *A 

formula  (t)  in  Chapter  IV  we  have 


i 


After  the  shock  passed  into  the  expanding  part  of  the  diffuser 
it  is  possible,  by  smoothly  narrowing  (regulating)  the  throat  of 
the  diffuser,  to  gradually  decrease  the  velocity  in  it  down  to  the 
critical  value,  and  then,  weakening  the  evacuation  of  the  exhauster, 
to  bring  the  shock  wave  in  the  divergent  section  of  the  diffuser 
almost  tc  its  throat  (dotted  line  in  Fig.  8.53c).  Under  such 
operational  conditions  the  throat  of  the  diffuser  should  be  only 
somewhat  larger  than  the  throat  of  the  nozzle  (because  of  the 
displacement  thickness  of  the  boundary  layer,  i.e.,  only  in 
connection  with  fricition  losses),  and  the  loss  of  total  pressure 
in  the  diffuser  (in  the  shock)  becomes  considerably  less  than  under 
the  conditions  of  starting. 

The  ratio  of  the  cross  section  area  of  the  throat  cf  the 
diffuser  to  the  cross-sectional  area  of  the  jet  of  undisturbed 
flow  F^  (the  t“st  section  of  the  tube)  according  to  (^2),  (H), 
and  (  5 ) 
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The  values  of  the  relative  throat  area  of  the  diffuser  F  (M  }, 

accessary  fcr  the  starting  of  the  latter,  and  relative  throat  area 

P 

F.  ■  rr'  * u  1  at  k  *  1 .  *4  are  given  Ip  Fig.  8.5**.  It  is 

H 

interesting  to  note  that  the  Mach  number  in  the  throat  of  the 

diffuser  Mr  ,  necessary  for  the 
"overshoot"  through  it  of  a  normal 
shock  wave  {before  the  contraction  of 
the  throat  of  the  diffuser),  is  approx¬ 
imately  0.875  from  the  value  of  the 
Mach  number  in  incident  flow  (for 

■  1.5-5  with  k  *  1 .  *0  .  The  described 
features  of  the  starting  of  a  wind 
tunnel  diffuser  are  related  also  to 
the  starting  of  the  inlet  diffuser 
of  an  engine.  In  order  to  realize  the 
calculated  system  of  shocks  by  con¬ 
verting  from  low  flying  speeds  to 
rated  speed,  one  ought  at  low  speeds 
to  expand  the  throat  of  the  diffuser 
(or  to  let  the  excess  part  of  the  air 
before  the  throat  pass  outside),  and  based  on  the  output  on  the 
rated  speed  to  narrow  the  throat  (to  the  calculated  dimension) 
or  to  discontinue  air  bleeding  (to  cover  the  opening  for  bypass). 
Without  this  the  starting  of  a  supersonic  diffuser  under  design 
conditions  13  impossible. 


r 


Fig.  8.5b.  The  relative 
values  of  the  areas  of 
the  throat  of  the  dif¬ 
fuser  (during  "starting") 
and  the  wind-tunnel 
nozzle . 


lAs  was  noted,  after  the  outlet  of  the  diffuser  under  design 
conditions  the  cross  section  of  the  throat  of  the  diffuser  is 
or.ly  a  little  (by  the  displacement  thickness  of  the  boundary  layer) 
larger  than  the  cross  section  of  the  throat  of  an  Ideal  nozzle. 
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CHAPTER  X 


THE  ELEMENTS  OF  GAS  DYNAMICS  OF  THE 
AIRFOIL  AND  RECTILINEAR  AIRFOIL 
CASCADE 


§  1.  The  Bas'.c  Geometric  Parameters 
of  the  Airfoi.  and  Rectilinear 
Airfoil  Cascade 


The  rounded  forward 
trailing  edge  (Pig,  10.1) 
airfoil.  The  supersonic 
(tapered)  leading  edge, 
a  profile  is  composed  of 


section  (leading  edge)  and  the  pointed 
are  characteristic  for  the  usual  subseni 
profile,  unlike  the  subsonic,  has  a  shai 
In  a  number  of  cases  the  contour  of  such 
rectilinear  sections  (Fig.  1C. 2) 


Fig.  10.1.  Geometric  parameters  of 
subsonic  airfoil. 

KEY:  (1)  Internal  airfoil  chord.  (2) 

Exterm  1  airfoil  chord. 


Fig.  10.2.  Supersonic 
profiles:  a)  lenticular, 

b  )  double-wedge . 

t) 
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By  cno  average  line  or  the  arc  (small  arc)  of  the  profile  we 
mean  the  Icons  at  the  center's  inscribed  in  the  outline  of-  ciroun,- 
f  c  ranees .  After  determining  th  •  line  of  the  given  profile, 

it  is  possible  to  construct  a  metrical  section  (with 

a  straight  center  line)  which  ha,  —nates  equal  to  the 

corresponding  distances  of  the  profile's  points  from  the  axial 
arc.  If  we  now  bend  the  symmetrical  section  so  that  its  axis  of 
symmetry  would  pass  to  the  center  line  and  the  ordinates  of  symmet¬ 
rical  points  would  lie  on  the  same  normal  to  it,  then  we  obtain 
tr.is  profile.  Thus,  any  shape  can  be  obtained  by  bending  a  certain 
symmetrical  shape. 


For  determining  the  position  of  the  profile  with  respect  to 
the  flow,  and  also  as  a  characteristic  dimension,  we  introduce  the 
c-ncept.  of  airfoil  chord.  The  internal  airfoil  chord  is  the  line 
segment  connecting  the  two  most  distant  joints  of  the  axial  profile 
arc.  Per  the  slightly  bent  profiles  the  chord  determined  in  this 
way  is  virtually  coincidental  with  the  straight  line  section 
connecting  the  two  most  distant  points  of  the  profile.  The  coordi¬ 
nates  of  the  profile  points  are  usually  given  in  fractions  of  the 
chord  length,  which  is  assumed  to  be  the  horizontal  axis. 


The  profile  configuration  is  determined  by  a  series  of 
geometric  parameters.  Let  us  give  the  principal  one.  The  relative 
profile  thickness  c  is  the  quotient  of  the  division  of  the  maximum 
profile  thickness  c  (.Fig.  10.1)  by  the  chord  length  b:  c  -  c/b 
The  center-line  camber  T  or  the  relative  camber,  is  the  ratio  of  the 
maximum  bending  deflection  of  axial  arc  f  to  the  cnord  length ; 

7  =  f/b.  The  positions  of  the  maximum  profile  thickness  and 
maximum  bending  deflection  of  the  axial  arc  are  important  parameters 
and  are  determined  respectively  by  the  values  of  relative  abscissae 


Xc  —  xjb  and  X/  =  Xj/b. 

n 
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The  profile  camber  can  also  be  characterized  by  the  angle  of 
bending  of  center  line  c,  i.e.,  by  the  angle  between  the  tangents 
to  the  axial  arc  at  the  nose  and  the  rear  point,  called  the  leading 
and  rear  tangents  of  the  profile  respectively  (Pig.  10.1).  For  a 
circular  small  arc,  angle  e  is  equal  to  its  central  angle.  In  this 
case 

M ‘IT- 

After  selecting  a  certain  form  for  the  axial  small  arc  and 
the  shape  of  the  initial  symmetrical  profile.  It  is  possible  to 
obtain  a  family  (series)  of  profiles  with  a  continuous  change  in 
the  center-line  cambers  and  thicknesses. 

A  rectilinear  airfoil  cascade  is  the  name  applied  to  a  combina¬ 
tion  of  an  infinite  number  of  equally  arranged  identical  airfoils 
which  are  equidistant  from  one  another.  The  line  which  connects 
the  corresponding  profile  points  In  the  cascade  is  called  the 
cascade  front  and  tile  normal  to  it  -  the  axis  of  the  cascade 
(Fig.  10.3). 


i 

-j 


The  problem  of  the  flow  around  a  rectilinear  cascade  is 
encountered  in  axial-flow  compressors  and  turbines  in  the  study 
of  flow  through  the  fixed  and  rotating  vane  rings  with  cylindrical 
stream  surfaces.  In  this  case  the  elementary  rim,  i.e.,  the  vane 
ring  limited  by  two  close  stream  surfaces  can  be  converted  to  a 
rectilinear  cascade  by  developing  it  into  planes;  in  order  for  the 
flow  around  all  airfoils  to  be  identical  (as  in  the  vane  ring),  the 
cascade  should  consist  of  infinite  number  of  airfoils. 

The  relative  position  of  airfoils  in  a  rectilinear  cascade  is 
unambiguously  determined  by  two  parameters:  distance  between  the 
adjacent  airfoils  called  cascade  pitch  t,  and  the  angle  between 
the  airfoil  chord  and  the  front,  which  is  called  setting  angle  5. 
Instead  of  setting  angle  $,  sometimes  the  concept  of  stagger  is 
used,  which  implies  the  distance  a  between  the  normals  to  the-, 
chords  of  two  adjacent  profiles,  drawn  at  similar  points. 
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...  Sr  or.  frcn  tm-  drawing,  a/t  «  a  ■  -cos  5,  and,  cor..-  •.  cue  :.t  _y , 
t:..-  reward  stagger  corresponds  to  values  4  >  n/2 ,  while  tr.-r  cach- 
v.aru  stagger  -  to  values  ♦  <  rt/2.  The  position  of  this  airfoil  in 
the  cascade  can  also  be  characterized  by  one  of  the  angles  or 
i.  Fig.  11.3'.  formed  by  the  front  ana  rear  tangents  of  the  profile 
v.  it:,  tne  front  cf  the  cascade,  respectively.  The  difference  of 
tnese  angles  deterr.ir.es  the  bending  of  the  profile  e  =  0..  -  • 


Fig.  1C. 3*  Rectilinear  cascade. 

FHY :  (1)  Tangent  to  the  center  profile  line.  j 

(2)  Direction  cf  nonclrculatory  flow.  (3) 

Tangent  to  the  center  line  at  the  rear  point  ! 

of  a  profile.  , 


The  cascade  pitch  value  referred  to  the  chord  length,  of  the 
profile  is  called  relative  cascade  pitch  t  =  t/b  ;  the  reciprocal 
value  is  called  the  cascade  solidity'.  =  b/t .  Thus,  a  rectilinear 
cascade  can  be  unambiguously  determined  by  the  form  of  a  profile, 
by  solidity  and  value  of  the  setting  angle. 
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The  position  of  the  profile  and  airfoil  cascade  with  respect 
to  the  incident  flow  is  cnaracterlzod  by  the  angle  of  attack;  in 
the  case  of  a  unitary  profile  -  it  is  angle  a  between  the  direction 
of  the  speed  at  infinity  and  the  chord  (Fig.  10.1);  in  the  case  of 
the  airfoil  cascade  -  it  is  angle  i  between  velocity  w^  and  the 
fcreward  tangent  to  the  profile  arc.  The  angle  between  w2  and 
the  rear  tangent  is  called  the  flow  angle  of  lag  6  (Fig.  10.3). 
Angle  between  the  direction  of  inlet  velocity  and  the  cascade 
front  is  called  the  angle  of  entry;  accordingly,  angle  62  between 
the  outlet  velocity  w2  and  the  cascade  front  is  called  the  angle 
of  departure .  The  difference  in  these  angles  AB  =  B2  “  6i  “  e  ~ 
6+1  determines  the  rotation  of  flow  in  the  cascade. 

In  aerodynamics  a  distinction  is  made  between  the  direct  and 
inverse  problems  of  flow  around  a  unitary  profile  or  the  airfoil 
cascade. 

By  direct  problem  for  a  unitary  profile  we  usually  mean  the 
determination  of  pressure  distribution  along  the  surface  of  this 
profile  at  a  given  velocity  field  for  ahead  of  the  profile.  The 
determination  of  the  geometry  of  a  profile,  which  provides  certain 
pressure  distribution  along  its  surface,  is  called  the  inverse 
problem. 

In  aerodynamics  of  the  airfoil  cascade  Loth  these  problems 
are  usually  examined  as  applied  to  the  total  parameters  of  the 
cascade.  Mere,  by  direct  problem  we  mean  the  determination  of 
aerodynamic  forces  and  the  angle  of  departure  of  the  flow  at  a 
given  velocity  field  ahead  of  the  cascade  of  certain  configuration. 
In  the  case  of  flow  of  a  viscous  fluid  or  gas,  there  is  also  a 
need  for  determining  the  total  pressure  losses. 

Accordingly,  by  the  Inverse  problem  we  mean  the  determination 
of  configuration  of  the  cascade  which  turns  a  given  flow  to  angle 
AS,  forming  angle  6^  with  the  front  cf  the  cascade.  In  such  a 
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sotting  there  usually  is  no  unique  solution  for  the  Inverse 
problem.  Tnere  is  an  infinite  number  of  cascades  which  differ  from 
cue  another  in  tneir  geometric  parameters  and  profile  shapes, 
which  satisfy  the  posed  conditions.  The  problem  becomes  unique 
with  the  imposition  of  additional  conditions.  In  the  case  of  a 
potential  flow  these  conditions  are  usually  imposed  on  the  geometry 
of  the  cascade  or  or.  the  pressure  distribution  along  the  profile 
or,  finally,  on  the  combination  of  the  indicated  factors.  In  the 
case  of  a  viscous  flow,  the  optimum  cascade  (with  mlninal  losses) 
is  found  from  the  whole  multitude  of  cascades  which  achieve  the 
given  angle  of  rotation. 

§  2.  Zhukovskiy's  (Joukowski's) 

Theorem  on  the  Power  Effect  of  a 
Potential  Flow  on  the  Airfoil  in 
the  Cascade 

Let  us  examine  the  flow  around  a  rectilinear  infinite  cascade 
of  airfoils  by  the  steady  flow  of  gas.  We  will  assume  that  the 
airfoils  which  form  the  cascade  have  an  infinite  span  and  the  flow 
is  plane-parallel. 

Let  us  determine  the  force  with  which  the  flow  affects  the 
airfoil  surface  of  unit  length.  Let  us  draw  sections  1-1  and  2-2 
which  are  parallel  to  the  cascade  front  (Fig.  10.4)  and  are  so 
distant  from  it  that  it  is  possible  to  assume  that  the  speed  and 
pressure  in  each  of  these  sections  are  constant.  Let  us  select  any 
flow  line  A^  A2  and  draw  another  flow  line  B.^  B2  at  a  distance  of 
one  pitch  from  the  first  flow  line.  It  is  obvious  that  these  flow 
lines  are  congruent,  i.e.,  they  coincide  when  superimposed. 

Applying  tfce  equation  of  momentum  to  the  volume  of  fluid  limited 
by  sections  of  straight  lines  b^  and  a2  b2  and  by  sections  of 
flow  lines  a2  and  b^  b-,,  we  will  obtain  (see  §  5  Chapter  1) 
the  following  expressions  for  the  projections,  on  the  front  and 
the  axis  of  the  cascade,  of  the  resultant  of  all  forces  applied 
to  the  fluid  volume; 
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/».=* /II  (*?*,  —  6?,,), 
P.  =  AI(«to  — 


(1) 

(2) 


where  K  -  fluid  mass  passing  through  the  section,  which  is  equal 
to  one  cascade  pitch,1  in  unit  time  and  which  is  determined  by 
the  equation  of  continuity 

Al  =  p1«,,a(  =  ( 3 ) 

On  the  other  hand,  the  forces  can  be  determine  by  adding  the  pro¬ 
jections  of  all  forces  which  act  on  volume  a^  b^  b£  a^,  i.e.,  the 
forces  of  pressure  along  contour  b^  b 2  a2  and  the  reactions 
from  the  force  applied  to  the  airfoil  surface  (we  disregard  the 
gravitational  forces).  Designating  the  components  of  forces  applied 
to  the  airfoil  in  terms  of  R  and  R  and  noting  that  the  resultant 
forces  of  pressure  applied  to  the  sections  of  flow  lines  a.^  a2 
and  b2  are  equal  and  are  directed  to  opposite  sides,  we  have 

and  </*,-*)/. 

Substituting  the  last  equalities  into  expressions  (1)  and  (2),  we 
obtain 

Ra  —  M[wt,  —  Vu\  (*0 

Rm  =  Al  («TU  —  tcv,)  (cr  ) 

Let  us  determine  the  value  of  circulation  r  along  contour 

Ok 

al*  bl*  b2‘  a2‘  By  bypassing  the  contour  in  forward  direction, 
i.e.,  clockwise,  we  have  the  following  values  of  circulation  for 
the  frontal  sections  of  the  contour: 

r,,*,  =  hr,  cos  ?,  —  t  cr„  r*lfl|  =  tv,  cos  ?i  ==  —  tviw. 

'Here  and  subsequently  the  thickness  of  the  Jet  in  the  direction 
of  the  perpendicular  to  the  plane  of  the  drawing  is  equal  to  unity. 
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Fig.  10.4.  The  derivation  M.  Ye.  Zhukovskiy’s 
theorem  on  the  resultant  forces  applied  to  the 
airfoil  in  the  cascade. 

KEY:  (1)  Triangle  of  current  densities.  (2) 

Triangle  of  velocities.  (3)  Bypass  direction 
of  the  contour. 


Since  the  sections  of  flow  lines  a^,  and  b^,  are  equal  and 
have  the  same  velocity  distribution,  then,  by  virtue  of  different 
directions,  with  their  bypass 

—  —  r*,«r 

Thus,  the  total  amount  of  circulation  along  contour  a^  b^  b^  a? 


r,„  =  r0|»,  -|-  r»,.,  +  f*,*, =*(*'»» — *>«•)  ( 6 ) 


and,  therefore,  according  to  (4) 

R'^AtlaL. 


(7) 


Formulas  (4),  (5)  or  (4),  (7)  make  it  possible  for  one  to 
determine  the  total  power  effect  of  any  fluid  and  gas  flow  on  an 
arbitrary  airfoil  cascade,  i.e.,  to  determine  the  magnitude  and 
direction  of  all  resultant  forces  applied  to  the  airfoil  in  the 
cas  cade . 


* 

| 

I 

1 

i 


620 


Subsequently,  we  will  limit  ourselves  to  the  examination  of  a 
potential  flow.  As  was  proven  in  §  11  Chapter  II,  in  the  case  a 
potential  (Vortex-free)  flow  circulation  r  along  certain  contour 

0  K 

a1  b1  b2  a2  is  equal  to  circulation  r  in  any  contour  enveloping 
the  airfoil  including  also  the  surface  of  the  airfoil  itself,  i.e., 
r  »  T,  and,  consequently,  in  the  potential  flow 

O  H 

*.=  '»•  Y"  (8) 

In  the  incompressible  flow  we  have 

«*«.  =  Via  —  KV  M  —  -e1Wr 

In  the  absence  of  losses  we  also  have 

Pi  ~  P*  —  J  l»i  —  ^ll- 

According  to  (A)  and  (8),  for  the  potential  flow  of  the  incompress¬ 
ible  fluid  we  obtain 

it*  i«*3«  --  «-:.i  -  ip 

n,  --  put,!'. 

Based  on  the  velocity  triangle  on  Fig.  10.3,  it  follows  that 


'  1*  *•••  _ tm 

- ,4 - «V 

tr,,  *=  tr„ 


Here,  w^  is  understood  to  be  the  geometric  mean  velocity 

The  direction  of  the  geometric  mean  velocity  is  determined  from 
the  obvious  expression 

'-(c«K?i  -l-OuPtK  (li  ' 


M 
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In  accordance  with  (6),  (9)  arid  (10),  we  have 

K.“Pl'«W 


Frcm  these  expressions  for  the  force  components  of  pressure 
it  follows  that  in  a  potential  flow  of  an  incompressible  fluid  the 
value  of  all  resultant  aerodynamic  forces  applied  to  the  cascade 
airfoil  is  equal  to  the  product  of  the  fluid  density  times  the 
value  of  the  geometric  half-sum  of  velocities  and  the  vlaue  of 
circulation  around  the  airfoil 

ft  r.  (14) 

Force  R  Is  directed  at  right  angles  to  the  geometric  half-sum  of 
velocities.  In  order  to  obtain  the  direction  of  this  force,  it 
is  necessary  to  turn  the  geometric  half-sum  to  an  angle  of  v/2  to 
the  direction  opposite  to  that  of  circulation.  This  theorem  for 
the  airfoil  cascade  was  first  obtained  by  N.  Ye.  Joukowskl  in  1912. 

At  subsonic  speeds  of  an  isentropic  gas  flow  it  is  possible 
to  use  the  equation  of  the  resultant  in  form  (1*0,  determining 
only  density  value  p  =  according  to  the  formula 


In  this  case  the  Joukowskl  theorem  for  the  cascade  in  an 
isentropic  flow  of  compressible  gas  is  fulfilled  precisely  if  we 
replace  the  true  curve  of  the  isentropic  process  by  the  straight 
line  tangent  to  It  at  point  (pQ,  1/Pq).1  in  this  case  the  direction 


'E.  M.  Berzon,  on  the  Force  Acting  on  Airfoil  in  a  Cascade. 

The  transactions  of  the  Leningrad  Military  Engineering  Air  Academy, 
iss.  27,  1999;  Loytsyanskiy  L.  G.,  the  generalization  of  Joukowski's 
formula  In  the  case  when  the  cascade  airfoil  is  streamlined  by 
compressible  gas  at  subsonic  speeds.  Appl.  math,  and  mech.  ,  No.  2, 
tn.  XIII,  19 b 9 ;  Loytsyanskiy  L.  G . ,  Fluid  and  gas  mechanics. 
Tekhteoretizdat ,  1950;  Bloch  E.  L.  ,  Balter  A.  Ye.  and  Dovzhik  S.  A., 
fJ.Ye.  Joukowski's  Theorem  on  the  airfoil's  lift  force  in  a  cascade, 
streamlined  by  compressible  gas.  In  coll.  "Industrial  Aerodynamics," 
iss.  9.  1953. 
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of  the  resultant  at  not  very  high  subsonic  speeds  turns  out  to  re 
very  close  to  the  normal  to  the  geometric  half-sum  of  current 
densities 


( 


u 


"7 


In  the  general  case  of  gas  flow  the  resultant  can  be  presented  as 
the  sum  of  two  components,  l.e.,  of  the  Joukowski  force,  equal 
in  magnitude  (pw)mr  and  directed  along  the  normal  to  the  geometric 
half-sum  of  current  densities  and  certain  additional  force 
directed  along  the  axis.1 


Let  us  determine  the  power  effect  of  a  potential  flow  of  the 
incompressible  fluid  on  a  unitary  airfoil.  For  this  we  will 
direct  cascade  pitch  t  toward  infinity.  We  will  obtain  the  unitary 
airfoil  within  the  limit.  It  is  obvious  that  if  we  consider  the 
flow  parameters  ahead  of  the  cascade  to  be  fixed,  then  when 
t  •*  ®  we  have 


VU  •  P»  ~  *  Pi*  wm  •» 

and,  therefore,  according  to  (14) 

R  =  P  tr,r.  (15) 

Here  r  -  still  the  circulation  of  velocity,  taken  for  any  contour 
enveloping  this  unitary  airfoil.  Thus,  we  can  formulate  the 
following  theorem:  during  the  potential  flow  around  a  unitary 
airfoil,  the  resultant  of  force  applied  to  the  airfoil  Is  equal 
to  the  product  of  the  density  and  velocity  of  the  incident  flow 
times  circulation  the  value  T  around  the  airfoil.  To  find  the 
direction  of  the  resultant  which,  in  this  case,  is  the  lift  force 


‘Sedov  L.  I. ,  Hydroaerodynamic  forces  during  the  flow  of  a 
compressible  fluid  around  airfoils.  Proceedings  of  the  Academy 
of  Sciences  USSR,  Mo.  6  tn.  1  XIII,  1948  (see  also  G.  Yu.  Stepanov's 
article  in  the  survey  bulletin  "Aircraft  Engine  Production"  .’Jo.  4, 
(1949). 
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w c  have  to  swing  the  velocity  vector  through  an  angle  of  tt /2  In 
tne  direction  opposite  to  that  of  circulation. 

This  important  theorem  was  first  obtained  by  H.  Ye.  JouKowskl 
In  190b.  Subsequently,  In  193^  M.  V.  Keldysh  and  F.  I.  Frank  1' 
verified  this  theorem  for  the  gas  flow,  limiting  themselves  to 
relatively  low  Mach  numbers.  The  derivation  of  the  Joukowskl 
theorem  for  a  gas  was  made  by  L.  I.  Sedov  in  19^8  by  passing  to 
the  limit. 

§  3.  Effect  of  Viscosity  on  the 
Power  Influence  of  Flow 

The  flow  of  viscous  fluid  around  the  cascade  produces  a  wake, 
an  area  of  reduced  total  pressure,  where  in  fact  all  losses  which 
appear  in  the  boundary  layer  are  concentrated. 

Let  us  examine  a  volume  of  fluid  limited  by  two  adjacent 
congruent  stream  surfaces,  by  section  1-1,  located  far  ahead  of 
the  cascade  and  by  certain  section  z-w  behind  it  (Fig.  10.5).  As 
shown  by  the  experiments,  the  equalization  of  the  flow  velocities 
with  respect  to  direction,  connected  with  the  equalization  of 
static  pressure  is  achieved  in  the  immediate  proximity  behind  the 
cascade  (at  a  distance  of  fractions  of  the  airfoil  chord  from 
the  edge  of  the  cascade). 

/ 

r — ‘—i 

Fig.  10.5.  Streamlining  of 
the  airfoil  cascade  by  the 
viscous  fluid. 

KEY:  (1)  Edge  of  the  cascade. 


Applying  Che  theorem  of  momentum  to  the  selected  volume  of 
fluids, we  have 

Rasst(pt  —  p,H-p|»,y  — 

a6 


—  $  pVaW„ds  as 
“M®i.  ctg?,  - 

t 

-  «<8  ?,$  pvtf*- 


Let  us  assume  approximately  that  with  a  continuous  flow  arouno 
tne  cascade  the  direction  of  velocities  in  section  z-z  is  identical 
for  the  viscous  and  potential  flows,  i.e.,  let  us  assume  tnat 

?«  33  ?»  >t<  **  pi  nor 

In  this  case  the  effect  of  viscosity  will  be  apparent  only  in  the 
uneven  distribution  of  velocities  at  the  exit  from  the  cascade. 

Assuming  that  in  expressions  (16)  and  (1?)  the  velocities 
behind  the  cascade  are  constant,  we  obtain  the  following  formulas 
for  the  axial  and  tangential  components  of  forces  which  act  on 
the  cascade  streamlined  by  the  potential  flow  of  incompressible 
fluid: 

R  a  noi  =  ^  no,)’  [  1  P  ) 

(elu  -  etc  {19} 


By  deducting  expressions  (16)  and  (17)  term  by  term  from  (IS)  ar.a 
(19),  we  obtain 


—  Ra  nor  —  R*  —  UPt  —  P/  ,  «i)  -|-  —  u-',j  |, 

as  Ra  ru,  —  R'Szf.t  jjtt-Jl/:!  —  Ctj{ 


where  z  ■  z/t. 
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are  no  losses  in  the  core  of  the  flow 


There 


' _ „  t 

2  ~  —P‘-r 


~T~ 


heiic* 


fellows  that 


(22  ) 


Pi  Pivot — ''J‘(®5»et  — 

According  tc  the  equation  of  continuity 


(23) 


Taking  into  account  the  two  last  expressions,  formulas  (21)  and 

,20)  assume  the  form 


(24) 

(25) 


Since  w z  nQT  <  wz  x  and  for  any  function  w(z)  the  following 
inequality  is  valid: 


then  value  AR  is  the  sum  of  two  components  of  opposite  signs. 

a 

In  the  general  case  this  does  not  make  it  possible  for  us  to  make 
a  conclusion  concerning  the  sign  of  the  viscosity  effect  on  the 
axial  component  value  of  the  resultant  force. 

The  sign  of  addition  to  another  component,  AR.  according  to 

1* 

(25),  is  determined  by  the  angle  of  departure  of  flow  0z.  With 
6 7  ■  ti/2  ,  i.e.,  with  the  axial  departure  of  flow  from  the  cascade, 
AR  =  0,  and,  consequently,  in  this  case,  the  viscosity  effect  is 
generally  absent;  the  circumferential  component  of  the  resultant 
force  is  determined  only  by  spiral,  by  the  relative  value  of  the 
circumferential  velocity  component. 
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For  che  cascades  in  which  dz  >  Vftlue  in  the  potential 

flow  is  always  positive  according  to  (19). 1  Therefore  in  such 

cascades,  when  Bz  <  tt/2,  the  presence  of  viscosity  leads  to  a 

decrease,  and  with  0„  >  tt/2  it  leads  to  an  increase  in  the  circuir- 

z 

ferential  component  of  the  resultant  force. 

In  cascades  with  angles  8Z  <  8^,  value  Ry  in  the  potential 
flow  is  negative  and  therefore,  here,  in  accordance  with  (25), 
the  presence  of  viscosity  always  leads  to  an  increase  in  the 
absolute  value  circumferential  force. 

Usually,  cascades  are  differentiated  depending  on  the  calculated 
ratio  of  velocities  at  the  entrance  and  the  exit. 

A  convergent  caeoade  is  one  which  has  pz  <  p^.  The  flow 
passing  through  such  a  cascade  increases  its  speed;  during  this, 
the  static  pressure  in  it  drops.  At  of  the  same  angles  6^  the 
convergent  cascades  can  be  of  two  types:  with  angle  3Z  >  2^  and 
with  angle  8z  >  tt  -  6-^. 

The  cascade  in  which  a  stagnation  of  flow  occurs  (pz  >  p^)  is 
called  the  diffuser  cascade.  The  stagnation  of  flow  is  naturally 
accompanied  by  an  increase  in  static  pressure.  The  diffuser 
cascades  encompass  the  area  of  angles 

n  —  P,  >  ?« >Pi* 

Tne  cascade  in  which  the  change  is  only  in  the  direction  of 
velocity,  while  its  value  remains  constant  (pz  *  p1), is  called 
an  active  cascade.  In  this  cascade  0Z  =  it  -  8^. 


‘Without  disturbing  generality,  we  will  always  assume  8^  <  "2. 


627 


Tue  results  obtained  above  can  now  be  formulated  in  t'ne 
following  manner.  Iri  the  convergent  and  active  cascades  the 
presence-  of  viscosity  always  leads  to  an  increase  in  the  circum¬ 
ferential  force  as  compared  with  its  value  in  the  potential  flew. 
The  viscosity  also  has  the  same  effect  in  the  diffuser  cascades 

which  tarn  the  flow  tc  angle  6  ^  v/2.  In  the  diffuser  cascades 

z 

with  S„  <  tt/c  the  viscosity  effect  is  inverse  -  it  leads  to  a 
decrease  in  the  circumferential  component  of  the  resultant  force. 


During  tne  viscous  fluid  flow  in  the  space  behind  the  cascade, 
as  a  result  of  mixing,  there  is  a  gradual  equalization  of  the 
velocity  fields.  As  a  result,  beginning  with  a  certain  section 
2-2  sufficiently  removed  from  the  cascade,  there  is  already  a 
uniform  flow  whose  parameters  can  be  determined  with  the  aid  of 
the  equations  of  continuity  and  momentum.  Thus,  for  instance, 
ir.  the  case  of  the  incompressible  fluid  the  axial  velocity  of 
the  equalized  flow  Is  equal  to  the  axial  velocity  of  the  Incoming 
flew,  and  the  static  pressure  and  circumferential  velocity  are 
determined  from  the  following  equations  which  represent  projections 
of  the  momentum  on  axes  a  and  u, respectively . 


i 

0 

•  # 

pi  tcta‘tc<u  =  p  ^xomv>udr. 
v 


(27) 


Replacing  in  the  last  expression 

=  U'’l|Clg  ? 

and  taking  into  account  that  according  to  the  equation  of  continuity 

i 

pw^t  a  p  j  wjii, 


wo  obtain 
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Y 


where  z  =  z/t. 


i 

J  w\dt 

£l|»  Pi  *■  rV - 

IM 


The  condition  of  compressibility  somewhat  complicates  the 
determination  of  the  equillzed  gas  flow  parameters.1  Replacing 
in  the  expression  for  the  projection  of  momenta  on  axis  u 

M 

j  V,  cos  ptdM  =  Alte.cos  & 

the  value  of  elementary  mass  according  to  formula  (111)  in  Chapter  V 


[  *(*Ti)*~ 

V  eK 


gR  y^-yOt)  sin  ?,</*, 


we  will  obtain  the  following  expression  for  the  coefficient  of 
the  circumferential  velocity  component  of  the  equillzed  flow: 


J  <*x)  <t* 

}  i  cos  - - —  cos 

Sj*K)** 

6 


To  determine  angle  Sjj  we  write  the  theorem  of  momentum  in 
the  projection  in  the  direction  of  the  equillzed  flow 


All?,  —  $  w,cos(?,—  Pi)  </Af  =  0?,  —  rjtitn  k 
o 


‘Ginsburg  S.  I.,  Total  Power  Effect  of  the  Stationary  Plane 
Flow  on  the  Rectilinear  Airfoil  Cascade.  In  coll.  'Bladed  machines 
and  Jet  Apparatuses,"  iss.  3,  "Mechanical  Engineering,"  1962. 
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^akir;S  into  account  (126)  and  (12?)  m  Chapter  V,  we  rewrit, 
in  tr.c-  following  dimensl  onlea-s 


lowing  dimensionless  form: 

^  l?,-?.)  I- (*£,)” 


I 

(=T 


Kill  t 

- , - 

(><)<#■» 


Hence,  after  elementary  transformation  we  obtain 

a  —  iislu*3,-|-f  sTh2?(  =  0, 


where 


c  ~  f.p  I  ir  Pk  -I- ■ 


_  i  I 

*  j*  1  y  (**) 


Equation  (29)  can  be  transformed  into  the  form 

rf sin* fa-D  sin *?«-)' 1  =0. 


(29) 


(29a) 


here 


** 

P* 


After  determining  flow  direction  (8,),  from  (29a),  we  compute 
the  velocity 


and  from  the  equation  of  continuity  written  for  sections  z-z  and 


p,  sin  ?,  j y{X.)dr  ~r„q(>i)  sin  p* 

0 

depending  cn  static  pressure  pz  directly  behind  the  cascade,  we 

find  the  total  pressure  pQ2  of  the  equilized  flow,  total  losses 
in  total  pressure 

-V«  =  Pu  — p„ 
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w 


» 


( 


and  the  coefficient  of  total  hydraulic  losses 


< 


This  coefficient  takes  into  account  the  losses  both  strictly  in 
the  cascade  (in  its  vane  channels)  and  those  due  to  the  equilizatlon 
of  the  flow  in  the  space  behind  the  cascade. 

Let  us  now  find  the  losses  strictly  in  the  cascade.  For  this 
we  carry  out  on  isentropic  averaging  of  the  flow  in  section  z-z, 
i.e.,  we  find  a  steady  flow  with  the  same  entropy  as  that  in  a 
nonuniform  flow.1  At  a  constant  static  pressure  we  have2 

i 

In  • 

/V’KJ 


After  obtaining  the  mean  isentropic  total  pressure  pQz  in  cross 
section  z-z  from  the  last  expression  using  the  known  static  pressure 
and  the  specified  distribution  of  velocities,  we  find  the  loss  in 
the  cascade  Itself 

Vfpta.  ~P»  —  P,M 

and  the  losses  caused  by  the  equalization  of  the  flow  velocities 
behind  it: 


&p«*  up - Ppm I  —  Ptp. 


‘Sedov  L.  I.,  Chernyy  G.  G. ,  The  Averaging  of  Nonuniform  Gas 
In  the  Channels.  Collection  of  articles  under  the  editorship  o^ 
u.  I.  Sedov,  No.  12,  lss.  4.  Oborongiz,  1954. 

Korostelev  Yu.  A.,  Klimovskly  K.  K. ,  The  Averaging  of  Parameters 
of  the  ilonuniforn  Airflow  as  applied  to  the  axial-flow  compressor. 

Co. Action  cf  artl'.ies  under  the  editorship  of  L.  I.  Sedov,  No.  l ? 
lss.  5.  Oborcngiz,  1954.  -5 


j 


4 


I 


631 


The  losses  in  the  cascade  during  its  continuous  streamlining  by 
a  subsonic  flow  can  also  be  expressed  directly  in  term  of  the 
coundary  layer  parameters  on  the  trailing  edges  of  its  airfoils. 


Having  determined  the  power  losses  in  the  wake  behind  the 
cascade,  which  consists  of  boundary  layers  having  converged  from 
the  upper  (convex)  and  lower  (concave)  profile  surfaces,  and 
bearing  in  mind  that  in  the  remaining  section  the  flow  is  isontropic, 
we  obtain  the  following  expression  for  the  loss  factor  in  the 
cascade :  1 

r  _  __  /  >.  \*  4“' 

*  .  (I  — T*p 

pi  2 


Here  ph  -  value  of  density  on  the  boundary  layer  border 


A*  = 


nss— 

.mxilll  ... 

- rsrsr-  ‘srv “•  ■ >■ 


where  6#  .  6*  -  displacement  thicknesses  on  the  trailing  edge 

KB  k  h 

for  the  boundary  layer  on  the  upper  and  lower  profile  surface 
respectively,  <5***,  6***  -  energy  loss  thicknesses  in  the  boundary 

KB  HH 

layer  on  the  trailing  edge  (see  Chapter  VI).  For  the  incom¬ 
pressible  fluid  Py  =  PH  z  and  loss  factor 

.  -  -  /  »i"  M  **** 

<r=>p- 

Further,  we  will  limit  ourselves  to  an  examination  of  incom¬ 
pressible  fluid  flow.  In  this  case  the  following  inequality2 
follows  from  expression  (28)  and  condition  (26) 

<lK?.>dg?r  (30) 

'Glnevskly  A.  S.,  Dovzhik  S.  A.,  Gas  viscosity  effect  on  the 
cascade  characteristics.  In  coll.  "Industrial  Aerodynamics," 
lss.  11.  Oborongiz,  1958. 

2 This  relationship  was  obtained  by  Yu.  A.  Korostelev  in  1953. 
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Thus,  the  direction  of  the  equalized  flow  is  always  closer  to  the 
direction  of  the  cascade  front  than  the  direction  of  the  initial 
nonuniform  flow.  This  means  that  in  the  convergent  and  active 
cascades,  it  appears  that  the  viscosity  effect  leads  to  an 
increase  in  the  deflection  of  the  flow  by  the  cascade,  i.e.,  to 
a  decrease  in  the' initial  angle  of  lag  and,  sometimes,  even  to  the 
development  of  the  advance  angle  of  the  flow. 


The  influence  of  viscosity  has  the  same  effect  in  the  diffuser 

cascades  which  have  S  >  n/2.  In  the  diffuser  cascades  which 

z 

have  Bz  <  n/2,  the  viscosity  effect  is  inverse,  i.e.,  it  leads  to 
a  decrease  in  the  effective  deflection  of  the  flow  by  the  cascade, 
i.e.,  to  the  appearance  of  seemingly  complementary  angle  of  lag. 
These  conclusions  are  in  complete  agreement  with  the  results 
obtained  above  on  the  visosity  effect  on  the  circumferential 
component  value  of  the  resultant. 

Using  the  known  parameters  of  the  equalized  flow  the  power 
effect  on  the  cascade  can  be  determined  directly  by  formulas  (4), 
(5)  obtained  for  a  uniform  flow. 

For  the  viscous  Incompressible  fluid  flow  we  have 


Pl~Ft=  <a1  -  «■{) -Vhm=  -  f^r  «*«.  4- 


and  according  to  (5) 


Here  h  are  the  total  losses  of  total  pressure,  referred  to  1  nr 
w 

of  fluid  flowing  from  cross  section  1-1  to  cross  section  2-2. 

The  total  losses  include  both  the  losses  which  arise  during  a 
direct  flow  around  tne  cascade  and  losses  connected  with  a  comp let 
equalization  of  the  flow  in  the  space  behind  the  cascade. 


The  circumferential  component  force  is  found  from  formula  (7 

R*  ^  'maf  0,*  (32} 


633 


■0 


The  last  two  expressions  make  it  possible  for  one  to  generalize 
the  Joukowski  theorem  as  follows;  the  resultant  of  all  forces 
applied  to  the  cascade  profile  as  it  is  being  streamlined  by  a 
flow  of  viscous  incompressible  fluid  is  equal  to  the  vector  sum 
of  the  Joukcwski  circulation  force  G  =  pwmrQw  directed  along  the 
normal  to  the  geometric  half-sum  of  velocities  and  certain 
additional  force  P  =  h  t,  always  directed  along  the  axis  of  the 

3  W 

cascade • 

The  projection  of  the  resultant  on  the  direction  of  the  normal 
to  the  geometric  mean  velocity  wm  is  called  airfoil  lift  force  Ry 
in  the  cascade.  During  a  potential  flow  around  the  cascade  the 
lift  is  equal  to  the  Joukowski  circulation  force  Ry  *  G. 

The  other  resultant  projection  on  the  direction  of  mean 
geometric  velocity  we  will  call  the  viscous  force,  thereby 

characterizing  the  reason  for  its  development,  because  in  a 
potential  flow  of  incompressible  fluid  it  is  equal  to  zero. 

Comparing  the  streamlining  of  this  cascade  by  the  viscous  and 

potential  flows  of  incompressible  fluid  at  the  same  (with  respect 

to  magnitude  and  direction)  geometric  mean  velocity  wm,  we  note 

that  the  viscosity  effect  is  twofold:  It  leads  both  to  the  change 

in  the  Joukowski  circulation  force  G  and  to  the  appearance  of 

additional  axial  force  F  .  As  a  result  viscous  force  (resistance) 

a 

R^  is  developed  which  is  equal  to  the  projection  of  force  F&  on 
the  direction  of  the  geometric  mean  velocity,  and  also  tnere  is 
a  change  in  the  value  of  lift  Ry.  This  change  is  determined  by 
the  relationship  between  the  corresponding  projection  of  the 
additional  axial  force  and  the  change  in  the  Joukowski  circulation 
force 


ARy  AO  —  V  co*  jl*. 
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Tf  in  the  vane  channels  of  a  dense  cascade  a  complete  equillzaticr. 

of  the  velocity  fields  is  achieved  as  a  result  of  turbulent  mixing 

the  flow  on  the  edge  of  the  cascade  is  uniform,'  then  the  viscosity 

effect  is  limited  only  by  the  development  of  axial  force  F  , 

£1 

JoukowsKi  force  remains  the  same,  since  the  value  of  circulation 
r  does  not  change.  In  this  particular  case 

A/?,  —  —F,  cos  ?*  =  —  hj  cos 

and,  therefore,  in  the  viscous  flow  the  airfoil  lift  in  the  con¬ 
vergent  cascade  is  greater,  while  in  the  diffuser  cascade  it  is 
less,  than  the  Joukowski  circulation  force  (Fig.  10.6).  In  an 
active  cascade,  just  as  in  the  potential  flow,  the  lift  is  equal 
to  that  of  circulation. 


The  resultant  projection  on  the  direction  normal  to  the  Incident 
flow  is  called  lift  Ry  of  the  unitary  profile.  Another  projection 
of  the  resultant  force  normal  to  it  is  called  the  profile  resisting 
force  R  . 


In  the  potential  flow  the  profile  is  affected  only  by  the 
forces  of  pressure,  whose  resultant,  according  to  the  Joukowski 
theorem,  is  equal  to  airfoil  lift  R  *  Ry .  The  resistance  is 
absent  when  Rx  *■  0.  The  effect  of  viscosity  is  evident  In  both 
the  appearance  of  the  tangential  forces,  forces  of  friction,  on 
the  profile  surface  and  the  redistribution  of  pressure  forces.  As 
a  result,  in  a  viscous  flow  there  is  a  change  In  the  lift  and 
the  appearance  of  the  profile  drag  force  which  consists  of 
pressure  resistance  R  and  friction  drag  Rxf.  These  total  force 
components  of  the  profile  drag 


'Strictly  speaking,  such  a  case  Is  hypothetical.  Actually, 
with  a  sufficient  length  of  the  channel  a  certain  distribution 
of  velocities  Is  established,  which  does  not  change  any  further 
( see  Chapter  VI ) . 
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arc-  equal  tc  the  projection  on  the  direction  of  motion  of  the 
resultant  normal  and  tangential  forces  respectively,  which  act 
the  profile  surface. 


U 


Fig.  10.6.  The  effect  of  viscosity  on  the 
power  effect  of  the  incompressible  flow  on 
the  dense  cascade  (complete  equalization  in 
the  vane  channels):  a)  Diffuser  cascade; 
b)  Convergent  cascade. 

The  ratio  o:'  airfoil  lift  to  its  resistance  is  called  the 
quality  of  the  profile 


", 
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Til's  reciprocal  value  Is  the  inverse  quality  of  the  profile 

— J'  — 

here  c  is  the  angle  between  the  direction  of  lift  and  the  resultant 
force.  In  the  potential  flow  e  ■  0. 

5  4.  Aerodynamic  Coefficients 


For  the  convenience  of  the  analysis  and  the  use  of  experimental 
data,  we  introduce  the  dimensionless  coefficients  of  the  character¬ 
istic  forces,  dividing  their  value  necessary  per  unit  lengt.,  of 
the  span  by  the  product  of  airfoil  chord  times  the  dynamic  head 
of  incident  flow. 


The  dimensionless  force  coefficients  of  the  profile  or  airfoil 
cascade  of  given  geometry  depend  on  the  angle  of  attack  and  on 
the  similarity  criteria,  Mach  number,  Reynolds,  numbers,  etc. 


For  the  unitary  profile,  characteristic  forces  are  lift  Rv 
and  frontal  or  profile  drag  Rx<  The  dimensionless  coefficients 
of  these  forces, 


_£j_ 


(34) 

(35) 


are  called  the  lift  coefficient  and  the  coefficient  of  profile 
drag,  respectively.  According  to  (33)  the  coefficient  of  profile 
drag  can  be  presented  as  the  sum  of  the  pressure  drag  coefficient 
cxn  and  the  coefficient  of  friction  drag  cx^.: 


i  Rnl  _  -  ■  - 

TOOT—  T  ,i - T  ctf 

pjp*  h^it 
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Here,  unlike  the  friction  coefficient  of  plate  c^,,  the  friction 
drag  coefficient  of  the  profile  is  designated  in  terms  of  c 
femetimes  the  concept  of  the  shape '  s  resistance  is  introduced.  The 
drag  coefficient  of  shape  is  understood  to  be  the  difference 
between  the  coefficient  of  profile  drag  and  the  friction  ccefficient 
of  a  flat  plate  which  has  the  same  surface  as  this  airfoil:1 

r. ij.iji  •  |* (f  r / 

For  the  airfoil  cascade  the  frontal  and  axial  forces  are  char¬ 
acteristic.  The  frontal  component  of  the  resultant  force 
determines  the  energy  effect  of  the  compressor  impeller  or  turbine. 
Rotor  and  axial  component  Ra  characterizes  that  force  which  shculu 
oe  absorbed  by  the  bearings  or  special  devices. 


The  dimensionless  coefficients  of  these  components  are  deter¬ 
mined  by  the  known  parameters  the  flow  at  infinity  ahead  cf  the 
cascade 


According  to  (3)>  (*0  and  (5),  for  a  profile  of  unit  length  (1  = 
ir.  the  cascade  we  have 


•  *<  .  -I  + 


»■»  Pi.  • 

(36) 

+  2^»ln  p,\. 

(37) 

i) 


The  dimensionless  pressure  differential 


_V>_  ^ 


‘Factor  2  with  c^.  takes  into  account  the  friction  on  both 
sides  cf  the  plate. 
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can  be  presented  using  the  gas-dynamic  functions  (§  6  Chapter  V, 
in  the  following  form: 

F' 

In  this  case  it  is  assumed  that  all  losses  are  concentrated 
in  toe  space  between  cross  sections  1-1  and  2-2  and  can  be  taken 
into  account  by  the  value  of  the  conservation  coefficient  of  total 
pressure  c  *  p2c/s:ilC'  In  the  absenoe  heat  exchange  with  the 
external  medium 


7*14  7^  *=*  d(p|  SS3  Qkp 


and,  consequently, 


=  ?-i  ,ln  f».=4  sin  Pl-  sin  (  40  > 

•l  *1  *1 

= cos  ?*  ~  C0S  COS?,.  (bl) 

After  substituting  (33),  (40)  and  (41)  into  formulas  (36)  and  (-7), 
we  obtain 


—  ^J^cos?*  —  cos  ?,)  sin  and 

respectively . 

From  the  equation  of  state  with  TQ  -  const,  we  have 


P*  I  Ptl  ffp» 


Thus,  the  equation  of  continuity 


sin  ■>,  =» teie  sin  j>, 

f„,  a«»'  f*F*  ‘,*p| 


faking  into  account  condition  (39),  can  be  written  in  the  following 
dimensionless  form: 


or 


f(M  *ln  ?,  =  »ln 


(44) 


9u  ™  «?u 

Here  qa  is  the  relative  flow  rate  by  which  it  is  understood  tc 
be  the  ratio 

?.  =  ?(>>) sin  ?  =  (45) 

«p  a«p 


in  accordance  with  (44),  expression  (38)  for  the  dimensionless 
pressure  differential  we  write  in  the  following  form: 


•J/»  _ *  + 1 1  (),)  I  I  r.  0,1  ghh  «in  3, _ « ij,  \  1 

»(—  k  MldStl  1  (>,)  ”  I* 

P. -2 


(46) 


or  according  to  the  determination  of  gas-dynamic  functions  (see 
Chapter  V). 

i 

_ £+J ! *  -H - 1  i  f  »[»  i,  I  | 

^  Ly ««•  p*.  >7^)]'  (47) 

Thus,  from  (43)  we  have 


I  I  w  /  »ln  >, 
b  t  L  > ,  [y  (>-,)  Wu  >, 


(48) 


where 

„  =  (,9) 

In  the  case  of  an  incompressible  fluid  the  expression  for 
coefficients  (36)  and  (37)  assume  the  following  form 

—  Jin’?, (<tg P*  —  clg (50) 
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(51) 


!.  /i!n 

1  fit  \  »m 


*+'->)• 


wnere 


(52) 


In  a  number  of  cases  during  the  streamlining  of  airfoil 

cascades  ty  an  Incompressible  fluid  flow  the  lift  -  the  force 

directed  along  the  normal  to  the  geometric  mean  velocity  wm  -  and 

the  force  caused  by  the  presence  of  viscosity  and  directed  along 

w  are  assumed  to  be  the  quality  characteristic.  In  this  case, 
m 

for  the  formation  of  dimensionless  coefficients  we  divide  the 
corresponding  components  of  the  resultant  by  the  dynamic  head  cal¬ 
culated  by  the  geometric  mean  velocity.  Thus,  we  have 


c 


> 


(53) 


The  aerodynamic  forces  which  act  on  the  profile  in  the  cascade 
cannot  be  as  large  as  desired.  With  the  aid  of  the  expressions 
obtained  above  it  is  possible  to  3how  that  in  air  lsentropic  flow 
the  circumferential  force  necessary  per  unit  area  of  the  cascade 
achieves  the  maximum  value 


("'L-4  <»■ 

when  ?i  =  "  and  >.,  =  >,  1-  In  incompressible  fluid 

(R  /t)  ■  2pn  (see  the  reference  on  page  527). 

li  ma  x  v 

§  5.  Frofile  in  a  Plane  Flow  of 
Incompressible  Fluid 

Let  us  first  examine  the  potential  flow  of  incompressible 
In  this  case  the  problem:  of  the  flow  around  a  ecdy  of 


6*U 


fluid. 


a  given  form  is  reduced  to  finding  a  function  of  velocity  potential 

<(:■-,  y). 

Knowing  the  velocity  potential,  it  is  possible  to  find  its 
corresponding  flow.  This  problem  consists  of  determining  stream 
function  ip(x,  y)  by  the  known  function  of  potential  4>(x,  y). 

Aceoro  g  to  (95a)  and  (97)  Chapter  II,  between  these  two  functions 
there  are  the  following  differential  relationships: 

%--%■  (?6) 

Integrating  both  sides  of  (55)  with  respect  to  y ,  we  have 


SB  *+<**>■ 


.iow,  differentiating  both  sides  of  the  last  expression  with  respect 
to  x,  we  obtain  the  following  equation  for  determining  the  arbitrary 
function  of  C(x),  taking  into  account  (56): 


If,  for  example, 


*=V‘+-?i7)'" 


then  the  calculations  carried  out  in  accordance  with  (57)  and 
(5 6)  yield 


In  order  to  find  the  equation  of  the  flow  line,  let  us  equate  the 
stream  function  to  the  constant 


v - =  const  —  C 


Assuming  C  =  0 ,  we  obtain  the  zero  flow  lino  which  is  comnosed 
of  axis  x  and  the  circumference  of  a  unit  radius  w*th  the  center 
at  the  origin  of  the  coordinates  (Fig.  10.7a). 


Fig.  10.7.  Streamlining 
of  a  circle  by  the  potential 
flow  of  an  incompressible 
fluid:  a)  without  circula¬ 

tion  at  the  zero  angle  of 
attack  (a  =  0),  b)  without 
circulation  with  a  i-  0, 
c)  streamlining  with  circula¬ 
tion. 


For  the  velocity  components  we  have  the  following  expressions 

—  y* 

n  w«  - (V'fy? v^0y~- <;•  -1-yV *•' 


Proceeding  to  the  polar  coordinates  with  the  origin  at  the  center 
of  the  circle,  we  obtain 


,  <cn'1  —  linM  ' 

1  - - 7* - 


«v 


tss 


2  (»i  •  tin  # 
- - «V 


( 6C ) 


From  this  it  is  apparent  that  at  an  infinite  distance  from  the 
circle  the  flow  is  uniform  and  proceeds  at  velocity  w ^ ,  directed 
along  axis  x. 


643 


I 


According  to  \60)  the  velocity  projections  on  the  radial  and 
normal  directions  to  the  flew  line  are  equal  to 


to,  — 11  cos  0  -j-osliiO  =  ^  l  —  >*)co* 

to,  —  ii  sin  9  •  j  •  t>  cos  0  =  i?t  ^  |  -(--j-jsln#  » 


respect ively . 


In  this  case  the  value  of  circulation  relative  to  the  circumference 
is 

*  j«  * 

r  —  \  a,tlS  --  ^  U'.rirt  =  —  «>, (l  -I- 1  )  r  J  slnO dh  =0, 

Thus,  expression  (59)  is  the  velocity  potential  of  noncireulatary 
flow  around  the  circle  of  a  unit  radius  by  a  uniform  flow  which 
has  velocity  w^,  directed  along  axis  x. 

Since  on  the  circumference  Itself  (r  =  1)  the  radial  velocity 
component  is  equal  to  zero,  then  w  =  wc 


2w^  sin  0.  Hence,  ii 


follows  that  the  maximum  streamline  velocity  which  is  observed 
when  0  =  r,/2  and  8  =  3f/2  is  equal  to  the  doubled  velocity  of  the 
incident  flow.  At  6  =  0  and  0  =  it  the  velocities  are  equal  to 
zero  and  the  corresponding  points  are  critical.  The  latter, 
evidently  is  because  it  is  the  result  of  the  symmetry  of  the  flow. 
During  the  flow  around  the  circle  at  a  certain  angle  a  to  axis  x 
the  critical  points  will  shift  along  the  circumference  by  the 
same  angls  value  (Fig.  10.7b). 

For  obtaining  a  circulation  flow  around  the  circle  let  us 
impose  on  the  flow  examined  above  a  purely  clrculatlonal  flow  from 
a  single  vortex,  after  placing  it  at  the  origin  of  the  coordinates, 
i.s.,  in  the  center  of  the  circle.  The  velocity  induced  by 
point  vortex  with  circulation  r  is  equal  to  r /2itr  in  magnitude 
and  is  always  directed  along  the  normal  to  the  radius-vector. 


6W 


-fc  -  •  -  i- 


.-.d-ding  these  velocities  with  those  of  the  noncirculatory  flov; 
arcur.a  the  circle,  we  obtain  the  unknown  expression  for  the  velocity 
distribution  along  the  circumference  during  its  circulatory  str^-am- 


(61) 


The  last  expression  allows  for  an  easy  determination  of  the 
necessary  circulation  at  which  one  of  the  critical  points,  for 
example  B,  retains  an  invariable  position  during  a  change  in 
the  direction  of  an  incoming  flow  on  the  circumference.  For 
example,  let  us  assume  that  the  circle  is  streamlined  by  a  non¬ 
circulatory  flow  at  a  zero  angle  of  attack (which  we  will  condi¬ 
tionally  reckon  from  diameter  AB).  In  this  case,  one  of  the 

critical  points  will  be  point  B.  In  order  for  this  point  to 
remain  critical  and  at  a  certain  angle  of  attack  a  =  -9  when  the 
circle  is  streamlined,  it  is  necessary,  as  this  follows  from  (6l), 
to  apply  circulation  I'  =  2nw1  sin  a. 


Knowing  the  flow  around  a  circle  with  a  unitary  radius,  also 
it  is  possible,  with  the  aid  of  the  conformal  mapping  of  the  area 
external  to  this  profile  onto  the  area  external  to  the  circle,  to 
construct  a  flow  around  an  arbitrary  profile.  In  this  case, 
the  property  of  the  invariability  of  circulation  is  used  during 
the  conformal  transformation.1  However,  in  this  case,  the  problem 
of  screamlining  a  profile  by  a  flow  with  known  velocity  and  its 
direction  at  infinity  has  a  countless  number  of  solutions  .-.hior: 
depend  on  the  selection  of  circulation  T.  An  additional  condition 
is  necessary  which  determines  the  value  of  circulation.  Suer,  a 
condition  was  indicated  by  S.  A.  Chaplygin  in  1909;  prior  to  this 
work  there  v;as  no  effective  mathematical  method  for  solving  the 
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problem  cf  flow  around  a  profile,  i.e.,  there  was  virtually  no 
theoretical  airfoil  aerodynamics. 

Per  the  purpose  of  clarification  of  this  condition,  let  us 
examine  the  flew  of  an  incompressible  fluid  around  the  profile 
which  has  a  sharp  trailing  edge  whose  presence  is  characteristic 
cf  the  contemporary  aerodynamic  airfoils.  First,  let  us  assume 
that  the  velocity  circulation  is  absent  (T  =0),  i.e.,  there  is 
no  lift.  In  this  hypothetical  case,  the  obtained  picture  of 
the  so-called  noncirculatary  streamlining  of  a  profile  can  be 
constructed  by  well-known  methods  of  theoretical  hydrodynamics . 

The  picture  of  noncirculatory  flow  around  a  profile  has  the 
following  basic  features.  Incident  flow  is  divided  at  the  profile 
into  two  parts  which  flow  around  its  upper  and  lower  surfaces, 
respectively  (Fig.  10.8a).  Point  A  in  which  the  jets  separate 
and  the  flow  has  zero  velocity  is  called  the  leading  critical 
point  or  the  point  cf  stream  separation.  Point  C  where  the  jets 
converge  again  is  called  the  convergence  point  of  the  stream  or 
the  rear  critical  point. 

A  change  in  the  angle  of  attack  leads  to  a  change  in  the 
positions  of  leading  and  rear  critical  points.  For  example,  in 
the  case  depicted  on  Fig.  10.8,  with  an  increase  in  the  angle 
of  attack  the  leading  critical  point  moves  along  the  lower  surface, 
approaching  the  trailing  edge  of  the  profile,  and  the  rear 
critical  point  moving  over  the  upper  surface  approaches  the 
frontal  part  of  the  profile;  a  decrease  In  the  angle  of  attack 
lc-ads  to  the  displacement  of  the  point,  at  which  the  Jets  branch 
out,  to  the  side  of  the  snout,  and  the  point  at  which  the  Jets 
converge  -  toward  the  tall  section  of  the  profile. 

In  the  general  case  due  to  the  fact  that  the  sharp  trailing 
edge  cannot  be  streamlined,  such  a  flow  is  accompanied  by  the 
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separation  of  the  flow  from  the  profile  surface.  Only  at  a  certain 
particular  angle  of  attack  (usually  negative)  the  point  of  conver¬ 
gence  of  jets  coincides  with  the  tailing  edge  of  the  profile,  i.e., 
a  continuous  noncirculatory  flow  is  obtained;  the  corresponding 
angle  of  attack  <1q  is  called  the  angle  of  zero  lift. 


Fig.  10.8.  Streamlining  of  the  profile  by  a 
potential  flow  of  incompressible  fluid:  a)  without 
circulation,  b)  with  circulation. 

KEY:  (1)  Point  of  Jet  separation.  (2)  Convergence 

point  of  Jets.  (3)  Point  of  Jet  separation 
( leading crit leal  point).  (4)  Upper  profile  rurface. 
(5)  Rear  point  of  the  profile.  (6)  Lower  profile 
surface.  (7)  Point  of  Jet  convergence  (rear 
critical  point). 


Mow,  let  us  examine  another  limiting  case  of  the  flow  around 
a  profiles  purely  circulatory  streamlining.  Ey  the  purely  circula¬ 
tory  flow  we  will  understand  it  to  be  the  flow  caused  only  by  the 
presence  of  circulation  around  the  airfoil  in  the  absence  of 
incident  flow,  when  wh  =  0,  f  ^  0.  An  example  of  the  purely 
circulatory  flow  is  the  circulatory  flow  examined  in  Chapter  II, 
whose  velocity  field  is  caused  by  a  single  vortex.  In  the  case  of 
a  purely  circulatory  flow,  the  leading  and  rear  critical  points 
are  absent  and  the  flow  lines  represent  closed  curves  enveloping 
the  profile.  Such  a  flow  independently  of  the  circulation  re¬ 
quires  the  presence  of  an  infinite  velocity  at  the  point  l'-'ing 
on  the  trailing  edge  of  the  profile  and,  therefore,  just  as  the 
noncirculatory  flow  cannot  be  realized  without  the  discontinuity 
of  tiie  flow. 
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Tne  general  ease  of  a  plane-parallel  flow  around  a  profile  can 
re  obtained  by  the  superposition  of  these  two  limiting  cases  of 
flow,  noncircuiatory  and  purely  circulatory.  One  can  be  convinced 
from  the  construction  of  a  picture  of  streamlining  that,  as  a 
result  of  the  superposition  of  the  purely  circulatory  flow  on 
the  noncircuiatory  flow  the  rear  critical  point,  during  a  forward 
circulation  (f  >  0),  is  displaced  toward  the  tail  section,  and 
during  a  backward  circulation  (r  <  0)  -  toward  the  frontal  profile 
section .  1 

Ey  specifying  value  r,  we  unambiguously  determine  the  position 
of  the  rear  critical  point  at  a  given  direction  of  the  noncircuia¬ 
tory  flow,  i.e.,  at  a  specified  direction  of  the  velocity  far 
from  the  profile. 

It  is  obvious  that  at  a  certain  well-defined  value  of  circula¬ 
tion  ('  around  the  profile,  the  rear  critical  point  will  coincide 
with  the  rear  sharp  edge  of  the  profile  (Fig.  10.8).  In  this 
solitary  case  the  circulation  flow  can  be  physically  realized 
by  a  continuous  flow.  For  all  other  values  of  circulation,  the 
streamlining  of  the  trailing  edge  is  required  which,  as  was 
indicated,  is  impossible  without  the  discontinuation  of  the  flow. 

This  condition  was  first  expressed  by  S.  A.  Chaplygin,  called 
the  Chaplygina-Joukowskl  postulate,  and  it  can  Va  formulated  as 
foil  tvs :  durl/.g  a  continuous  flow  arour.d  a  profile,  cii  cuisbii  n 
'  Is  developed  around  It  of  such  magnitude  at  which  the  re tv  shar: 
o'Jg'-  Ji  t he  point  of  stream  cun ve pence.  The  .'Tap .'.ygin-Juumcws#'.  1 

,  fl  jld'.o  Via.  it  j.  W  ;  .tie  10r  C;-C  tf  U.'Oj.j,  . 

e round  the  a4,  foil  and,  consequ  :-n>:  l;,  ,  wit/,  tc-  ulu  of 

j  1  -  Ji  O  o  i C l  ~  •  1 


Let  us  examine  a  physical  system  of  the  flow  around  a  profile 
in  which  a  lift  is  developed,  i.e.,  the  force  of  fluid  pressure 
or.  the  profile,  directed  at  a  right  angle  to  the  velocity  of  an 
undisturbed  flow.  As  we  have  observed,  in  the  flow  around  the 
profile  there  arises  a  circulation  as  a  result  of  the  superposition 
of  which  on  the  incident  flow  the  velocities  over  the  profile 
become  greater,  while  under  the  profile  they  become  less  than  that 
of  the  undisturbed  flow.  Because  of  this  the  pressure  over  the 
profile  is  reduced,  while  under  the  profile  it  is  increased, 
which  leads  to  the  appearance  of  a  lift.  The  development  of  fluid 
circulation  around  the  profile,  in  turn,  is  explained  by  the 
following.  At  the  initial  moment,  the  flow  around  the  profile 
is  noncirculatory  but,  in  this  case,  in  the  area  between  the 
point  of  stream  convergence  (on  the  upper  profile  surface)  and 
the  rear  sharp  edge  of  the  profile  there  develops  a  stagnation 
cone  of  the  flow.  The  fluid  interface  surface  (boundary  between 
the  stagnation  zone  and  the  steam  which  flows  from  the  trailing 
edge),  as  shown  by  observations,  is  twisted  into  a  vortex  which 
is  entailed  by  the  flow.  However,  the  vorticity  did  not  occur  in 
the  incident  flow;  consequently,  the  circulation  along  the  contour 
enveloping  the  profile  and  the  vortex  was  equal  to  zero.  However, 
if  this  contour  were  divided  by  a  line  which  separates  the  profile 
from  the  vortex,  then  in  each  of  the  two  new  contours  the  circula¬ 
tion  does  not  equal  to  zero.  It  is  obvious  that  tnese  circulations 
should  L:  equal  in  magnitude,  but  opposite  in  direction. 

Thus,  to-.-  star-  r.g  vortex  which  Lr<  afcc-  from  the  traiiJng 

:  ;  •.  •.  ii_  ;•  ;:auc-»s  _h-  development  >'■;  ti...  o’. /■cola'. ur.d 
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Fig.  10.9.  A  photograph  of  the 
starting  vortex. 


Such  a  continuous  noncirculatory  flow  (with  T  =  0)  is  the 
only  possible  case  when  the  noncirculatory  flow  is  actuality 
realised;  otherwise  it  is  only  a  conceptual  component  of  the  true 
flew  which  also  Includes  the  circulatory  flow. 

ilcw,  let  us  assume  that  during  the  conformal  transformation 
of  certain  arbitrary  profile  on  the  circle  of  a  unit  radius  the 
trailing  edge  of  airfoil  B-^  passes  to  point  B  of  the  circle 
(Fig.  10.10).  This  means  that  the  noncirculatory  direction  of 
the  flow  around  the  circle,  which  corresponds  to  the  noncirculatory 
flow  ax'ound  the  profile,  is  parallel  to  the  diameter  of  the  circle, 
passing  through  point  B.  Now,  if  the  profile  and  the  circle, 
respectively,  are  streamlined  at  an  angle  of  (u-aQ)  to  this  non¬ 
circulatory  direction,  then  in  order  for  points  B-^  and  B  to  remain 
coincidental  with  the  point  of  stream  convergence,  it  is  necessary, 
in  accordance  with  what  has  been  said  above,  to  apply  the  circula¬ 
tion 


r  —  /Mj/'U’ismt*  - 


(62) 


where  m  is  the  proportionality  factor  which  depends  only  on  the 
airfoil  shape,  -  cero-lift  angle,  i.°.,  of  a  continuous  non¬ 
circulatory  flow. 
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Fig.  10.10.  The  conformal  mapping  of  the 
profile  exterior  on  the  exterior  of  the 
circle  of  a  unit  radius. 

The  lift  coefficient,  according  to  (15),  (31*)  and  (62), 
comprises 

C,  —  ~  =  2m,  Jin(j  —  a,). 

Hence  we  have 


Since  the  angles  of  attack  generally  used  are  small,  then  it  is 
possible  to  assume  that  sin  (»  —  4.) «*=><»  —  a,.  Using  this  approximate 
we  have 

e,  =  2m,  (*  --  »«)• 

Introducing  the  so-called  aerodynamic  angle  of  attack 

i.e.,  the  angle  between  the  direction  of  velocity  at  infinity  an 
the  zero-lift  direction,  we  obtain 

c,  = 

In  symmetrical  profiles  the  chord  coincides  with  the  axis  of 
symmetry,  as  a  result  of  which,  zero-lift  angle  aQ  =  0.  For  the 
small  arc  of  the  circle  the  direction  of  the  noncirculatory 
streamlining  corresponds  to  the  straight  line  passing  through 
the  trailing  edge  and  the  center  of  the  profile. 
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using  data  of  the  Joukowski  profile,  It  is  possible  to  obtain 
the  fol  lowing  approximation  formula  for  determining  value  dc  /cia 
of  ar.  arbitrary  profile:1 

rff  =  1- ( I  -1-0.770  \f\  _u-(<-V. 


in  this  formula,  one  of  the  factors  takes  into  account  the  camber 
and  another  -  its  thickness. 

2 

In  the  conventional  airfoils  the  value  of  (f/2)  is  negligible 
and,  therefore,  for  them  it  Is  assumed  that 

Assuming  that  in  the  last  expression  o  =  0,  for  a  flat  plate 
we  obtain 


and,  therefore, 


Cj  =  'Ini. 


'.'n  the  potential  flow  the  tangential  forces  are  absent  and, 
therefore,  It  would  seem  that  the  resultant  of  all  pressure  forces 
applied  to  the  plate  should  be  directed  along  the  normal  to  it 
and  not  at  a  right  angle  to  the  incident  flow  velocity,  as  this 
follows  from  the  Joukowski  theorem.  This  apparent  paradox  is 
explained  by  the  fact  that,  besides  the  normal  forces  whicn  act 
on  the  upper  and  lower  plate  surfaces,  at  tne  plates  leading  edge 
a  pull  directed  along  the  plate  is  developed  of  such  magnitude 
at  which  the  resultant  turns  out  to  be  directed  along  the  normal 

‘See  "Aerodynamics,"  V.  II,  unde;'  the  editorship  of  V.  F. 
Dyurend.  Oborongiz,  M.-L.,  1939. 
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to  the  incident  flow  velocity.  The  development  of  this  pull  is 
connected  with  the  appearance  of  the  infinitely  high  negative 
pressure,  at  the  leading  edge  theoretically  permissible  in  the 
mathematical  model  of  ideal  fluid. 

Let  us  note  that,  as  has  already  been  indicated  (Chapter  II', 
due-  to  the  unreality  of  such  a  pressure  the  continuous  streamlining 
becomes  Impossible,  and  the  separation  of  stream  from  the  leading 
sharp  edge  of  the  plate  occurs. 

Thus,  the  use  of  the  mathematical  methods  described  above 
for  determining  the  flow  around  the  plate  or  other  profiles  with 
sharp  leading  and  trailing  edges  by  an  inviscid  flow,  strictly 
speaking,  bears  a  somewhat  conditional  nature. 

The  only  exception  is  the  case  of  airfoil  streamlining  under 
such  an  angle  of  attack  at  which  the  branch  point  of  streams 
coincides  with  the  sharp  leading  edge.1  At  this  case,  both  sharp 
c-dges,  leading  and  trailing,  lie  on  the  interface  of  streams  which 
flow  around  the  upper  and  lower  side  of  the  profile,  and  Jets 
of  fluid  smoothly  enter  and  depart  from  it. 

Up  to  this  point  we  examined  the  flow  around  a  profile  by  an 
ideal  fluid.  Let  us  present  some  concepts  concerning  the  effect 
of  viscosity.  Fluid  viscosity  brings  about  charges  into  the 
picture  of  flow  and  results  in  a  difference  between  the  derivations 
of  the  theory  of  the  potential  flow  around  a  profile  and  the 
experimental  data.  The  effect  of  viscosity  in  the  case  of  well- 
streamlined  bodies  is  evident  only  in  the  fine  boundary  layer 
outside  of  which  the  motion  can  be  considered  to  be  potential, 

1 . e . ,  vortex-free . 


'Sometimes,  this  angle  is  called  the  angle  of  attack  of  the 
shock-free  streamline  flow. 


653 


r'ig.  10.11.  Comparison  of  the 
experimental  and  theoretical  pressure 
curves  for  a  symmetrical  Joukcwski 
profile  with  a  relative  thickness 

c  =  0.1506  at  a  zero  angle  of  incidence; 
curve  -  calculation,  exes  -  experi¬ 
ment  . 


Jr.  0:. apter  VI  a  detailed  examination  is  made  of  the  stream.!! 
flow  with  friction  of  a  fiat  plate  placed  in  parallel  to  the 
direction  of  the  flow;  in  this  case,  the  pressure  in  the  flew 
is  virtually  unchanged.  However,  during  the  flow  of  a  viscous 
fluid  around  the  profile  the  pressure  near  its  surface  is  change 
substantially.  Based  on  this  the  entire  flow  near  tne  prcfilc- 
should  be  divided  into  two  principal  sections:  convergent  rsneti 
in  which  the  velocity  Increases  and  the  pressure  drops  accord! r 
i . e. ,  tne  pressure  gradient  is  negative  (dp/ax  <  0),  and  the 
diffuser  section  in  which  the  velocity  decreases  while  the  press 
increases,  i.e.,  the  pressure  gradient  is  positive  >°). 


The  lower  surface  and  the  forward  section  of  the  upper  surfs 
of  the  profile  (up  to  the  point  of  minimum  pressures  r-  ,  )  ports 
to  tne  convergent  section.  The  rear  section  of  the  upre-r  surfs: 
( from  the  point  of  minimum  pressure  to  the  trailing  edge,  rental 
to  tiie  diffuser  section.  lr.  the  convergent  section  the  fie..- 
proceeds  toward  the  side  of  pressure  drop  ar.d,  therefore,  there 
is  no  danger  of  the  t ound&ry- layer  separation  from  the  profile 
c u r f  & o o  t r.  tr.6  j *  f' t"1  s g r  j  <?  c  t  i  c  n  « n q  tier.  is  d I r6 c t c  j  t  ^v.' .-i r d 

the  side  of  pressure  increase,  which ,  us  nets  a  in  Charter  VI, 
hi  rr.  gradient  s  cf  pressure  leads  to  the  possibility  of  to-- 


T.-.sse  suppositions  are  confirmed  ty  numerous  experiments 
d‘no  or.  diffusers,  convergent  channels  and  airfoils. 

Figure-  10.11  snows  a  comparison  of  curves  of  the  dimensionless 
quantities  of  pressure  p  ■  (p  -  p^)/0. 5pw^  along  the  surface,  obtained 
from  an  experiment  with  the  data  of  the  theory  cf  the  potential 
flow  with  the  zero  angle  of  attack  for  a  symmetrical  Joukowski 
i;  rofile . 


As  we  see,  the  difference  between  the  theoretical  and  experi¬ 
mental  data  on  pressure  distribution  is  only  in  the  profile's 
afterbody.  This  result  is  valid  not  only  with  a  zero  angl.. ,  but 
also  with  small  angles  of  attack. 


ic  illustrate  the  relationship  between  the  pressure  drag  and 
Che  friction  drag,  Fig.  10.12  shows  the  results  of  experimental 
studies  during  the  zero  angle  of  attack  of  a  series  cf  seven 
symmetrical  Joukowski  orofiles  with  a  relative  thickness  c  =  0.01: 


0.10;  0.15;  0.21;  C.27;  0.03;  0.^0 


Fig.  10.12.  The  relation¬ 
ship  between  the  friction 
drag  and  the  pressure  drag 
depending  on  the  relative 
airfoil  thickness  C  for  a 
symmetrical  Joukowski  profile, 
according  to  the  data  of 
purging  at  a  zero  angle  cf 
•attack . 

KEV:  (1)  Pressure  drag.  \2  ' 

Friction  drag. 


As  we  see,  in  cne  thin  airfoils  the  overwhelming 
the  profile  drag  is  composed  of  the  friction  drag;  for  exam: 
in  the  case  c  =  0.1  the  fraction  constitutes  up  to  755  of  th 
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profile  drag.  With  an  Increase  in  the  relative  thickness  duo  to 
the  pressure  gradient  Increase  in  the  diffuser  section  of  the 
profile,  there  is  an  increase  in  the  total  profile  drag  and  a 
decrease  in  the  friction  drag  portlor*  with  c  >  0.25  the 
pressure  drag  predominates  over  the  friction  drag;  with  c  =  0.A 
the  former  constitutes  '70S  of  the  total  profile  drag. 


Fig.  10.13-  Experimental 
curved  c  (a)  and  c  (a)  for 

y  * 

a  unitary  profile. 

KEY:  (1)  Lift.  (2) 

Theoretical  coefficient. 


Let  us  proceed  to  the  problem  concerning  the  effect  of 
viscosity  on  the  lift.  A  typical  experimental  curve  cy(oi)  for 
an  aerodynamic  profile  is  depicted  on  Fig.  10.13-  First,  the 
experimental  curve  of  c  (a)  has  a  significant  rectilinear  segment, 

4/ 

as  this  follows  from  the  theory  of  a  potential  flow;  however, 
experimental  values  ( itr,,ih ),  prove  to  be  less  than  the  theoretical. 

Increasing  the  angle  of  attack  intensifies  the  diffuslvity  of 

a  flow  on  the  upper  surface,  which  increases  the  divergence 

between  the  experiment  and  the  theory.  With  a  critical  value  of 

the  angle  of  attack  a  the  lift  coefficient  reaches  a  maximum 

KP 

(c  =  Cy  max)»  whereupon  there  is  a  drop  in  value  cy  with  an 
increase  in  the  angle  of  attack.  The  sharp  deviation  of  dependence 
c  (a)  from  the  linear  with  large  angles  of  attack  is  caused  by 
the  boundary- layer  separation,  which  propagates  to  an  ever  larger 
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portion  of  the  upper  profile  surface  with  an  increased  angle  of 
attack  and  leads  to  rapid  increase  in  the  frontal  drag  coefficient 
cx  simultaneously. 

§  6.  Streamlining  of  a  Profile  by 
a  Subsonic  Gas  Plow 


At  low  Mach  number  values  of  gas  flow  (M  <  0.3-0. 5)  the 
velocity  value  does  not  affect  the  nature  of  pressure  distribution 
along  the  contour  of  the  streamlined  profile.  At  higher  Mach 
number  values  (M  <  M  )  an  increase  in  the  velocity  of  the  incident 

-  Hp 

flow  leads  to  a  change  the  pressure  curve;  however,  the  general 
nature  of  the  pressure  curve  remains  the  same. 


An  increase  in  the  rarefaction  corresponds  to  an  increase 
in  the  local  velocities  on  the  profile;  at  the  point  of  minimum 
pressure  Pmln  the  velocity  reaches  a  maximum  value.  At  a  certain 
Mach  number  value  of  the  incident  flow  the  minimum  pressure 
becomes  critical : 1 


Pula —  Pat 


where  pn  is  the  total  pressure  of  the  incident  flow;  at  point  p 

the  flow  velocity  Is  equal  to  the  local  speed  of  sound  M  =  1. 

Mach  number  M  »  M  of  the  Incident  flow  at  which  a  sonic  speed 
up 

is  developeu  any  place  on  the  profile  is  called  critical.  With 
a  further  increase  in  the  Mach  number  of  the  incident  flew,  i.e., 
when  H,  >  M  ,  we  have  an  area  of  the  flow,  developed  near  the 
profile  surface,  with  supersonic  speeds,  as  a  result  of  which  the 
flow  acquires  new  qualities.  Value  M  is  the  boundary  of  the 

Hp 


‘Value  Pmin  can  be  obtained  from  formula  (68),  Chapter  7, 
assuming  that  M  =  1. 
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two  principal  streamlining  conditions  of  profile  at  a  subsonic 
speed  of  the  incident  flow,  subcritical  (M,  <  M  )  and  super- 

x  H  p 

critical  (M,  >  M  ). 

I  Hp 

Let  us  consider  in  more  detail  the  streamlining  of  a  certain 
profile  by  a  subsonic,  isentropic,  uniform  gas  flow  at  velocity 
directed  along  axis  x,  pressure  p^  the  (speed  of  sound  a^). 

In  the  general  case  the  gas-dynamic  parameters  of  any  point 
of  the  flow  can  be  expressed  thus: 

«»-«*,  I  V /'—/'•  I  /.  P p,  I  P*.  "  :«I  I  (63J 

Here  u',  v',  p',  p'  and  a'  are  values  which  characterize  the 
perturbation  of  a  uniform  flow  by  this  profile. 

Further,  we  will  limit  ourselves  to  the  examination  of  only 
the  thin  and  slightly  bent  profiles  streamlined  at  such  small 
angles  of  attack  at  which  the  perturbations  are  so  low  that  the 
squares  and  products  u',  v' ,  o',  p’,  a'  and  of  their  derivatives 
with  respect  to  the  coordinates  can  be  disregardea.  Under  this 
assumption  equation  (100),  Chapter  II,  which  we  rewrite  beforehand 
as : 


assumes  the  following  form: 

(llj  —  tt1})  -|  •  ss  0 


<6H) 


Introducing  potential  of  the  perturbations 


<Y 

W 


o 


we  represent  velocity  potential  $  as  the  sum  of  the  potential  of 
the  uniform  flow  ^  •  w1x  and  the  potential  of  the  perturbations 

Differentiating  both  sides  of  this  expression 

i!?  _  fs'  **s__*V  ** 

Ox*  dx'  =s~Sx~'  dy  dj*  dy  ' 
after  the  substitution  in  (64),  we  obtain 

S<i-M!)+$-=o. 

From  the  equation  of  continuity 

d(pm  *  d  fpp) 

S7--h-^±  =  0 

it  follows  that  by  analogy  with  an  incompressible  fluid  flow 
(see  Chapter  II)  there  is  stream  function  <p  which  corresponds  to 
the  condition 


(65) 


(66) 


h 


t»r^j 


(67) 


This  stream  function  4>  we  will  divide  into  the  stream  function  of 
a  uniform  flow  <f>  =  wny  and  the  stream  function  of  perturbations 

OflM  1" 

4> *  which  corresponds  to  the  deviation  of  the  real  flow  from  the 
uniform  flow 


♦  I  f'- 


(68) 


Substituting  values  (63)  into  (67)  and  taking  into  account  the 
last  relationship,  we  obtain 


h 


ay 

tlA  * 


With  an  accuracy  to  the  small  second  order  terms, 
have 


w> 


dy 


from  this  we 
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from  the  equation  of  enthalpy  for  an  isentropic  flow  (sec-  5  3 
Chapter  I) 


under  the  same  assumptions,  we  have 


t' 

h 


•. £ 

* 


and  correspondingly 


t/  = 


i  dy 


Thus 


do_  _  __  _  _ 

dr  dr  dr*  dr* 

and 

da  _ _ I  g*t*  _  1  0*<« 

dy  oy  I— ill  ®!y*  1  —  A!|  Cy* 


(69) 


Substituting  these  expressions  into  the  condition  of  non- 
vorticity  of  the  flow 


da 

~'5I 


==0, 


we  obtain 


or 


Pv  ,  i  d*i'  _ 
■  :  —  m*  'ey 


i 

I-MJ 


(70) 


Thus,  the  gas  streamlining  of  the  thin  slightly  bent  profiles  at 
small  angles  of  attack  is  described  approximately  by  linear 
equations  in  partial  derivatives  (66)  and  (70).  These  equations 
are  the  linearized  equations  of  a  plane  vortex-free  motion  of 
compressible  gas. 
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When  H  <  1  these  equations  pertain  to  an  elliptical  type  of 
equations  in  the  partial  derivatives,  when  M1  >  1  -  to  a  hyperbolic. 

Here,  limiting  ourselves  only  to  subsonic  speeds  (M^  <  1),  we 
introduce  the  following  new  Independent  variables  in  place  of 
x  and  y: 


y,  =y  / 1  —  Mf. 


Substituting  into  (66)  the  derivative  values  of  the  velocity 
potential 


Pi  _  d'm 
'iVT* 


b  ,«S>_  dr, , 

b  b,  dy 


&v~- =*! 


■.S-" 


Ma 


after  reducing  by  ( 1  -  Mi),  we  obtain  the  Laplace  equation  for  an 
incompressible  fluid 


This  equation  defines  a  certain  potential  motion  of  incompressible 
fluid  in  plane  x^,  y^,  which  corresponds  to  a  given  motion  of 
compressible  gas  in  initial  plane  x,  y.  In  tills  motion  of  the 
velocity  of  Incompressible  fluid  is 

u, ==&t  —  17=sa' 

v,  =  = L 

1  4r. 


Hence  it  follows  that  the  tangents  of  the  slope  angles  to  axis  x, 
which  are  tangential  to  the  flow  lines,  equal  to  v/u,  in  an  in¬ 
compressible  flow  they  will  be  (1  -  M$)-I//2  times  greater  than  in 
tne  initial  flow  of  compressible  gas.  Thus,  any  thin  profile 
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streamlined  by  subsonic  gas  flow  corresponds  to  the  following 
thickened  profile  in  an  compressible  fluid  (Pig.  10.1*0: 

f,==  Vf~sqr' 

which  is  streamlined  by  a  flow  which  is  at  a  greater  angle  of 
attack  than  the  initial 


The  deformation  of  the  profile  turns  out  to  be  so  insignificant 
tnat  for  determining  the  lift  coefficient  cy  it  suffices  to  consider 
only  the  change  in  the  angn.  of  attack.  In  this  case  it  is  assumed 
that  both  angles  of  attacl  r.  and  a’  are  sufficiently  small;  the 
reckoning  of  these  angles  is  accomplished  from  the  zero-lift 
direction.  It  is  obvious  that  the  zero-lift  angle  in  the  symmetri¬ 
cal  airfoil  is  always  equal  to  zero,  i.e.,  it  does  not  depend  on 
the  number  of  the  incident  flow;  with  sufficient  practical 
accuracy  it  is  possible  to  assume  that  the  value  of  the  zero-lift 
angle  in  the  slightly  tent  aviation  profiles  is  also  independent 
of  the  M.  number  value.  In  the  gas  and  equivalent  flows  of  in¬ 
compressible  fluid  (under  the  condition  that  <  M  )  the  lift 
coefficient  values  must  be  Identical  c  ■  c ’ .  Since  when  reckoning 

v  J 

the  angle  of  attack  from  the  zero-lift  direction  we  have 


c*=(4V-)“*  *-(&)< 


\ _ U( 


Hence,  it  follows  that  with  the  same  angles  of  attack  the  following 
relationship  should  be  valid  in  the  gas  and  incompressible  fluid: 


s4>Vr=*ir 
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Consequently,  for  obtaining  value  cy  with  the  given  values  M1 
number  of  the  incident  flow  and  the  angle  of  attack  a,  it  is 
sufficient  that  the  lift  coefficient  taken  from  the  purging  of 


the  profile  at  low  speeds  and  the  same  angle  of  attack  be  multiplied 


by  value  L_ 


Values  c  thus  obtained  coincide  well  with  the 


experimental  data  right  up  to  the  critical  Mach  number  value,  the 
thinner  the  profile  the  greater  the  value.  With  a  further  Increase 
in  the  Mach  number  the  streamline  flow  becomes  supercritical  and 
a  sharp  decrease  in  value  cy  is  observed.  Thus,  to  calculate  the 
total  effect  of  compressibility  on  the  airfoil  lift  in  the  sub- 
critical  area  it  is  possible,  with  a  sufficient  practical  accuracy, 
to  use  the  formulas  of  the  Prandtl-Glauert  approximation  theory 
presented  here.  According  to  this  theory  the  effect  of  compressi¬ 
bility  leads  to  the  proportional  change  in  pressure  at  all  points 
of  this  profile 


Fig.  10.14.  Diagram  of  the  transition 
from  the  profile  in  a  compressible 
gas  flow  to  the  equivalent  profile  in 
an  incompressible  fluid. 

KEY:  (1)  Compressible  fluid.  (2) 

Incompressible  fluid. 


The  comparison  of  this  formula  with  the  experiment  results1  (Fig. 
10.15)  shows  that  its  accuracy  decreases  wich  an  Increase  in  the 


‘Stack  0,  Lindsey  W.  F.  and  Littel  R.  E.  , 

1938. 


Report  )JACA,  No  646, 
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Mach  number.  There  is  less  disagreement  between  the  experimental 

data  when  the  calculations  are  carried  out  according  tc  Sedov1 

and  uarmana-Tsien . 2  It  should  be  noted  that  the  Karman-Txien  formula 


P~- 


-PjLiS* 


-’(1  +  j'i-rMI) 


at  low  Mach  numbers  converts  t.o  the  Prandt 1-Glauert  formula  (71). 


t  ) 


F  Fig.  10.15.  A  comparison  of  different 

|  methods  for  an  approximate  determination 

|  of  pressure  coefficients  for  compressible 

['  fluid:  1  -  experiment,  2  -  according 

|  to  Karman-Tsien ,  3  -  according  to 

l  Frandtlyu-Glauert ,  4  -  according  to 

i  Sedov. 


For  determining  the  compressibility  effect  on  the  velocity  ] 

■J 

and  pressure  distribution  at  subscritical  velocities  along  the  ? 

profile,  it  is  possible  to  use  also  another  approximation  theory  ] 

based  ori  the  hypothesis  of  "sclldi  flcation"  of  the  flow  lines 


Sedov  L.  1. ,  Two-dimensional  proulems  of  hydrodynamics  and 
aerodynamics.  Gostekhteoretizdat ,  M.-L.,  1950. 


for 

it. 


2  Karman  T  and  Tsien,  J.  of  Aeronautical  Sciences,  !J12,  1939. 
In  this  work  the  approximate  method  indicated  by  Chaplygin 
replacing  the  real  isentrope  by  the  straight  line  tangent  tc 
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during  the  streamlining  of  a  given  body  by  potential  flows  of 
incompressible  fluid  and  compressible  gas.  1 

According  to  the  equation  of  continuity,  for  an  elementary 
flow  stream  adjacent  to  the  profile  in  an  isentroplc  flow  of 
gas  the  following  relationship  is  valid: 

»■>  jl m 


Here  index  "1"  designates  the  parameters  of  an  elementary  stream 
far  ahead  of  the  profile. 


Since  in  the  incompressible  fluid 

A*  /  »\ 


then  from  the  foregoing  expression  it  follows  that  under  the  con¬ 
dition  of  invariability  of  the  flow  lines  the  following  equality 
is  valid  in  the  flows  of  the  Incompressible  and  compressible  fluids: 

(jl\ _ ?(*L  (72) 

v  /»««•  h  FiT  * 

If  in  an  incompressible  flow  the  velocity  at  a  certain  point 
on  the  profile  reaches  a  maximum  value,  then  the  critical  value 
of  the  velocity  coefficient  of  incident  flow  A  is  determined 
from  (72)  under  the  condition  that  at  this  point  A  ■  1.  Then 
we  have 


*S.  R.  Muzhnln  showed  ("The  theory  of  gas  flew  around  bodies 
at  high  subsonic  speeds.")  Applied  Hath,  and  Mech.  ,  Vol.  10,  Iss. 
5-6,  19^5),  that  the  problem  cf  continuous  streamlining  of  a 
given  body  by  an  irrotatlonal  flow  of  compressible  fluid  can  be 
reduced  to  the  problem  of  vortex  flow  around  a  given  body  by  an 
Incompressible  fluid.  In  this  case  it  turns  out  that  the  flow  lines 
in  both  flows  will  remain  constant.  Disregarding  the  vorticity 
we  arrive  at  the  confirmation  of  the  hypothesis  of  solidification 
of  the  flow  lines. 
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The  dependence  of  critical  Mach  number  calculated  according  to 
this  formula  on  the  minimum  pressure  on  a  profile  in  the  incom¬ 
pressible  flow  is  given  in  Fig.  10.16  (dashed  line).  The  same 
figure  shows  the  dependence  calculated  by  the  3.  A.  Khristianovich 
method.1  The  hypothesis  of  solidification  gives  lower  M  values, 
moreover,  the  difference  is  somewhat  increased  with  an  increase 
in  the  rarefaction  on  the  proile,  i.e.,  with  an  increase  in  the 
profile  thickness  at  a  fixed  angle  of  attack. 


t-ig.  10.16.  The  dependence 
of  critical  Mach  number  M 

HP 

on  minimum  pressure  p  .  on 
r  ‘min 

the  profile. 

KEY:  (1)  According  to  S.  A. 

Khristianovich.  (2)  According 
to  the  hypothesis  of 
"soiidifi cation . " 


Value  ,\Kp  and,  consequently ,  also  M  depend  on  the  same 
factors  as  value  Pmin»  i.e.,  on  the  configuration  of  the  profile 
and  angle  of  attack. 

The  thin  and  slightly  bent  profiles  correspond  to  the  greater 

MHp  values.  As  established  on  the  basis  of  experimentation  with 

the  ordinary  aviation  airfoils,  a  decrease  in  the  profile  thickness 

of  5%  leads  to  an  Increase  in  M  by  a  value  from  0.03  to  0.05, 

H  P 

while  a  decrease  in  camber  f  =  f/b  from  5?  down  to  0  leads  to  an 
increase  in  M  approximately  by  value  from  0.1  to  0.12.  To 

'Khristianovich  £.  A. ,  Streamlining  of  bodies  by  gas  at  high 
subsonic  speeds.  Works  of  TsAGl,  Iss.  481,  1940. 
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increase  the  MKp  it  is  advantageous  to  situate  the  points  of 

greatest  camber  and  profile  thickness  at  a  distance  equal  to 

0.^-0. 5  cf  the  chord  from  the  leading  edge  of  the  profile.  The 

nose  shape  of  the  profile  also  has  a  significant  effect  on  the 

M  value. 

*P 

An  increase  in  the  angle  of  attack  leads  to  an  increase  in 
the  rarefaction  on  the  upper  profile  surface,  and  therefore, 
to  a  decrease  in  value  MHp. 


Pig.  10.17.  A  shadow  photograph  of 
transonic  streamlining  of  a  unitary 
profile . 

With  M,  >  M  ,  as  has  already  been  indicated,  the  zone  of 

1  Hp 

supersonic  speed  is  formed  which  ends  in  shock  waves.  This  is 
quite  evident  on  Fig.  10.17  which  shows  a  photograph  of  the 
corresponding  pactern  of  streamlining  of  the  aviation  profile 
obtained  by  V.  S.  Tatarenchikov. 5  behind  the  system  of  shocks 


‘Levinson  Ya.  I.  Aerodynamics  of  high-speeds.  Qborongiz, 

1950  . 
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the  breakaway  of  flow  from  the  profile  is  visible.  The  presence  of 
shocks  and  separation  leads  to  an  increase  in  the  frontal  airfoil 
drag,  a  decrease  in  lift  convergence  and  a  sharp  change  in  the 
nature  of  pressure  distribution  on  the  profile. 


bet  us  note  that  the  Mach  number  at  which  a  sharp  increase 
in  c^  begins  and  the  Mach  number  which  corresponds  tc  the 
beginning  of  a  decrease  in  are  dissimilar;  this  is  explained 
by  the  different  nature  of  effect  the  shock  waves  have  on  drag 
and  lift.  It  is  obvious  that  both  these  numbers  are  greater 
than  the  critical.  with  an  increase  in  .number  the  supersonic 
cone  is  expanded  in  the  incident  flow  (in  the  area  where  !'.  >  H 
and  the  system  of  shock  waves  moves  toward  the  trailing  edge  of 
the  profile.  In  this  case  there  is  a  sharp  increase  in  the- 
profile  drag.  With  M.  >  1  a  supersonic  streamlining  of  profile 
is  formed,  which  we  shall  consider  below. 


i  7.  Supersonic  Streamlining  of 
Airfoil 


Usually,  when  M1  >  1,  special  supersonic  airfoils  with  a 
3harp  leading  edge  are  used.  This  edge  significantly  decreases 
the  drag  at  supersonic  speed  as  compared  v/lth  an  ordinary  subsonic 
airfoil  with  a  rounded  leading  edge.  As  an  example  of  tne 
simplest  supersonic  profile  we  will  examine  a  flat  fixed  plate 
onto  which  plane  steady  gas  flow  advances. 

Let  the  plate  be  tilted  at  angle  1  toward  the  direction  of 
the  Incident  flow  (Fig.  10.18).  The  flow  r  :  rid  such  a  plate 
can  be  fully  calculated  using  the  t  heory  of  cu  lique  shock  waver, 
and  the  theory  of  streamlining  of  the  external  obtuse  angle. 

In  tills  case  one  assumes  that  the  flow  behind  the  plate  again 
assumes  the-  direction  of  an  incident  flow.  Let  us  designate  th: 
velocity  coefficient  of  the  flow  advancing  toward  the  plate-  ir. 


terms  of  A^  and  the  pressure  in  this  flow  -  by  p^.  The  velocity 

coefficient  of  the  flow  along  the  upper  side  of  the  plate  we 

designate  by  A  and  the  pressure  in  this  flow  -  by  p  .  For 
8  8 

the  flow  which  runs  off  from  the  upper  side  of  the  plate,  these 
parameters  we  designate  by  anc*  Pg*  F01*  the  stream  which  flows 
along  the  lower  side  of  the  plate,  the  corresponding  parameters 
we  designate  by  A  ,  p  ,  and  A,,  p,. 

H  H  J  J 


Fig.  10.18.  A  diagram  of  supersonic 
flow  around  a  plate. 


During  the  flow  around  the  upper  side  of  the  plate,  at  the 
leading  edge  the  flow  is  deflected  at  angle  i  and  becomes  parallel 
to  the  direction  of  the  plate,  l.e.,  a  pattern  is  developed 
which  is  similar  to  the  flow  around  the  external  obtuse  angle. 
Values  A  and  p  can  be  determined  by  the  formulas  given  §  3 
Chapter  IV.  For  the  calculation  it  is  convenient  tc  use  the 
table  of  appendix  I  at  the  end  of  the  book.  At  the  trailing  edge 
of  the  plate  the  flow  should  again  be  deflected  at  angle  1  in 
opposite  direction,  i.e.,  an  oblique  shock  wave  is  developed 
because  we  have  a  picture  similar  to  the  flow  around  a  wedge  with 
angle  i  at  the  top.  Values  and  are  determined  by  the 
formulas  for  an  oblique  shock  wave,  given  in  Chapter  III.  The 
following  inequalities  are  obvious: 

*»<*••  Pi>Pr  and  *«>*,.  />.</>, 
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Luring  the  flow  around  the  lower  side  of  the  plate  an  oblique 
shock  wave  is  formed  at  the  leading  edge  in  passing  through  which 
the  flow  is  deflected  at  angle  1.  Values  A  and  p  can  be  found 
by  the  formulas  for  the  oblique  shock  wave.  At  the  trailing  edge 
the  flow  will  be  deflected  at  angle  i  in  opposite  direction. 

Values  and  p^  are  determined  ty  the  formulas  for  the  stream¬ 
lining  of  tne  external  obtuse  angle.  Here  Ah  <  A^,  >  p^  and 

”  AH»  ^3  <  PH* 

Vne  pressure  in  the  flow  w:ilch  runs  off  from  the  upp-.-r  side 
cf  the  plate  should  be  equal  to  the  pressure  in  the  flow  which 
runs  off  from  the  lower  side  p5  =  p .  The  velocities  of  mese 
two  flows  can  to  different  in  value,  but  their  direction  is  t.i;e 
same.  Thus,  A^  may  not  equal  to  A.,.1 

Force  R,  which  acts  or.  plate  is  equal  to  (p^  -  p  )F  w;.ere 
r  »  bi  -  the  plate  area.  Thus,  the  lift  of  a  flat  plate  per  unit 
length  of  the  span  is  determined  by  the  formula 

Rf~(p.—p.)bcoil, 

and  the  frontal  drag  -  oy  formula 


Consequently , 


Rs  —  {p%—p,)b%\nl 


U>[  JL 

h  ./  * 


Z&zJb  sin  U  ‘ 
*.? 


lA  more  thorough  investigation  sIiowb  that  the  direction  of 
the  flow  which  runs  off  from  the  plate  does  not  coincide  with  the 
direction  of  the  incident  flow.  Tills  direction  is  determined 
from  the  condition  of  equality  of  pressures  anu  the  sameness  of 
the  velocity  direction  in  the  flow3  which  run  off  from  the  upper 
and  lower  sides  of  tne  plate.  However  the  deflection  of  the  flow 
by  the  plate  is  very  s • ail  and  with  <  j  does  not  exceed  1°, 

thus,  the  scheme  presented  here  can  be  used  for  practical  calcula¬ 
tions  . 
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Using  the  equation  of  state 

and  expressing  the  flow  velocity  in  terms  of  the  Mach  number 

M,rt,  =■  M,  ykgRT, 

we  reduce  the  formulas  for  c  and  c  to  the  form 

y  * 

f/==4(5f-J;)coi/' 

The  composed  scheme  for  calculating  the  streamlining  of  a 
flat  plate  becomes  unsuitable  for  the  following  two  cases. 

First,  if  angle  of  attack  i  >  inp  for  the  given  number 
of  the  Incident  flow;  in  this  case,  during  the  flow  around  the 
upper  side  of  the  plate  there  is  flow  separation.  This  case  is 
of  low  practical  significance,  because  when  M  <  10  the  maximum 
angles  of  attack  infj  >  25°. 

Second,  if  angle  of  attack  i  exceeds  the  maximum  angle  of 
deflection  of  the  flow  in  the  oblique  shock  wave  w  x  for  the 
given  number  of  the  incident  flow  (see  Fig.  3-12);  when  i  >  wJax 
a  separated  shock  wave  with  curvilinear  front  is  formed  ahead 
of  the  lower  side  of  the  plate.  The  calculation  of  such  a  flow 
1 s  a  very  complex  problem.  The  case  when  i  >  w  x  can  occur  with 
very  small  numbers  (for  example  for  *  1-5*  angle  1  ■  12°). 

It  is  Important  to  note  that  when  <  6.4,  w|iax  is  always 
less  than  inp  and,  consequently,  the  reason  for  the  inapplicability 
of  this  calculation  scheme  is  the  formation  of  the  separated 
curvilinear  shock  wave  ahead  of  the  plate.  With  very  large 
numbers  It  is  the  opposite,  1  <  w  _  and  the  reason  for  the 

np  •  ■ a  X 
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inapplicability 

during  the  flow 


of  the  calculation  scheme  is  the  flow 
around  the  upper  side  of  the  plate. 


C  O  »' 


araticn 


Mg.  IO.I9.  Shadow  photographs 
of  supersonic  flow  around  a 
double-wedge  airfoil  at  the  zero 
angle  of  attack  with  M,  =  l.'t. 

Semiapex  angle  of  the  rhomb: 


a )  u 
1  <4°. 


b  )  W  =  ,  c) 


Figure  10.19  shows  the 
photographs  of  supersonic 
streamlining  of  the  double¬ 
wedge  airfoils  of  varied 
thickne33  in  a  wind  tunnel  at 
zero-angle  of  attack,  fach 
of  these  photographs  shows 
distinctly  the  shock  waves  at 
the  leading  edge  of  the  profile, 

clusters  of  characteristics 
at  the  upper  and  lower  convex 
angles  of  profiles  and 
characteristics  resulting  from 
the  unevennesses  on  the  walls 
of  the  wind  tunnel  by  whose 
slope  the  flow  velocity  in 
the  tunnel  can  be  Judged. 

The  theory  of  oblique 
shock  waves  and  the  theory  of 
the  flow  around  the  external 
obtuse  angle  make  it  possible 
for  one  to  calculate  the  flow 
around  any  profile  whose 
contour  Is  composed  of  rectilin¬ 
ear  cecc!  one  .  1 


lSee,  for 
of  thi3  book. 


example, 
doc  to  .hi  t 


Chapter  VI 
:  e  i.1  zdat , 


■  i 
!■: 


of  the  proceeding 
>  1993. 


pub  1 j cat  ion 
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To  construct  a  flow  with  small  angles  of  attack  around  the 
thin  and  slightly  bent  profiles  of  any  configuration,  we  can  use 
equations  (66)  and  (70)  obtained  for  the  case. 


Introducing  the  designation 

we  rewrite  (70)  with  >  1  thus: 


As  anyone  can  easily  check  by  substitution,  this  equation, 
called  the  wave  equation,  has  the  following  general  solution: 

—  * *y)  +  /» (■*  4"  “.V> 

here  f^  and  fj  are  the  symbols  of  arbitrary  functions.  Let  us 
examine  the  two  partial  solutions  of  equation  (73) 

x  —  u>y  =  <On*l.  x  -{-  <ay  <=*  const, 

representing  two  families  of  straight  lines 

y=zx+c'‘ 

forming  the  following  angles  with  axis  x  and,  consequently,  also 
with  the  direction  of  the  incident  flow  respectively: 

11  **  3fC‘*  FiTr!  “  arcsln  i  >  T.  =  arctg  ~  -  .rein  ± , 

which  are  equal  to  the  Mach  angles  of  uniform  flow  a,  i.e.,  to 
the  angles  between  the  velocity  direction  of  the  incident  flow 
and  the  Mach  waves.  Along  these  straight  lines  which  are  the 
characteristics  of  the  examined  wave  equation  (73),  values  i|»  ,  u’ , 
v'  assume  constant  values  iKc),  u'(c)  etc.,  specifically  equal  to 
the  values  of  these  quantities  on  the  very  surface  of  the  profile 
The  streamlining  pattern  of  such  a  profile,  formed  of  two  curves 
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v,  —  /»i  (jc>  and 


_y<  =  ht  (*), 


Is  given  in  Fig.  10.20. 


Fig.  10.20.  Streamlining  the 
profile  by  a  supersonic  flow. 


The  Mach  waves  AA^  and  AA 2,  drawn  through  leading  edge  A 
respectively  and  waves  BB^  and  BB2  drawn  through  trailing  edge  B 
respectively  separate  the  area  of  disturbed  plane-parallel  flow 
from  that  of  undisturbed. 


Between  these  boundary  lines  of  perturbation  we  find  the  flow 
disturbed  by  the  profile  surface.  Along  each  of  the  lines  between 
the  two  infinitely  close  characteristics,  l.e.,  Mach  waves, the 
flow  is  identical  to  flow  in  the  immediate  proximity  of  the 
corresponding  surface  element  of  the  profile.  Ir.  accordance  with 
this,  all  flow  lines  above  the  upper  surface  are  equidistant 
to  curve  h^(x),  while  the  flow  lines  above  the  lower  surface  are 
equidistant  to  another  curve  h2(x). 

The  solutlo-'  of  the  problem  is  reduced  to  determining 
function  constant  on  every  flow  line.  Let  us  assume  that  on  the 
profile  surface  the  stream  function  Is  equal  to  zero,  i.e.,  ip  *  0 
when  y  *  h(x).  According  to  (68)  this  is  equivalent  to  condition 
■  -w1h(x)  when  y  *  h(x). 

Taking  into  consideration  that  the  profile  is  thin,  we  will 
require  a  precise  fulfillment  of  the  boundary  condition  not  on 


6  7^ 


u 


tne  profile  surface  itself  but  approximately  on  axis  OX.  In  this 
case  the  boundary  conditions  will  be  written  as: 


>  —  0(  |{|»0  then  jiaO,  fa  — 


<7U) 


For  the  upper  surface,  where  there  are  characteristics  of  the 
first  family,  we  will  seek  the  solution  in  the  form 

=-A/i(x  — 

where  A  -  arbitrary  value  determined  from  boundary  condition  (7M, 
Since  *  Ah(x)  *=  -w^hCx)  when  y  ■  0,  then  A  *  ~Wj. 

Consequently,  we  finally  have 

$Y.»  —  vxh(x— 


According  to  (69),  for  the  upper  surface  we  obtain 


I  <*p 

I  —  —  -  -  -  T  s 


W,  dk 

I  Ml—'i  dy  Ymj-1  dx' 


W|iJ* 


(75) 


Similarly,  for  the  lower  surface  where  there  are  characteristics 
of  the  second  family 


and  accordingly 


^  «ji  —  —  Vfh  (.v  -f-  ym) 


a>,  ah 


ah 


V'K 


(76) 


Presenting  to  the  Bernoulli  equation  for  the  isentropic  flow  (§ 
Chapter  I) 


\~7 


w'  .  .  *  !  p  \ir  p,  __  u>{  |  h  Pi 

2  t k-\\j,,)  p.-  a+rri;, 
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the  expression  for  the  flow  parameters  in  form  (63)  and  disregarding 
the  squares  of  small  values,  we  have 


Now,  according  to  (75)  and  (76)  we  obtain  the  following  expressions 
for  a  dimensionless  pressure  on  the  upper  and  lower  profile 
surfaces : 


/V. 


jm;<£ l  . 

KMF-T  p'*- 


r y.ut_ 

v*r r 


(77) 


Let  us  find  the  drag  and  lift  coefficients.  For  the  surface 
element 

rfR,=pdS  *ln  0=p,ly=p'£~ ph’ ( jrj dx, 
dRj  =  — pdS  cos  — pdx, 

and  according  to  (77),  after  summation  we  obtain  for  both  surfaces 


— - —  P 

{p.wi  tyfxn J 

•A 

e  —  R>  —  4  *a—*A 

yp.wf  KMj-[  » 


Here  yA  and  are  the  c  ordinates  of  points  B  and  A.  For  a  thin 
profile  the  following  approximate  equality  is  valid 

"I  ■  j — ^  « 

9  XB  *A 


Then  from  (76),  we  nave 

*  yuf^v 


(79) 
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Thus,  the  lift  coefficient  of  a  thin  profile  does  not  depend  on 
its  shape,  but  is  determined  only  by  the  angle  of  attack  and  the 
Mach  number  of  the  incident  flow. 

The  coefficient  of  wave  drag  cx,  as  compared  with  lift 
coefficient  cy,  represents  a  small  value  of  the  second  order. 
Thus,  for  instance,  for  the  plate 

K(x)  =  h‘,(x\—  —  i, 

and  according  to  (78) 


This  formula  for  the  drag  coefficient  can  also  be  obtained 
directly  from  the  life  coefficient  (79),  taking  into  account 
that  the  resultant  of  the  forces  applied  to  a  flat  plate  in 
supersonic  inviscid  flow  is  always  directed  along  the  normal  to 
it  and,  therefore, 

(8l) 

With  the  angles  of  attack  1  <  15°  the  calculation  of  coef¬ 
ficients  c  and  cx  for  a  flat  plate,  using  approximation  formulas 
(79)  and  (80),  yields  a  satisfactory  agreement  with  the  precise 
calculation  presented  above  in  this  paragraph. 

The  plate,  as  compared  with  other  thin  profiles  with  the 
same  angle  of  attack,  has  the  smallest  wave-drag  coefficient, 

Thus,  for  instance,  in  accordance  with  (78),  for  the  profile 
formed  from  two  arcs  of  the  circle  with  an  identical  radlu3  (lens) 

"“c*"+i7^=r 

The  additional  component  to  the  wave-drag  coefficient  of  the  plate 
depends  or.  the  relative  thickness  ratio  of  the  profile  c  ®  c/b. 
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S  8.  Streamlining  of  Airfoil  Cascade 
by  the  Flow  of  an  Incompressible 
Fluid 


Let  us  examine  the  streamlining  by  a  potential  flow  of  incom¬ 
pressible  fluid  of  a  rectilinear  cascade  composed  of  profiles 
which  have  a  sharp  trailing  edge.  Just  as  for  the  case  of  a 
unitary  profile,  it  is  possible  to  find  the  direction  of  a  non- 
circulatory  flow  at  which  the  sharp  edge  is  the  point  of  stream 
convergence;  the  corresponding  angle  between  the  direction  of  a 
nonclrculatory  flow  and  the  front  of  the  cascade  we  designate  as  8q 

The  circulation  value  for  the  profile  located  in  the  cascade 

and  3treanllned  by  an  ideal  incompressible  fluid  is  determined 

from  the  same  expression,  as  for  the  unitary  profile  except 

instead  of  the  incident  flow  velocity,  as  this  was  done  in  the 

case  of  the  isolated  airfoil,  one  should,  in  accordance  with 

II.  Ye.  Joukowski's  theorem,  substitute  the  value  of  the  geometric 

half-sum  of  velocities  wm  ahead  of  and  behind  the  cascade.  Angle 

cf  attack  a  is  defined  as  the  angle  between  the  airfoil  chord 
m 

and  the  direction  of  velocity  w  . 

m 

Thus,  we  can  write 

Tp  =  /rtplw*  sin  (a„  —  atf\ 


where  m  -  proportionality  factor  depending  on  the  profile  shape 
P 

and  the  cascade  parameters,  is  the  angle  between  the  zero- 

lift  direction  and  the  airfoil  chord. 


Substituting  this  value  of  circulation  into  (14),  we  obtain 
the  following  in  accordance  with  (53): 

r„  —  1m f  «ln  (*„  —  **,) 


or 


!82> 
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where  gQ  is  the  angle  between  the  zero-lift  direction  and  the 
front  of  the  cascade. 

For  the  angles  generally  used  in  practice  it  is  possible  to 
assume  that 

*!«(*».  —  «.p)  r 


Then  from  (82)  we  have 

where 

*A?=**m—  ««r 

Let  us  note  that  if  for  the  isolated  profile  value  dcy/da 
and  zero-lift  angle  aQ  depend  only  on  the  profile  shape,  then 
in  the  case  of  a  cascade,  in  addition,  these  values  depend  also 
on  the  cascade  parameters:  denseness  t  =■  b/t  and  setting  angle 

Evidently  when  the  cascade  pitch  approaches  infinity  (x  ■*  0) 
value  of  dCy/da  and  aQp  tend  toward  their  values  respectively 
for  the  isolated  profile. 

Based  on  (11)  and  (82),  after  elementary  transformations, 
we  come  to  the  following  relationship  between  the  angles  of 
entry  and  departure:1 


ctg  =  A  ctg  ?,  B, 

/ 


(S3) 


where  A  and  B  -  constants  for  a  given  airfoil  cascade  with  the 
value 


'For  a  detailed  derivation,  see  Chapter  VIII  of  the  previous 
publication  of  this  book. 
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A  = 


«  de> 


•  dttt 

1  +  T'2T*!n3• 


B  — 


T  ^ 

T2*T 


'  +  Trf.-‘in?» 


With  an  Increase  in  denseness  coefficient  A  decreases,  there¬ 
fore,  beginning  with  certain  denseness  t  the  first  term  in  the 
right  side  of  expression  (83)  can  be  disregarded.  Consequently, 
with  large  values  x  the  angle  of  departure  ceases  to  depend  on 
the  angle  of  entry,  becoming  the  following  constant  value  for 
these  cascade  parameters: 

ct8?t~S  =  const. 

In  this  case  the  flow  at  the  outlet  is  determined  only  by  the 
output  part  of  the  vane  channel,  i.e.,  it  does  not  depend  on  the 
conditions  of  entry.  If  the  condition  of  constancy  of  the  angle 
of  departure  82  =  const  is  observed,  then  the  flow  direction  at 
the  output  coincides  with  the  zero-lift  direction  82  0  Bq, 
because  in  this  case  3-j  =  ,  i.e.,  the  flow  in  the  cascade  is 

not  deflected.  In  the  general  case,  the  expression  for  angle  3Q 
is  found  from  formula  (83),  written  for  the  noncirculatory  mode 
of  cascade  streamlining  in  the  form 


Figures  10.21  and  10.22  show  the  charts  of  functions  A  and 
B  for  the  cascade  of  flat  plates1  depending  on  denseness  x,  at 
the  various  setting  angles  Based  on  the  examination  of  these 

graphs,  when  x  >  1  value  A  becomes  on  the  order  of  A  <  0.1; 
however,  value  B  asymptotically  approaches  ctg  $  and  when 
x  >  1.2  It  can  be  assumed  to  be  constant. 


1  The  problem  of 
solved  for  the  first 
simpler  solution  was 


flow  around  a  cascade  of  flat  plates  was 
time  by  S.  A.  Chaplygin  in  1912;  then  a 
obtained  by  M.  Ye.  Joukowski  in  1915- 
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Pig.  10.21.  Coefficient  A  for  the  cascade 
of  plates. 


Fig.  10.22.  Coefficient  B  for 
the  cascade  of  plates. 


Using  values  A  and  B  the  values  so-called  "angle  of  lag"  6 
are  calculated  and  plotted  in  Fig.  10.23  as  an  example,  i.e., 
the  angle  between  the  flow  direction  ac  the  output  and  the 
direction  of  plates:  <5  ■  $  -  62-  As  we  see,  with  an  increase 
in  denseness  the  angle  of  lag  rapidly  decreases;  for  example, 
in  the  case  61  *  30°  the  angle  of  lag  for  denseness  t  =  0-5 
comprises  <5  «=  11°,  whereas  with  t  =  1  we  have  6  =  2°. 

In  the  general  case  the  problem  of  streamlining  of  the 
airfoi  cascade  by  a  potential  flow  of  incompressible  fluid  is 
usually  solved  either  by  the  method  of  conformal  mapping  or  by 
the  vortex  method. 


9‘ 


Fig.  10.23-  The  dependence 
of  the  angle  of  lag  6  on 
denseness  t  for  the  cascade 
of  plates . 


In  the  fi.-st  method  it  i o  assumed  that  the  flow  around  any 
cascade  of  the  simplest  bodies  is  known.  As  an  example  of  such 
a  cascade  we  use  a  cascade  of  circles  or  a  cascade  of  ovals  close 
to  them.  Further,  with  the  aid  of  some  simple  mapping  function, 
the  area  external  with  respect  to  this  cascade  is  conformally 
converted  into  an  exterior  of  a  certain  airfoil  cascade  whose 
configuration  depends  on  the  form  of  the  mapping  function.  The 
cascade  thus  obtained  in  which  the  flow  is  already  determined  is 
usually  called  the  cascade  of  theoretical  or  analytical  profiles. 


A  cor.slderab ly  more  complex  for  this  method  is  the  solution 
of  a  direct  problem  -  a  construction  of  flow  around  certain 
airfoil  cascade.  In  this  case,  a  more  effective  method  of  solu¬ 
tion,  especially,  bearing  in  mind  the  use  of  contemporary 
electronic  computers,  is  the  secono  method,  the  ortex  method. 
Tnls  method  as  applied  to  the  cascade  composed  o  thin  airfoils  - 
small  arcs  of  given  shape  -  consists  of  the  following.  Each 


See,  for  example,  Blech  E.  L.  , 
Cascade  Composed  of  Theoretical  Frof! 
The  works  of  TsAGI  Issue  6 1 1 ,  1 Q ') 7  . 


>'■  Study  of  a  Two-Pimens 
los  of  Finite  ^hiekness 


Or',  a  1 
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profile  is  replaced  by  a  vortical  layer  with  intensity  y(S),  where 
S  is  the  arc  length  reckoned  from  the  leading  edge  of  the  profile 
..{Fig.  10.24).  The  intensity  of  vortical  layer  y(S)  is  seler‘-«»d 
from  the  condition  of  the  normal  vector  component  of  veloci-^ 
vanishing  at  any  point  of  the  profile,  which  is  equal  to  the 
vector  sum  of  the  velocity  of  a  uniform  incident  flow  and  the 
velocities  Induced  at  this  point  from  the  entire  infinite  system 
of  vortices. 


Fig.  10.24.  A  scheme  for 
replacing  the  small  arcs 
by  vortical  layers. 


In  this  case  it  is  necessary  to  bear  in  mind  that  the 
velocity  induced  far  ahead  of  the  cascade  as  an  infinite  chain 
of  vortices  with  intensity  f,  unlike  the  unitary  vortex,  does 
not  vanish  but  is  equal  to  r /2t  and  io  directed  at  a  right  angle 
to  the  front  of  the  cascade.1  Thus,  even  though  the  direct 
replacement  of  the  small  arcs  by  the  corresponding  vortical 


'See,  for  example,  Chapter  TI  of  the  hook  by  G.  II.  Abramovich 
"Applied  Gas  Dynamics,"  Publication  2,  7'tkhteoretizdat ,  1953  • 
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layers  in  the  cascade,  satisfies  the  boundary  conditions  c.n  the 
profile  surfaces  (conditions  of  impenetrability,  wn  »  0),  it 
results,  however,  in  the  disturbance  of  the  boundary  conditions 
far  ahead  and  behind  the  cascade. 

To  account  for  this  fact,  instead  of  the  flow  around  this 
cascade  of  physical  profiles  by  a  given  flow  at  infinity,  we 
neeo  to  examine  the  flow  around  the  oascade  with  correspond inr 
vortical  layers  by  the  flow  having  the  velocity  equal  to  the 
geometric  mean  velocity  •  l/2(w^  +  Wg).  However,  to  determine 
the  magnitude  and  direction  of  this  velocity  according  tc  the 
given  velocity  w, ,  it  is  necessary  to  know  circulation  r  around 
the  prefile,  the  value  of  which  Is  to  be  determined. 

Usually,  this  lo  done  in  the  following  manner.  The  cascade 
cf  physical  profiles  is  replaced  by  the  cascade  of  vortical 
layers  and  its  forward  motion  is  examined  at  a  given  velocity  v 
In  a  static  fluid.  In  the  reverse  motion  the  cascade  is  static 
and  is  streamlined  by  a  flow  with  velocity  w1  so  that  half  of 
the  geometric  sum  of  this  velocity  and  the  velocity  behind 
the  cascade  Is  equal  o  -v. 

According  to  the  N.  Ye.  Joukowski  theorem  (Bee  i  2),  the 
resultant  of  the  aerodynamic  forces  which  act  on  the  static 
caacad<  is  directed  along  the  normal  tc  the  geometric  mean 
velocity,  l.e.,  in  our  case  it  is  along  the  normal  to  velocity  v. 
Thus,  during  the  motion  of  a  cascade  of  vortical  layers  in  a 
static  fluid  the  resultant  is  directed  along  the  normal  to  the 
direction  of  motion,  i.e.,  there  is  no  resistance.  Another 
case;  the  same  forward  motion  of  a  cascade  of  physical  profiles 
in  a  static  fluid.  Here  there  Is  no  disturbance  of  flow  at  an 
infinity  ahead  of  the  cascade.  Thus,  with  the  reversal  of 
notion  we  arrive  at  a  static  cascade  streamlined  by  a  flow  with 
velocity  w.,  ■  -v.  .Sine*  the  projection  of  the  resultan',  of  forcer, 
on  the  direction  of  the  flow  advancing  onto  the  cascade,  according 

56H 


to  the  Joukowaki  theorem,  is  always  different  from  zero,  then, 
depending  on  the  sign  of  this  component,  the  motion  of  a  cascade 
of  physical  profiles  in  a  static  fluid  always  occurs  either  in 
the  presence  of  the  resisting  forces  or  under  the  action  of  the 
pull  directed  along  the  motion.1 

Turning  again  to  the  forward  motion  of  the  cascade  of 
vortical  layers  and  designating  the  disturbed  velocity  of  the 
previously  static  fluid  in  terms  of  v^  we  write  the  condition 
of  the  absence  of  flow  separation  during  the  flow  around  the 
profiles  in  the  form 


(8i») 


Adding  all  the  velocities  induced  by  an  infinite  system  of 
vortices  at  the  fixed  point  of  a  profile,  we  obtain2 


J.T (5) y^dS. 


(85) 


Here 


<?*(!.  *  t*  ’W)'— 


•H'J  +  .hT  <0*  ^  win* +  eh'T 


tin 


where  0  is  the  angle  between  the  tangent  to  the  profile  contour 
at  a  particular  point  and  the  profile  chord;  £,  n,  £0»  and  nQ 
are  the  coordinates  of  the  flowing  and  fixed  points  of  the 


'it  is  not  difficult  to  show  that  during  the  motion  of  a 
dlf . user  cascade,  we  have  the  resisting  force  and,  correspondingly 
during  the  motion  of  a  convergent  cascade  -  pulling  force.  In 
an  active  cascade  the  resultant  is  directed  along,  the  normal 
to  the  motion. 

,Belotserkovskly  S.  M. ,  Qlnevskiy  A.  S.,  Polonskiy  Ya.  Ye., 
The  Power  and  Moment  Aerodynamic  Characteristics  of  the  min 
Airfoil  Cascades.  In  the  Coll,  of  "Industrial  Aerodynamics,” 

No.  22,  Oborongiz,  M.,  1962. 
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examined  cascade  profile,  respectively.  The  normal  velocity 
component  at  a  particular  profile  point  during  the  forward  cascade 
motion  at  velocity  v  will  be 

=  « |  Jin  (®  —  coi  9  -J*  co>  —  ?<n)  sin  H  (g6) 

The  substitution  of  (85)  and  (86)  into  (8^0  leads  to  the  following 
integral  equation  for  determining  y(S): 

ivt  j  J  (5)  ?/!  (•.  n.  rj  JS ss  *ln  (l>  —  ?„)  co*  0  -)-  CO*  (0  —  pm)  sin  1 

Replacing  the  continuous  vortical  layer  by  discrete  vortices,  we 
reduce  the  solution  of  integral  equation  to  the  solution  of  a 
system  of  linear  algebraic  equations. 

Thus,  with  the  aid  of  an  electronic  computer,  we  made  a 
thorough  calculation  of  coefficients  A  and  B  for  the  thin 
airfoil  cascades  over  a  wide  range  of  a  change  in  the  geometric 
parameters  of  the  cascade  and  profile.1  Using  these  materials, 
one  can  easily  solve  the  direct  and  inverse  problems  of  the 
airfoil  cascade  aerodynamics  in  a  potential  flow  of  incompressible 
fluid. 

As  the  denseness  of  the  cascade  is  decreased,  the  velocity 
induced  on  this  small  arc  by  the  vortices  located  on  the  other 
small  arcs  decreases  and  disappears  in  the  extreme  case  of  a 
unitary  small  arc,  when  the  Induced  velocity  is  determined  only 
by  the  vortices  located  on  the  3mall  arc  itself.  Now,  assuming 
that  the  vortices  are  not  on  the  unitary  small  arc  but  on  its 
chord,  we  obtain  the  following  expression  for  the  velocity 


‘See  footnote  2  on  preceding  page. 
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induced  by  the  entire  system  of  vortices  at  point  of  the 
chord: 


Limiting  ourselves  only  to  the  slightly  bent  small  arcs,  we 
assume  this  velocity  calculated  on  the  airfoil  chord  to  be  equal 
to  the  induced  velocity  at  the  corresponding  point  on  the 
small  arc  surface.  If,  furthermore,  we  limit  ourselves  also  to 
the  small  angles  of  attack,  then  the  condition  when  the  normal 
velocity  component  on  the  profile  is  equal  to  zero,  which 
expresses  the  condition  of  its  continuous  streamlining  is  written 
as : 


a 


X —  X , 


dl 

ix- 


Here,  on  the  right  side,  is  the  derivative  of  the  small  arc 
coordinate  along  axis  x,  which  coincides  with  the  airfoil  chord. 
As  a  result  of  the  solution  of  an  integral  equation  with  respect 
to  y(x)  with  the  aid  of  trigonometric  series,  we  obtain  the 
following  expression  for  the  lift  coefficient  of  the  slightly 
bent  thin  profile:1 


where  Ar  and  A,  are  coefficients  of  the  Fourier  series 


I 

It 


(tfx  it  ?, 


^1 


ly/^coifdf. 


‘See  Glauert  N. ,  The  Airfoil  and  Prop  Theory.  Gostekhizdat , 

1931. 
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and  9  is  a  new  lndependant  variable  determined  by  the  equality 

*=  *  (I  —  eoi  <f% 


For  a  flat  plate  we  have 

ilr 8=3  ©  an<l  '  c,  —  Qr%. 


This  expression  coincides  with  the  formula  given  in  the 
preceding  paragraph. 


Knowing  the  values  of  coefficients  A  and  B  for  this  cascade 
according  to  (50),  (51)  and  (83),  we  find1 


cyt  =  2|(l  —  .A)dg £i  —  B\  fln*p„ 

=  -  [( l  —  A*)  c tg*  p,  -f-2 AR  ctg  ?,  -  /?*J  sin  •  fo 


and  consequently 


cg^Vci  -f-  cj. 

For  the  dense  diffuser  cascade  of  thin  strongly  bent  pro¬ 
files  Fig.  10.25  shows  the  dependences  of  the  coefficients  of 
the  resultant  of  forces  on  the  angle  of  attack 


With  a  fixed  velocity  value  w.  of  the  incident  flow  the 
value  of  coefficient  Cp  and,  consequently,  also  the  resultant 
of  the  aerodynamic  forces  applied  to  the  cascade  profile  at  a 
certain  relatively  small  angle  of  attack  reaches  a  maximum  value 


'Since  the  flow  is  potential,  we  assume  that  £  »  0. 
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It  has  been  indicated  earlier  that  for  a  unitary  profile 
the  presence  of  a  maximum  of  the  resultant  always  presupposes 
the  development  of  intense  flow  separation  from  the  upper  profile 
surface.  This  is  why  such  critical  angle  of  attack  of  the 
isolated  profile  is  frequently  called  the  separation  angle  of 
attack.  A  different  case  is  in  the  cascade.  Here,  as  we  see, 
achieving  a  maximum  by  the  resultant  is  not  necessarily  connected 
with  the  flow  separation,  but  occurs  also  during  a  continuous 
potential  flow  around  the  airfoil  cascade. 

This  is  explained  by  the  fact  that  the  cascades  composed  of 
airfoils  with  large  camber  operate  at  very  large  aerodynamic 
angles  of  attack  reckoned  from  the  direction  of  a  noncirculatory 
flow . 


Thus,  for  instance,  in  the  case  given  in  Fig.  10.25  the 
direction  of  a  noncirculatory  flow  (Fig.  10.5)  forms  the  angle 

0, saP, css aft-}* 

and  with  zero  angle  of  attack  (i  ■  0)  the  aerodynamic  angle  of 
attack  is  equal  to  45°.  The  resultant  force  reaches  a  maximum 
value  when  i  *  7°,  which  corresponds  to  the  aerodynamic  angle 
of  attack  aA  *  52°.  The  possibility  of  a  continuous  flow  around 
the  profiles  at  such  angles  of  attack  is  connected  with  a 
specific  nature  of  the  flow  in  a  very  dense  cascade. 


Fig.  10.25.  The  dependence 

of  dimensionlr* t  coefficients 

cD  and  c„  on  the  angle  of 

n  y 

attack  for  a  dense  cascade  of 
thin  small  arcs;  65°, 
c  -  50°. 
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It  should  be  noted  that  the  use  of  lift  coefficient  Impedes 
the  determination  of  the  critical  angle  of  attack;  in  this  case 
the  value  of  the  resultant  is  referred  to  the  dynamic  head  calcu- 

lated  by  the  geometric  mean  velocity  which  does  not  remain 
constant  with  a  change  in  the  angle  of  attack  and  fixed  value  w^. 

Let  us  nov/  examine  certain  problems  which  pertain  to  the 
streamlining  of  airfoil  cascades  by  a  flow  of  viscous  incompress¬ 
ible  fluid,  in  the  case  of  the  diffuser  cascades.  The  latter 
is  connected  with  the  fact  that  in  the  decelerating  flow 
characteristic  for  a  diffuser  cascade,  conditions  are  created 
which  contribute  to  earlier  boundary-layer  separation.  In  fact, 
these  situations  lead  to  larger  total  pressure  losses  in  the 
diffuser  cascades  in  comparison  with  the  convergent  in  which  the 
accelerating  flow  prevents  the  boundary-layer  separation. 

The  first  experimental  study  of  the  flow  around  cascades  by 
an  air  stream  at  low  velocities  was  done  by  N.  Ye.  Joukowski  In 
1902  at  the  laboratory  of  Moscow  University.  The  tested  cascade 
of  plates  was  connected  to  the  aerodynamic  balances  which  were 
instrumental  in  determining  the  lift  coefficient  of  a  plate  in 
the  cascade. 

At  t!  present  there  are  many  experimental  data  obtained  as 

]  f  2  »  3 

a  result  of  a  systematic  study  of  the  diffuser  cascades, 
which  make  it  possible  for  us  to  solve  successfully  both  the 
direct  and  inverse  problems  of  cascade  aerodynamics.  In  these 


‘Howell  A.  R.,  The  Hydrodynamics  of  the  Axial-Flow  Compressor. 
In  Coll,  of  "Development  of  Oas  Turbines,"  under  the  editorship 
of  V.  L.  Aleksandrov.  B.  N.  Vol.,  MAP,  19^7. 

‘Bunimovich  A.  I.,  Svyatogorov  A.  A.,  Generalization  of 
Results  of  the  Study  of  Two-Dimensional  Compressor  Cascades  at 
a  Subsonic  Speed.  In  Coll,  of  "Bladed  Machines  and  Jet 
Apparatuses,"  Iss.  2,  "Mechanical  Engineering,"  M.  1967. 

‘Komarov  A.  P.,  Study  of  Two-Dimensional  Compressor  Cascades. 
In  Coll,  of  "Bladed  Machines  and  Jet  Apparatuses,"  Iss.  2, 
"Mechanical  Engineering,"  M. ,  1967. 
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experiments,  one  usually  measured  the  velocities  and  angles 
ahead  of  and  behind  the  cascade  respectively  and  a  direct  measure¬ 
ment  was  made  of  the  difference  in  total  pressures.  In  a  number 
of  cases,  pressure  distribution  along  the  profile  surface  was 
also  determined. 

We  should  bear  in  mind  that  An  these  experiments,  Just  as 
in  the  majority  of  others,  the  flow  direction  behind  the  cascade 
was  determined  in  the  immediate  vicinity  of  its  edge,  where  it 
is  still  nonuniform.  Therefore,  for  determining  the  effective 
deflection  of  flow  by  the  cascade,  using  the  measured  velocity 
distribution  one  should  find  the  direction  of  the  equalized  flow 
according  to  (28).  In  the  case  of  the  continuous  angles  of 
attack  this  direction  can  be  determined  by  the  parameters  of  the 
boundary  layer  on  the  trailing  edges  of  profiles.1 

Figure  10.26  shows  the  experimental  dependences  obtained  by 
A.  P.  Komarov  for  losses  C  and  angle  of  turn  A8  of  the  flow  in 
the  cascade  on  the  angle  of  attack.  It  is  evident  that  at  first 
the  dependence  of  the  angle  of  turn  of  the  flow  on  the  angle 
of  attack  is  linear.  Then,  at  a  certain  value  of  the  angle  of 
attack,  usually  called  the  angle  of  separation,  the  value  of 
the  angle  of  flow  deflection  by  the  cascade  reaches  a  maximum 
value.  An  intense  flow  separation  from  the  upper  profile  surface 
starts  at  this  angle  of  attack  and  the  losses  increase  con¬ 
siderably.  A  further  Increase  in  the  angle  of  attack  leads  to 
a  decrease  in  the  angle  of  deflection,  accompanied  by  an  intense 
increase  In  losses. 

Another  characteristic  angle  of  attack  is  that  at  which 
the  total  pressure  losses  In  the  cascade  become  minimal.  In 


‘Oirievskiy  A.  S.,  Study  of  the  Aerodynamic  Characteristics 
of  Airfoil  Cascades  of  the  Axial-Flow  Compressor.  Author's 
dissertation  abstract,  1956. 
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this  case  the  flow  direction  far  ahead  of  the  cascade  is  close 
to  that  shock-free,  i.e.,  to  a  direction  at  which  the  branch  point 
of  streams  during  the  flow  around  a  profile  coincides  with  the 
point  of  its  maximum  camber. 


Fig.  10.26.  Dependence  of  the  loss  factor,  angle 
of  flow  deflection  and  quality  on  the  angle  of 
attack  for  the  airfoil  cascade  with  e  *  10; 
b/t  »  1.0  and  *  -  50°,  i1  -  angle  of  attack  with 

minimum  losses,  i2  -  angle  of  attack  with  a 

maximum  cascade  quality,  1^  -  angle  of  attack 

during  a  maximum  flow  deflection  by  the  cascade 
(separation  angle  of  attack). 

To  evaluate  the  aerodynamic  perfection  of  the  airfoil  cascade 
one  can  use1  the  concept  of  quality  K  of  the  cascade  (not  to 
confuse  with  the  quality  of  profile  in  the  cascade) 

Here  Ru  is  that  useful  frontal  force  in  order  to  obtain  which 
one  U3es  this  cascade,  and  Fa  is  the  axial  force  whose  appearance 
is  connected  only  with  the  irreversible  total  pressure  losses 


lS.  I.  Ginsburg,  Elements  of  Gas  Dynamics  of  the  Axial-Flow 
Compressors  and  Turbines.  Chapter  IX  in  the  first  publication 
of  this  book.  The  Gostekhteoretizdat ,  M.  -  L, ,  1951. 
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in  the  cascade.  The  greater  the  value  of  K,  the  more  perfect  Is 
the  cascade.  In  an  inviscid  flow  the  losses  are  absent,  axial 
additional  force  disappears  and  K  »  °». 


In  certain  instances  it  is  convenient  to  use  the  value 
called  the  inverse  quality  of  a  cascade: 


The  quality  of  the  cascade  predetermines  the  efficiency  of 
the  elementary  cross  section  of  the  rotor  of  the  axial  stage 
in  which  this  cascade  is  being  used.  The  cascade  quality 
maximum  corresponds  to  the  maximum  of  the  efficiency. 

According  to  ( ^ )  and  (32),  the  quality  of  the  cascade 

K== 

*■ 

and,  correspondingly ,  inverse  quality  of  the  cascade  is  expressed 
in  terms  of  the  drag  coefficient  value  and  the  angles  of  entrance 
and  departure  values 


f  _  2  tin'  9,  (cig  ?,  —  clg  ?,) 


At  a  certain  value  of  the  angle  of  attack  i  =  the  quality 
value  of  a  given  cascade  reaches  a  maximum.  Such  a  system  of 
flow  around  the  cascade  Is  called  optimal.  In  the  general  case, 
the  system  of  minimum  losses  and  the  optimal  system  do  not 
coincide  with  one  another. 

An  increase  in  the  optimum  angle  of  attack  ij  observed  in 
Fig.  10.26  as  compared  with  the  angle  of  attack  1^  of  the  minimum 
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losses,  is  due  to  the  relatively  flat  nature  of  dependence  c(i). 

Because  of  this,  the  increase  in  the  angle  of  attack,  which  leads 

to  an  increase  in  Awu  and,  consequently,  also  an  increase  in 

circumferential  force  R  ,  will  have  a  slight  effect  on  the 

increase  in  losses,  hence,  also  on  the  additional  axial  force  . 

a 

As  a  result,  the  numerator  of  the  expression  for  v  will,  up  to  a 
certain  angle  of  attack,  increase  faster  than  the  denominator, 
and,  correspondingly,  the  point  of  the  maximum  quality  value 
of  the  cascade  will  shift  to  the  side  of  large  angle  of  attack 
values . 

With  an  increase  in  profile  camber  the  dependence  of  the 
loss  factor  on  the  angle  of  attack  becomes  steeper  and,  as  a 
result,  there  is  a  convergence  of  both  extreme  points.  Beginning 
with  the  angle  of  profile  camber  e  *  60°,  the  angle  of  attack 
which  corresponds  to  the  minimum  of  losses  is  virtually 
coincidental  with  the  optimum  angle  of  attack. 

The  degree  of  deceleration  of  the  flow  in  a  two-dimensional 
diffuser  cascade  and  the  corresponding  pressure  gradient  value 
or,  in  other  words,  the  aerodynamic  load  factor  of  the  cascade 
can  be  compared  with  those  in  equivalent  two-dimensional  diffuser 
(Fig.  10.27)  whose  lateral  sides  are  equal  to  the  length  of  the 
axial  profile  arc  and  the  areas  of  inlet  and  outlet  cross  sections 
are  equal  to  the  corresponding  areas  of  the  examined  cascade 
at  a  given  direction,  the  flow  advancing  onto  it.  The  central 
angle  ag  of  such  equivalent  diffuser  of  a  two-dimensional 
cascade  is  determined  from  the  relationship 

.  I.  It.  H,  _  t  (kill  f>,  —  *in  M 

j  =*  ~ 7s'“  — - riS  • 

where  S  is  the  length  of  the  axial  profile  arc. 
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Fig.  10.27.  A  diagram  of  transition 
from  the  vane  diffuser  channel  to  the 
equivalent  two-dimensional  diffuser. 


For  the  slightly  bent  profiles  it  is  possible  to  assume 
that  S  *  b .  Under  this  condition  we  have 

,w!j  = 

The  diffuser  angles  used  in  practice  are  small,  therefore, 
it  is  possible  to  assume  that 

=  (87) 

It  is  important  to  note  that  an  equivalent  two-dimensional 
diffuser  is  determined  not  only  by  the  angle  of  expansion  but 
also  by  the  length  or  value  of  ratio  This  fact  Is  con¬ 

firmed1  by  the  data  of  experimental  determination  of  the  expansion 


‘polsin  T.,  Stromungsunters  an  einem  ebenen  Diffuser, 
Ingenier  -  Archiv,  Heft  5»  19^0. 
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angles  of  a  two-dimensional  diffuser,  at  which  a  flow  separation 
occurs,  depending  on  ratio  n^/n^. 

The  relative  length  of  channels  with  constant  cross  section 
is  usually  characterized  by  the  ratio  of  channel  length  l  to  its 
width  n.  For  the  channels  with  variable  cross  section,  the 
characteristic  value  is  the  average  value  of  its  width 

ncP  •  hni  +  V- 

Accordingly,  for  the  vane  channel  we  obtain 


t  (tin  ?,  f  tin  »,) 

nt,= - -j 


and,  therefore,  its  relative  length  can  be  found  from  the  following 
expression : 


4(i,n &  +  ,,nP*> 


The  angle  of  an  equivalent  two-dimensional  diffuser  and  its 
relative  length  determine  the  maximum  aerodynamic  load  factor  of 
a  two-dimensional  diffuser  cascade,  which  is  achieved  at  the  so- 
called  "separation  or  critical''  angle  of  attack  when  the  angle 
of  turn  of  the  flow  in  the  cascade  reaches  a  maximum  value. 

This  is  evident  from  the  examination  of  Fig.  10.28,  where  the 
results  of  the  calculation  carried  out  by  Ye.  A,  Lokshtanov  are 
plotted  for  dependence  aHp(  T)  on  the  boundary  of  a  continuous 
flow  around  the  cascades  according  to  the  experimental  data  of 
Howell1  and  also  shown  are  the  experimental  results  of  blowing 
of  the  two-dimensional  straight  diffusers,  reconstructed  in  the 
same  manner. 


‘Howell  A.  R.,  Hydrodynamics  of  Axial-Flow  Compressor. 
Coll,  of  "Development  of  Gas  Turbines,"  under  the  editorship  of 
V.  L.  Aleksandrov.  B.  H.  Vol.,  MAP,  19^7. 
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Fig.  10.28.  A  comparison 
of  dependences  a  ■  f(T) 

Hp 

for  two-dimensional  dif¬ 
fusers  (1)  and  for  diffuser 
cascades  ( 2 ) . 

The  comparison  of  curves  on  Fig.  10.26  shows  that  the 
dependence  ot  _(i)  obtained  for  critical  deviation  of  the  flow  in 
diffuser  cascades  is  virtually  completely  coincidental  •.•/3th 
the  curve  corresponding  to  the  onset  of  stable  flow  separating 
in  a  two-dimensional  diffuse:-. 

It  1 3  known  that  with  a  known  value  of  the  area  ratio  there 
is  an  optimum  expansion  angle  in  a  straight  diffuser  at  which 
the  total  losses  composed  of  the  losses  d <:.<  to  friction  ana  vortex 
formation  achieve  a  mlni.-vum  value.  Hence,  i"  is  possible  to 
assume  that  according  to  expression  for  a  the  optimum  cascade- 
density  value  should  depend  only  on  angles  3_,  and  6,.  Actually, 
the  results  of  the  experimental  study  of  cascades  indicate  the 
existence  of  such  a  dependence  .  ■' s  the  dor. senes?  increases  1  r , 

comparison  with  its  op* i mum  value,  the  increase  in  losses  due  'o 
friction  exceeds  the  decrease  ir.  losses  caused  by  the  flow 
separation.  With  a  decreased  Or,  no- no  cos  the  opposite  is  or  serve  1, 
Qualitatively,  the  sn mo  phenomena,  occur  also  in  a  two-clinerisioriv. ] 
diffuser  when  its  length  changes  in  the  inlet  and  outlet  cross 
sections  of  the  given  areas  or,  t:v  sa: .  r.  i-ourr.  v.r.er  there  3  s  a 
change-  in  the  expansion  angle.  A1 1  he  ,,-:i ,  qualitatively,  the 


dependence  c>r  optimum  denseness  on  angles  Bg  and  is  found  ir. 
accordance  with  the  existence  of  an  optimum  expansion  angle  In 
a  two-dimensional  diffuser;  however,  the  corresponding  value 
does  not  prove  to  be  constant  for  different  cascades.  This 
Indicates  that  the  losses  in  an  equivalent  two-dimensional  diffuser 
differ  from  losses  in  the  cascade.  The  latter  is  connected  with 
the  fact  that  the  examined  equivalent  dimensional  diffuser 
determined  by  the  flow  parameters  ahead  of  and  behind  the  cascade 
does  not  permit  one  to  make  a  sufficiently  complete  consideration 
of  the  peculiarities  of  fluid  flow  in  the  vane  channel.  With 
small  angles,  especially  in  cascades  with  thick  profiles,  the  flow 
is  first  accelerated,  reaches  maximum  velocity  w„.„  in  the  nar- 
roweat  cross  section  of  the  vane  channel  (in  the  throat)  and 
only  then  the  deceleration  of  the  flow  begins.  In  this  case 
the  diffuser  effect  of  a  cascade  should  be  characterized  by  the 
angle  of  expansion  and  the  length  of  an  equivalent  rectilinear 
two-dimensional  channel  which  corresponds  to  the  second  diffuser 
vane  channel  section.  The  expansion  angle  cf  this  part  of  the 
channel  is 

Here  Fr  -  width  of  the  narrowest  section  in  the  vane  channel, 
while  Sr  -  arc  length  of  the  center  line  of  Its  diffuser  section, 
Assuming  approximately  for  cascades  with  large  setting  angle 

P,mml  Sin  P,  —  t, 

where  Br  -  angle  of  slope  in  the  center  line  in  the  throat  of 
the  vane  channel,  and  c  -  maximum  profile  thickness,  we  obtain 


•In  p,  -■  »in  -f-  -i 

•i- - gr»~ 


With  small  separation-free  angles  of  attack  the  losses  in 
the  cascade  arise  primarily  on  a  convex,  profile  surfaco  having 
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the  highest  diffuser  factor,  which  has  a  relatively  thicker 
boundary  layer.  In  accordance  with  this,  one  of  the  most 
effective  parameters  which  characterize  the  losses  in  the  Indies 
ted  flow  conditions  is  the  coefficient  of  diffusivity 


_  •muMrt  *« 
*>•  — - 1», - ' 


which  estimates  the  decree  of  deceleration  of  the  flow  from  a 
maximum  velocity  Bk,n  on  a  convex  profile  wall  to  flow 

velocity  w.  at  the  exit  from  the  cascade. 

c 


Fig.  10.29.  Dependence  of  the 
relative  value  of  the  momentum 
loss  ir.  the  wake  behind  the 
profile  ir,  the  cascade  with  an 
optimum  angle  of  attack  on 
diffusivity  coefficient 

(calculated  according  tu  tne 
distribution  of  pressure  aionr 
the  prof!  le  )  . 


In  a  number  of  cases  t ho  diffusivity  of  cascades  is  also 
characterized  by  coefficient  I>  called  the  total  diffusivity 
coeffl  ; lent:  1 


Figure  10.29  shows  too  <: :<po rii.v.nta  1  -i  •pernori'e  of  the  relative 
thickness  of  the  <■  lOr.e.nt i.,i;  lows  In  the  wake  behind  the  cascade 
( t  li  value  la  p:>;.  rt  j  .  ,  the  losers  In  total  pressure)  on 
the  dl  f f  ..v.  1  vi  t  y  con  f  "1  •  I  eiP  detorr.!  nod  by  t he  pressure 


'Met  lain  "vn-crik  F.  I.  a  no  hrudorick,  P.  I..,  Pi'Tusior 

Factor  for  hot  I  mat  1  n,  Ltr.tes  a:,  i  l.iM.lt'nv  hla-le  Loadings  in 
Axial  -  I- low-cornpresroj-  bl  ade  !■ ■! M .  .  IIA'-'A  H’-i  9 iP91  ,  i?9i. 


distribution  on  the  upper  profile  surface.  These  data  are  obtained 
on  the  basis  of  the  results  of  the  experimental  study  of  cascades 
composed  of  the  NACA  profiles  over  a  wide  range  of  change  in  the 
denseness,  angle  of  curvature  and  angle  of  entry.1  It  is  evident 
that  there  is  a  universal  relationship  between  the  relative 
thickness  of  the  momentum  loss  and  the  coefficient  of  diffusivity. 
With  an  Increase  in  the  diffusivity  coefficient  we  observed  an 
increase  in  losses  -  at  first  a  very  gradual,  and  then  more 
intense.  With  high  diffusivity  coefficient  values  (more  than  0.5) 
the  boundary-layer  separation  on  the  convex  surface  causes  a 
rapid  increase  in  the  relative  momentum  loss  thickness.  With 
zero  value  of  the  diffusivity  coefficient  the  momentum  loss 
thickness  does  not  equal  to  zero.  This  is  due  to  presence  of 
losses  due  to  friction  and,  to  a  lesser  degree,  also  to  the 
effect  of  the  finite  thickness  of  the  trailing  edge. 

The  results  of  the  experiments  carried  out  on  cascades 
composed  of  a  different  kind  of  profiles,  also  indicate  the 
presence  of  a  universal  relationship  between  the  losses  at  the 
optimum  angle  of  attack  and  the  value  of  the  total  diffusivity 
coefficient  D. 

§  9.  Streamlining  of  Airfoil 
Cascade  by  a  Subsonic  Flow 
of  Gas 

A  subsonic  streamlining  of  a  cascade  composed  of  subsonic 
profiles,  Just  as  the  subsonic  streamlining  of  a  unitary  profile 
examined  above,  is  subdivided  into  two  types  -  subcritlcal  and 
supercritical.  It  is  obvious  that  value  Mj  which  corresponds 
to  the  critical  incident  flow  velocity  at  which,  somewhere  on  the 


'Herrlg  L.  V. ,  Emery,  J.  C.  and  Erwin  J.  F.  Systematic 
Two  -  Dimensional  Cascade  Teat3  of  NACA  65  -  Series  Compressor 
Blades  at  Low  Speeds,  NACA  RML  51031 »  1951. 


profile,  a  velocity  equal  to  the  speed  of  sound  arises,  which 
ultimately  depends  on  the  value  of  highest  rarefaction  on  the 
profile  (usually,  is  found  from  condition  dc/dM-^  =  0.1). 

The  experimental  dependence  curve  of  M,  on  angle  of  attack  i 

X  K  p 

is  represented  in  Fig.  10.30  for  a  typical  diffuser  cascade. 

It  should  be  noted  that  for  a  profile  in  the  cascade  the 
effect  of  boundary  layer  on  value  is  exhibited  to  a  con¬ 

siderably  larger  degree  than  for  a  unitary  profile.  This  is  due 
to  the  limitedness  of  the  flow  during  a  flow  around  a  profile 
in  the  cascade. 

The  special  features  of  the  flow  are  exhibited  most  promi- 
nantiy  at  supercritical  velocities.  When  a  supersonic 

zone  is  formc-d  in  the  cascade  vane  channels  which  increases  in 
proportion  to  the  increase  in  number  M-,  arid  which  is  consummated 
by  a  much  more  complex  system  of  shocks  than  that  of  a  unitary 
profile  as  a  result  of  their  reflection  from  the  adjacent  surfaces 

Unlike  the  unitary  profile  for  which  the  incident  flow 
velocity  can  be  as  high  as  desired,  the  f  around  a  cascade 
is  limited  by  a  certain  maximum  Mach  number 


M, 


lip  *=*  M|l««  'S 


The  onset  of  critical  condition,  earlier  than  l .at  of  maximum 
flow  rate  ('-h  ^  )  ,  is  due  to  th**  uneven  distribution  of  flow 

parameters  aionr  the  cross  sections  of  thv  vane  channel .  With 
constant  velocity  and  total  pressure  in  the  narrow  cress  section 
of  the  channel  both  t  tie;-  e  conditions  should  begin  simultaneously , 
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Here  c_  *  ^Or^Ol  “  Pr’essure  coefficient  defining  losses  In 

total  pressure  in  the  inlet  cross  section  up  to  the  critical 

cross  section  whose  width  is  f  ,  and  x  is  the  flow  velocity 

r  r 

coefficient.  Assuming  that  X  *  1,  from  the  equation  of  continui 
we  obtain  the  following  expression  for  determining  the  maximum 
flow  velocity  ahead  of  the  cascade: 


7(X|,u  j|(« 


For  ar  isentropic  flow  (c0x  =  1),  we  have 


9  <>■,»«)— 


From  the  last  expression  it  is  evident  that  when 


?i  arc  sin  -r-  or  F,  =  /  sin  JJ,  *s.f, 


the  velocity  of  a  subsonic  Incident  flow  is  unlimited,  and  for 


the  examined  case  of  subsonic  flows  M 


imax 


The  limitation 


on  number  in  the  absence  of  losses  develops  at  large  angles 
8-j  when  the  stream  area  which  enters  the  vane  channel  exceeds 


the  area  of  its  critical  cross  section  f 


In  this  case  an 


Increase  in  angle  6^,  i.e.,  a  decrease  in  the  angle  of  attack, 

should  lead  to  a  decrease  in  number  H.  .  The  results  of  the 

lmax 

experiment,  given  in  Fig.  10.30,  confirm  this  fact.  The  consider 
able  limitation  on  number  '^max  obserVRd  in  the  experiments,  with 
large  angles  of  attack  when  the  area  of  the  entering  stream  is 
less  than  that  of  the  critical  cross  section  of  the  vane  channel 
is  due,  first  of  all,  to  the  effect  of  losses. 
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Fig.  10.30.  Experimental  dependence  of 

M,  ana  °n  angle  of  attack  i  for 

1  k  p  Juris  x 

a  typical  diffuser  cascade. 


Ihe  simplest  of  the  approximate  methods  for  estimating  the 
effect  of  compressibility  during  a  subcritical  flew  is  based 
on  the  hypothesis  of  "solidification"  of  the  flow  lines  mentioned 
earlier,  i.e.,  under  the  assumption  that  the  flow  3ir.es  in  a 
compressible  gas  flow  coincide  with  the  flow  lines  of  incompres¬ 
sible  fluid. 


•or  the  airfoil  cascade  this,  in  particular,  means  that 

at  fixed  angle  i.  the  flow  direction  behind  the  cascade  should 

1 

In  other  words  ,  dependence 

X  X  r-  p 

3. 


1 , 


utnu  um  i.jniut?!'  pu  ,  . 

1  1  h  p 

>2'°}'  remains  the  same  as  with  a  flow  of  incompressible  flui 
around  this  cascade. 


Under  such  assumpt i on  the  effect  of  compress 5 bi 3 i ty  on  the 

value,  fur  example,  of  the  eircumferer.*  i  ai  r'?rce  is  connected 

only  with  a  o.-.aiigc-  in  the  axial  gas  velocl'y  component  behind  tlv. 

casco. iv,  Pepor.di n  -  on  the  nature  of  flow  through  tne  cascade, 

the  -axial  velocity  behind  it  either  increases  f convergent 

cascade)  or  decreases  (diffuser  cascade).  In  accordance  with 

thin,  ther-.  1  „•  also  a  rh  m  ge  In  r.hc-  flew  twist  value  behind  t be 

ease  ah.  and  ,  c  vn-v  ;  uent  :.j  ,  with  a  fixed  flow  tv/ let  value  ahead 

of  the  cascade  trier*  is  a  change  in  value  dv;  ,  which  is  or*:- 

u 


port  Iona  1  to 


:•  rv.it: 


At  subcritical  velocities  it  is  possible,  Just  as  in  the 
case  of  a  unitary  profile,  to  replace  the  gas  flow  around  the 
cascade  with  the  flow  of  incompressible  fluid  around  a  certain 
equivalent  cascade.  Two  methods  of  construction  of  an  equivalent 
cascade  are  possible  which  are  based  on  the  analysis  of  the 
equations  of  gas  dynamics.1  In  view  of  the  simplicity  of 
physical  substantiation  of  these  methods,  let  us  describe  them 
without  resorting  to  cne  analysis  of  the  equations.  Let  us  first 
consider  the  simplest  case  -  a  cascade  of  symmetrical  profiles 
with  zero  stagger  and  zero  angle  of  attack.  Treating  each  profile 
in  the  cascade  as  an  isolated  profile,  i.e.,  increasing  its 
transverse  dimensions  by  1//1  -  Mf  times  we  obtain  an  equivalent 
cascade  of  the  same  pitch  t,  but  composed  of  profiles  having  a 
larger  relative  thickness: 

* _ 

The  same  effect  can  be  obtained  by  proceeding  to  a  more  close¬ 
spaced  cascade  without  deforming  the  profiles,  for  which  it  is 
necessary  to  change  the  distance  between  the  profiles,  calculated 
in  the  direction  of  the  normal  to  the  incident  flow,  by  /I  - "M \  . 

In  the  cast  of  symmetrical  profiles  with  zero  stagger  and 
zero  angle  of  attack,  the  same  result  is  obtained  by  a  correspon¬ 
ding  change  in  the  cascade  pitch: 

<*  =  /  ^  1  M{. 


Both  Indicated  methods  for  constructing  an  equivalent  cascade 
are  entirely  “qual  in  this  case  when  the  profile  thickness  is 
small  in  comparison  with  the  cascade  pitch.  Let  us  note  that  the 


'Sedov  L.  I.,  Two-Dimensional  Problems  of  Hydrodynamics  and 
Aerodynamics.  Oostekhizdat ,  1950. 
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second  method  is  more  suitable  for  the  analysis  and  calculations, 
because  in  it  the  profile  itself  remains  unchanged.  Let  us  now 
consider  the  streamlining  of  the  cascade  with  asymmetric  profiles 
and  values  of  stagger  and  angle  of  attack  which  are  different 
from  zero,  however,  limiting  ourselves  to  the  case  of  thin 
profiles  and  small  angles  of  attack.  Let  us  introduce  a  new 
concept  *  aerodynamic  oaeoade  piteh  h  which  is  equal  to  the 
distance  between  two  straight  lines  drawn  through  the  correspon¬ 
ding  points  of  the  adjacent  profiles  parallel  to  the  geometric 

half-sum  (w  )  of  the  entrance  and  exit  velocities.  ApDlying  the 
in 

second  method  of  construction,  we  obtain  an  equivalent  cascade 
(Fig.  10.31)  consisting  of  the  same  profiles  but  with  a  smaller 
aerodynamic  pitch: 


here  value  H  is  most  simply  calculated  from  the  known  transfer 
formula 


MS.: 


FFT 


X* 


1  *+  r* 


where 


>m  ~  *  a‘f  ™  Vfh  sR  r*  • 


A  change  in  the  aerodynamic  pitch  leads  to  a  change  in  the 
geometric  parameters  of  the  cascade.  Designating  all  parameters 
which  pertain  to  the  equivalent  cascade  in  the  flow  of  incoriDr-ess- 
ible  fluid  by  dashed  lines,  we  find  the  following  from 
triangles  b^B^D  a:.d  8q!3^D  (Fig.  10.31) 

‘B  -  >r)  -  Jig  =  ^D.  IB  “  0,0  =  IU> ‘ 


from  v.'hich 
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and,  consequently 


iK  («'-  i*  (•-*,) 


(« (O'  -  *,)  *  lK  (0  -  *,) 


or 


Fir.  10.31-  The  original  airfoil  cascade  in  gas  and 
its  equivalent  cascade  in  an  incompressible  fluid. 

Here  6  is  the  angle  between  the  direction  of  velocity  w  and  the 
m  m 

front  of  the  cascade.  After  determining  from  the  last  expression 
setting  angle  of  the  equivalent  cascade,  we  find  its  pitch 
t'  from  the  follov.-ing  obvious  formula: 

AV,".(,fL 'A. 

iin  <•'  —  •ft* 

after  dividing  both  sides  of  this  expression  by  the  airfoil 
chord,  which  according  to  the  condition  of  construction 
is  unchanged,  we  obtain  the  denseness  of  the  equivalent 
cascade : 

%'=*i 
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Knowing  the  geometric  parameters  of  the  equivalent  cascade, 
we  determine  the  angle  of  attack  when  it  is  streamlined  by  an 
incompressible  fluid,  at  which  the  lift  coefficient  has  the 
same  value  as  in  the  original  cascade,  for  which  we  use  the 
relationship  given  above  for  the  isolated  profile: 


*p= 


Based  on  linear  dependence  between  the  angle  of  attack  and  the 
lift  coefficient,  it  is  possible,  just  as  in  tne  case  of  a 
unitary  profile,  instead  of  calculating  the  change  in  the  angle 
of  attack  when  c  =  const  to  determine  the  change  in  c  when 

y  y 

a  «  const . 


Let  us  now  examine  some  results  of  the  systematic  experimental 
studies  carried  out  by  A.  I.  Bunimovich  and  A.  A.  Svyatogorov1 
on  subsonic  cascades  over  a  wide  range  of  change  in  numbers 
and  the  angles  of  attack. 

With  an  Increase  in  number  the  losses  increase  and  the 
nonuniformity  of  flow  behind  the  cascade  Increases  accordingly. 
Therefore,  when  using  the  results  of  the  experimental  studies 
of  cascades  at  large  subsonic  speeds  one  should  consider  even 
to  a  greater  extent  than  with  low  speeds,  the  supplementary  rota¬ 
tion  of  flew  during  its  equalization,  which  leads  to  an  increase 
in  the  angle  of  lag  in  the  diffuser  cascade  when  Bz  <  v/2,  i.e., 
to  a  decrease  in  the  effective  angle  of  deflection  of  flow  by 
the  cascade. 


‘Bunimovich  and  Svyatogorov  A.  A.,  The  Aerodynar lc 
Characteristics  of  Two-Dimensional  Compressor  Cascades  at  High 
Subsonic  Speed.  In  Coll,  of  "Bladeu  Machines  and  Jet  Apparatuses, 
Iss  ,  2  "Mechanical  Engineering,"  1967. 
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Fig.  10.32.  Velocity  distribution  in  the 
vane  channels  of  the  cascade  with 


b/t  =  1.3,  *  *  62.6°  and  z  -  27.6°  with 
the  angle  of  attack  1  *  0  and  different 
numbers  of  the  incident  flow. 

In  the  general  case  this  supplementary  rotation  of  flow  can 
be  found  from  equation  (29),  using  the  measured  velocity  distri¬ 
bution  on  the  edge  of  the  cascade;  for  the  separation-free 
angles  of  attack  it  suffices  to  know  the  parameters  of  the 
boundary  layer  on  the  trailing  edges  of  profiles.1 

Figure  10.32  shows  the  results  of  measured  velocities  in 
the  cascade  vane  channel  with  a  sere  angle  of  attack.  These  dat 
are  presented  in  the  form  of  curves  of  constant.  K  numbers. 


‘Refer  to  references  on  pages  690  and  691. 
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When  «  0.412  the  flow  is  essentially  subsonic.  Maximum, 
value  M  *  0.55  occurs  in  a  small  zone  on  the  upper  profile 
surface  near  its  leading  edge.  With  an  increase  in  the  velocity 
up  to  B  0.6l4  the  flow  everywhere  still  remains  subsonic; 
maximum  Mach  number  in  the  zone  of  Increased  velocities  does 
not  exceed  0.9.  A  further  increase  in  the  velocity  (M^  »  0.787) 
leads  to  the  appearance  of  a  relatively  noticeable  area  of  suDer- 
sonic  speeds.  Thus,  for  the  examined  cascade  critical  number 
Ml  at  this  angle  of  attack  is  between  the  values  of  numbers 
Mi  =  0.614  and  M^  *  0.737.  It  is  interesting  to  note  that  in 
the  whole  speed  range  examined  the  location  of  the  lines  of 
constant  velocity  values  and,  in  particular,  the  location  of  the 
area  of  increased  M  numbers  changes  slightly  despite  the  appear¬ 
ance  of  supersonic  speeds  with  Mi  =  0.767. 

The  picture  changes  sharply  when  number  K,  of  the  incident 
flow  becomes  equal  to  0.82.  In  this  case  the  sonic  line  (!•'.  =  1.0) 
intersects  the  entire  vane  channel,  settling  in  the  inlet  section. 
This  means  that  the  choking  of  cascade  has  occurred  and  number 
Ml  *  0.82  is  the  maximum  Mach  numbei  of  this  cascade  at  the 
zero  angle  of  attack;  behind  line  M  =  1  the  flow  is  accelerated 
to  values  M  =  1.2-1.25,  then  decelerates  and,  before  it  leaves 
the  channel  becomes  subsonic.  As  a  result,  there  is  a  subsonic 
flow  with  essentially  uneven  distribution  cf  velocities  behind 
the  cascade,  which,  as  this  was  already  indicated  above,  leads 
to  an  Increase  in  the  angle  of  lag,  i.e,,  to  a  decrease  In  the 
effective  angle  cf  deflection  of  the  flow  by  the  cascade. 

With  the  chocKing  of  the  cascade  the  Mach  number  reaches  a 
maximum  va]ue  and  no  longer  determines  unambiguously  the  magnitude 
of  losses  -  the  cascade  characteristic  becomes  vertical 
(dc/dMi  -»  ®)  ;  also,  the  angle  of  deflection  of  the  flow  by  the 
cascade  is  decreased  (Fig.  10.33). 
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K  The  dependence  of 

loss  .actor  £  and  the  angle  of 
deflection  AB  of  the  flow  on 
number  at  different  ancles 

of  attack  for  a  diffuser  cascade 

Ce  «  15°,  Vt  «  1.3,  62.6°)  : 

1  -  i  *  -2.5°;  2  -  i  »  0°; 

3  -  i  ■  +2.5°;  H  -  i  •  +5°; 

5  -  i  =  fi0°. 


For  this  flow  the  pressure  ratio  behind  the  cascade  to  its 
value  ahead  of  it  p^/p^  becomes  the  determining  parameter. 


As  the  counterpressure  decreases  the  acceleration  of  super¬ 
sonic  flov;  increases  and,  consequently,  also  the  intensity  of 
its  deceleration,  as  a  result  of  which,  there  is  an  increase 
in  losses.  The  opposite  phenomenon  is  observed  with  increased 
counterpressure  . 


The  dependence  of  the  loss  factor  in  the  cascade  on  the 
angle  of  attack  at  different  Kj  numbers  3s  constructed  in 
Fig.  10.3^<  The  angle-of-attack  range  in  which  the  loss  factor 
changes  slightly  depends  on  the  M ^  number  and  decreases  with  an 
increase  in  the  latter.  With  large  numbers  the  curves  of 
the  loss  factor  dependence  on  the  angle  of  attack  are  characteris 
by  the  presence  of  a  clear  minimum  which  corresponds  to  the 
maximum  value  of  critical  number  As  shown  by  the  analysis 

of  the  experimental  data,  at  this  angle  of  attack  the  stream 
area  ahead  of  the  cascade,  necessary  for  one  vane  channel,  is 
equal  to  that  of  the  narrov;est  cross  section  of  the  vane 
char  nel . 


ffl 


Fig.  10. 34-  The  dependence  of 
loss  factor  £  on  the  angle  of 
attack  at  various  numbers 

for  a  diffueer  cascade  (e  »  27. 6°, 
b/t  ■  1.3;  ♦  ■  62.6°). 


We  examined  the  results  of  the  experimental  study  of  the 
diffuser  cascades  used  mainly  in  the  axial-flow  compressors. 


As  shown  by  the  experiments,  the  convergent  flow  pattern  in 
the  cascades  of  axial-flow  turbines  permits  one  with  a  proper 
selection  of  the  profile  and  cascade  parameters  to  insure  a 
continuous  flow  in  a  certain  angle-of-attack  range  and,  a a  a 
result,  to  obtain  a  smooth  acceleration  of  the  flow  up  to  the 
speed  of  sound  at  the  exit  from  the  cascade.’ 


§  10.  Streamlining  of  a  Supersonic 
Airfoil  Cascade  by  a  Gas  Flow 
with  Supersonic  Axial  Velocity 
Component 


During  a  supersonic  streamlining  of  cascades  composed  of 
ordinary  subsonic  profile  with  rounded  leading  edges,  a  curvi¬ 
linear  shock  wave  is  formed  ahead  of  every  profile  (Fig.  10.35) » 
behind  which  is  a  '/.one  of  subsonic  speeds.  However,  further,  the 
speed  again  Increases  so  that  supersonic  speeds  are  obtained 


’See  for  example,  Chapter  VI. I  In  the  preceding  publication 
of  this  book.  Gostekhteoretlzdat ,  K,  i953- 
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Fig.  10.35.  Diagram  of  a  super¬ 
sonic  flow  around  the  aliToil 
cascade  with  a  blunt  leading 
edge . 

almost  everywhere  on  the  profile  surface.  In  a  dense  cascade 
the  individual  shock  waves  formed  before  every  profile  can  merge 
Into  one  shock  wave  of  periodic  nature,  iihock  waves  lead  to  con¬ 
siderable  losses.  To  avoid  this,  the  cascades  for  superoonlc 
flows  are  composed  of  supersonic  profiles  with  a  sharp  leading 
edge  which  does  not  cause  a  curvilinear  wave  in  the  doalrr.od 
conditions  of  flow  (Fig.  19.36). 

In  analyzing  a  supersonlo  streamlining  of  cascades,  a  diotii.c- 
tlon  la  made  between  the  casts  when  the  axial  velocity  comparer.*, 
of  Incident  flow  w,„  lo  greater  and  Icus  than  t.he  speed  of  sound. 

When  w.  >  a.  the  characteristics  arc  directed  Inside  the 
1  a  1 

cascade,  i.e,,  there  is  no  Interference  between  the  cascade  ami 
Incident  flow  (FI?.  10. 30)  and,  therefore,  it  Is  sufficient  to 
examine  only  the  flow  in  the  vane  channels  arid  in  the  immediate 
vicinity  behind  the  cascade's  edge. 
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Fig.  10.36-  Plow  -"bout  a  profile 
cascade  with  acute  leading  edge 
with  supersonic  axial  velocity 
component . 

These  flows  are  defined  not  only  by  the  parameters  or  the 
incident  flow  -  by  the  number  and  by  angle  of  attack  1  as 
tnls  occurs,  for  example,  during  a  subsonic  streamlining  of  the 
case.'  eo,'  but  also  by  the  counterpressure,  i.e.,  by  pressure 
value  p£  In  a  cross  section  far  b eye no  the  cascade.  The  dimension¬ 
less  value-  of  pressure  ratio  c  ■  Pp/P^  ahead  of  and  behind  the 
cascade  has  a  certain  range  of  possible  values,  which  depends 
for  this  cascade,  on  the  parameters  of  the  flow  advtncing  onto 
it , 


Minimum  value  c  ,  is  determined  by  that  minimum  value  of 
min 

count erpresaure  Ppmln  a-  which  the  disturbances  begin  to  affect 
the  flow  In  th"  cutlet  section  of  the  cascade's  vane  channels 
If  this  value  ic  exceeded. 


'Excluding  their  choking  conditions. 
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Let  us  first  examine  the  streamlining  of  cascades  at  small 
angles  of  attack,  which  are  composed  of  slightly  bent  supersonic 
profiles.1  In  this  case,  as  this  has  already  been  indicated  in 
a  similar  statement  of  the  problem  in  $  ?,  the  disturbances 

Introduced  into  the  supersonic  flow  by  the  profile  are  weak,  and 
therefore  propagate  only  in  the  area  limited  by  the  character¬ 
istics  -  Kach  waves  from  sharp  leading  edge  (Fig.  10.20).  In 
accordance  with  this  the  interference  between  the  cascade  pro¬ 
files  will  be  determined  by  its  density.  When  the  cascade 
density  is  less  than  or  equal  to  critical  density 

v 

-Mil 

\t  ,hp  Slll(«  fO  * 

defined  from  the  condition  that  the  Mach  wave  leaving  the  leading 
edge  of  a  given  profile  passes  through  the  trailing  edge  of 
the  adjacent  profile  ("ig.  10.37a),  interference  between  profiles 
is  absent  -  they  are  streamlined  as  though  one.  In  this  case 
Interference  between  Mach  waves  from  every  profile  begins  only 
after  the  edge  of  the  cascade  (Fig.  10.37b).  As  a  result  of  this 
interference  the  velocity  field  after  the  cascade  up  to  infinity 
turns  out  to  be  periodic,  not  only  along  the  front  of  the 
cascade,  but  also  along  the  flow. 


’Keldysh  V.  V.  ,  Airfoil  Cascades  in  fuperscr.lc  Flow, 
the  Collection  of  Theoretical  Works  on  Aerodynamics. 
Oborongiz,  1957. 
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Fig.  10.3? 


Flow  about 


cascades  of  thin  weakly  bent 
profiles  with  snail  angles  of 
attack:  a)  in  determining 

critical  density;  b)  flow 

when  b/t  <  (b/t )  . 
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Fig.  IO.38.  Flow  about  cascades 
of  thin  weakly  bent  profiles 
at  small  angles  of  attack  with 
density  greater  than  critical: 
a)  sections  of  profile  in  cascade 
outside  zone  of  perturbation  of 
adjacent  profiles;  b)  reflection 
of  Mach  v;ave  within  profile 
cascade . 


Thus,  the  velocity  field  after  the  cascade  will  be  periodic 
in  two  ways. 


When  density  exceeds  critical  density,  only  the  sections 
of  the  profile  (Fig.  1C, 38a) 


c  r=--  /  s in  0  jctg  (*  —  0  +  ft£ 

</  —  /  Sin  0  (ct j;  C*  ; -  0  —  «-*i£  °l-, 


(88) 


adjacent  to  its  leading  edge  are  outside  the  zone  of  perturbation 
of  adjacent  profiles.  In  these  sections  the  pressure  will  be 
the  sar.e  as  on  an  isolated  profile,  and  therefore  can  be  found 
from  one  formulas  given  in  5  6.  Pressure  distribution  ir.  the 
remaining  part  cf  the  profile  will  depend  on  the  nature  of  the 
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consecutive  reflections  of  Mach  waves  un  the  surfaces  of  two 
adjacent  profiles  (Fig.  10.38b).  If  one  assumes  that  the 
reflection  of  Mach  waves  within  the  cascade  proceeds  not  from 
the  contour  of  the  profile,  but  from  its  chord,  then  the  number* 
of  reflections  will  be  a  certain  equal  to  integer  n,  related  to 
chord  length  and  the  quantities  c  and  d  by  the  conditlor. 

b  -  :  (C  l 

0  (89) 

or  in  dimensionless  form 

t  =  (i-  -*r  d )  n  I.  A, 

(90) 

If  A  -  0,  all  Mach  waves  incident,  on  a  profile  from  undisturbed 
flow  will  reflect  within  the  cascade  in  times  (Fig.  10.38b);  If 
0  £  A  1  c  +  d ,  the  number  of  reflections  of  the  different  Mach 
waves  within  the  cascade  will  change  from  2n  to  2(n  +  1).  The 
quantity  u  can  be  expressed  also  in  the  form  (Fig.  10.39) 


—  d  C  -J  •  8l/. 


Utilizing  relationships  for  linearized  flow  giver,  in  5  i  €  and  7, 
and  after  determining  with  the  aid  of  the  Mach  waves  pressure 
distribution  over  the  profile,  V.  V.  Keldysh  used  a  series  of 
simplifying  transformations  to  obtain  the  following  expression 
for  the  profile  lift  coefficient: 


__  u 

ty  ~\  MI  -T 


.V 


(91) 


where  the  coefficient  A,  depending  on  A,  has  the  following 
values : 


A  -C.il;  V  (  \  yn,!X 

*  —  •  \,iik 


I-  \ 


»» 


(92) 
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A  —  At  =  ld—\  J'urf-C-t'Xf 

\  y'udx  -  \  jfrtel 

(93) 

*“'v 

JU  *l*-l  ' 

»-•;  d  ^  C  -}-  <t,  .1  =a  1,  s 

>*  »*  " 
=  i  (c  -j-  d  —  A)  -f*  5  .!•«</. C  -f  t  y'udx  -]*  2j 

4  * **•  V 

(\y'ndX  -\r  \yn<lx\ 

(9*0 

U*  *»  ) 

i’he  integrals  $  and  S  are  taken  respectively  over  intervals  c 

and  d.  The  index  "i"  indicates  the  order  of  the  interval, 
assuming  that  the  profile  chord  is  broken  (beginning  from  the 
trailing  edge)  into  intervals  whose  lengths  are  in  turn  c  and  d, 
while  for  the  upper  contour  the  length  of  the  first  interval  is 
equal  to  d,  and  for  the  lower  c  (Fig.  10.39). 


Fig.  10.39.  Used  in  constructing  the 
reflections  of  Mach  waves. 

from  the  above  formulas  it  nay  be  concluded  that,  unlike  an 
Isolated  profile,  the  profile  lift  coefficient  in  the  cascade 
depends  on  its  form.  The  effect  of  the  cascade  weakens  in 
proportion  to  the  decrease  in  density,  i.e.,  in  proportion  to 
the  decrease  in  the  number  of  reflections. 

When  n  =  0,  according  to  (92)  we  have  A  =  i?,  and  therefore, 
the  expression  for  c  no  longer  depends  on  the  form  of  the 

O' 
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profile  and  completely  coincides  with  formula  (79)  >  obtained  ir, 

§  7  for  an  Isolated  profile.  This  agrees  also  with  the  fact  that 
when  n  *  0  profile  chord  b  d,  i.e.,  the  cascade  density  proves 
to  be  less  than  critical,  and  therefore  there  is  no  interaction 
of  profiles  in  the  cascade  -  they  are  streamlined  as  isolated 
(Fig.  10.37b). 

For  a  plate  y’  *  0  and  according  to  (92),  (93)  and  (9*0  for 
cascades  of  plates 

At=*St.  At  =  Jt,  =  |  d  —  d)/.  (95) 


Thus,  at  a  given  number  and  angle  of  attack  1  the  interference 
of  plates  in  the  cascade  always  leads  to  a  decrease  In  the  lift 
coefficient  in  comparison  with  its  value  for  an  isolated  plate 
(79).  A  similar  conclusion  can  be  made  also  for  the  drug 
coefficient,  since  for  a  plate  (see  page  677) 


The  power  effect  of  the  profile  cascade  on  the  flow  is 
determined  by  the  size  of  the  product  c  b/t.  For  a  cascade  of 
plates  in  accordance  with  (95)  we  have 


wltn  efb,'i  —  y  /, 

with  etb,'t 

wltn  |-«/  Cjb't --»(<  L d  —  A)  — . 


(96: 


Here,  unlike  the  usual  dense  r ubsonlc  cascades, 
of  the  product  c^b/t  already  remains  constant,  and  is 
a  periodic  function  of  density  with  period  T  *  c  +  d. 
case  in  accordance  with  i’08)  the  maximum  value  of  the 

*  ‘  ^  Oum  —  — (l  M|  — ■  I  5.n  D  —  C  0). 

}  MJ  —  I 


c  b/t  composes 

y 


the  value 
strictly 
In  this 
product 


) 
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Similar  values  for  cascades  composed  of  rhombs  and  isosceles 
triangles  are  respectively  equal  to 


,  »< 


( |''Wf —I'jin  E>  —  cos  5), 

1 1/jA-si1.  it  Mf  —  i  »In t  —  cojb). 

|  M|  —  1 


In  these  formulas  the  quantity  c,  as  before,  is  the  relative 
thickness  of  the  profile.  According  to  (96)  the  minimum  value 
of  c  b/t  for  a  cascade  of  plates  is  zero  when  A  ■  0,  i.e.,  when 
b  -  n(c  +  d).  In  this  case  (see  Fig.  10.39)  as  a  result  of  the 
mutual  Interference  of  plates  there  is  no  overall  power  effect 
of  flow  on  the  cascade. 


Let  us  recall  that  all  the  above  conclusions  are  obtained 
by  means  of  linearization  of  the  equations  of  flow,  and  therefore 
are  valid  only  with  slight  disturbances. 

The  application  of  a  known  graphoanalytical  method1  mares 
it  possible  to  forego  the  aforementioned  assumptions  of  smallnesB 
of  the  perturbations,  and  to  solve  the  problem  of  flow  about 
an  arbitrary  cascade  of  supersonic  profiles  (with  >  ])  for 

any  angles  by  means  of  consecutive  construction  of  flow  in  vane 
channels  and  in  the  space  after  the  edge  of  the  cascade.  In  this 
case  the  flow  in  vane  channels  and,  consequently,  also  the 
profile  pressure  distribution  are  determined  not  only  by  the 
parameters  of  the  incident  flow,  but  also  by  the  assigned  level 
of  counter  pressure.  Thus,  for  this  cascade  we  can  obtain  the 
dependence  of  resultant  on  P2/Pi  at  different  fixed  values  of 
and  angle  of  attack  1.  However,  such  a  method  is  generally 
very  bulky,  and  impedes  obtaining  general  conclusions. 


'Kochln  N.  Ye.,  Klbel’  I.  A.  and  Rose  N.  V. ,  Theoretical 
Hydromechanics,  Pt .  II.  OQIZ,  M.  ,  19^. 
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Let  us  show  possible  systems  of  flow  about  cascades  in  the 
-presence  of  strong  perturbations  in  the  example  of  cascades 
composed  of  the  simplest  supersonic  profiles  -  flat  plates.  Let 
us  pause  first  at  flow  about  such  a  cascade  at  zero  angle  o^ 
attack. 


If  the  axial  component  of  the  velocity  of  flow  incident  on 
a  cascade  of  plates  at  zero  angle  of  attack  is  more  than  or 
equal  to  the  speed  of  sound,  then  with  a  decrease  in  the  pressure 
after  the  cascade,  in  comparison  with  its  value  before  it, 
there  is  no  power  effect  of  flow *bn  the  plate.  This  is  connected 
with  the  fact  that  when  M,  *  M.  sin  >  1.0,  the  characteristic 
at  the  exit  either  coincides  with  the  front  (when  =  1.0)  or 
gees  beyond  the  limits  of  the  cascade  (when  K,  >  1.0),  and 
therefore  any  decrease  in  pressure  p-.  in  comparison  with  p.,  has 

r.  j 

no  effect  on  pressure  distribution  over  the  plate. 


With  a  pressure  increase  after  the  cascade  to  a  certain 
value  of  p2min,  the  power  effect  is  also  absent.  The  corresponding 
values  of  p,  ,  and  e  ,  are  determined  from  the  condition  of 
formation  of  an  oblique  shock  wave  on  the  edge  of  the  cascade 
(Fig.  10.40a).  In  this  case  the  angle  cf  lag  is  positive  and 
equal  to  the  angle  of  rotation  of  flow  in  the  oblique  shock. 

With  a  further  increase  in  the  pressure,  i.e.,  p2  >  P^^.m 

or  e  >  e  ,  ,  the  front  of  the  oblique  shock  passes  above  the 

min 

front  of  the  cascade,  and  this  leads  to  redistribution  of 
pressure  in  section  OB  of  the  lower  surface,  which  adjoins  the 
trailing  edge  of  the  plate  (Fig.  l-.^Oo).  Consequently,  in  this 
case  there  is  a  power  effect  of  flow  on  the  plate.  The  resultant 
of  pressure  forces  is  directed  toward  the  positive  direction  of 
the  n-axis.  In  proportion  to  the  throttling,  i.e.,  in  proportion 
to  the  Increase  in  pressure  p2>  point  C  moves  upstream  and  the 
power  effect  increases;  angle  of  lag  f  and  angle  of  rotation  cf 


flow  in  the  oblique  shock  decrease  and  the  oblique  shock  becomes 
close  to  a  forward  shock. 


% 


Fig.  10. 40.  Flow  around  cascade  of 
plates  by  a  flow  with  supersonic  axial 
velocity  component  at  zero  angle  of 
attack  and  different  values  of  pressure 
Pj  after  the  cascade:  a)  at  pressure 

P2  equal  to  pressure  after  oblique 

shock;  b)  at  large  pressure;  c)  at 
maximum  pressure  p.,  equal  to  pressure 

after  normal  shock. 


721 


At  a  certain  va 
shack,  and  directly 
■flow5  (Fit-.  10.40c), 
angle-  of  lag;;  a  furt 
comparison  with  the 
the  flov;  oecomes  urns 
makes  the  given  flov, 
Thus,  t  h  c  va  1  u c*  o >. 
maximally  possible  , 
of  a  cascade  with  fh 


lue  r>,  =  n the  shock  becomes  a  forward 
*  2  '  c'?nax 

after  the  cascade  there  is  a  uniform  subsonic 
directed  over  the  plate,  i  . e . ,  with  zero 
her  increase  ir.  the  counterpressure  (in 
normal  shuck;  turn  a  out.  to  be  impossible,  i.e., 
table  and  tire  normal  shock,  moving  upstream, 

,■  impossible  at  infinity  before  the  cascade. 

which  err responds  to  a  normal  shock  is 
eorresponuir-g  •  _>  a  system  of  mat: ir.;um  throttling 
e  preas signed  M,  number . 


At  positive  angles  of  attack  at  trie  upper  surface  near  the 
leading  point  of  profile  A  appears  a  f  rtndt  l-vieyer  flow,  in  which 
part  of  the  flow  which  encounters  this  vane  channel  is  turned 
through  an  angle  equal  to  the  angle  of  attack  i.  (Fig.  iG.*Ua). 

The  direction  of  the  me.  nin-;  part  o,  t  ho  flew  changes  through 
the  same  angle  in  the  oblique  shock,  going  from  the  leading  edge 
in  the  lower  surface  of  the  blade. 


The  corresponding  picture  is  observed  with  negative  angles 
of  attack  (Fig.  10.i;lb).  In  both  cases  the  flow  above  broken 
line  A'CA",  composed  of  a  section  of  the  front  of  the  oblique 
shock  and  a  section  of  the  characteristic  of  incident  flow, 
remains  undisturbed  and  uniform.  This  position  is  not  retained, 
however,  at  all  angles  of  attack. 

If  the  positive  angle  of  attack  becomes  sc  large  that  it 
exceeds  the  maximum  angle*  of  flov.  rotation  Ir.  the  oblique  shock 
wave  for  a  river.  !••.  ,  then  before  the  cascade  appears  a  curvilinear 

C*  K  n  b  .*«-  ■  *  ' 

Z  n  oC/.  *  •  ux  >  XJ  . 


lFc member  that  this  examination  is  being;  ear¬ 
th?  simplifying  assumption  of  no  viscosity  forces 
flow  as  a  result  of  interaction  between  shock  and 
layer  of  the  vane  channel  (with  suf ri-'Iem  pressu 
in  shock)  separation  develops  and  flow  after  the 


ried  cut  with 
.  In  real 
wall  boundary 
re  i ncrease 
cascade  becomes 


nonuniform. 
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Fig.  10.41.  Flow  around  a  cascade 
of  plates  by  a  flow  with  supersonic 
axial  velocity  component  at  different 
angles  of  attack:  a)  positive  angles 
of  attack;  b)  negative  angles  of 
attack;  c)  negative  angles  of  attack; 
front  of  oblique  shock  coincides  with 
the  front  of  a  cascade. 


With  an  increase  in  negative  angle  of  attack  characteristics 
A"C'  recede  from  the  front  of  the  cascade,  the  plane  of  the 

t 

oblique  shock  approaches  it,  and  at  a  certain  angle  of  attack 


the  front  cf  the  oblique  shock  coincides  with  the  front  of  the 
cascade  (Fig.  lO.iilc).  In  this  case  at  the  entry  to  vane  char.n 
flow  is  steady.  The  absolute  value  of  angle  of  attack  |i  j  at 
which  for  the  assigned  values  of  and  set  cascade  angle  $ 
an  oblique  shock  develops,  which  coincides  with  the  front  o*' 
the  cascade,  is  determined  from  the  following  obvious  relation¬ 
ship: 

7- •/«:=•■ 

Fere  t  is  the  angle  between  the  plane  of  the  oblique  shock  and 
t:,e  d.  ruction  of  flow  onto  a  plane  wedge  with  vertex  angle 

**  K  ‘ 


It  is  known  that  when  =  const,  the  dependence  v(y'-  is 
ambiguous;  however,  only  the  first  value  is  usually  real! red 
which  corresponds  to  a  smaller  increase  in  the  static  press  < re¬ 
in  the  shook.  In  this  case  in  almost  all  the  range  of  possible 
values,  the  velocity  after  the  shock  turns  out  to  be  super coni 0 
(Fig.  10.  <i 2 ) .  Only  in  the  area  of  large  angles  of  setting  is 
velocity  after  an  oblique  shock  subsonic.  This  is  a r;  example 
of  real'  ;ion  of  the  second  branch  of  the  v(y)  dependence , 
which  corresponds  to  a  larger  increase  in  the  static  pressure. 
It  is  interesting  to  not  ••  ;'hat  when  M  >_  ?  in  the  small  art  a  of 
the  angles  of  setting  cia.  .  to  !  1  |  ,  ,  and  with  given  arid  $ 
tn-.-re  are  two  values  of  the  angle  of  attack  and  pressure  drop 


at  which  the  plane  of  the  oblique  shock  coincides  v.itn  tlv 


is  cade . 


Che  above  cases  of  flow  about  a  cascade  0 


str,  angirs  of  attack  occur  at  minimum  c our, terpres sure  . 
within  the  van?  channels  and  in  the  space  after  the  car, 
i  ~  s ..  r;  e  r  s  on  i  c  . 
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Pig-  10.  ^2.  Flow  parameters  before  and  after 
cascade  of  flat  plates  as  a  function  of  the 
angle  of  setting  when  an  oblique  shock  arises 
along  the  front  of  the  cascade. 


With  a  pressure  Increase  after  the  cascade  the  calculated 
flow  picture  in  the  exit  part  of  the  vane  channel  begins  to  bo 
destroyed  -  an  area  of  subsonic  flews  appears,  and  pressure 
distribution  over  the  surface  of  the  plate  changes,  which  changes 
the  value  of  the  resultant  force  on  the  plate.  With  an  Increase 
in  throttling,  the  area  of  subsonic  f lows  increases,  moving 
upstream.  At  a  certain  value  of  p-,  disturbances  begin  to  go 
bc-yond  the  front  of  the  cascade.  With  a  further  pressure  Increase 
although  there  Is  subsequent  rearrangement  of  the  flow  directly 
before  the  cascade,  the  flow  at  lnl'inl  y  before  it  still  remains 


undisturbed.  Finally,  at  certain  pressure  disturbances  begin 
to  propagate  throughout  the  entire  flow  area.  This  is  the 
maximum  pressure  at  which  the  assigned  supersonic  flow  at  Infinity 
before  the  cascade  la  still  possible. 

let  us  now  move  on  directly  to  determining  the  power  effect 
of  supersonic  flow  on  u  cascade. 

If  we  are  limited  only  to  searching,  for  the  magnitude  of 
the  resultant,  then  such  a  problem  for  cascades  of  plates  when 
^  1  has  a  simple  solution  In  any  parameters  of  incident  fio'.v 
&r.  1  assigned  counterpreasure .  To  solve  this  problem  it  is 
sufficient  to  determine1  the  parameters  of  ateady  flow  far  ooyuni 
the*  cascade  in  tormo  of  known  values  of  K,  ,  i  and  t  ■  p^/p, . 

Jn  tills  case  it  is  assumed  that  the  viscosity  effect,  curing 
flow  about  the  cascad**  proper  is  negligibly  small,  ano  accordingly 
friction  on  the  plates  can  be  taken  as  zero.  Tho  viscosity 
effect  begins  to  be  pronounced  only  after  the  cascade,  where 
turbulent  mixing  makes  the  flow  completely  balanced.  The 
balancing  of  the  flow  leads  to  added  losses  (lr.  comparison  wl*l. 
the  losses  appearing  during  flow  about  cascade  by  an  invincld  flow 
of  «as);  howover,  it  does  not  affect  the  flow  about  the  cascade 
Itself  and,  consequently  also  the  power  effect  of  the  flow.  The 
presence  of  added  losses  affects  only  the  value  of  the  static 
pressure  of  the  balanced  flow  p.,  In  the  cross  soctlon  far  beyond 
the  cascade.  The  vulue  of  the  resultant  force  applied  tc  the 
profile  in  this  case  will  not  charge. 


'fee  reference  on  page  7  i1' . 
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The  zero  friction  on  plate  Is  identical  to  zero  tangential 
component  of  the  resultant  force 

R ,  ■-=  R„  *ln  #  —  R,  co*  t>  =  0, 


which,  taking  into  account  expressions  (42)  and  (43)  can  be 
written  in  the  form 


» 

t 


t. 


2  ^  cos  I  —  coi —  0" 

m  f  tin  <I  —  Q  *l<i  ♦  1 

M  yOo  j^J 


o. 


(97) 


This  expression  is  a  supplementary  equation,  which  makes 
It  possible  as  will  be  shown  later,  to  close  the  system  of 
equations  for  a  cascade  of  plates,  to  determine  the  parameters 
of  the  balanced  flow  far  beyond  it  and,  in  the  last  analysis, 
to  find  the  value  of  the  resultant  force  on  the  profile. 


Using  the  gas-dynan.ic  functions  (see  Chapter  V),  v:e  have 

«  *=.€l  a. PJ-  CU  =.  0 
Pi  PuPii  Pi 


The  continuity  condition  (44)  gives 


«t>.) 


sin  p, 


(93) 


or 


,  y  (>,)  sin  (»  — I) 

»ln  (t>  —  S)  — - ; - • 


(9°) 


After  substituting  in  (93)  the  expression.--  for  y  ( > 2 ) ,  we 

will  obtain 


j-q;  j  Kd  + yi  »'«  &  —  7‘)  —  d  =  0, 


(109; 


tiwutfrl 


1 

i 


rf—  y  (>  |)  sin  (>  — 0 

/fc-H'.rr 
IT)  * 


(10] 


In  accordance  with  this  the  condition  of  zero  tangential 


-■r.ent  is  v/ritten  as  follows: 


sin  t  m 


)•>  .  ,  Sill  V  m  i  *  m 

j  COS  4  =  ).,  COS  /  —  A— — « - r  -  rj-7  1*  —  1 1 

‘  1  2  sin  (8  —  0y  (*i) 


f  10? 


X,  cos  3  =  e,  ( 1 0  ? 

v/r.er-j  the  e  designates  the  right  side  of  expression  (102),  whi 
can  ce  determined  by  assigned  quantities  >,  i,  s  and  $  . 

Eliiriinatinn  X.  from  (102)  and  (103),  we  obtain  a  quadrat! 
equation  relative  to  the  tangent  of  the  angle  of  lag  - 

tg*  3 —  2btg&-}-c  —  0.  (10b 


Here 

ft  -f-  I  CCA*  .  ,  ft  +  1  sin  8  *fl  I 

2\k  -  0  tU  •  C~ '  '•  A- I  d  U«  * 


In  the  case  of  zero  angle  of  attack 


u _ i+  I  /*  +  l\»-l  »  ('1!  » _ 

*— IV  2  /  I',y(M  —  /«(« •-r0 


,„.I  ,  j  ly  (Ml* _ ■ 

_,clgi>  ft—  I  |2>  or  <>■()•- -m  (I  —  l>J  * 


If,  f  urthern:ore ,  we  assume  =  1,  then 


i 

I 


i  w 

i 

» 

I 


v-ttrzTzrt' 

c==1  -ri^rr  -  r^T  <i  +  *  — TjT’ 

and  equation  (104)  matches  the  equation  obtained  previously 
by  G.  Yu.  Stepanov. 

This,  the  dependence  of  the  power  effect  of  a  flow  with  super¬ 
sonic  axial  velocity  component  on  the  pressure  drop  can  be 
determined,  if  for  each  series  of  arbitrarily  assigned  values  of 
e  we  use  (104)  and  (100)  to  find  the  appropriate  values  of  the 
angle  of  lag  6  and  the  velocity  coefficient  of  the  flow  far 
beyond  the  cascade.  Since  the  resultant  of  forces  on  the  plate  is 
directed  along  the  normal  to  it 

R  =  R*=z7^i<  (105) 


i 


and,  according  to  (42),  the  coefficient  of  the  resultant  force 
is  written  thu3  : 


*  „  __  Ml  &in  (»  —  /) 

T  — 


£cos(&  —  /)  — 


(106) 


The  problem  of  determining  the  range  of  the  possible  values 
of  pressure  drop  at  which  the  flow  in  question  can  be  realized 
is  very  important.  The  minimum  value  of  e  is  determined  from  the 
condition  that  the  axial  flow  velocity  after  the  cascade  reaches 
the  speed  of  sound,  i.e.,  M2a  »  1.  With  a  further  decrease  cf  e 
flow  is  impossible,  since  it  requires  the  formation  of  expansion 
shocks.1  In  accordance  with  this  c  .  is  characterized  by 

mi  f  j 

minimum  value  of  losses  (i.e.,  do/dt  =  0). 


case 


One  feature  is  the  case  cf  zero  angle  of  attack.  In  this 

the  value  e  .  is  determined  from  the  condition  that  the 
min 


'Stepanov  G.  Yu.,  The  Hydrodynamics  of  Turbornachi  nes . 
Flzmatgiz,  1962. 


counterpressure  reaches  a  level  at  which  in  a  section  of  r.he 
cascade  an  oblique  shock  develops,  directed  alone  the  front 
or  the  cascade. 

The  greatest  difficulties  appear  during  the  determining  of 
maximally  possible  counterpressure.  As  has  already  been  Indicated, 
in  she  case  of  zero  angle  of  attack  the  maximum  value  of  e 
corresponds  to  such  pressure  after  the  cascade  at  which  a  nornal 
shock  appears  in  its  vane  channels.  In  this  case  the  losses 
become  greatest,  which  means  that  in  this  limit  case  do/de  =  0. 

A  further  pressure  increase  is  impossible:  the  shock  moves 
upstream  and  disrupts  flow  at  infinity. 

The  value  £max  in  the  general  case  of  flow  is  determined  by 
analogy  with  zero  angle  of  attack  from  the  condition  of  minimum 
value  of  the  coefficient  o(da/de  *  0).  As  calculations  show, 
such  limit  conditions  of  counterpressure  when  1  ^  C  correspond 
to  zero  angle  of  lag  and  to  the  presence  of  a  normal  shock  in 
the  exit  section  of  the  cascade  vane  channel. 

Thus,  the  range  of  possible  values  of  e  for  this  cascade 
cf  plates  at  fixed  values  of  and  angle  of  attack  1,  can  be 
defined  as  the  interval  between  the  two  extrema  of  the  o(e) 
dependence . 

As  an  example  Fig.  10.^3  gives  the  dependence  of  the 
coefficients  cf  the  resultant  force  and  flow  parameters  after  a 
cascade  of  plates  on  e  with  supersonic  streamlining  under  positive 
angle  of  attack.  Here  the  limit  values  cf  the  resultant  were 
determined  at  the  points  of  the  extreme  value  of  the  total 
pressure  loss.  Minimum  losses  correspond  to  axial  velocity 
after  cascade  being  equal  to  the  speed  of  sound,  and  the  maximum 
losses  correspond  to  the  presence  of  a  normal  shock  within 
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the  vane  channel. 


cascade  of  plates  as  a  function  of 
c  -  P2/P1  when  $  m  4 5 0 ,  1=9°  and 
M1  *  2.0. 

All  the  above  cases  of  a  flow  around  a  cascade  of  plates 
with  supersonic  axial  velocity  component  are  possible  only 
beginning  with  a  specific  critical  density.  For  example,  flow 
at  zero  angle  of  attack  with  a  normal  shock  (Fig.  10. 40c)  is 
possible  cnly  when  b/t  >_  cos  $  .  In  this  case  the  critical 
density  does  not  depend  on  and  is  numerically  equal  to  cos  1 


At  positive  angle  of  attack  the  critical  density,  as  has 
already  been  Indicated  above,  is  determined  by  the  intersection 
of  the  Mach  wave  from  the  leading  edge  with  the  adjacent  profile 
(Fig.  10.37a).  Analogously,  at  negative  angles  of  attack  the 
critical  density  is  determined  by  trie  point  of  intersection  with, 
the  adjacent  profile  front  of  an  oblique  shock. 


When  density  is  less  than  critical  (widely-spaced  cascade), 
the  interference  of  the  flow  between  profiles  disappears,  and 
they  are  streamlined  as  a  unit.  In  accordance  with  this  the 
coefficient  of  the  resultant  force  on  a  plate  in  widely-spaced 
caseaae  with  angles  of  attack  i  <_  15°  according  to  (79)  and 
(3C)  is  determined  by  the  expression 


’—v  VWr 


Interference  between  the  Mach  waves  and  shock  waves  appears  in 
this  case  only  after  the  cascade  (Fig.  1 0 . h U ) ,  The  velocity 
coefficient  X 2  and  the  angle  of  lag  5  can  be  found  from  the 
Joint  solution  of  equations  (97)  and  (106).  The  total  pressure 
after  the  cascade  will  be  determined  from  the  equation  of  continu¬ 
ity,  and  the  static  pressure  will  be  determined  from  the 
Bernoulli  equation.1 

§  11.  Flow  Around  a  Cascade  of 
Supersonic  Prol'iles  by  an  Inviscld 
Flow  of  Gas  with  Subsonic  Axial 
Velocity  Component 

Let  us  first  deal  with  a  supersonic  flow  about  cascades  with 
subsonic  axial  velocity  component.  If  at  fixed  we  decrease 
the  axial  component,  of  the  approach  stream  velocity,  the 


'in  certain  cases  it  can  seem  that 
This  means  that  such  conditions  of  flow 
of  subcrltical  density  are  unrealizable 
total  balancing  of  the  flow  after  them. 


no  solution  exists, 
about  cascades  of  plates 
under  the  condition  of 
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Kig.  10. The  case  of  super¬ 
sonic  flow  about  a  cascade  of 
plates  (M1  ■  2.6;  1  ■  10°),  when 

interference  between  the  waves 
from  each  profile  begins  after 
the  cascade  edge.  The  dotted 
lines  are  the  Mach  waves  and 
the  solid  lines  are  shocks. 

characteristic  direction  will  approach  the  direction  of  the 
front  of  the  cascade  and  when  *  1  both  directions  will 
coincide.  When  w1&  <  ,  the  characteristics  are  directed  above 

the  front  of  the  cascade,  and  in  this  case,  Just  as  during 
subsonic  flow  around  a  cascade,  there  is  interference  between 
the  Incoming  supersonic  flow  and  the  cascade.  The  disturbances 
from  the  leading  edges  of  plates  and  the  disturbances  created 
after  cascade  propagate  upstream.  Pressure  after  the  cascade 
no  longer  can  be  an  assigned  parameter:  it  unambiguously 
depends  on  the  number  M1  and  the  incidence  of  the  flow  incoming 
to  the  cascade.  Thus,  in  spite  of  the  supersonic  speed  at  infinity 
such  flow  about  a  cascade  in  a  sense  is  analogously  subsonic. 

An  exception  is  the  case  cf  flow  about  the  cascades  of 
plates  at  zero  angle  of  attack,  in  which  the  flow  direction 
coincides  with  the  direction  of  the  plates.  In  this  case  distur¬ 
bances  before  a  cascade  of  infinitely  thin  plates  are  absent, 
and  in  the  intake  part  of  the  vane  channels  is  a  uniform  supersonic 
flow; which  prevents  (independently  of  the  amount  of  axial  velocity) 
the  spread  of  disturbances  after  a  cascade  to  the  flow  region 
before  it . 

Mote  that  the  examined  property  of  flow  about  cascades  of 
thin  plates  at  zero  angle  of  attack  extends  also  to  the  case  of 
cascades  of  infinitely  thin  bent  profiles  composed  of  a  recti¬ 
linear  section  of  sufficient  length  l  and  coupled  small 


arc 


(Fig.  10.15).  The  minimum  length  of  rectilinear  section  is  defer- 
rr.ined  'ey  the  requirement  that  the  Mach  wave  which  propagates  from 
the  coupling  point  does  not  go  beyond  the  front  of  the  cascade. 
With  nonobservance  of  this  condition  the  weak  disturbances 
caused  by  flow  around  the  coupled  arc  will  disturb  the  uniformity 
of  the  flow  before  the  cascade. 


Fig.  10. ^5.  In  determining  minimum  length 
of  a  rectilinear  section  of  an  infinitely  thin 
cascade  profile  in  which  there  are  no  dis¬ 
turbances  before  it  (i  =  0). 

In  further  examination  we  are  restricted  only  to  a  cascade 
of  plates.1  In  accordance  with  what  has  been  said  above,  the 
flow  about  such  a  cascade  at  zero  angle  of  attack  becomes 
ambiguous,  and  is  also  determined  by  (besides  the  number  of  the 

incident  flow)  the  quantity  e  *  p2/p1,  i.e.,  by  the  pressure 
ratio  at  infinity  before  the  cascade  and  after  it  .  Tr.  the  case 
of  equal  pressures  ( e  »  1.0)  the  flow  passes  through  a  cascade 
of  plates  undisturbed,  and  the  power  effect  on  the  cascade 
naturally  Is  absent. 

When  the  axial  component  of  the  approach  stream  velocity  is 
less  than  the  speed  of  sound  (Mla  <  1),  any  breakdown  o f  the 
condition  e  =  1  leads  to  a  power  effect  of  flow  on  the  cascade 


!See  Glnsburg  S.  I.,  Total  Power  Effect  of  a  Flow  of  Gas  on 
a  Cascade  of  Plates.  In  Coll.  "Strength  and  Dynamics  of 
Aircraft  Engines,"  Mo.  3,  "Mechanical  Engineering,"  M,  1956. 
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of  plates.  If  e  <  1,  i.e.,  if  pressure  after  the  cascade  is 
less  than  before  it,  then  at  the  exit  from  the  vane  channel 
flow  is  formed  with  expansion  near  the  trailing  edge  B  of  the 
plate  (Fig.  10.46),  i.e.,  flow  accelerates  with  simultaneous 
rotation  toward  greater  angles.  As  a  result,  the  angle  of  lag 
of  flow  far  beyond  the  cascade  becomes  negative. 


Fig.  10.46.  Flow  about  a  cascade  of  plates 
by  supersonic  flow  with  subsonic  axial  com¬ 
ponent  velocity  component  at  zero  angle  of 
attack  and  p2  <  P-j.- 

In  the  entire  area  of  flow  above  the  characteristic  3'C' 
inclined  toward  the  plate  at  an  angle  *  arc  sin  1/M^  the 
flow  remains  undisturbed.  This  means  that  over  the  entire 
upper  surface  of  the  plate  and  ever  part  of  its  lower  surface 
A"C,  the  pressure  is  the  same  as  in  incident  flow  p^.  A  change 
in  pressure  distribution  will  he  observed  only  in  the  section 
of  plate  C'B",  where  there  is  reflection  of  characteristics. 

On  this  section  rarefaction  dominates  and  therefore  the 
resultant  is  always  directed  opposite  to  the  positive  direction 
of  axis  n.  The  value  of  the  resultant  depends  on  ,  the  length 
of  section  C'B"  and  the  degree  of  rarefaction  e.  It  io  obvious 
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that  with  fixed  values  of  the  first  two  quantities  the  resultant 
Increases  with  a  decrease  of  e.  At  a  certain  value  of  e  the 
axial  velocity  far  beyond  the  cascade  reaches  the  speed  of  sound, 
and  characteristic  becomes  parallel  to  the  front  of  the  cascade. 
In  this  case  the  disturbances  at  infinity  after  the  cascade 
do  not  spread  upstr  am.  With  an  increase  of  pressure  after  the 
cascade  ( e  >  1)  in  the  outlet  part  of  the  vane  channel  a  system 
of  shocks  is  formed,  which  leads  to  a  pressure  increase  on  the 
lower  surface  and  the  development  of  a  force  which  acts  in  the 
positive  direction  of  the  n-axis.  With  an  increase  of  p£  this 
force  increases,  and  the  angle  of  lag  decreases.  At  a  certain 
value  of  *  D.  and  respectively  r.  *  e  in  the  vane  cnannel 
a  normal  shock  is  formed,  and  at  the  exit  from  the  cascade  a 
subsonic  flow  with  zero  angle  of  lag  is  established  (Fig.  10.  AO). 


As  an  example  Fig.  10.  A?  gives  the  dependence  of  cnb/t  or. 
c  with  different  Mach  numbers  of  the  supersonic  flow  on  a  cascade 
of  plates  ($  -  30°)  at  zero  angle  of  attack.  ; 


Fig.  10.  A?.  Dependence 
coefficient  or  resultant 
for  a  cascade  of  plates 


e  =  P2/Pi  ( *  *  30° ,  i  = 


of  the 
force 


on 
0)  . 


At  K,  <  20  the  quantity  M,  <  1  and  respectively  the  power 
1  ^ 

effect  of  the  flow  exists  both  with  an  increase  ar.d  a  decrease 
after  the  cascade.  When  *  2.0,  the  axial  components  of  the 
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approach  stream  velocity  becomes  equal  to  the  speed  of  sound,  ■ 
and  in  accordance  with  this  the  power  effect  of  the  flow  when 
>  2.0  appears  only  with  a  pressure  increase  after  the  cascade. 
The  limit  values  of  the  resultant  force  with  this  number 
were  determined  respectively  either  fron  the  condition  of  forma¬ 
tion  of  a  normal  shock,  or  from  the  condition  of  axial  velocity 
after  the  cascade  being  equal  to  the  speed  of  sound. 

/it  positive  angles  of  attack  before  a  cascade,  as  Indicated 
by  0.  I.  Taganov  and  experimentally  confirmed  by  L.  A.  Suslennikov 
(see  I  14),  a  system  of  disconnected  shock  waves  is  formed 
(Fig.  10.46).  Near  the  leading  edge  of  every  plate  appears 
Frandti-  Meyer  flow,  in  which  the  flew  is  accelerated  from  the 
speed  of  sound  to  a  certain  supersonic  speed  which  exceeds  the 
velocity  at  infinity  before  the  cascade.  Rarefaction  waves  from 
the  leading  edge  are  incident  on  adjacent  shock  waves,  and 
weaken  them;  however,  near  a  plate  shock  waves  retain  considerable 
intensity . 


Fig.  10.48.  Diagram  of  flow  around  a  dense  cascade 
of  flat  plates  by  a  supersonic  flow  with  subsonic  a 
axial  velocity  component  (i  <  0). 
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From  tables  for  Prandtl-Meyer  flow  it  is  possible  to  find 
t hr  necessary  value  of  the  angle  of  rotation  of  the  flew  to 
accelerate  It  from  !'  =  1.0  to  the  value  of  M  at  infinity  before 
the  cascade.  This  angle  determines  the  direction  of  flow  at 
sor.'.c  speed  around  the  leading  edges  of  the  plates.  The  maximum, 
steed  to  which  flow  is  accelerated  is  determined  in  this  case 
by  the  angle  of  its  rotation  with  assigned  direction  at  infinity 
before  the  direction  of  the  plates.  This  angle  is  equal  to  the 
tir.r Is  cf  attack. 


Thus,  supersonic  flow  before  hitting  the  vane  channel 
passes  through  an  infinite  system  of  shock  waves  •with  gradual] y 
increasing  Intensity;  in  the  area  between  adjacent  shock  waves 
the  flew  accelerates  to  ever  higher  speeds  (with  approach  to 
the  front  of  the  cascade).  Before  the  section  of  shock  wave  at 
the-  entry  to  the  vane  channel  flow  moves  forward  with  Mach 


number,  equal  to  M  .  In  this  section  there  is  the  nest 
deceleration  of  the  flew  as  a  result  of  which  at  the  var.-c 


ir.ter.se 

channel 


exit  subsonic  flow  develops.  Tr.  this  case  the  amount  of  total 
pressure  losses  in  the  different  elementary  streams  which  passed 
through  the  system  of  shock  waves  will  be  different,  since  the 
intensity  of  waves  drops  off  from  left  to  right.  Consequently,  in 
the  examined  streamlining  of  a  cascade  by  an  ideal  invlcid  gar  flow 


in  the  vane  channel  section  sufficiently  removed  from  .the  inlet, 
where  static  pressure,  and,  therefore,  also  the  direction  of 
the  velocity  are  already  constant  along  its  width,  the  vel'city 
wiU  remain  variable.  For  the  purpose  of  simplification  of 
the  problem  we  will  assume  tha* ,  as  a  result  of  a  turbulent 
excha  .ge  between  streams,  the  flew  within  the  vane  channels  Is 
completely  equ~  1/ id  and  in  accordance  with  this  a  vnifor-,  v:l*  h 
respect  to  -Itch,  flew  with  constant  static  and  total  pres  sum' ? 
is  stabilized  behind  the  cascade;  moreover,  the  direction  of 
this  flow  coincides  with  the  direct.:  or.  of  the  plates  (ar.’lc- 
of  lar  1  is  equal  to  zero).  It  is  important  to  note  *hat  the 


assumption  about  the  equalization  of  the  flow  in  the  vane 
channels  made  here  differs  significantly  from  that  made  in  the 
preceding  paragraph  concerning  the  equalization  of  the  flow  in 
the  cross  section  far  beyond  the  cascade.  In  this  last  case  we 
only  somewhat  overstate  the  losses  in  comparison  with  those 
wnich  occur  in  an  invlscid  gas  flow,  leaving  the  flow  as  Invariable 
in  the  cascade  itself,  and,  consequently,  the  power  effect  of 
flow  on  it  also  as  invariable.  We  have  another  matter  when 
equalizing  the  flow  in  the  blade,  channels,  where  as  a  result  of 
the  flow  change  in  the  cascade  Itself,  there  is  not  only  an 
increase  in  losses  but  also  a  change  in  the  value  of  the 
resultant  as  compared  with  its  value  in  an  ideal,  invlscid  gas 
flow.  Of  course,  it  is  possible  to  assume  that  the  flow  equalisa¬ 
tion  occurs  also  beyond  the  cascade.  However,  nevertheless,  this 
would  not  make  it  possible  for  one  to  solve  the  problem  completely 
since  the  angle  of  lag  value  arising  during  such  equalization 
Itself  is  determined  by  the  velocity  distribution  in  the  cutlet 
cross  section  of  the  vane  channel. 


Taking  into  account  the  aforesaid,  from  the  condition  of 
the  tangential  force  coefficient  equaling  zero  (97),  we  obtain  ‘fit? 
following  expression  for  the  velocity  coefficient,  of  flow 
beyond  the  cascade. 


(107) 
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°  =  ?<-  /=■•  -  Pi  —  Pi. 


Replacing  in  (107) 


wo  obtain  the  following  expression  derived  by  G.  I.  Tapranov 
in  1952: 1 
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The  total  pressure  beyond  the  cascade  and  the  loss  factor  are 
found  from  the  equation  of  continuity 
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The  calculations  show  that  the  relative  percentage  of  losses  du 
to  the  equalisation  of  the  flow  in  vane  channels  ie  very  low, 
therefore,  with  a  sufficinet  practical  accuracy  it  is  possible 
to  ascribe  the  total  losses  determined  according  tc  (107)  only 
to  the  losses  in  a  system  of  shoe.  waves.  The  static  pressure 
is  determined  with  the  aid  of  the  corresponding  gas-dynamic 
function 


Pi  rs=  PhIIO* 


When  aetermlning  from  (107)  it  is  necessary  to  bear  in  mind 
that  gas-dynamic  function  c(A)  whose  value 
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is  ambiguous:  one  root  of  the  equation 


corresponds  to  subsonic  ( > \  <  i),  while  another  corresponds  to 
supersonic  speed  ( >  !j  <  1).  These  speeds  are  connected  to  one 


'Taganov,  G.  1.,  Total  Treasure  Losses  in  a  System  of 
Curvilinear  Shock  Waves  Ahead  of  the  Cascade  Composed  of  Flat 
Mateo.  Collection  of  Theoretical  Works  on  Aerodynamics. 
Qborongiz,  1957. 


another  by  the  relationship 

m;=  i. 

For  a  cascade  with  48°  when  1=9°  the  dependence  o(M^), 
obtained  for  both  root  values  of  equation  (107)  is  given  in 
Fig.  10.49.  It  is  evident  that  with  axial  incident  flow 
velocity  component  being  less  than  the  speed  of  sound,  condition 
0  <  1  is  observed  only  at  subsonic  speed  beyond  the  cascade. 

This  means  that  only  such  a  flow  is  possible.  The  generality  of 
this  conclusion  is  confirmed  by  the  fact  that  only  at  subsonic 
speed  and  in  the  absence  of  critical  cross  section  in  the  vane 
channel  do  the  disturbances  beyond  the  cascade  propagate  into 
the  zone  of  flow  ahead  of  it. 


Fig.  10.49.  Dependence  of  the 
total  pressure  coefficient  in  a 
dense  cascade  of  flat  plates 
with  $  *  48°  and  i  *=  9°  on  the 
number  of  incident  flow  for 

subsonic  (o')  and  supersonic 
(0")  roots  of  equation  (10?). 


Figure  10.50  shows  the  dependence  of  relative  total  pressure 
losses  on  the  angle  of  attack  for  a  dense  cascade  of  plates 
with  the  different  values  of  the  setting  angles  but  with  the 
same  incident  flow  velocity.  With  zero  angle  of  attack  the 
losses  do  net  depend  on  angle  $  and  are  equal  in  magnitude  to 
the  losses  in  a  normal  shock.  An  increase  in  the  angle  of  attack 
leads  to  the  difference  in  losses.  The  larger  the  setting 
angle,  the-  smaller  the  losses  In  a  system  of  shock  waves,  '•■'lth 
1  »  10 5  the  losses  in  the  cascade  with  i  -  are  two  times 

greater  than  with  #»  70°.  On  this  figure  the  looses  in  a 
normal  shook  with  Mach  number  M  ■  i-l  .  are  plotted  t\y  the 

I  lid. , . 

daaned  line.  The  lease:;  ilet err.ined  in  this  manner*  do  nol  dep 
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on  the  setting  angle  of  the  plates,  but  depend  only  on  the  angle 
cf  attack.  With  large  angles  of  setting  these  losses  are 
greater  than  the  true  losses  in  a  system  of  shock  waves. 

J rj  */-a 


Fig.  10.50.  The  dependence  of 
relative  total  pressure  losses 
on  the  angle  of  attack  in  dense 
cascades  of  flat  plates  with 
different  setting  angles  when 
Mx  =  1.5. 
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I'sing  the  known  value  the  coefficient  of 
force  can  be  found  from  equation  (106),  which  in 
4=0  will  be  written  thus: 


the  resultant 
the  case 


7  ss  2 sill  (0  —  /)|^cos  l  —  y'j  ctj>  #  —  sin  /J, 


(109) 


Let  us  now  consider  the  streamlining  cf  a  cascade  of  plates 
by  a  subsonic,  invlscid,  therefore,  isontropic  gas  flow. 


The  streamlining  of  any  cascade  of  supersonic  profiles  by  2 
subsonic  flow  is  always  accompanied  by  a  separation  of  the 
streams  from  sharp  leading  edges,  reparation  flow  around  a 
cascade  of  plates  by  the  potential  subsonic  flow  is  schematically 
shown  in  Fig.  10.51-  The  separation  of  streams  occurs  from  the 
leading  and  trailing  edges.  The  speeds  and  pressures  on  the 
stream  boundaries  are  constant.  ':'he  flow  line  which  passes 
along  the  plate,  at  a  point  of  zen  velocity,  Is  divided  into 
lines  going  upstream  (be,)  and  downstream  (bc0).  At  an  infinity 
beyond  the  cascade  there  is  a  periodic  series  of  parallel  streams 
of  width  h  at  constant  velocity  w^.  With  high  cascade  density 
the  direction  of  these  streams  can  be  considered  as  coincidental 
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with  the  direction  of  plates,  i.e.,  8^  =  Then  from  the  theorem 

of  momentum  for  volume  a]_b]_b2a2  we  have  in  Projections  onto 
axes  n  and  t 


M  (irj  —  cos  —  — pt)t  sin  8, 


(110) 


—  /UK',  sin  /  —  —  (/I,  —  pt)  t  cos  8  —  Hr 


(111) 


Fig.  10.51*  Diagram  of  separation 
flow  around  a  cascade  of  plates 
by  an  isentropic  flow  at  sub- 
critical  speeds. 


Transforming  equality  (110)  with  the  aid  of  the  equations  of 
continuity  and  Bernoulli,  we  obtain  when  p  *  const  (see  reference 
on  page  629  )  : 


(  -•)'  _  2  sin.  1*  <*j  .  2  fi*  < *  -  ft 

\uj  sin  8  a,  “f  tin  t 


(112) 


One  of  the  roots  of  this  quadratic  equation  can  be  disregarded, 
since  according  to  the  condition  h  «  h/t  <_  1.  Then  from 
equation  (1 12),  when  i  >  0,  we  have 

w,  _  tin  i i *_—_/)  t  tin  I 

**•  ~  '  “»•"  ’  (113) 

and  from  the  equation  of  flow  rate 


.  _ _ y.0jl  -0 _ 

kin  {i»  —  I)  H-  tin  I' 


From  equality  (113)  it  fallows  that  with  an  increase  3  r.  the 
angle  of  attack  the  flow  velocity  beyond  the  cascade,  when 


7<f  3 


=  const,  first  Increases,  reaches  a  maximum  v.’hen  1  =  3-  /  2 ,  and 

then  decreases.  This  Is  due  t.c  the  two  opposite  tendencies  which 
arise  :1th  an  increase  in  the  angle  of  attack  and  the  fixed 
velocity  of  the  flow  advancing  onto  the  cascade.  On  one  hand, 
according  to  (114),  relative  width  h  of  the  stream  in  the  vane 
channel  decreases  monotonically ,  and  this  should  lead  to  an 
Increase  in  velocity  w? ;  on  the  ether  hand,  with  an  Increase  in 
the  angle  of  attack  there  is  a  r.ionotonic  decrease  in  the  mass  pas 
flow  rate  through  the  cascade  which  in  turn  leads  to  a  decrease 
in  the  velocity  at  the  exit  from  ii  .  After  the  transformation 
of  equality  (111),  we  obtain  the  following  expression  for1  the 
coefficient  of  the  resultant  force  in  the  flow  of  incompressible 

,  *  A  . 

x  1  U  i  u  . 

,  *  _  sin  (J  —  /)  sini 

"  V”  “V — • 

COi  T  (115) 

From  (115)  it  follows  that  with  the-  anr.le  of  attack  1  ~  S/2 

rtp 

value  of  the  resultant  force  reaches  a  maximum.  For  the  flow  of 
compressible  gas ,  by  virtue  of  the  Isentropi city  of  the  flow 
(a  -  1.0)  according  to  (39),  we  have 
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Using  this  relationship,  wo  t  vans  ’"or::,  cquat  1  o:;s  (110)  and  (ill) 
to  the  form 


)  _* -I- It  (>,)(■  (A.)  |  CnO 

1  —  h  * i  [  *  “  FT) ,) ]  vT  ,TTi'-hj  i  ' •  u,i  '• 
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Considering  values  and  S  as  it.ncwr.,  it 

graphically  sol  ve  eq tat  \ on  ( 11b)  v.l  t h  resne 
with  the  aid  of  the  equation  of  cti.t rm!  ty  , 
width  o f  the  stream 


is  possible  to 
t  to  1  and  then, 

C. 

to  find  the  relative 
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The  dependences  of  A 2  and  h  on  the  angle  of  attack  with  values 
■  0.75  and  $  =  70°  are  given  in  Fig.  10.52.  They  are  similar 
to  the  analogous  dependences  for  an  incompressible  fluid  flow 
(see  the  reference  on  page  7 314 ) . 


Fig.  10.52^  Dependence 
of  A 2  and  h  on  the  angle 

of  attack  when  *  0.75 

and  $  *  70°. 


As  an  example,  dependence  cnb/t  *  f(i),  calculated  from 
equation  (117)  is  given  on  Fig.  10.53-  The  same  figure  shows 
the  calculation  results  of  a  similar  dependence  for  the  case  of 
a  continuous  flow  around  the  same  cascade.  The  comparison  of 
these  dependences  shows  that  the  flow  separation  from  the  leading 
edge  leads  to  a  very  sharp  decrease  in  the  value  of  the  resultant, 
Simultaneously,  there  is  also  a  substantial  decrease  in  the 
critical  angle  of  attack  characterized  by  the  maximum  value  of 
the  resultant.  Bearing  in  mind  that  X2  is  the  maximum  value  of 
the  velocity  coefficient  in  the  entire  area  of  flow,  with  the 
aid  of  equation  ( 1 1 6 )  it  is  possible  to  determine  the  maximum 
value  X,  »  X  at  v,hich  the  flow  is  still  subcritical. 

1  lH  p 
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■' or  this,  in  expression  (116)  one  should  assume  that  =  1 
and  solve  the  obtained  equation  with  respect  to  A  at  the 

'  i.  K  p 

given  angles  of  attack  and  setting  angles. 

The  calculation  results  given  in  Fig.  10.54  agree  with  th 
nature  of  the  dependence  of  on  i  in  Pig.  xC.52. 


o  v  to  jo  */  g 


Fig.  10.53*  Dependence  of  cnD/t  or;  the 

angle  of  attack  for  the  cascade  of 
plates  when  $  =  48°  with  Ki.  =  0.75: 

1  -  a  continuous  iser.tropic  flow;  2  - 
flow  with  stream  separation  without 
nixing  in  the  vane  channels;  3  - 
with  a  complete  equalization  of  the 
flows  in  the  vane  channels. 


M/itp 


Fig.  10. 54.  hep  . .oat-nee  of 
M,  on  t’ne  angle  of  attack 

1  up 

for  a  dense  cascade  ..-f 
plates  stream!  i r.ed  by  an 
isentrople  gas  flow  with 
stream  sera-ai i on  from,  the 


§  12.  The  Effect  of  Viscosity  on  Flow 
Around  Supersonic  Airfoil  Cascades.  A 
Solid  Cascade  of  Plates1 

Let  us  first  examine  the  effect  of  viscosity  on  an  example 
of  cascades  of  plates  with  zero  incidence. 

In  the  case  of  inviscid  flow  of  a  liquid  and  subsonic  gas 
flow  the  power  effect  of  the  flow  on  a  cascade  of  plates  with 
l  ■  0  is  absent.  In  accordance  with  this,  the  cascade  does  not 
divert  the  flow  from  it3  initial  direction,  and  the  angle  of 
deviation  will  be  equal  to  zero  independently  of  denseness  and 
setting  angle.  The  presence  of  forces  of  friction  during  the  flow 
of  a  viscous  flow  about  the  cascade  leads  to  the  formation  of 
tangential  force  R  and  correspondingly  to  a  deviation  of  flow  by 
the  cascade  which  i3  the  greater,  the  greater  this  force  is.  At 
the  same  time,  the  formation  of  a  boundary  layer  causes  acceleration 
of  external  flow  and,  consequently,  also  to  the  appearance  of  a 
pressure  gradient  along  the  plate.  The  resultant  force  of  the 
pressure  in  general  ceases  to  be  equal  to  zero  -  there  appears 
normal  force  Rn<  Limiting  ourselves  to  an  examination  only  of 
cascades  of  low  solidity  for  which  it  is  possible  to  disregard 
the  mentioned  effect  of  the  acceleration  of  external  flow,  i.e., 
assuming  that  Rn  *  0,  we  have 

R.  =  R,  co*  • 
or 

c„~c,  cos*. 

In  the  case  of  an  Incompressible  fluid  according  to  (50)  we 
obtain  the  following  dependence  between  the  angle  of  flow  exit 
02  and  the  coefficient  of  tangential  force: 

vtg?i  =  ctg®(l  —  fflsi)- 


'See  references  on  pages  629  and  73^(. 
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If  the  f  l.i  i  j  is  inviscid,  c  T  =  0,  and  therefore,  fi,  =  3  =  3,,  i.e., 
the  flow  which  flows  through  a  cascade  of  plates  at  zero  incidence 
docs  not  change  the  initial  direction.  In  the  case  of  a  viscous 
fluid  i.e.,  the  angle  of  deviation  is  negative 

8  =  8-?,<a 

The  greater  the  drag  coefficient  ana  the  greater  the  cascade 
solidity,  the  more  considerable  is  the  deviation  of  the  flow. 

With  an  increase  J.n  the  setting  angle  a  decrease  in  6  is  observed. 
Wit  h  w/J  independently  of  the  value  of  c  b/t  we  have  6  =  0. 

This  is  also  easy  tc  conclude  from  the  condition  of  symmetry  cf 
f  1  o  w . 

Correct  to  the  assumptions,  made  above,  the  value  of  c  car. 
be  taken  as  equal  to  the  doubled  drag  coefficient  of  the  plate 
cr.  Utilizing  the  data  regarding  the  value  r  this  coefficient 
with  various  Reynolds  numbers  given  in  Chapter  VI,  it  is  possible 
to  obtain  the  dependence  of  the  angle  cf  deviation  on  the  Reynolds 
number.  Thus,  for  instance,  with  R  =  10^  in  the  case  of  laminar 
conditions  over  entire  length  of  the  blade  c  ^  =  0.0015,  while  ir. 
the  case  of  a  turbulent  condition,  c^  =  0.005.  The  lead  angles 
cf  flew  in  a  cascade  with  0  =  50°  and  b/t  =  1.0  will  comprise 
respectively  O0^'  and  0°1'4'. 


The  relatively  low  values  of  the 
the  respectively  insignificant,  angles 
to  disregard  the  forces  cf  friction  on 
pltct  losses  and  total  power  effect  cf 
and  gas  on  a  cascade  of  such  airfoils, 
correct  since  with  an  increase  in  the 
incident  io  the  plate  the  coefficient 
(see  Chapter  VI). 


coefficient;  of  friction  and 
of  deviation  make  it  pcssibl 
the  plates  in  determining 
a  viscous  flow  of  liquid 
This  i  S’  all  the  more 
Mach  number  of  the  flovj 
of  friction  drag  decreases 


At  angles  of  incidence  different  from  zero,  the  nature  of  the 
viscosity  effect  depends  or.  whether  the  flow  that  encounters  the 
cascade  is  subsonic  or  supersonic. 
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In  a  subsonic  flow  the  specific  effect  of  viscosity  is 
expressed,  In  the  first  place,  in  the  fact  that  during  the  sepa¬ 
ration  of  jets  from  the  sharp  leading  edges  of  supersonic  airfoils 
an  eddy  is  formed  which  seemingly  rounds  off  the  knife  edges.  As 
a  result,  the  viscous  flow  no  longer  flows  around  the  sharp 
leading  edge  of  the  airfoil,  but  about  this  eddy;  however,  with 
small  angles  of  incidence  the  flow  on  departure  differs  little  from 
nonseparable  (Fig.  10.55).  In  the  second  place,  the  effect  of 
viscosity  is  expressed  in  the  fact  that,  when  at  sufficiently 
great  angles  of  incidence  stalled  flow  appears,  as  a  result  of 
turbulent  mixing  it  will  gradually  be  eroded,  and  with  a 
sufficiently  large  extent  of  the  vane  channel,  i.e.,  with  a 
sufficiently  solid  cascade,  the  area  of  separation  closes  and  on 
departure  from  the  cascade  the  flow  will  evenly  fill  the  whole 
cross  section  of  the  channel  (Fig.  10.56). 


Fig.  10.55.  Diagram  of  flow  around 
a  cascade  of  plates  by  a  viscous  sub¬ 
sonic  flow  with  the  formation  of  an 
eddy  at  sharp  leading  edges. 


Both  aforementioned  factors  give  rise  to  the  formation  of 
pitot  losses  and  to  the  equalizing  of  velocities  in  the  exit 
sections  of  the  vane  channels.  As  a  result  of  equalizing,  the 
resultant  is  increased  in  comparison  with  its  value  during  the 
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Thus,  during  subsonic  flow  around  the  cascade,  the  viscosity 
independently  of  the  mechanism  of  its  effect,  gives  rise  to  the 
formation  of  losses  end  an  increase  in  the  resultant.  It  Is  a 
different  matter  with  the  effect  of  viscosity  during  the  flew  of 
a  supersonic  flow  about  the  cascades.  In  this  case,  in  an 
lnviscid  flow  of  gas  there  is  achieved  a  nonseparated  flow  around 
airfoils  with  a  sharp  leading  edge.  In  the  presence  of  viscosity 
there  appears  a  boundary  layer  whose  interaction  with  a  shock 
wave  of  sufficient  intensity  failing  on  it  gives  rise  to  the 
formation  at  the  surface  of  -he  airfoil  of  '.-shaped  shock,  after 
wnicn  boundary-layer  separation  occurs  (see  Chapter  VI).  As  a 
result,  the  r.cnunif ormity  .1  r.  the  velocity  distribution  over  the 
cascade  pitch  increases,  and  consequently,  the  angle  of  deviation 
of  flow  increases  and  che  resultant  force  applied  to  the  airfoil 
in  the  cascade  decreases  correspondingly .  In  so  doing,  the  pitot 
losses  nay  even  decrease. 


.. _ ; , 


j  Let  us  illustrate  the  considerations  expressed  here  in  an 

example  of  a  cascade  of  plates.  Let  us  examine  first  the  flow  of 
a  subsonic  flow  about  such  a  cascade.  We  will  consider  that  the 
cascade  solidity  is  so  great  that  as  a  result  of  intense  turbulent 
mixing  on  departure  from  the  cascade  there  is  a  flow  uniform  in 
pitch,  parallel  to  the  plates. 

Determining  with  the  aid  of  expressions  (50)  and  (51)  the 
coefficient  of  tangential  component  resultant  c^  and  equating 
i  it  to  zero,  we  obtain  the  following  expression  for  the  loss 
coefficient  of  the  flow  of  a  viscous  incompressible  fluid: 

,  *in*  / 
sta5!* 

The  same  expression  for  the  loss  coefficient  can  be  obtained 
according  to  Borda ’ s  formula  if  one  assumes  that  a  sudden  expansion 
of  uniform  jet  occurs  with  an  area  of  *  h  sin  $  to  area  F2  *  t 
sin  $  (Fig.  10.56). 

From  equation  (50)  we  have  =  0  —  /.  ?«  =  &) 

f 

<  * 

t  *  t  „  <ln  <*  —  0  * 

c"  7  —  »in  »  iin*  • 

Comparing  this  expression  with  (115)  we  conclude  that  in  a  solid 
cascade  the  viscosity  effect  leads  to  an  increase  in  the  coefficient 

/  0  \  -l 

of  resultant  of  once.  With  an  increase  in  the  angle  of 

Incidence,  the  viscosity  effect  on  the  power  effect  of  the  flow 
decreases  and  becomes  zero  with  li  =  4  .  The  latter  is  connected 
with  the  fact  that  according  to  (50)  ’when  the  whirl 

constituent  of  the  resultant,  and  consequently,  in  the  case  lr, 
question,  the  resultant  itself  r.o  longer  depend  on  the  velocities 
on  departure  from  'h'  cascade  and  are  determined  only  by  the  value 
of  the  velocity  :  inlet  to  it. 

For  determining  the  resultant  during  flow  around  a  solid 
cascade  of  plates  of  a  viscous  flow  of  a  compressible  gas  at 
subsonic  velocities  equations  (107)  and  (109)  should  be  used. 
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It  is  natural  that  in  so  doing  in  (10?)  only  the  subsonic  value 
c;'  i ;  is  selected.  Altnough  the  indicated  equation  was  utilized 
earlier  for  determining  losses  during  flow  around  cascades  of 
plates  of  a  supersonic  flow,  however,  the  generality  of  the 
assarrif  t ions  made  during  the  derivation  of  this  equation  makes  it 
possible  to  employ  it  (if  we  disregard  the  forces  of  friction 
cn  the  plates)  also  in  the  case  in  question.  Moreover,  if  as 
has  already  been  Indicated  above,  equation  (10?)  makes  it  possible 
tc  only  approximately  determine  losses  in  an  infinite  system  of 
shock  waves,  then  this  equation  accurately  determines  losses  to 
the  equalizing  of  flow  in  the  vane  channels  of  a  solid  cascade  of 
plates  flowed  around  with  a  subsonic  flow.  This  is  also  confirmed 
L-y  the  fact  that  the  losses  to  equalizing  thus  determined.  Just 
as  in  an  incompressible  fluid,  completely  coincide  with  losses 
according  to  Borda  calculated  for  a  compressible  gas  according  to 
the  previously  found  values  of  h  and  \ 2  in  a  potential  flow. 

The  dependence  of  enb/t(i)  with  =  0.75  is  given  in  Pig. 
10.53.  There,  similar  dependences  are  also  plotted  during  the  flow 
of  an  isentropie  flow  about  a  solid  cascade  without  separation 
and  with  separation  of  Jets.  As  already  indicated  earlier,  the 
separation  of  Jets  from  the  leading  edge  while  maintaining  the 
potential  flow  pattern  leads  to  a  sharp  decrease  in  the  resultant 
force.  At  small  angles  of  incidence,  the  equalizing  of  flow  in 
the  vane  channels  as  a  result  of  turbulent  mixing,  to  a  considerable 
degree,  compensates  for  this  sharp  drop  in  the  force.  In  pro¬ 
portion  to  the  Increase  in  the  angles  of  incidence,  this  compensa¬ 
tion  as  a  result  of  the  intense  Increase  of  losses  decreases 
substantially . 

During  flow  around  a  cascade  of  plates  of  a  supersonic  flow 
with  a  subsonic  axial  component  of  velocity,  the  viscosity  effect 
is  basically  exhibited  in  the  interaction  between  the  boundary 
layer  on  the  plate  and  the  shock  wave  falling  on  it. 
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In  Chapter  VI  it  was  indicated  that  in  this  case,  with  a 
"critical"  ratio  of  static  pressures  in  the  shock,  near  the  wall 
there  appears  a  X-shaped  shock  after  which  boundary-layer  separation 
occurs.  The  presence  of  separation  leads  to  an  essential  re¬ 
distribution  of  pressure.  The  change  in  the  total  losses  and 
value  of  the  resultant  depends,  to  a  considerable  degree,  on  the 
solidity  of  the  cascade.  If  the  solidity  of  the  cascade  is  so 
great  that  the  separated  flow  within  the  vane  channel  is  completely 
equalized  (Fig.  10.57a),  then  according  to  the  theorem  of  flow 
impulses  (disregarding,  as  before,  the  forces  of  friction  applied 
to  the  plate)  the  total  quantity  of  losses  remains  the  same  as  for 
the  case  examined  above  where  the  viscosity  effect  was  not  con¬ 
sidered,  there  will  occur  only  a  redistribution  of  the  losses 
between  the  zone  of  shock  waves  and  the  area  of  equalizing  the 
flow.  An  increase  in  the  losses  to  equalization  is  completely  ! 
compensated  for  by  a  decrease  in  the  losses  in  the  shock  waves 
connected  with  the  formation  of  a  system  of  oblique  shocks.  In 
the  case  of  complete  equalization  of  flow  in  the  vane  channels  of 
a  solid  cascade  there  are  no  reasons  for  the  emergence  of  an 
angle  of  deviation.  With  zero  angle  of  deviation  and  the  retention 
of  the  same  value  of  o  the  resultant  of  all  forces  of  pressure 
remains  constant  in  spite  of  their  essential  redistribution  along 
the  chord. 


Fig.  10.57.  Diagram  of  flow  around  a  cascade  of 
plates  of  a  supersonic  flow  of  a  viscous  gas  with 
subsonic  axial  component  of  a  velocity  (M^a  <  1.0) 

and  with  a  supercritical  drop  in  the  pressure  in 
the  shock  wave:  a)  solid  cascade,  b)  widely  spaced 
cascade . 
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la  a  widely  spaced  cascade  the  equalizing  of  flow  occurs 
mainly  after  the  cascade  (Fig.  10.57b),  and  therefore  is  connected 
as  was  shown  earlier,  with  the  appearance  of  the  angle  of  deviation, 
which  can  be  very  considerable;  the  flow  separation  after  the  X- 
s hayed  shock  in  this  case  can  lead  to  a  decrease  in  the  resultant 
force  applied  to  the  plate.  With  a  given  number  at  an  infinity 
M.  number  before  the  latter,  the  shock  wave  is  the  greater,  the 
greater  the  angle  of  Incidence.  Consequently,  with  an  increase 
ir.  the  angle  of  incidence  there  is  an  increase  in  the  intensity 
of  flew  breakaway  in  a  X-shaped  shock.  Hence,  it  may  be  concluded 
that  the  effect  of  viscosity  on  the  value  of  the  resultant  force 
should  increase  with  an  increase  in  the  angle  of  incidence. 
Determination  of  the  viscosity  effect  actually  is  reduced  to 
determining  the  effect  of  the  angle  of  deviation  of  flow  after 
the  cascade  on  the  magnitude  of  losses  and  the  value  of  the 
resultant.  Similar  results  of  calculations  (Fig.  10.58)  show  that 

the  total  losses  decrease  with  an 
increase  in  the  angle  of  deviation. 

Such  a  decrease  in  losses  at  subsonic 
speeds  is  explained  by  the  fact  that 
the  equalizing  of  the  flow  in  space 
after  the  cascade  occurs  with  less 
losses  than  in  the  vane  channels.  This 
circumstance  explains  the  fact  that 
the  decrease  in  wave  losses  in  a  system 
of  oblique  shocks  (with  X-shaped  shock) 
which  remains  the  same  as  in  a  solid 
cascade,  overlaps  the  increase  in  the 
losses  connected  with  the  turbulent 
mixing  of  the  flow  detached  from  the 
plate  in  a  widely  spaced  cascade.  The 
resultant  force  with  an  increase  of  the 
angle  of  deviation  also  decreases 


Fig.  IO.58.  Dependence 
of  0  on  the  angle  of  de¬ 
viation  6  for  various 


values  of  during  flow 
a.ound  a  cascade  of  plates  (Fig.  10.59)  whereby  the  relative  drop 
(♦  B  30  ,  1  *  6  ),  in  the  coefficient  of  resultant  force 

cn  is  weakened  with  an  increase  of  the 
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. c:  t, 

with  6  =  0 


Fig.  10.59.  Dependence 
of  the  value  of  crb/t 

referred  to  its  value 
with  6  =  0,  on  the 
angle  of  deviation 
6U  «  30° ,  1  =  6°). 


number  ,  Such  nature  of  the  effect 
of  the  angle  of  deviation  is  explained 
by  the  fact  that  with  an  increase  in 
number  an  ever  greater  portion  of 
the  composite  force  which  acts  on  the 
plate  is  connected  with  a  change  in 
the  momentum  in  the  system  of  shock 
waves  in  the  intake  part  of  the  vane 
channel  and,  to  a  lesser  degree,  depends 
on  the  angle  of  deviation.  Thus  its 
value  basically  is  determined  only  by 
angle  of  incidence  and  by  the  number 


6U  -  30°  1=6°)  The  analysis  carried  out  above  on 

the  different  cases  of  flow  around  a 
cascade  of  plates  of  a  viscous  gas  shows  that  if  we  restrict 
ourselves  to  the  examination  only  of  such  solid  cascades  of  plates 
for  which  on  outlet  from  the  vane  channels  the  flow  is  always 
uniform,  then  in  the  entire  possiole  range  of  change  in  numbers 
and  angles  of  incidence  the  value  of  the  velocity  coefficient  after 
the  cascade  X^  ls  determined  by  one  universal  equation  (107). 

If  in  this  case,  the  axial  velocity  of  the  flow  incoming  to 
tne  cascade  Ls  less  than  the  speed  of  sound  (M^a  <  1),  then  of  the 
two  roots  of  equation  (107)  only  the  subsonic  values  of  X 2  have 
a  physical  sense.  But  if  M^a  £  1,  then  both  roots  of  the  equation 
have  a  physical  sense  whereby  realisation  of  one  of  the  two  systems 
connected  with  condition  X!JX£  =  1.0,  is  determined  by  the  value 
of  static  pressure  p2  after  the  cascade.  At  less  pressure  p2  = 

“  P>2min*  the  flow  after  the  cascade  will  be  supersonic  (X^  »  X)J  >  1), 
while  at  greater  pressure  p2  ■  P2max  “  subsonic  (X2  *>  Xj  <  1). 
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These  values  of  p£  differ  from  one  another  by  the  value  of 
the  increase  in  static  pressure  in  the  normal  shock. 


Know  I  e  itre  of  value  of  makes  it  Dossible  according  to  (109) 

c.  ” 

to  determine  the  power  characteristic  of  this  cascade,  i.e.,  the 

dependence  of  c  (1)  with  different  M,  numbers, 
n  1 

Figure  10.60  gives  the  power  characteristic  of  a  solid 
cascade  of  plates  in  a  viscous  flow  of  gas  over  a  wide  range  of 
M,  numbers  at  positive  angles  of  incidence.  In  those  cases  when 
the  power  effect  is  ambiguous  (i  =  0  or  Mj  >  1),  the  value  of 
t lie  coefficient  of  the  resultant  of  c  was  taker,  which  corresponded 
to  the  maximum  possible  pressure  after  the  cascade.  At  aero 
angle  of  incidence  and  at  supersonic  velocity  this  system  is 
realized  with  the  emergence  of  a  normal  sh.-tK  in;  the  vane  channels 
of  the  cascade. 


Fig.  10.60.  Dependence  of 
c  b/t  on  the  angle  of 

incidence  for  a  solid  cas¬ 
cade  of  plates  during  flow 
of  turbulent  f 1 ow  around 
it  of  a  gas  ( $  *  30° ) . 


With  an  increase  in  the  angle  of  incidence  to  i  the  resultant 

H  p 

force  first  increases  from  zero  value  to  tne  maximum,  and  then 
monotonically  decreases.  With  an  increase  in  the  number  the 
point  of  maximum  of  force  is  shifted  in  the  direction  of  the 
lesser  angles  of  incidence  with  simultaneous  increase  in  the  value 
of  the  force  coefficient;  at  a  certain  value  of  the  number  >  1 
the  value  of  1  reaches  zero  value. 

HP 


756 


In  an  example  of  a  solid  cascade  of  plates  let  us  examine 
the  question  concerning  the  range  of  possible  values  of  the 
parameters  of  incident  flow:  the  M1  number  and  the  angle  of 
Incidence  i. 


If  the  flow  velocity  in  the  exit  section  of  the  vane  channels 
of  the  cascade  of  plates  reaches  the  speed  of  sound  (X2k  -  1), 
the  the  so-called  cutoff  condition  begins  which  limits  the  area 
of  possible  values  of  the  angles  of  incidence  i  and  numbers 
during  flow  about  the  cascade. 

Independently  of  the  value  of  the  Mach  number  and  the  angle 
of  Incidence,  if  choking  of  the  cascade  begins,  then  the  flow 
after  it  becomes  ambiguous  and  is  determined  by  the  relation  of 
the  static  pressures  e  ■  P2^pl' 

Dependence  of  the  parameters  of  equalized  flow  in  cross 
section  2-2  far  beyond  the  cascade  on  e  can  be  obtained  with  the 
aid  of  expressions  (100)  and  (104). 

The  maximum  possible  pressure  P2  Is  equal  to  the  pressure 
In  the  exit  section  of  the  vane  channel.  In  this  case,  directly 
at  the  edge  of  the  cascade  there  is  a  steady  flow  and  correspond¬ 
ingly  the  angle  of  deviation  is  equal  to  zero,  and  the  velocity 
far  beyond  the  cascade  is  equal  to  the  flow  velocity  In  the  exit 
section  of  the  vane  channel  X2  ■  ^2k' 

The  minimum  value  of  p2  is  determined  by  the  condition  of 

achievement  of  axial  velocity  after  the  cascade  of  the  speed  of 

sound  (M_  =  1.0).  With  non-stalling  isentropic  flow  (a  *=  1.0) 

2a 

choking  of  a  solid  cascade  of  plates  is  possible  only  at  negative 
angles  of  incidence.  The  value  of  the  velocity  coefficient  at 
which  the  choking  condition  of  a  cascade  of  plates  begins  (with 
the  given  angle  of  Incidence),  in  this  case  Is  found  directly 
from  the  equation  of  continuity 
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ioru  the  choking  condition  of  the  cascade  is  noted  by  the 
vipt  "3."  As  can  be  seen  from  the  last  expression,  for  each 


fixed  value  of  negative  angle  of  incidence  (i  <  0)  there  are  two 
values  ;>f  velocities,  one  subsonic  (X-  <  IX,  and  another 

supersonic  ( A. 3  £  >  1),  at  which  choking  of  the  cascade  occurs. 


Curves  A,  (i)  limit  the  area  of  velocities  and  angles  of 
incidence  in  which  even  isentropic  flows  are  impossible.  As  an 
example,  Fig.  1G.61  gives  the  dependences  of  A^„(i)  for  $  -  jC° 
at  negative  angles  of  incidence. 


.  y.'  i.y 


r"TV:  >  i 


j  -v  -:3  -.v  -w 


Fig.  10.61.  Dependence  of  the 
velocity  coefficient  of  incident 
flow  on  the  angle  of  incidence 
i  <  0  with  choking  of  a  solid 
cascade  of  plates  ($  ■  305): 

1  -  in  isentropic  flew,  2  - 
taking  losses  into  account. 


For  determining  the  velocity  coefficient  with  which  choking 
cf  a  cascade  of  plates  begins,  taking  into  account  the  actual 
losses  in  the  turbulent  flow  of  a  gas,  let  us  make  use  of  relation¬ 
ship  (107).  Assuming  that  in  this  expression  =  1.0,  we  obtain 
the  following  equation  of  relatively  unknown  value  A^a: 

(116) 


where 


i *»»-  n«in<»  — 0 _ 

—  a. 1  .  a  — it — tin  * 


(119) 


The  presence  of  losses  (Fig.  10.61)  leads  to  a  marked  decrease 
in  the  range  of  values  (A^,  1),  in  which  flow  is  possible.  The 
effect  of  losses  increases  with  an  increase  in  the  absolute  values 


cf  the  angles  cf  Incidence  and  with  an  Increase  In  the  setting 
angle  of  the  cascade.  At  supersonic  velocities  the  effect  of 
losses  on  contraction  of  the  area  of  possible  parameters  of 
incident  flow  Is  expressed  more  strongly  than  with  subsonic, 
which,  probably,  is  caused  by  large  losses  at  supersonic  velocities. 

Choking  of  the  cascade  at  positive  angles  of  incidence  is 
connected  only  with  the  appearance  of  losses.  With  a  fixed 
number  the  losses  grow  with  an  increase  in  the  angle  of 
incidence,  but  simultaneously  the  gas  flow  rate  through  the  cascade 
decreases  as  a  result  of  reduction  of  the  cross  section  of  Jets 
before  it.  As  a  result,  it  turns  out  that  choking  of  a  solid 
cascade  of  plates  appears  only  at  sufficiently  high  angles  of 
incidences.1  At  less  positive  angles  of  incidence  the  cascade 
Is  not  choked.  Complex  values  of  the  roots  of  equation  (118) 
correspond  to  this  case. 

5  13.  Construction  of  Purely 
Supersonic  Cascades 

Let  us  examine  the  reverse  problem  -  the  construction  cf  a 
supersonic  cascade  which  turns  flow  at  a  given  angle. 

Depending  on  the  calculated  values  of  M  numbers  on  entry  and 
exit  we  distinguish  cascades  which  are  purely  supersonic 
(M^  >  1,  M .  >  1)  and  cascades  with  the  mixed  flow:  convergent 
CA^  <  1,  >  1)  and  divergent  (M^  >  1,  M2  *  1).  Each  of  these 

types  cf  cascade  differs  in  the  method  of  profiling. 


’Detailed  analysis  of  possible  systems  of  flow  about  a  solid 
cascade  of  plates  is  given  in  the  work:  Ludewig  M.,  Uber  das 
verhalten  kompressibler  Medium  bei  der  Stromung  durch  gerade 
Schauf elgitter ,  Forsch.  Ing.,  Wes.  22,  iJ  6,  1956.  Dee  also 
reference  on  page  740. 


V.'e  will  first  acquaint  ourselves  with  the  methods  of  con- 
rue’  Ir.o  r urc-ly  supersonic  isentropic  cascades.  The  four  param¬ 
eter-  ,  ,  ,  X ,  and  ft-,,  which  determine  the  flew  before  and 

-  i  C  C 

after  the  cascade  art1  not  independent  but  are  connected  by  the 
equation  of  continuity.  Thus,  in  the  construction  cf  a  cascade 
it  is  possible  to  assign  only  three  arbitrary  parameters,  i.e., 
isentropic  cascades  in  general  are  three-parameter  cascades.  But 
if  in  the  construction  of  a  cascade  we  make  use,  for  example,  of 
the  laws  governing  supersonic  flow  around  an  obtuse  angle  (Chapter 
IV)  giving  an  additional  dependence  between  the  deflection  cf  the 
flow  and  the  values  cf  numbers  M-,  and  M«,  then  the  number  of 
Independent  parameters  will  be  reduced  to  two. 

As  an  example  let  us  examine  a  supersonic  two-parameter 
convergent  cascade.1  By  assigning  two  parameters  -  the  deflection 
and  the  number  in  the  incident  flow  it  is  possible  to  find 
number  1'-  after  deflection  and  change  of  pressure  p^/p^.  According 
to  the  numbers  and  M2  we  construct  (Fig.  10.62a)  the  appropriate 
characteristics  and  conduct  at  a  distance  rQ  two  flow  lines,  each 
of  which  consists  cf  two  segments  of  straight  lines  and  a  curvi¬ 
linear  section  determined  from  equation  (29)  in  Chapter  IV.  Let 
us  continue  the  rectilinear  segments  1-1  and  2-2  which  are  tangents 
to  the  curvilinear  section  of  the  flow  line  before  their  Intersection 
at  point  O'.  As  a  result  of  construction  we  obtain  a  certain 
airfoil  (with  infinitely  thin  leading  and  trailing  edges)  which 
causes  no  disturbances  in  the  flow. 

Repeating  a  similar  procedure  of  construction  in  connection 
with  point  O',  we  obtain  a  second  airfoil  section  of  the  cascade 
identical  to  the  first,  and  then  all  remaining  airfoils.  Such  a 
cascade  does  net  have  wave  drag,  and  therefore  the  flow  in  it, 
if  we  disregard  friction,  is  isentropic. 

1 E .  Straus,  Schaufelgltter  fur  uberschallgeschwindigkeit  ohne 
Wellenwlderstana .  Technische  Berichte  ZWB,  Berlin  -  Adlershof, 

19^,  Bd.  11,  Heft  10. 


760 


Fig.  10.62.  Two-parameter  supersonic  cascades  without  wave  draw;, 
constructed  with  the  use  of  laws  governing  flow  around  an  obtuse 
angle:  a)  convergent  cascade;  b)  divergent  cascade  (obtained  by 

reversal  of  flow  in  a  convergent  cascade);  c)  an  active  cascade 
of  broken  airfoils;  d)  an  active  cascade  of  curvilinear  airfoils. 


Turning  flow,  it  is  not  difficult  to  convert  the  constructed 
convergent  cascade  into  a  divergent  (Fig.  10. 62b);  however,  in 
the  latter  case  the  area  of  flow  where  compression  of  gas  occurs, 
can  prove  to  be  the  site  of  formation  of  shock  waves  and  wave 
losses . 

Utilizing  a  flow  with  compression  about  an  obtuse  angle  (turned 
flow  with  expansion),  let  us  construct  a  certain  section  of 
curvilinear  channel  with  a  smooth  decrease  in  the  pressure  down  to 
certain  value  of  p.  If  we  now  add  a  symmetrical  second  section 
in  which  the  flow  of  expansion  from  pressure  p  to  initial  pressure 
is  achieved,  then  we  will  obtain  a  curvilinear  active  channel, 
and  therefore  we  will  be  able  to  construct  an  active  airfoil 
cascade  (Fig.  1C. 62c).'  In  this  case  it  is  assumed  that  the  flow 


'Stodola  A.,  Dampf-  und  Qasturbinen.  Ver.  Springer,  1924. 
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or  compression  occurs  without  losses,  although  in  actuality  this 
is  hirhly  improbable.  Analogously,  it  is  possible  tc  construct 
a  cascade,  each  airfoil  of  which  is  formed  by  any  two  flow  lines 
for  the  flew  about  a  right  angle;  in  this  case  the  surface  of  the 
airfoil  has  a  curvilinear,  but  not  a  broken  form  (Fig.  10.62d). 

Let  us  proceed  to  the  construction  of  an  arbitrary  supersonic 
three-parameter  cascade.  The  simple  method  of  constructing  such 
cascades  indicated  by  S.  I.  Qinsburg  in  1950  is  based  on  the  use 
of  two  Prandtl-Meyer  flews  with  different  angles  of  turn  on  the 

f lews . 


Let  us  assume  that  the  parameters  of  the  unknown  grid  X^, 

and  are  given.  From  the  equations  of  continuity  we  find  the 

fourth  parameter  X-,.  Let  us  examine  now  two  cases  of  flow  (Fig. 

IO.63)  about  the  angle:  flow  with  compression  and  a  decrease  in 

velocity  from  X,  to  a  certain  value  X  less  than  X.  and  X„.  and 
1  c  IS’ 

a  turn  of  flow  through  angle  Bq^,  (Fig.  10.63a);  and  flow  with 
expanslo:  and  an  increase  in  velocity  from  XQ  to  X2  and  a  turn  of 
flow  through  angle  gQ?  (Fig.  10.63b). 

Connecting  both  flows  consecutively,  we  will  obtain  the 
channel  depicted  In  Fig.  10.63c.  In  this  channel  at  first  there 
is  a  divergent  section  B,A^O,  further  in  the  area  of  the  Isosceles 
triangle  0A^A2  we  have  a  uniform  progressive  flow  with  velocity 
coefficient  Xc,  then  follows  the  convergent  section  0A2Bp.  At 
points  and  B2  let  us  conduct  tangents  to  curves  B^A1  and 
B,A2  to  their  intersection  at  point  0^  (Fig.  10. 63d). 

Thus,  we  will  obtain  a  certain  airfoil  section 
By  consecutively  shifting  this  airfoil  along  straight  line  0^0^ 
a  distance  it  is  possible  to  construct  a  cascade  from  these 

airfoils  with  pitch  t  ■  B^BJ.  The  flow  which  encounters  this  grid 
at  angle  B-^  with  velocity  coefficient  X1  will  be  turned  through 
an  angle 

A?  =  ?t  —  ?i  =■  P»i  ■+•  ?«*■ 
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Fig.  10.63.  To  construct  a 
three-parameter  purely  super¬ 
sonic  cascade  without  wave 
drag. 


If  we  continue  the  straight  line  segment  before  intersection 

with  straight  lines  £3,0^  and  then  it  will  turn  out  that  the 

airfoil  which  forms  the  cascade  consists  of  three  parts:  1) 
triangle  2)  the  airfoil  of  the  two-parameter  divergent 

cascade  3)  the  airfoil  of  the  two-parameter  convergent 

cascade  A„C2B2A2.  As  already  indicated  above,  the  divergent 
section  of  the  vane  channel  of  the  cascade  should  be  constructed 
in  such  a  way  that  the  characteristic  curves  do  not  intersect. 
This  can  easily  be  done  by  rounding  off  the  angle. 

Thus,  if  three  arbitrary  flow  parameters  X^,  and  82  are 
given,  then  for  the  construction  of  a  cascade  which  satisfies 
these  conditions,  it  is  only  necessary  to  determine  the  value  of 


Figure  10.64  gives  the  graphs  to  permit  finding  \n  for  the 
given  values  of  81  and  B2  at  the  fixed  value  of  X^  ■  1.5.  The 
area  of  possible  values  of  angles  B^  and  fJ2,  obtained  from  a 
condition  of  isentropicity  of  flow  is  delimited  by  the  shaded 
curves.  The  values  of  the  angles  of  the  cascade  being  designed 
naturally  should  lie  in  this  area.  However,  since  in  the  method 
of  construction  of  the  cascade  in  question  we  should  satisfy  the 
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additional  condition  Ac  z  1,  the  area  of  possible  values  of  angles 
3^  and  6^  is  additionally  limited  by  curves  A^  =  1. 

Limitations  on  the  possible  values  of  the  parameters  of 
supersonic  cascades  appearing  in  their  construction  with  the  aid 
of  Prandtl-Meyer  flows  can  be  completely  removed  with  the  use  of 
a  more  general  method  of  construction  proposed  by  A.  M.  Domashenko 
in  1951  and  based  on  "gluing"  any  supersonic  flow  for  which  there 
is  an  exact  solution  to  the  Prandtl-Meyer  flows.  This  method 
makes  it  possible,  by  utilizing  an  exact  solution  for  a  potential 
vortex  to  construct  a  supersonic  isentropic  cascade  for  almost 
any  parameters.1 

The  methods  given  above  for  the  construction  of  supersonic 
isentropic  cascades  possess  that  common  disadvantage,  that,  in 
the  first  place,  the  leading  and  trailing  edges  of  the  vanes  are 
made  infinitely  thin  (they  have  a  zero  angle  of  taper)  and,  in  the 

'The  method  of  constructing  an  almost  arbitrary  supersonic 
cascade  with  the  use  of  a  flow  from  a  potential  vortex  is  also 
examined  in  a  later  work:  Oewatltsch  K. ,  Potential-Gitter  fur 
Uberschallgeschwindlgkelten,  Zeitschrift  fur  Flugwiss.  4,  N  1-2, 

1956. 

'  3 
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second  place,  there  Is  assumed  to  be  lsentropic  deceleration  of 
flow  In  the  diffuser  part  of  the  vane  channel. 


The  presence  of  thin  Intake  and  outlet  edges  hinders  the 
manufacture  of  such  vanes,  creates  the  danger  of  the  emergence 
of  vibrations,  and  hinders  their  use  at  high  temperatures.  The 
realization  of  lsentropic  deceleration  over  a  wide  range  of  values 
of  velocity  coefficients  X  is  impossible  without  boundary  layer 
control.  In  actuality,  instead  of  the  smooth  process  of 
lsentropic  deceleration  a  certain  system  of  shock  waves  appears, 
losses  of  pressure  increase  sharply  and  the  design  diagram  of 
flow  is  disturbed. 


The  indicated  deficiencies  can  be  eliminated  if  we  organize  ; 

i 

the  deceleration  of  flow  in  a  system  of  oblique  shocks.  Such  f 

i 

deceleration,  as  shown  by  experiments  with  flat  and  axisyrrunetrlc 

models,  can  be  realized  whereby  the  airfoil  in  this  case  has  a  j 

leading  edge  with  a  finite  angle  of  taper.  , 


Given  the  velocity  coefficient  of  incident  flow  X1,  the 

number  of  oblique  shocks  m,  and  the  value  of  the  velocity 

coefficient  X  to  which  the  flow  should  be  decelerated  (1  <  X  <  X.  ), 
m  mi 

it  is  possible  to  find  the  total  value  of  the  angle  of  turn  and 
the  total  value  of  the  total  pressure  drop  in  the  diffuser  part 
of  vane  channel.  Losses  can  be  reduced  to  a  minimum  if  we  utilize 
the  optimum  system  of  shocks  for  the  assigned  values  of  X^,  Xm  and 
number  of  shocks  m. 

Let  us  examine  the  method  of  constructing  "shock"  cascades 
In  a  concrete  example.  Let  us  assume  that  it  is  required  to 
construct  a  cascade,  the  vane  channel  of  which  has  a  divergent  part 
where  the  velocity  decreases  from  a  value  of  -  2  to  a  value 
of  Xc  *  1.2,  and  a  convergent  part  in  which  the  flow  is  accelerated 
from  the  value  of  velocity  coefficient  Xc  *  1.2  to  a  value  of 
X^  *  1.8.  Let  us  assume  that  this  requires  the  number  of  shocks 
m  »  3.  With  the  aid  of  the  graphs  given  in  Chapter  III,  we  find 


that  during  the  deceleration  of  flow  in  an  optimum  system  of 

shocks  from  h  *  2  to  i  =  1 . 2  the  values  of  the  velocity  coef- 
1  c 

ficients  after  each  of  the  shocks  comprise 

~  1,84,  >4  =  t ,60,  V  =»  1 ,20, 

and  the  corresponding  values  of  the  angles  of  turn 

t1  =  n°30'.  t,  =  i4D30'.  . 

In  this  case,  the  values  of  the  angles  between  direction  of  the 
free  stream  and  the  front  of  the  corresponding  shock  comprise 

7,  —27''  40',  7,  — ar.*, 

Using  the  indicated  values,  we  construct  (Pig.  10.65)  line 
A3CD  consisting  of  straight  segments  A3,  BC,  CD,  parallel  with 
respect  to  the  flow  directions  after  each  of  the  shocks.  Let 
us  select  the  lengths  of  segments  AB,  BC  in  such  a  way  that  all 
shocks  Intersects  at  point  0  through  which  let  us  conduct  straight 
line  OK  at  an  angle  QQ2  equal  to  the  value  of  the  necessary  angle 
of  turn  of  the  flow  for  lsentropic  expansion  from  Ac  to  X2.  In 
our  case,  we  have  Ac  *  1.20,  X2  =  1.8.  Then,  from  tables  for 
Prandtl-Meyer  flow  (see  Appendix  I)  we  find  s02  =  32°2M'. 

Fig.  10.65.  To  construct  a 
three-shock  purely  supersonic 
casaae . 


If  now  for  the  given  value  of  h,  (Fig.  10.65)  we  outline  the 
flow  line  of  the  flow  about  the  angle,  then  straight  line  CD  will 
be  tangent  to  it  at  point  K  of  the  Intersection  of  the  flow 
quantity  after  the  last  shock  with  direction  CD.  Tangent  FL  to 
the  flow  line  at  point  F  will  be  parallel  to  line  ON. 
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Conducting  through  point  A  a  straight  line  parallel  to  the 
direction  of  the  flow  incoming  to  the  cascade  before  intersection 
with  tangent  FL  at  point  O',  we  obtain  a  certain  closed  outline- 
shape  of  the  cascade. 

The  axis  of  this  cascade  will  be  straight  line  00';  its 
pitch  is  equal  to  the  length  of  segment  00'. 

Let  us  note  that  the  process  of  deceleration  in  oblique  shocks 
can  be  applied  not  to  the  entire  length  of  the  divergent  section, 
but  only  to  part  of  it.  As  an  example,  Fig.  10.66a  depicts  a 
cascade  in  which  the  process  of  deceleration  in  oblique  shocks  is 
achieved  only  in  parts  of  the  divergent  section  from  A^  -  2  to 
A  ■  1.6.  In  the  remaining  section,  provision  is  made  for  isentropic 
deceleration  from  A  «  1.6  to  A.  -  1.2. 


Fig.  10.66.  Examples  of  combined  shock 
supersonic  cascades:  a)  a  single-shock 
cascade  with  partial  deceleration  of 
flow  by  an  oblique  shock;  b)  a  three- 
shock  cascade  with  finite  thickness  of 
the  trailing  edge. 


It  is  also  possible  to  construct  vanes  with  finite  thickness 
of  the  trailing  edge  (see  Fig.  10.66b).  In  this  case,  added 
losses  appear  connected  with  the  formation  of  pressure  Jumps  at 
the  exit  edges  and  further  equalizing  of  the  flow.  By  analogy 
with  the  subsonic  flow,  here  it  is  possible  to  speak  about  a 
Borda-Carnot  "oblique"  shock. 


It  is  also  possible  to  visualize  a  supersonic  cascade  in  the 
vane  channels  of  which  is  a  convergent  section  absent,  and  the 
corfipressicn  of  gas  occurs  only  in  shock  waves.  For  the  construction 
of  such  a  divergent  cascade  we  utilise  airfoils  ir.  the  form  of 
triangles,  directing  flow  with  a  given  number  parallel  to  the 
side  of  triangle  A'O'  (Fig.  10.67a);  the  angle  of  triangle  at 
point  A'  is  selected  as  less  than  the  critical  angle  for  an 
oblique  shock  with  this  value  of  i'  1  . 


Fig.  10.67.  Purely  shock  super¬ 
sonic  cascade  possessing  wave 
drag:  a)  a  cascade  of  triangles; 

b)  a  cascade  of  trapezoids. 
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In  the  area  A'0"B'  lower  than  the  shock  wave  A'O”  there  is 
achieved  a  uniform  flow  of  gas  parallel  to  wall  A ' B ' ,  with 
velocity  A ,  <  A.  and  pressure  p  >  p, .  After  point  3'  the 

particles  of  gas  enter  the  high-pressure  area  (p2  >  p  ),  *n 
connection  with  which  a  second  shock  wave  appears  in  which  the 
flow  again  changes  its  direction.  The  apex  of  the  following 
airfoil  of  the  cascade  is  placed  at  the  point  of  intersection 
of  shocks  0",  and  the  boundai'ies  0"B"  and  O' S'  are  conducted 
parallel  to  the  direction  of  flow  after  the  second  shock.  Thus, 
the  triangular  airfoils  A'fi'C  and  A"B"0"  arc-  arranged  in 
parallel . 

Continuing  the  process  of  construction  of  these  airfoils, 
we  obtain  an  infinite  rectilinear  cascade  of  triangles.1 


‘E.  Straus,  Schaufelgitter  fur  Uberschallgeschwindlgkeit  ohne 
Wellenwiderstand .  Technlsche  Bericiite  ZWB,  Berlin  -  Adlershof, 
19^ ,  Bd.  11,  Heft  10. 
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This  cascade  possesses  wave  drag  determined  according  to  known 
formulas  for  pitot  losses  in  a  system  of  two  oblique  shocks. 

Let  us  note  that  in  a  similar  manner  it  is  possible  to  obtain 
a  cascade  which  consists  of  trapezoids  (Fig.  10.67b)  which  has 
a  higher  solidity  than  the  corresponding  cascade  of  triangles. 

I  i1*.  Construction  of  Supersonic 
Cascades  with  Mixed  Flow 

Let  us  move  on  now  to  the  construction  of  supersonic  cascades 
in  which  transition  through  the  speed  of  sound  occurs. 

Let  us  first  examine  a  convergent  cascade  of  such  type 
(X^  <.  1,  s  1)  which  is  employed  in  the  nozzle  (directing) 
cascades  of  turbines.  Flow  enters  such  a  cascade  at  low  subsonic 
velocity  at  an  angle  6^  ■  n/2,  and  at  exit  from  it  becomes  super¬ 
sonic,  directed  under  a  given  angle  B2  to  the  front  of  the  cascade 

Let  us  examine  one  of  the  methods  of  the  construction  of  such 
supersonic  cascades  lacking  wave  drag.1  Flow  in  the  vane  channel 
is  divided  into  two  consecutive  parts.  First  in  the  straight 
part,  which  is  the  usual  Laval  nozzle,  flow  is  accelerated  from 
the  assigned  subsonic  velocity  (X^  <  1)  to  a  certain  supersonic 
speed  Xc  <  X 2.  The  turning  of  the  flow  through  angle  A&  is 
achieved  in  ths  flow  with  expansion  about  the  obtuse  angle  at 
which  further  acceleration  of  flow  to  X2  occurs.  For  this  purpose 
the  lower  wall  of  the  nozzle  (Fig.  10.68)  is  continued  straight 
at  angle  AB  to  the  nozzle  axis,  the  upper  wall  is  first  continued 
parallel  to  the  axis  to  point  A  of  intersection  with  the  character 
lstic  in  the  nozzle  exit  section  OK,  and  then  along  the  flow 
line  of  the  flow  about  apex  0  of  an  obtuse  angle. 


lThis  method  was  proposed  by  author  of  the  present  Chanter 
in  1950. 


Fig.  10.  it.  I' la  cram  o:‘  c  instruction 
of  intake  guide  :jstsde  with  transition 
through  the  speed  o:‘  round  without 
wave  drag  and  with  turning  only  of 
the  supersonic  fiov:. 

KEV  :  (1)  Irnndti— 1-  yoc  flow. 


If  now  at  point  &  wo  conduct  a  tar.^vnt  parallel  line  OB'  to 
the  intersection  with  th«.  normal  to  the  nozzle '-.ax is  carried  cut 
through  point  0  and  again  construct  the  outline  of  the  straight 
nozzle  so  that  its  end  point  coincides  with  point  O',  we  then 
obtain  a  certain  airfoil .  Continuing  this  process  of  construction 
without  limit ,  we  ferrr;  a  guide  cases:!*  deflecting  the  flow  to  the 
given  angle  and  imparting  the  necessary  velocity. 

The  shape  of  this  cascade  v.- ill  consist  of  three 
i)  symmetrical  airfoil  D^C'KDj  whose  outlines  form  a 
nozzle;  2)  rectilinear  triangle  C ' KC ;  3)  airfoil  ABC 
parameter  convergent  cascade. 

Cascades  thus  constructed  ensure  obtaining  good  uniformity 
of  flow  with  pitch;  their  main  disadvantage  is  the  limitation 
on  the  size  of  the  possible  angle  cf  turn  of  the  flow. 

For  ar,  increase  in  the  total  angle  of  turn  of  the  flow,  It 
should  be  achieved  not  only  in  the  supersonic,  but  in  the  subsonic 
part  of  the  vane  channel  (Fig.  1C.C9).  With  such  grids,  however, 
great  nonuniformity  of  flow  is  created  as  a  result  of  the  diffi¬ 
culty  of  obtaining  uniform  velocity  distribution  in  the  throat 
to  a  Laval  nozzle  with  a  curvilinear  axis,  lionuniformlty  increases, 
when,  as  so  often  is  the  case  in  practice,  the  entire  assigned 


parts : 
straight 
of  a  tWOr 
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Fig.  10.69.  Diagram  of  construction  of  intake  guide 
cascades  with  transition  through  the  speed  of  sound 
and  with  turning  of  flow  in  the  subsonic  and  super¬ 
sonic  parts  of  the  vane  channel:  a)  with  angular 
pMnt;  b)  with  smooth  profiling;  c)  with  finite  thick 
ness  of  trailing  edge. 
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turn  of  the  flow  of  the  nozzle  cascade  is  accomplished  in  the 
subsonic  part  of  the  vane  channels.  In  this  case,  in  the  super¬ 
sonic  part  of  the  vane  channel  consirtlng  of  half  the  usual  flat 
symmetrical  Laval  nozzle,  there  occurs  only  acceleration  of  flow 
from  the  speed  of  sound  to  the  assigned  value  of  velocity  on 
outlet  from  the  grid  (Fig.  10.70). 

Flow  in  the  oblique  section 
of  a  supersonic  nozzle  cascade  (Fig. 
10.68)  under  off-design  conditions  is 
the  same  as  in  a  cascade  of  plates  with 
setting  angle  t  «  S2r,  being  stream¬ 
lined  by  a  flow  at  zero  angle  of 
incidence  with  velocity  coefficient 
*1  *  *2p‘  This  m&kes  It  possible  with 
the  aid  of  expressions  (79)  and  (81) 
to  determine  the  value  and  direction 
of  the  velocity  in  cross  section  3-3 
after  the  cascade  (where  the  flow 
after  mixing  can  already  be  considered 
uniform).  The  pitot  losses  in  the 
oblique  section  and  with  the  subsequent  equalizing  of  the  flow  are 
found  from  the  equation  of  flow 

g0if)  tin  ?„  =  «?(>,)  sin 


I  I  I*'" 


Fig.  10.70.  Intake 
guide  cascade  with 
transition  through 
the  speed  of  sound 
and  with  turn  of  flow 
only  in  the  subsonic 
part  of  the  vane 
channel . 

KEY:  (1)  Recti¬ 
linear  Laval  nozzle. 
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Chapter  VIII ) . 


With  pressure  after  the  cascade  less  than  calculated,  there 
is  established  flow  with  expansion  in  the  oblioue  exit  with  which 
the  bean  of  characteristics  converges  on  the  trailing  edge  of 
the  airfoil.  Unlike  the  isentropic  outflow  from  a  separate  nozzle 
with  oblique  exit  examined  in  Chapter  IV,  in  the  case  of  a  nozzle 
cascade  in  the  oblique  exit  the  pitot  losses  appear  in  a  certain 
shock  wave  system.  These  shocks  are  obtained  as  a  result  of 
interference  between  the  nozzles  which  leads  to  overexpansion 
and  subsequent  compression  of  flow  on  exit  from  the  cascade. 

With  sufficiently  great  counterpressure,  the  flow  everywhere 
becomes  subsonic;  the  presence  in  this  case  of  an  angular  point  on 
the  airfoil  causes  local  turbulence  of  flow,  and  connected  with 
this,  added  losses  and  distortion  of  the  velocity  field  at  the 
edge  of  the  cascade.  To  eliminate  this  deficiency,  it  is  possible 
as  with  the  profiling  of  purely  supersonic  cascades,  to  replace 
the  broken  line  with  a  smooth  line,  for  example,  by  the  circular 
arc,  or  one  of  the  flow  lines  of  the  flow  about  the  angle  (Fig. 
10.69b) . 

Another,  structural  deficiency  in  the  airfoils  in  question 
is  connected  with  the  presence  of  a  thin  trailing  edge.  It  can 
be  easily  overcome  by  construction  of  an  airfoil  with  finite 
thickness  of  trailing  edge  A  with  a  corresponding  increase  in 
pitch  t  and  a  decrease  in  velocity  on  entry  (Fig.  10.69c).  In 
this  case  one  ought,  however,  to  consider  that  as  a  result  of 
equalizing  of  the  velocity  field  after  the  cascade  there  will 
arise  losses  and  turning  of  flow  which  can  no  longer  be  unambig¬ 
uously  defined  from  a  Bernoulli  equation,  equations  of  momentum 
and  flow  in  tne  same  way  as  was  done  above  for  cascades  with 
infinitely  thin  trailing  edges.  This  is  connected  with  the  fact 
that  in  the  momentum  equation  a  new  value  will  enter  -  static 
pressure  on  the  airfoil  edges  p  ,  which  at  supersonic  flow 
velocity  at  the  edge  of  the  cascade  requires  special  determining. 
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consists  of  a  rectilinear  segment  of  length  l  ■  2p  ■  t  cos  8^ 
and  combined  with  it  a  curvilinear  small  arc  (Pig.  10.72).  Given 
the  angle  of  an  equivalent  plane  diffuser  ci3,  it  is  possible  to 
determine  the  necessary  extent  of  the  Bubsonic  part  of  the  channel. 
Approximately  replacing  the  curvilinear  axis  of  channel  by  the 
circular  arc  and  disregarding  the  angle  of  deviation,  we  obtain 


*«? 


i  tin  J,  —  * 


or 


The  value  of  ag  can  be  approximately  selected  from  the  data  of 
blowing  through  plane  diffusers  with  a  velocity  coefficient  eaual 
to  its  value  A  on  entry  to  the  subsonic  part  of  the  channel 
(Chapter  VIII ) . 


Fig.  10.72.  Supersonic  divergent 
cascade  of  infinitely  thin  air¬ 
foils  with  transition  through 
the  speed  of  sound  in  a  normal 
shock. 


The  cascades  of  plates  described  above  with  normal  shock  on 
entry  require,  strictly  speaking,  infinitely  thin  leading  edges. 
This  condition  in  actuality  can  never  be  fulfilled,  in  consequence 
of  which  the  design  diagram  of  flow  cannot  be  realized,  since  the 
basic  property  of  a  normal  shock  Is  disturbed  -  r,ne  equality  of 
the  transverse  cross-section  of  the  jet. 

As  a  result,  before  the  cascade  a  system  of  disconnected  shock 
waves  appears,  similar  to  that  which  appears  during  flow  at  a 
positive  angle  of  incidence  (x^  >  1,  ) ^  <  1)  of  cascades  of 

( 
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infinitely  thin  plates  (Fig.  10.1*8),  tut  with  a  specific  picture 
cf  flow  in  the  sene  of  flow  around  the  leading  edge. 

With  large  values  of  number  the  losses  in  a  normal  shock 
increase  substantially,  and  for  the  purpose  of  reducing  them,  Just 
a3  in  a  supersonic  diffuser,  it  is  advantageous  to  achieve 
transition  through  the  speed  of  sound  in  a  system  of  oblique 
shocks  with- a  terminal  normal  shock.  Figure  10.73  depicts  such 
a  cascade  with  the  simplest  system  of  shocks  (one  oblique  +  a 
normal)  calculated  for  number  M1  ■  2.0.  The  intensity  of  the  first 
oblique  shock  determined  by  the  angle  of  turn  at  the  leading  edge 
of  the  airfoil  is  selected  from  the  condition  of  minimum  total 
loss  In  the  system  of  shocks.  Thus,  the  turn  of  the  flow  in  the 
cascade  is  here  achieved  only  in  an  oblique  shock.  Deceleration 
cf  subsonic  flow  in  the  vane  channel  is  absent.  It  occurs  In  the 
process  of  turbulent  mixing  after  the  cascade  and  is  accompanied 
by  a  change  in  the  direction  of  flow,  which  reduces  the  total 
turn  of  flow  in  the  cascade.  The  intensity  of  the  losses  and  the 
additional  turn  which  depend  on  the  thickness  of  the  trailing 
edges  and  Mach  number  after  the  normal  shock  can  be  determined 
on  the  basis  of  the  condition  of  conservation  of  momentum  in  the 
space  beyond  the  edge  and  with  the  aid  of  continuity  and  Bernoulli 
equations.  For  this,  it  is  sufficient  to  use  the  expressions 
given  ir.  5  3,  having  first  determined  the  values  of  the  integrals 
entering  there.  In  the  case  of  the  velocity  distribution  in 
question  we  have 

i  i 

and  also 

- -  COI  ?,***«  CO*  *=**V 

Correspondingly,  the  coefficients  of  quadratic  equation  (29a) 

2 

relative  to  sin  can  be  presented  in  the  form 
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Fig.  111.73*  Supersonic  div'ergont  cascade  with 
transition  through  th:  speed  of  rcori  In  cyst  er 
oi‘  shocks:  :in«*  oblique  +  i.  normal  tfrr.Ir.Al :  a; 
with  flow  \  -‘locil.v  oour. *  an’.  In  vtiwe  st.c  dive:*.  ' 
In  the  3i. b1.'  r. I  ?  part:  of  the  v.vr.e  chant'.’:  1  ;  t )  wit  h 
deceleration  c?'  flow  in  the  subsonic  port.  (,f  the 
vane  chartrn-}  v:l  t.i.,..  h  t  u  rn '.« ng  .it;  ::  }  with  <l'-;*ier  — 
at  Ion  end  turn!  r.g  of  flow  I.*:*  the  subsonic  part  c-f 
the  vatie  eh.mt.i  .  . 


If  equalisation  of  ve.oclt  1  «a  in  t r.e  space  be vend  the 
occurred  without  si?; ;  '*■  ur.w  .»us  t  ..psiitut  of  t  h*i  .**:  rv.  (for  c-xantlf 
with  the  aid  of  -  st  ’orr:  -as  ’(•  c.‘  ir-f  loiter  V.1  •• !  r.  plates  > , 

then  the  losses  vv.uU  ts  equal  to  Joev-ee  5..  a  fc.vr.ia  ohotk.  The 
calculations  show  that  ii.  r  a  ;.n.t,t  a*.  ;  !>cC{  losses  c.-naidc-nabj  y 
exceed  the  losses  which  appear  with  eouall-ilng  of  flow  In  fret 
space  beyond  th«  caor.viv .  'Tr.tr.  1'  espe  *ia  ‘.'.j  t  v-ucc  ’  r.  ■.:. 

example  of  low  /alur;  ■  .  \u--.  *. h--;  i  •  .. !* 1 1  1*1- y  r  air  re.  t  *.- 


di sregsrded .  In  the  case  of  an  incompressible  fluid  we  have 
=  v; .  ,  w  =  w_  (1  -  J) ,  where  I  =  n/t  sin  *,  and 

•>  **  roa.  c  a. 

i.e.,  '.he  greater  the  thickness  of  trailing  edges,  the  greater  the 
angle  of  deviation.  Thus,  for  instance,  with  *  «  45°,  value  of 
the  angle  of  deviation  6  with  A  ■  0.1  is  3°  and  increases  to 
10°  with  I  =  0.2. 


"ron  the  equation  of  the  momentum  in  projection  in  an  axial 

direction 

M  <»«*  —  »*)  =  (Pt — Pad  t 

it  follows  that 

« 

Pt  —  P&  sss  ptPoof  (VflBf  ^  ^ta)1 

Tnus,  in  the  free  space  beyond  the  cascade 

Ap. — *  +  1  -  ^ — £  (»*• “ 


The  pitot  losses  during  sudden  expansion  of  the  area  cf  a 
rectilinear  channel  with  (t  -  h)  sin  *  to  t  sin  $  comprise  (see 
Chapter  I) 

[«i— »-r- 


Since 


n’o.=  tr,(l  —  AX 


then 


From  a  comparison  with  the  foregoing  formula  for  pitot  losses  v/e 
have 


*ln**. 


As  we  see,  losses  with  the  equa'  zing  of  flow  in  the  free  space 
beyond  the  cascade  decrease  in  comparison  with  the  losses  by  Borda 
shock  in  a  corresponding  rectilinear  channel  with  a  decrease  in 
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angle  With  large  values  of  angle  4,  the  difference  between 
these  losses  drops  and  becomes  zero  with  *  =  90° .  The  latter 
result  Is  the  obvious  consequence  of  the  symmetry  of  flow  In  the 
free  space  beyond  the  cascade  at  such  an  angle  of  setting. 

To  reduce  the  angle  of  deviation,  and  therefore,  to  increase 
the  effective  angle  of  turn  of  the  flow  by  r  cascade,  it  is 
necessary  to  reduce  the  thickness  of  the  trailing  edges  of  the 
airfoils,  additionally  retarding  the  flow  (after  passage  through 
the  system  of  shocks)  in  a  rectilinear  subsonic  diffuser  (Pig. 
10.73b).  In  so  doing  there  will  be  a  simultaneous  decrease  also 
in  the  losses  by  equalizing  the  flow  in  the  space  beyond  the 
cascade . 

At  first,  this  reduction  in  losses  will  exceed  the  increase 
in  the  losses  in  the  subsonic  part  of  the  vane  channel  and  thus 
the  total  losses  in  the  cascade  will  decrease.  Subsequently, 
in  proportion  to  the  refining  of  the  trailing  edge  of  the  airfoil 
and  a  corresponding  increase  in  the  expansion  angle  of  diffuser 
it  may  prove  that  the  Increase  in  losses  in  the  subsonic  part 
of  the  vane  channel  will  no  longer  be  compensated  for  by  a  decrease 
in  the  losses  by  the  equalizing  of  the  flow  after  the  cascade.  In 
other  words,  with  a  certain  optimum  thickness  of  the  trailing  edges, 
the  total  losses  in  the  cascade  can  become  minimum.  This  is 
confirmed  by  experiments  on  rectilinear  diffusers  which  show  that 
in  a  number  of  cases  the  optimum  is  a  staged  diffuser  in  which 
deceleration  of  air  is  achieved  first  in  the  diffuser  with  less  than 
initial,  by  the  expansion  angle,  and  then  during  sudden  expansion. 


The  aforementioned  considerations  become  even  more  essentia!1 
in  connection  with  subsonic  divergent  cascades  where  the  relative 
percentage  of  intake  losses  is  many  times  less.  On  the  strength 
of  these  considerations,  K.  A.  Ushakov  proposed  a  subsonic 
divergent  cascade  composed  of  winged  airfoils  with  blunt  trailing 
edge.  A  decrease  in  the  angle  of  turn  of  flow  in  such  a  cascade 
in  comparison  with  a  cascade  of  the  usual  shapes  with  sharp 
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trailing  edge  is  compensated  for  by  the  large  angle  of  bending  of 
the  center  line  of  its  airfoils.  In  general,  the  necessary  turn 
of  flow  Af3  by  a  supersonic  cascade  is  achieved  as  a  result  of 
deflection  of  the  supersonic  flow  in  an  oblique  shock  ABC  »  v 
and  the  deflection  of  the  subsonic  flow  A6„  in  the  curvilinear 
subsonic  part  of  the  vane  channel  (Pig.  10.73c) 

It  is  important  to  note  that  in  a  supersonic  divergent 
cascade  the  presence  of  the  angle  of  deviation  has  substantially 
less  effect  on  the  relative  change  in  the  value  of  Aw^,  and, 
consequently  also  circumferential  force  Ru  proportional  to  it 
than  in  an  incompressible  flow.  This  is  illustrated  by  the 
velocity  triangles  given  in  Pig.  10.7*1  constructed  for  a  super¬ 
sonic  flow  and  an  incompressible  flow  at  one  and  the  same  entrance 
angles  and  equs1  angles  of  deviation. 


Fig.  10.74.  Effect  of  angle  of  devi¬ 
ation  on  value  of  Awu:  a)  incompressible 

flow;  b)  supersonic  flow  before  the 
cascade  and  deceleration  in  it  to  sub¬ 
sonic  velocity. 

The  advantage  in  the  type  of  cascades  in  question  with  oblique 
shock  in  comparison  with  cascades  calculated  for  one  normal  shock 
consists  not  only  of  the  fact  that  the  flow  through  these 
cascades,  especially  with  high  numbers,  occurs  with  less 
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losses,1  but  also  In  the  fact  that  their  airfoils  have  a  finite 
thickness  unlike  the  infinitely  thin  airfoils  of  which,  strictly 
speaking,  a  cascade  with  normal  shock  on  entry  should  consist. 

Among  the  deficiencies  in  the  cascades  in  question  one  should 
include  the  difficulty  of  bringing  them  to  a  condition  of  flow 
corresponding  to  the  design  Mach  number. 

Figure  10,75  gives  diagrams  of  flow  both  with  design  and  with 
off-design  numbers;  the  angle  of  incidence  in  all  these  cases 
is  taken  as  design:  1=0.  With  an  increase  in  the  flow  velocity 
in  comparison  with  its  design  value  the  front  of  an  oblique 
shock  passes  more  sloping,  and  as  a  result,  there  appears  inter¬ 
action  between  this  shock  and  flow  with  rarefaction  which  becomes 
complicated  in  proportion  to  the  reflection  of  the  shocks  and 
characteristics  from  the  walls  cf  the  vane  channel  (Fig.  10.75b). 
With  a  decrease  in  number,  the  front  of  the  oblique  jump 
passes  more  steeply,  in  consequence  of  which,  flow  with  rarefaction 
interacts  only  with  reflected  shocks  (Fig.  10.75c).  Such  a 
picture  of  flow  Is  possible,  however,  only  up  to  a  specific  M, 
number  equal  to  the  maximum  number  for  flow  around  a  wedge. 

It  is  known  that  with  Mach  numbers  less  than  maximum,  the 
flow  about  a  wedge  with  formation  of  an  oblique  shock  becomes 
Impossible,  and  at  a  certain  distance  from  the  apex  of  the  wedge 
a  disconnected  shock  wave  is  established,  however  if  the  flow 
about  a  unit  wedge  with  a  boundless  decrease  in  number  is 
nevertheless  possible  (only  the  picture  of  flow  changes),  then 
the  possibility  of  flow  about  cascades  composed  of  wedge-shaped 
airfoils  is  limited  to  a  condition  of  flow  choking  In  the  narrow 
cross  section  of  the  vane  channels. 


1  In  this  case,  they  have  in  view  only  losses  which  appear  in 
shocks  (without  allowing  for  the  effect  of  viscosity).  In  an 
actual  flow,  the  Interaction  of  the  falling  shock  with  the 
boundary  layer  on  the  airfoil  complicates  the  flow  and  does  not 
make  such  an  obvious  gain  in  losses.  A  normal  shock,  although  of 
greater  Intensity  interacts  with  a  thinner  boundary  layer  than  an 
oblique  shock  which  passes  within  the  channel. 
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Fig.  10.75*  Flow  around  a  supersonic 
cascade  of  wedge-shaped  airfoils:  a) 


M, 


Mlp;  b)  M1  > 


M 


lp* 


c  )  M1  < 


M 


lp* 


On  going  to  design  conditions,  i.e.,  during  "starting"  of 
the  cascade  there  occurs  a  monotonic  increase  in  number  of 
incident  flow  from  *  1  up  to  the  design  number.  The  limita¬ 
tion  in  minimum  M,  number  makes  it  impossible  to  start  the  cascade 
without  special  adjustment  similar  to  that  which  is  employed  in 
starting  a  wind  tunnel  with  a  supersonic  diffuser. 


Such  adjustment  in  the  cascade  Is  simpler  than  in  the  wind 
tunnel,  since  it  is  possible  to  carry  it  out  not  only  by  reducing 
the  area  of  the  throat  section  of  vane  channels,  but  also  by  a 
corresponding  reduction  of  area  of  the  entering  Jet  by  means  of  an 
increase  in  the  angle  of  incidence.  Figure  10.76  for  the  cascade 
of  wedges  designed  for  number  Mlp  «  1.5  gives  the  dependences  of 
the  minimum  angle  of  Incidence  lmln»  necessary  for  "starting" 
this  cascade.  One  of  the  curves  is  constructed  under  assumption 
of  lsentropicity  of  flow,  the  other  -  taking  into  account  losses 
in  the  shock  waves  computed  according  to  (107).  These  dependences 
show  that  the  presence  of  losses  shows  up  noticeably  in  an 
Increase  in  the  minimum  value  of  the  angle  of  incidence.  So, 
with  *  1.0,  the  value  of  the  minimum  angle  of  incidence  is 
equal  to  0.14°  for  an  isentroplc  flow,  and  Increases  to  10°  in  the 
presence  of  losses. 


Let  us  examine  now  some  results  of  the  experimental  research 
on  supersonic  divergent  cascades  calculated  for  deceleration  of 
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Fig.  10.76.  Dependence  of  minimum  angle  of 
incidence  on  number  for  a  two-shock 

divergent  cascade  with  angle  of  wedge  u  *  10° 
(®1  ■  30°,  Mlp  e  1.5):  1  -  under  tho 

assumption  of  isentropicity  of  flow;  2  - 
taking  into  account  the  losses  determined 
approximately  according  to  formula  (107) 
for  a  solid  cascade  of  plates. 


a  supersonic  flow  with  a  subsonic  axial  component  of  velocity. 

Let  us  dwell  on  the  experiments  with  an  isolated  vane  channel 
carried  cut  by  S.  1.  Ginsburg  and  by  L.  A.  Suslennikov.  With  a 
subsonic  axial  component  of  velocity  such  a  replacement  of  an 
infinite  cascade  by  a  single  channel  having  the  same  leading 
edges  as  for  the  cascade  airfoil  is  valid  only  at  zero  angle  of 
incidence  and  when  length  of  the  straight  portion  of  convex 
surface  is  such  that  the  characteristic  which  goes  from  the  end  of 
this  segment  does  not  emerge  beyond  the  front  of  the  cascade 
(Fig.  10.45). 

Figure  10.77  depicts  a  cascade,  the  vane  channel  0f  which 
was  tested  at  z«ro  angle  of  incidence,  with  several  values  of 
M-^  numbers  and  various  counterpressures.  The  cascade  is  designed 
for  M  =  1.5  and  has  an  angle  of  taper  of  leading  edge  w  =  6° .  The 
convex  surface  of  the  airfoil  consists  of  a  straight  segment  and 
combined  with  it  a  circular  arc.  The  results  of  experiment  are 
given  in  Fig.  10.78  which  shows  the  distribution  by  section  after 
the  channel  of  the  coefficient  o  ■  Pq2^Poi  the  va-ue;j  number 
=  1.36;  1.5»  I.65.  These  data  pertain  to  the  design  position 
of  the  terminal  shock  located  directly  after  the  first  shock. 

Figure  10.78  shows  that  at  all  velocities  of  the  incident  flow 
the  pitot  losses  in  the  flow  core  are  comparatively  small  and 
close  to  the  losses  in  the  calculated  system  of  shocks.  With 
approach  tc  the  convex  wall,  the  losses  increase  sharply,  which 
is  explained  by  the  boundary-layer  separation  after  the  A-shaped 
part  of  the  terminal  shock  and  the  further  development  of  separation 
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Fig.  10.78. 


Fig.  10.77.  Supersonic  cascade  of  wedge-shaped  airfoils,  the  vane 
channel  of  which  was  tested  under  isolated  conditions. 

KEY:  (1)  Mach  wave. 


Fig.  10.78.  Distribution  of  the  relative  total  pressure  o  ■  P02/Pqi 

according  to  pitch  after  the  vane  channel  during  design  position 
of  the  terminal  shock  and  various  Mach  numbers  of  incident  flow: 

1  -  oblique  shock;  2  -  terminal  normal  shock;  3  -  X-shaped  shock; 

4  -  zone  of  flow  separation. 


in  the  subsonic  diffuser  part  of  the  channel.  The  latter  circum¬ 
stance  is  confirmed  by  the  fact  that  during  testing  of  another 
channel  with  the  same  supersonic  part  but  with  substantially  less 
dif f usivlty  of  the  subsonic  section  (c»3  ■  1.5°  instead  of  ■  7°) 
the  drop  in  the  total  pressure  begins  considerably  nearer  to  the 
convex  wall  and  occurs  considerably  weaker  than  for  the  initial 
channel  (Fig.  10.79).  Averaging  of  the  experimental  data  given 
in  Fig.  10.78  gives  the  following  mean  values  of  the  loss 
coefficient : 


Aft*— 


fu  — Pttt? 

ft» 


*-«*: 


Ml  1,36 1  1/50  1,6ft 
Aft*  0,12 10, 16910,380 
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The  increase  in  the  pitot  losses  with  an  incr^-e  in  the 
velocity  of  the  incident  flow  is  caused  by  by  the  inci<-  s«?  1  1  the 
loB3es  in  the  center  section  of  the  flow  (connected  dir  ..  tly  with 
losses  in  the  system  of  shocks)  and  by  the  increase  of  the  intensity 
of  the  boundary-layer  separation  as  a  result  of  an  increase  in 
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Fig.  10.79-  Distribution  of  total 
pressure  according  to  pitch  after  the 
vane  channels  of  two  supersonic  cascades 
which  differ  only  by  the  angle  of  the 
equivalent  plane  diffuser  for  the  sub¬ 
sonic  part  of  the  vane  channels  with 
■  1.5>  1  ■  0  and  maximum  counter¬ 
pressure:  1  -  initial  channel;  2  - 
channel  with  the  reduced  diffusivity 
of  the  subsonic  part. 

velocity  before  the  terminal  Jump  and  its  displacement  downstream 
together  with  the  point  of  fall  in  the  oblique  shock.  The  latter 
is  characterized  by  displacement  to  the  convex  side  of  the  channel 
cf  the  point  of  steep  drop  In  the  distribution  curve  of  total 
pressure  for  pitch  after  the  channel  (Fig.  10.78). 

The  results  of  investigation  of  another  channel  close  in 
configuration  with  the  same  design  number  M1  ■  1.5,  but  with 
different  positions  of  the  terminal  shock  are  given  in  Fig.  10.80. 
The  smallest  losses,  as  the  graphs  show,  are  observed  in  the 
design  position  of  the  shocks,  when  on  entry  to  the  var.e  channel 
one  oblique  shock  and  directly  following  it  a  normal  terminal 
shock  are  used  (curve  1).  With  a  decrease  in  pressure  in  com¬ 
parison  with  the  designed,  the  shock  moves  downstream  and  losses 
begin  to  Increase  (curve  2)  at  first  unessentially,  and  then  very 
sharply  and  reach  a  value  of  Ap^  Cp  -  0.24  in  the  extreme  position 
of  the  terminal  shock  (curve  3)  Instead  of  Ap0  cp  *  0.10  at  Its 
calculated  position.  Such  an  increase  of  losses  is  connected  with 
the  Increasing  intensity  of  separation  during  movement  of  the  shock 
in  the  diffuser  channel.  In  this  case,  the  separation  appearing 
and  developing  at  the  convex  wall  of  the  channel  leads  to  acceler¬ 
ation  of  flow  at  the  opposite  -  the  concave  wall,  and  as  a  conse¬ 
quence  of  this,  to  a  decrease  in  the  losses  In  this  zone  of  flow 
(curve  3).  At  the  certain  increased  counterpressure  on  inlet  to 
the  channel  there  appears  one  normal  shock  instead  of  calculated 
system  of  two  shocks.  The  replacement  cf  two  shocks  by  one  shock 
of  greater  intensity  produces  an  increase  in  the  losses  also  in 


the  central  and  in  the  near-wall  parts  of  the  flow  (curve  ^ ,  Fig. 
10.80).  The  latter  circumstance  is  the  result  of  the  interaction 
of  the  shock  of  greater  intensity  with  the  boundary  layer. 


Fig.  10.80.  Distribution  of 
relative  total  pressure  a  ■  PQ2/,Poi 

according  to  pitch  after  the 
channel  with  ■  1.5  and  various 

positions  of  the  terminal  shock 
(symbols  and  numerals  on  the  curves 
show  the  approximate  location  of 
the  terminal  shock). 


Experimental  research  on  the  initial  supersonic  cascade 
(Fig.  10.77)  with  angles  of  incidence  l  /  0  was  carried  out  by 
L.  A.  Suslennlkov1  on  a  rotor  with  cylindrical  form  of  blading 
and  with  the  height  of  the  blades  composing  a  total  of  0.1  part 
of  the  diameter.  For  such  vanes  a  change  in  the  flow  parameters 
on  a  radius  is  so  insignificant  that  it  can  be  disregarded  and 
to  consider  the  rotor  as  revolving  cascade  with  the  constant 
flow  parameters  on  a  radius. 

Instantaneous  photographs  of  cascade  flow  obtained  on  a 
Toepler-Foucalt  instrument  with  the  aid  of  cylindrical  optics  are 
given  in  Fig.  10.81. 

From  these  photographs  it  is  distinctly  evident  that  before 
the  cascade  there  is  a  periodic  system  of  shock  waves.  Before  the 
leading  edge  of  each  vane  a  curvilinear  shock  wave  is  established. 


'L.  A.  Suslennlkov,  The  use  of  optical  methods  for  studying 
flow  in  the  blading  rings  of  an  axial-flow  compressor.  In  a 
collection  "Rotodynamic  machines  and  Jet  apparatuses,”  issue  I. 
"Mechanical  Engineering,"  M.,  1966. 
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Fig.  10.81.  Instantaneous  Schlieren 
photographs  of  flow  about  a  rotating 
wheel  with  wedge-shaped  blades  (rotating 
supersonic  cascade)  by  a  supersonic  flow. 
KEY:  (1)  Wheel  is  stationary;  (2)  No  flow. 


one  of  the  branches  of  which  departs  forward,  agitating  the  flow 
before  the  cascade,  .and  the  other  branch  drops  on  the  airfoil  of 
the  adjacent  vane.  The  form  and  the  position  of  the  shock  waves 
depend  on  the  angle  of  incidence. 

With  small  aa.lfw  of  incidence  the  shock  wa"e  consists  of 
two  branches  -  one  js  located  before  the  cascade  and  the  second 
enters  into  the  vane  channel  and  represents  essentially  an  oblique 
shock.  As  the  a.nr  le  of  Incidence,  increases  the  shock  wave  is 
straightened,  simultaneously  moving  upstream.  At  the  greatest 
angle  of  incidence,  the  shock  wave  is  close  to  the  normal  shock 
located  at  a  noticeable  distance  from  the  leading  edge  of  the 
airfoil . 
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I  15.  Certain  Findings  Regarding  Spatial 
Flow  Around  a  Single  Airfoil  and  a 
Cascade  of  Airfoils 

In  the  foregoing  paragraphs  we  examined  the  flow  of  a  plane- 
parallel  fluid  flow  around  an  airfoil.  Such  a  flow  can  be  realised 
only  on  an  infinite-span  airfoil. 

Let  us  now  dwell  on  the  basic  questions  of  the  theory  of  an 
airfoil  of  finite  span.  An  infinite  airfoil  affects  its  circumfluent 
fluid  flow  as  an  infinite  vortex  filament.  In  other  words,  it 
may  be  considered  that  into  the  airfoil,  as  it  were,  a  so-called 
bound  vortex  is  placed.  As  is  known  from  hydrodynamics,  the 
vortex  can  terminate  only  on  the  boundaries  of  the  flow  or  be 
closed.  Therefore,  a  bound  vortex  cannot  suddenly  terminate  on 
the  tips  of  a  finite-span  airfoil  (Fig.  10.82);  its  free  ends, 
called  vortex  curls  go  beyond  the  limits  of  span  l  and  being  caught 
up  by  the  general  flow  of  the  liquid,  are  extended  over  the  flow 


Fig.  10.82.  Aerodynamic  configuration 
of  a  finite-span  airfoil  with  a  horse¬ 
shoe  vortex  of  constant  circulation. 


lines  into  infinity. 


If  circulation  around  the  airfoil  is  constant,  then  such  a 
finite-span  airfoil  can  be  replaced  by  a  horseshoe  vortex.  In 
actuality,  the  circulation  over  a  finite-span  airfoil  usually 
changes,  and  in  general,  the  airfoil  can  be  replaced  by  a  system 
of  an  infinite  number  of  horseshoe  vortices  forming  a  continuous 
vortex  sheet  (Fig.  10.83)  which,  as  studies  show,  is  unstable  and 
after  the  airfoil  is  turned  into  two  vortex  curls  (Fig.  10. 8*0. 
With  an  airfoil  of  rectangular  form,  the  vortex  curls  run  off 
mainly  from  the  tips,  therefore  such  an  airfoil  can  be  replaced 
approximately  by  one  horseshoe  vortex  with  constant  circulation. 
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Fig,  10.84. 


Fig.  10.83-  Diagram  of  horseshoe  vortices  for  an  air¬ 
foil  with  variable  circulation  spanwise. 


Fig.  10  .84.  Diagram  of  turning  of  a  vortex  sheet 
after  an  airfoil  into  two  vortex  curls. 


Experiments  confirm  well  the  described  hydrodynamic  diagram 
of  an  airfoil  of  finite  span.  Taking  into  account  the  action  of 
those  vortices  disappearing  from  the  tips  of  the  airfoil,  it  is 
possible  to  establish  the  effect  cf  the  span  of  the  airfoil  on 
its  aerodynamic  properties. 


For  this,  the  average  induced  velocity  over  the  span  of  the 
airfoil  being  caused  by  vortex  curls  and  usually  called  the  down- 


wash  velocity  w  Q  is  determined. 

- Vc*- 


It  can  be  shown  that 


--in¬ 


here  the  value  X  •  i/b  designates  relative  span,  or  aspect  ratio, 


Correspondingly,  for  the  angle  of  downwash  of  flow  Aa  we  have 
the  following  important  formula  of  the  theory  of  an  airfoil  of 
finite  span1 :  . 

If  the  airfoil  stands  in  a  flow  at  an  angle  of  attack  a,  then  the 
true  (aerodynamic )  angle  cf  attack  comprises  (Fig.  10.85) 

=  a  —  As. 


‘See  the  more  detailed  presentation  or  the  theory  of  an  air¬ 
foil  of  finite  span  in  B.  N.  Yur’yev's  book  "Experimental 
Aerodynamics,"  part  II.  Oborongi",  1 93b- 
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Fig.  10.85.  Downwash  after 
an  airfoil  of  finite  span. 
KEY:  (1)  Chord. 


For  an  infinite-span  airfoil  (1  ■  ®)  the  angle  of  downwash 
is  equal  to  zero  (La  ■  0),  i.e,,  the  true  angle  of  attack  is  equal 
to  apparent  (a).  The  smaller  the  relative  span  of  the  airfoil  >, 
the  greater  the  downwash  angle,  and  therefore,  the  smaller  the 
true  angle  of  attack. 

In  connection  with  the  downwash  the  lift  vector  of  the  airfoil 
is  turned  to  the  same  angle  La,  since  its  direction  Is  always  at 
right  angles  to  the  true  direction  of  flow  (Fig.  10.85).  The 
projection  of  the  lift  of  an  airfoil  of  finite  span'  on  the  free- 
stream  direction  constitutes  the  force  of  so-called  "induced  drag": 

R,i"*Rt  tin  A*. 

Converting  to  dimensionless  quantities  and  taking  into  account 
the  smallness  of  the  downwash  angle  (sin  Act  *  La),  we  obtain  the 
formula  for  determining  the  so-called"  "coefficient  of  induced 
drag"  of  an  airfoil  of  finite  span 

rt 

Thus,  the  effect  of  the  finite  span  of  the  airfoil  is  expressed 
in  the  appearance  of  a  special  kind  of  (induced)  drag  even  in  the 
case  of  flow  of  an  ideal  fluid  around  an  airfoil. 

In  view  of  the  fact  that  the  lift  coefficient  is  proportional 
to  the  aerodynamic  angle  of  attack,  the  expression  for  the 


'in  view  of  the  fact  that  the  angles  of  downwash  are  small, 
lift  with  downwash  barely  changes  (fjast,). 
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coefficient  of  lt.duoo..’  drag  If.  o  ewl-w-jr  lo  flow  cf  a  compress itjv 

gas  remains  the-  same  as  In  *n  lnoonprKSSitilft  fluid  (at  subsonic 
velocity  the  vortices  running  off  from  the  tip#  of  the  airfoil, 
as  before,  affect  the  flow  along  the  entire  span  of  the  airfoil). 

During  surer  son,!?  flow,  the  disturbing  action  of  the  end 
section  of  the  airfoil  is  propagated  only  within  a  cone  of  weak 
disturbances  with  the  ape*  in  the  leading  edge  of  the  end  section. 
This  leads  to  ar.  essential  decrease  in  the  induced  drag  which, 
generally  speaking,  can  be  reduced  to  cero  if  the  airfoil  tips 
are  cut  so  that  the  disturbance  coneo  going  out  from  the  leading 
edges  cf  the  tip  u>  v'c.i.'  d  not  include  within  themselves  elements 
of  the  airfoil.  In  thio  case,  lit  supersonic  flight-  speed  all 
wing  sections  will  be  flowed  around  .lust  a  a  an  infinite-scan 
airfoil . 

Earlier  In  t.he  examination  of  an  3  nf  lnlte-spar.  airfoil  it  wax 
assumed  that  the  flow  remains  two-dimensional  and  that  the  direction 
of  the  approach  mrcV.  »•* :  o :  5 1  y  Js  at  right  er/gies  to  the  leading- 
edge  of  the  airfoil  .  l  et  ua  examine  now  an  Infinite-spar.  airfoi . 
being  blown  at  ar  angle  to  leading  edge,  or  an  airfoil  equivalent 
to  It  which  is  moving  in  air  with  cer-.ain  aide  slip  characterise 
by  angle  6  (Fig.  10.8b).  in  this  cue,  as  before,  we  will  consider 
that  the  airfoil  chord  and  profile  ire  constant  along  the  »par.. 

We  shall  break  tne  total  (row  velocity  m.  down  into  two  con.- 

I 

ponents:  parallel  tc  the  leading  cage  and  at  right  angles  to  it. 

far*. lie)  to  the  span  of  the  airfoil  the 
velocity  component.  w.  cos  8  during  flow 
about  the  airfcl)  does  r.ot  change  o  vi 
the i  dare  it  has  no  effect  on  the  prett-  ’t 
d.lut  rilutlun  over  t hr  airfoil  which  it 
determined  only  as  the  normal  velocity 
i-tdr- or.tnt  w.  sin  fcj  . 

Fig .  10.86.  Obi 1  quo 
flow  aoout  a  wing. 


<  >  * 


Thus,  the  side  slip  of  an  infinite-span  airfoil  does  not 
affect  pressure  distribution  over  its  surface.  Consequently,  the 
Mach  number  which  determines  the  nature  of  flow  about  the  airfoil 


is  no  longer  the  number  M, 


vai 


but  the  effective  Mach  number 


M 


»*■ 


=  M,  sin  ?. 


Thus,  by  giving  the  wing  a  swept-bac.k  form,  it  is  possible, 
for  example,  to  delay  the  moment  of  emergence  of  shock  stall  for 
a  wing  with  this  shape  to  high  numbers.  This  method  of  reducing 
drag  has  found  wide  application  in  the  practice  of  modern  aircraft 
construction. 


The  presence  of  a  velocity  component  along  the  span  of  a 
swept-back  wing  causes  displacement  of  the  boundary  layer  in  this 
direction.  This  leads  to  a  deterioration  in  the  flow  and  to  a 
decrease  in  the  angle  of  stall  at  the  tip  profiles.  In  practice, 
for  the  elimination  of  this  harmful  effect  of  viscosity  use  is 
made  of  "combs"  -  projections  along  chord  and  preventing  overflowing 
of  the  boundary  layer. 


Let  us  now  examine  certain  questions  of  three-dimensional  flow 
of  a  liquid  in  rotodynamlc  machines. 


In  those  rotodynamlc  machines  whose  rims  operate  in  virtually 
unrestricted  flow  (air  and  water  propellers,  windmills),  from  the 
tips  of  their  blades,  Just  as  in  a  single  airfoil  of  finite 
elongation,  bound  vortices  run  off.  As  a  result,  an  additional 
induced  drag  appears  the  calculation  of  which,  by  comparison 
with  a  single  airfoil,  is  complicated  by  the  presence  of  mutual 
Interference  between  the  vortex  curls  running  from  the  tip  of 
each  blade .  1 


'N.  E.  Joukowski,  Vortex  theory  of  a  screw  cropeller. 
Tekhteoretizdat ,  1950. 
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Vortex  curls  of  this  type  cannot  arise  In  the  turbomachines 
of  other  types  (axial-flow  compressors  and  fans,  axial-flow 
turbines)  which  differ  by  the  fact  that  their  blades  are  limited 
"at  the  ends  by  the  surface  of  an  annular  channel,1  As  a  result  of 
this,  the  induced  drag  either  does  not  appear  at  all  or  it  has 
a  secondary  value. 


The  three-dimensional  character  of  flow  in  the  rotodynamic 
machines  of  the  type  in  question  is  basically  expressed  in  those 
limitations  on  possible  distribution  of  flow  parameters  over  the 
span  of  the  blades  which  are  imposed,  for  example,  by  one  or  another 
form  of  surface  current  adopted.2  Friction  on  the  walls  of  an 
annular  channel,  especially  in  the  area  of  the  vane  channels, 
leads  to  amplifying  the  effect  of  viscosity  on  the  character  of 
three-dimensional  flow. 

As  the  simplest  example  having  a  direct  relation  to  the 
phenomena  which  occur  during  flow  by  a  flow  of  a  viscous  liquid 
about  fixed  vane  channels,  let  us  examine  the  flow  about  a  cascade 
of  straight  airfoils  of  constant  profile  limited  by  two  parallel 
planes  normal  to  the  generating  lines  of  the  airfoiln  (Fig.  10.87). 


Fig.  10.87.  Flow  of  a  potential 
flow  about  a  cascade  of  airfoils 
of  finite  aspect  ratio  located 
between  two  parallel  planes. 


In  the  case  of  an  ideal  inviscld  fluid  the  flow  in  question 
is  two-dimensional.  This  means  that  over  the  entire  span  of  the 


*The  very  small  radial  clearances  between  the  surface  of  the 
annular  channel  and  the  ends  of  the  rotor  wheel  blades  -  rotating 
vane  rings  -  can  be  disregarded. 

*For  greater  detail  see,  for  example,  S.  1.  Ginsburg,  Elements 
of  gas  dynamics  of  compressors  and  turbines.  Chapter  IX  in  the 
earlier  edition  of  this  book. 


i 
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blade,  including  on  the  planes  which  limit  the  cascade,  there  is 
the  same  two-dimensional  flow  regardless  of  the  amount  of  aspect 
ratio  X  *  l/b  constituting  this  cascade. 

With  the  usual  angles  of  incidence  the  pressure  on  the  convex 
wall  of  the  airfoil  is  always  less  than  on  the  concave.  As  a 
result,  in  the  vane  channel  the  forces  of  pressure  increase  in 
direction  from  the  convex  to  the  concave  surfaces  of  the  airfoils. 
In  a  flow  of  inviscid  liquid  and  gas  this  pressure  gradient  is 
completely  balanced  by  the  centrifugal  force  which  appears  during 
the  motion  of  particles  along  curved  paths  (Fig.  10.38) 

Here  R  -  the  radius  of  curvature  of  the  flow  line  at  the  given 
point.  Taking  into  account  the  fact  that  Am  =  pAnAF,  we  have 


As  has  already  been  indicated,  during  non-separating  flow  the 
viscosity  effect  is  limited  to  a  thin  surface  layer.  Outside 
this  layer  the  flow  differs  little  from  the  flow  of  an  ideal 
fluid.  Hence  it  follows  that  the  viacosity  effect  barely  shows 
up  in  the  flow  in  the  middle  sections  -  it  remains  virtually 
undisturbed. 

Fig.  10.88.  Flow  in  a  plane 
curvilinear  vane  channel. 

KEY:  (1)  Flow  line. 


The  greatest  disturbances  of  flow  will  occur  in  the  boundary 
layer  of  flat  walls  which  limit  flow.  A  decrease  in  the  velocity 
in  this  layer  leads  to  the  fact  that  the  pressure  gradient,  which 
in  the  boundary  layer  remains  the  same  as  in  the  core  of  the  flow, 
will  no  longer  be  balanced  by  centrifugal  force.  Because  of  this, 
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in  the  boundary  layer  overflowing  of  fluid  will  begin  in  the 
direction  of  the  pressure  gradient  -  from  concave  wall  to  convex. 

The  Intensity  of  this  overflowing  will  increase  in  proportion  to 
proximity  to  the  wall.  Falling  on  the  convex  surface  of  the  airfoil, 
part  of  this  fluid  will  be  taken  away  by  the  main  flow.  As  a 
result,  at  the  upper  and  lower  surface  there  will  arise  two  vortices 
of  Identical  intensity,  but  with  counterrotation  (Fig.  10.89). 

Such  a  vortex  system  is  called  a  paired  vortex.  The  expenditure 
of  energy  on  vortex  formation  leads  to  pitot  losses,  i.e.,  to 
the  emergence  of  additional,  so-called  "secondary  losses." 

Figure  10.90  shows  the  distribution  of 
the  loss  coefficient  over  the  span  of 
the  vane  for  impulse  and  convergent 
cascades.1  In  the  middle  part  of  the 
vane  the  losses  are  connected  only  with 
the  flow  about  the  airfoil  and  there¬ 
fore  are  constant  over  the  span.  They 
are  called  profile  losses.  The  losses 
connected  with  vortex  formation  and 
flow  at  the  walls  have  a  local  character 
and  down  to  a  certain  minimum  value  of 
aspect  ratio  do  not  depend  on  it.  In 
other  words,  the  relative  percentage 
of  tip  losses  decreases  linearly  with  an  increase  in  aspect  ratio. 

In  proportion  to  the  decrease  in  the  aspect  ratio,  the  vortex 
regions  come  together  and  with  a  certain  only  one  area  of 

Increased  losses  is  detected,  located  in  the  middle  sections  of 
the  vane.  Figure  10. 91  gives  the  dependence1  of  on  the  value 


'fP1 


Fig.  10.89.  Formation 
of  a  paired  vortex 
during  flow  of  a 
viscous  flow  about  a 
cascade  of  airfoils 
located  between  two 
parallel  planes. 


*M.  Ye.  Deutsch,  T.  S.  Samoylovich,  Fundamentals  of  aerodynamics 
of  axial  turbomachines.  M.,  Mashglz,  1959. 
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Fig.  10.90.  Distribution  of  losses  over 
the  span  of  an  airfoil  in  a  cascade:  a) 
impulse  cascade  with  X  ■  2.25;  b)  con¬ 
vergent  cascade  with  x  *  1.2;  z  -  dis¬ 
tance  from  the  mid-span  section. 


Fig.  10.91.  Dependence  of  minimum 
aspect  ratio  of  the  airfoils  of  a 
cascade  with  which  joining 

of  secondary  flows  occurs  from 

Lp2. 

KEY :  (1)  Cascades  of  Intake  guide 

device;  (2)  Convergent  cascades; 
(3)  Impulse  cascades. 


The  graph  in  Fig.  10. 91  shows  that  with  an  increase  in  Ap2 
a  drop  in  occurs  which  indirectly  testifies  to  a  decrease 

in  the  intensity  of  vortex  formation.  This  is  connected  with  the 
increase  in  the  convergent  effect,  i.e.,  with  a  general  acceleration 
of  flow  which  leads  to  a  decrease  In  the  boundary  layer  thickness 
and  thus  to  weakening  of  the  viscosity  effect.  With  a  decrease 
In  Ap j »  especially  when  this  value  becomes  negative  and  flow 
becomes  divergent,  the  reverse  effect  is  observed. 

In  a  direct  diffuser  cascade,  as  during  any  flow  with  deceler¬ 
ation,  a  considerable  portion  of  the  losses  is  usually  caused  by 
the  emergence  of  flow  separations.  In  the  same  way  as  for 
evaluating  the  degree  of  total  dlffuslvity  of  a  two-dimensional 
cascade  in  5  3  the  concept  of  an  equivalent  two-dimensional 
rectilinear  diffuser  was  introduced  here,  in  the  presence  of  a 


(1) 

(2) 

(3) 
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three-dimensional  character  of  flow,  as  one  of  the  estimates,  in 
a  number  of  cases  the  representation  of  an  equivalent  circular 
diffuser  is  employed  which  was  first  introduced  in  connection  with 
rotodynamic  machines  by  K.  A.  Ushakov.  The  equivalent  circular 
diffuser  (Fig.  10.92)  has  an  extent  equal  to  the  length  of  the 
center  line  of  the  vane  channel  and  its  sections  F^  and  are 
equivalent  to  the  corresponding  flow  areas  before  the  cascade 
and  after  it 


f(  =  /M  = 
/•,==//  sin 


(120) 


The  expansion  angle  of  the  equivalent  circular  diffuser  is 
determined  from  the  obvious  relationship 


Taking  into  account 
S  '  b,  according  to 


that  a  is  small  for  not  very  curved  channels 
(120)  we  have 


/ 1,  iV  *»•<?«  -  v 


(121) 


Thus,  the  angle  of  the  equivalent  diffuser  is  proportional  to  the 
root  from  the  aspect  ratio  of  the  airfoils  and  inversely  propor¬ 
tional  to  the  root  from  the  solidity  of  the  cascade. 


In  a  limited  range  of  change  in  the  cascade  parameters,  the 
application  of  the  concept  about  an  equivalent  circular  diffuser 
turned  out  to  be  sufficiently  effective.  Specifically,  with  the 
aid  of  this  concept  it  was  possible  to  explain  the  fact  observed 
in  practice  of  the  increase  of  losses  in  a  diffuser  circular  grid 
with  an  increase  in  the  aspect  ratio  of  the  vanes.  However,  the 
use  of  angle  uH  as  the  parameter  of  diffusivlty  over  a  wide  range 
of  change  in  the  geometry  of  the  cascade  and  airfoil  encounters 
serious  difficulties.  Thus,  for  instance,  from  expression  (121) 
it  follows  that  with  an  increase  in  aspect  ratio,  the  angle 
monotonically  increases.  Meanwhile,  from  general  considerations 
it  lo  clear  that  with  an  increase  In  aspect  ratio  the  effect  of 


797 


rig.  10.9?.  Circular  diffuser 
equivalent  to  the  vane  channel 
cf  a  divergent  cascade  of  airfoils 
of  finite  aspect  ratio. 


end  effects  decreases  and  with  the  tendency  cf  elongation  of  vanes 
to  infinity,  the  flew  becomes  two-dimensional ,  and  therefore,  the 
expression  for  the  parameter  of  diffusivity  should  convert  to 
expression  (8?)  for  the  equivalent  plane  diffuser  of  a  cascade 
of  airfoils.  Such  nonconformity  is  the  result  of  the  replacement 
cf  this  channel  by  an  equivalent  channel  of  different  configuration 
If,  in  the  same  way  as  was  done  for  a  foil  cascade,  the  equivalent 
channel  is  constructed  by  means  of  straightening  this  vane  channel 
(Fig.  10.93)  ana  its  diffusivity,  following  Ye.  A.  Lokshtanov, 
we  characterize  by  a  certain  average  in  swept  area  F  the  value  of 
the  angle 

\  iJF  (1 22) 

($  -  the  angle  between  the  element  of  area  and  axis  of  the  channel) 

then  with  a  monotonic  increase  in  aspect  ratio  will  approach 

a  certain  finite  quantity  equal  to  value  of  $  for  a  foil  cascade 

c  p 

of  airfoils. 

If  angler.  <t>  are  small  then  (Fig.  10.93) 

,in  (123) 
Here  S  is  the  length  of  the  channel,  U  -  its  average  perimeter. 

Substituting  in  (123)  the  values 

/,  =  H  »ln  ft  —  It  *ln 
U, „  =  *4^  =»  2/  +  /  ( sin  ?,  -b  *ln  p,) 
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Fig.  10.93.  Tetrahedral 
rectilinear  symmetrica] 
channel  equivalent  to 
the  vane  channel  of  a 
diffuser  cascade  of 
airfoils  of  finite 
aspect  ratio. 


and  assuming  that  S  s  b,  we  obtain 

This  expression,  taking  into  account 
(87),  can  be  written  thus: 

9  =  :  —  9* 

2  +  jrf7(,‘n>,  +  ,lnfc) 

With  an  increase  in  aspect  ratio  $cp 
monotonically  increases  with  X, 
approaching  infinity,  it  approaches 
its  maximum  value  -  the  lateral  angle 
of  the  equivalent  plane  diffuser  <t>3 
for  this  airfoil  cascade.  For  an 
incompressible  fluid  we  have 


and  correspondingly 


/._«•.  __gi  I,  |  _  j.  i 


j 


?<p: 


[L 

~y\/i 


iw  •, 

r> /.  ' 


The  numerator  here  characterises  the  degree  of  deceleration  of 

flow,  and  the  denominator  determines  by  Itself  the  relative 

extent  of  the  channel.  Thus,  the  value  <S  determines  the  average 

velocity  gradient,  and  therefore,  the  static  pressure.  Therefore 

<t  can  be  considered  the  measure  of  the  aerodynamic  load  state 
cp 

of  a  divergent  cascade  of  airfoils.  With  an  Increase  in  aspect 
ratio  the  aerodynamic  load  state  grows,  and  consequently, 
separation  losses  increase.  In  this  case  it  is  necessary  to  bear 
in  mind,  as  has  already  been  Indicated  above,  an  increase  in 
aspect  ratio  leads  to  a  relative  decrease  in  the  secondary  losses 
connected  with  the  formation  of  a  paired  vortex.  Hence,  it  follows 
that  vflth  a  certain  optimum  aspect  ratio  A o n T  the  value  of  the 
total  losses  becomes  minimum.1  With  X  <  X  an  increase  in 


'As  experimental  studies  shew,  in  a  number  of  cases  the 
optimum  aspect  ratio  of  divergent  cascades  is  close  to  one. 


eiongac  icn  leads  to  a  decrease  in  total  losses,  since  here  the 
_  jS s os  to  vortex  formation  will  be  determining*  With  \  >  -\  .. 

■  he  profile  losses  become  determining  or. d,  correspondingly,  an 
increase  in  the  total  pitot  losses. 

It  is  another  natter  in  a  convergent  grid.  Here,  as  a  rule, 
flow  Is  ncr.separable  and  the  total  losses  are  determined  only  by 
rricticn  losses  and  by  losses  to  the  formation  of  the  paired 
vortex.  Therefore,  an  increase  in  the  aspect  ratio  wings 
constituting  a  convergent  cascade  leads  tc  a  rr.onotonic  decrease 
in  total  losses. 

Such  a  distinction  in  the  nature  of  the  effect  of  aspect 
ratio  cn  the  total  losses  in  divergent  and  convergent  grids  is 
confirmed  both  by  results  of  experimental  research  on  them  and 
also  by  the  practice  of  compressor  ar.d  turbine  construction. 


CHAPTER  XI 


HYPERSONIC  GAS  FLOWS 


SI.  Change  In  the  Parameters  of  a 
Gas  In  an  Ioentropic  Hypersonic  Flow 


Gas  flows  at  a  velocity  which  considerably  exceeds  the  speed 
cf  sound,  sometimes  called  hypersonic  flows,  possess  a  series  of 
distinctive  features. 

Let  us  express  in  an  explicit  form  the  Influence  of  a  change 
in  the  rate  of  flow  on  the  basic  parameters  of  a  gas. 

In  a  unit  stream  of  gas  in  the  absence  of  losses  and  external 
work  according  to  the  equation  of  Bernoulli  (52)  of  Chapter  I  we 


dp=s  —  fta  dm. 

Hence  with  the  help  of  the  known  expression  for  the  speed  of  sound 
(34)  of  Chapter  I  we  obtain  the  relationship  which  connects 
pressure  change  with  the  velocity  change 

*p-  =  —  AM*  (]) 

p  w 

The  equation  of  conservation  of  enthalpy  of  a  stream  during 
adiabatic  flow  can  be  presented  in  the  form 
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A  f*;er 


1 


rfr — W*rf*- 


.■■imple  conversion.1.  from  here  follows 


dT_ 

f  ~~ 


a?— 


Dl  f-Vrenviat.  isirr  the  equation  of  state  of  an  Ideal  gas  and 
utilising  relationships  (1)  and  (2),  we  obtain  a  similar  dependence 
for  tiie  do n ? i t v  change 


t  P  T  ~  M  »  •  (  i ) 

Differentiating  the  equality  w  =  Ma  and  expressing  the  speed 
cf  sound  tli rough  the  gas  temperature,  we  find  with  the  help  of 
(2)  the  relationship 

*  v-j-NV-  v'O 

Relationships  ( 1 )  —  ( -U )  show  that  at  subsonic  speeds  (M  <  1)  an 
insignificant  change  of  pressure,  density,  and  temperature  of  the 
gas  occurs  with  a  change  in  velocity,  but  the  Mach  number  depends 
on  velocity  linearly.  On  the  contrary,  at  hypersonic  speeds 
(K  >>  1)  even  a  small  change  In  the  rate  of  flow  leads  to  a 
noticeable  change  In  the  state  of  the  gas  and  Mach  number. 


V.'lth  M  >>  1  in  the  right  side  of  expression  (*0  it  is 
possible  to  disregard  unity,  then  we  have 


i/M  *  —  I  ii,  Wv 

m  *—ar  M  •* 


(5) 


Eliminating  from  (1)  and  (5)  the  factor  dw/w  and  carrying  out 
Integration,  we  obtain  the  character! stic ,  for  hypersonic  flows, 
dependence  of  pressure  on  Mach  number 


3* 

ii^/w.y^ 

r,  (m) 


(O 


I 

1 
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From  {?.)  and  (5)  in  a  similar  manner  the  dependence  of 
temperature  on  the  Kach  number  is  derived 

£-(*)’•  m 

from  v.'hich  follow  the  corresponding  expressions  for  the  speed  of 

..ound 


and  the  gas  density 

M”«r-  (9) 

Integrating  expression  (5),  we  establish  the  connection 
between  the  flow  velocity  and  the  Mach  number 


(10) 


During  the  derivation  of  equation  (10)  the  function  In  w/wh 
was  expanded  in  a  series  by  degrees  (w/wh  -  1),  whereupon  ir,  view 
of  the  proximity  of  relation  w/wh  to  unity  all  the  nonlinear  terms 
of  this  series  were  rejected. 


In  expressions  (6)-(10)  the  values  without  Indices  correspond 
to  the  current  values  of  the  parameters  of  the  gas,  and  the  values 
with  the  index  "h"  -  to  their  initial  values. 

§  2.  Hypersonic  Flow  Around  a 
Convex  Obtuse  Angle 

Let  us  examine  the  features  of  flow  at  a  very  high  speed 
arounu  a  convex  obtuse  angle  -  the  hypersonic  Prandtl-Mayer  flow 
(Fig.  11.1).  The  mass  flow  per  second  of  the  gas  between  the 
arbitrary  flow  line  and  the  pole  of  flow  0  is  constant  and  can  be 
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Fig.  11.1,  Diagram  of  a  flow  around 
a  convex  angle. 

calculated  by  the  velocity  component  normal  to  the  characteristic, 

1  ei i  is  equal  to  the  speed  of  sound 

par  as  const. 

Hence  after  differentiation  we  have 

*+7  +  F"0>  (ID 

The  Mach  angle  (between  the  flow  line  and  the  characteristic) 
in  the  case  of  hypersonic  speed  (M  >>  1)  is  determined  by  the 
following  approximate  dependence: 

a=sarciln  (12) 

If  6  is  the  angle  of  deflection  of  flow  from  the  initial  direction, 
and  ft  is  the  angle  between  the  assigned  characteristic  and  the 
initial  flow  direction,  then  obviously 

6  =  (13) 

Here  It  is  taken  into  consideration  that  the  reference  directions 
of  angles  a  and  6  are  opposite  (a  >  0,  <5  <  0,  since  reading,  is 
counterclockwise)  . 


Figure  11.1  shews  that 


\_dr  », 
f  d»  5=3  V 


—  clg* 


-M, 


eot 


(10 


since  with  M  >>  i  fa  v coral ur  to  (!:?> 


«Hg  a  r^i  M. 

Substituting  UO  in  (U)  we  have 


* 


from  which  on  ths  of  ft),  and  (h)  we  obtain 


Integrating  thir-  equation  end  taking  into  account  ivint-lnn 
(IS)  and  (13)  when  r.  .  to,  initial  v.ilttr*  a  •»  a  .answers  <?  *  o. 
obtain  for  hy person!-  Dow  the  fol  lowing  con n  c.,1 ' o.->  between  :,'a-z 
number  and  the  angle  of  a  deviation  of  the  fj.,*: 


I 


4  /  I 

rf^r{y 


C.o) 


here  M  and  Mh  art  tin  current  ur;d  Initial  valuer,  of  VLioh  r.usr.t  cr 
Solving  equation  (!■>)  relative  to  r.r.e  current-  va j  u*  of  t »yr 
number 


M. 

U 


.»•:  (  -f- 


a  —  i 

~ir 


(  j 


•  -j  ■ 


and  substituting  this  v*x J •»  into  * xp.r«-?.o i or»r.  ;0  r-.i 

obtain  formulas  fur  <!•*?  erwst.lng  the  current  v*)  uer  f-rv.\.  u.  t 
density,  temperature,  rper  i  of  r.c-und  ,  and  flow  velocity  duri  i.  • 
hypersonic  flow  around  a  convex  obtuse  angle. 


Specifically  for  }  .sure  mu  nave 


The  calculations  show  that  all  the  formulas  obtained  tnusly 
ii'-  accurate  with  >  c 


The  maximum  an pi 
expansion  of  gas  to  tot 


•'  loi.  of  flow  <5  corresponds  to  t;.e 

np 

uum  (p  =  0).  Then  from  (16)  we  have_ 


S 


«» 


2 

(*—  DM,' 


(17) 


Let  us  recall  that  during  a  clockwise  deviation  in  the  flow 
the  angle  is  considered  negative  (<5  <  0). 


i 


As  we  see,  the  product  of  the  angle  of  deviation  of  flow  by 
the  initial  value  of  the  Mach  number  Mh6,  which  enters  into  all 
the  design  equations  as  the  combined  value,  is  the  basic  parameter 
which  determines  this  flow. 

If  we  are  restricted  to  the  case  of  a  low  deviation  in  the 
flow  around  a  convex  obtuse  angle  and  present  a  change  in  the 
full  speed  as  a  disturbance  which  is  characterized  by  the  appearance 
of  two  supplementary  velocity  components  u  and  v,  then  as  it 
follows  from  Fig.  11.2, 

u  =  »  cos  3,  o  =  (18) 

At  small  angles  of  deflection  of  flow 

co*8*«t—  y,  sin  3  <**3, 


there fo re 


°~KV  ~  =■" 


v-3. 


Hence  with  the  help  of  (10)  and  (15a)  we  obtain 


(19) 
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Fig.  11.2.  Diagram  of  the 
vectors  of  velocity  and 
*  disturbances  during  a  devia¬ 
tion  of  flow  around  a  convex 
angle . 


In  the  first  of  these  expressions  as  a  result  of  smallness 

?  li 

the  terms  with  factors  and  6  are  rejected,  in  the  second  - 
2  7 

with  factors  6  and  . 


As  we  see,  in  hypersonic  flow  near  a  convex  angle  the  trans-  1 

verse  disturbance  of  flow  velocity  exceeds  by  at  least  an  order  \ 

the  longitudinal  disturbance  (v  >>  u).  This  means  that  during  the  5 

flow  there  was  a  seemingly  particle  displacement  along  the  normal 
to  the  direction  of  undisturbed  flow  and  the  value  of  the  longi¬ 
tudinal  velocity  virtually  does  not  change.  j 

| 

i 

§  3.  Plane  Shock  Wave  in  a  j 

Hypersonic  Flow  5 

j 


Let  us  pause  now  on  the  relationships  which  characterize  a 
plane  shock  wave  which  appears  during  flow  around  a  concave  obtuse 
angle  at  hypersonic  speed.  In  a  plane  oblique  shock  wave  a  density 
the  change  according  to  (47)  of  Chapter  III  will  be 


i-  = 


i-f 


~ 5  5 


(21) 


Here  a  is  the  angle  of  inclination  of  the  shock  front  to  the 
velocity  vector  w^ . 


Pressure  change  in  such  a  wave  according  to  (45)  of  Chapter 

III 


/» 

Pm 


rnM!  ,lnfa-rn 


P  —  Pm 
f,*i 


“«;)• 


or 


(22) 


The  dependence  of  the  angle  of  deflection  of  flow  in  a.  shoe',-: 
wave  cn  the  slope  of  front  a  is  determined  from  (50)  of  Chapter 


■e  *  —  )  Mi  nil'  >  ' 


■where  8  is  the  angle  between  vectors  of  velocity  behind  the  shock 
wave  and  the  front  of  the  latter. 


Prom  here  we  obtain  after  the  elementary  conversions 

•to*  •  - 

tg»~ctg«f4:r  7-7— TV  (2*) 

From  (21)  and  (22)  with  the  help  of  the  equation  of  state  it  is 
possible  to  derive  the  appropriate  dependences  for  the  relation 
of  temperatures  and  values  of  the  speed  of  sound  in  a  shock  wave. 

The  velocity  disturbances  in  a  shock  wave  (u,  v)  we  find  from 
the  obvious  relationships 

«=tr  cos»  —  tr„  t>  =  wsin«,  (25) 


whereupon  in  accordance  with  the  deflection  circuit  of  velocities 
in  a  shock  wave  (Fig.  11. 3)  we  have 


u 


.  I co*  a  co»  • 
*1  "eo.? 


©~  w. 


CO»  » 
CM? 


sin  10. 


(26) 


Replacing  cos  8  =  cos  (a  -  w) ,  after  elementary  conversions  we 
obt  ain 


0 


®.  rri^1  (»'"'* -M])' 

■  rri 


lie  —-W, 


(27) 


Fig.  11.3.  The  deflec¬ 
tion  diagram  of  flow  in 
a  shock  wave. 


From  relationship  (2*0  it  follows  that  at  hypersonic  speeds 
(M  >  5)  the  angle  of  inclination  of  the  shock  front  a  is  close  to 
the  angle  of  deviation  of  the  flow  in  the  shock  in  connection 
with  which  the  layer  of  the  condensed  gas  found  between  the  shock 
front  and  the  body  surface  turns  out  to  be  very  fine. 

In  sufficiently  Intensive  shock  waves  (p/pH  >>  10)  there  is 
always  the  inequality 


At  any  arbitrary  small  fixed  value  of  the  angle  of  deflection 

of  flow  w  it  is  possible  to  achieve  such  a  value  of  the  Mach 

number  at  which  condition  (28)  will  be  executed.  Consequently 

in  relationships  (21)-(27)  it  is  possible  to  disregard  terms  1/M^, 

and  then  it  will  turn  out  that  the  dimensionless  values  of  the 

velocity  disturbances  u/wh ,  v/wh ,  dimensionless  density  P/PH,  and 

the  angle  of  inclination  of  the  shock  front  a  do  not  depend  on  Mh , 

but  the  dimensionless  values  of  pressure  p/p  (and  temperature 

2  H 

T/T  )  are  proportional  to  value  M  : 

H  H 


—  =—  r-4-r  Jln**,  —  =  -4-7  iln  *  co*  a, 


^-"irrT  '  »,  rFi 

£z£2  _  sin '  a  or  t  J* 


Ml  sin**. 


.  .  .  T-T— I  lin  >  Cot  a 

I...SL - . 


Thus  at  high  hypersonic  speeds  in  the  area  behind  intensive 
shock  waves  a  certain  limiting  condition  of  the  gas  flow  is 
observed.  During  this  its  characteristic  dimensionless  parameters 


( 
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ar.j  the  aerodynamic  coefficients  do  not  depend  on  the  value  of  the 
M  r. limber .  We  observed  similar  features  of  gas  flow  at  very  lew  - 

M 

subsonic  -  speeds  ( M  -*•  0),  when  the  properties  of  flow  also  do  not 
depend  on  value  K  (Incompressible  liquid). 

Experiments  show  that  the  indicated  limiting  condition  of  gas 
flow  (with  M  ■+  *)  is  reached  virtually  at  comparatively  moderate 
values  of  Nl  number. 

Testifying  to  this,  for  example,  are  the  experimental  depend¬ 
ences  cf  the  resistance  coefficients  c  (M  )  of  a  sphere  and  cylinder 

X  M 

with  a  conical  nose  section  as  depicted  in  Pig.  11.  4;  as  we  see, 
already  with  M  *  3-4  the  values  cx  are  very  close  to  asymptotic, 
corresponding  to  ■+  the  stability  of  the  values  of  aerodynamic 
coefficients  testifies  to  the  invariability  of  the  entire  picture 
cf  gas  flow  near  a  body. 


Pig.  11.4.  The  dependence  of  the  drag  coeffi¬ 
cients  of  s  sphere  and  cylinder  wiht  a  conical 
forward  section  on  the  Mach  number. 

KEY:  (a)  Sphere;  (b)  Cylinder  with  conical 
nose  section. 


A  general  strict  proof  of  the  indicated  self-similarity  of 
flows  at  high  supersonic  speed  was  given  for  the  first  time  by 
S.  V.  Valander  in  1949. 1 


lSee  Chernyy,  G.  G.  Gas  flows  at  high  supersonic  speed, 
Flzmatglz,  I960. 
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If  the  shock  wave  is  insufficiently  intensive,  i.e.,  the 
angle  of  deviation  of  flow  w  in  it  is  small,  then  at  hypersonic 
speed  angle  a  is  also  small;  carrying  out  the  substitutions 

ilfltMi,  tin  * ^ cnti%l,  coivm  1, 


and  designating  aM  *  K„»  wM  ■  K  ,  we  will  obtain  from  (2M 

H  Ot  H  U) 


(30) 


from  which  with  a  <<  1 


Correspondingly  from  equality  (21)  we  obtain 


L 

h 


& 


«4.  — r* 

,+r=i*s 


from  equality  ( 22  ) 

£•=*  +  npr<*J-1* 

from  equalities  (27) 


a 


•5** 


2  Ki- 1  • 


and 


» 

v 


l. 


Now  we  find  the  Mach  number  behind  the  shock  wave 


(32) 


(33) 


(3*0 


(35) 


n-i  it  follows  from  (3*0,  in  the  case  of  hypersonic  flow  the 
relative  ras  velocity  on  a  shock  at  a  narrow  angle  of  the  latter 
har-i.v  changes  (w  =  v;  ) .  Then  from  (35)  with  the  help  of  (32)  and 
(  33 )  obt  aln 


M,3“ 


In  tne  extreme  case,  when  M  ,  we  have 

’  H  J 


(36) 


•  I 


With  .M  ■*  «>  according  to  (3D  a  *  w(k  +  l)/2,  therefore 


M- 


(37) 


In  other  words,  In  the  case  M  +  •  at  low  slope  angles  of 
shock  a  the  Mach  number  oehlng  the  shock  will  be  large.  If  the 
shock  Is  of  low  intensity,  then  the  Mach  numbers  before  and  behind 
the  shock  at  hypersonic  speed  have  a  value  of  the  same  order. 


In  the  examination  of  Prandt 1-Mayer  flow  (5  2)  we  represented 
all  the  parameters  in  the  function  of  the  angle  of  deflection  of 
flow,  whereas  for  flow  behind  a  shock  wave  we  found  the  dependences 
containing  the  angle  of  the  shock  wave  itself. 


Using  expression  (31),  we  obtain 


=  i_+J  (M.w) [ M„.. -f  ]/ ^  M.u,/  —  l] 


(38) 


or  for  strong  disturbances  (Mh<*j  >>  1) 


■ 

1 1 

r  1  «  "i 

_  /*  +  !»  '« 
*=  \~T~  ‘  • 


(39) 
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Substituting  (39)  into  formulas  (31)-(3^),  it  is  possible  to 
present  the  changes  In  pressure  and  density  in  a  shock  wave,  and 
also  th°  values  of  the  velocity  disturbances  in  the  function  of  the 
angle  or’  deflection  of  flow  (angle  of  incidence  of  flow  with  the 

body  surface). 

From  these  dependences  it  follows  that  at  hypersonic  speeds 
in  a  step  oblique  shock  wave  the  change  of  the  parameters  is 
determined  (as  during  Prandt 1-Mayer  flow)  by  one  criterion 
K,  =  -  by  the  product  of  the  Mach  number  by  the  angle  of 

deviation  of  flow. 

§  4.  Hypersonic  Flow  Around  a 
Flat  Plate  at  a  Small  Angle  of 
Incidence 


The  expressions  obtained  in  51  2  and  3  make  it  possible  to 
derive  simple  formulas  for  the  coefficients  of  lift  and  resistance 
of  a  plate  flown  around  by  a  gas  flow  at  a  high  supersonic  speed 
with  a  small  angle  of  incidence. 

The  coefficient  of  the  total  aerodynamic  force  directed  at 
right  angles  to  the  plate  is  equal  to 


-«£-£) 


2 

TO'' 


(40) 


Here  the  minuend  is  the  dimensionless  pressure  on  the  lower  side 
of  the  plate  (behind  the  shock),  according  to  (33)  equal  to 

£-»+nh( 

The  subtrahend  in  the  right  side  of  equality  (<10)  represents 
the  dimensionless  pressure  from  the  upper  side  of  the  plate  (as 
during  the  flow  around  a  convex  obtuse  angle),  which  on  the  basic 
cf  (16)  with.  6  =  -w  takes  the  form 
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Converting  equality  (40)  with  the  help  of  the  expressions  obtained 
and  utilizing  (38)  we  obtain 


T7 


k-  l  u 
- t-  M,UI 


If  the  angle  of  incidence  of  the  plate  u>  is  equal  to  or  greater 
tlian  the  critical  angle  of  rotation  of  flow  during  Prandtl-Mayer 
flow,  which  is  determined  by  (17),  then  on  the  upper  side  of  the 
plate  a  total  vacuum  is  established.  In  this  case  the  value  which 
stands  in  the  brackets  of  expression  (41)  is  equal  to  zerc. 

At  small  angles  of  incidence  the  coefficients  of  lift  and 
resistance  cx  are  connected  with  the  coefficient  of  total  aero¬ 
dynamic  force  in  the  following  manner: 

t  cos w  A*, c,  c,«c  sin  w cy*.  (42) 

With  M  we  have 

H 


fjr  “(*  +  C,  —  (k  -f-  I )  in’. 

As  we  see,  the  aerodynamic  coefficients  at  very  large  values  of  M 

and  at  small  angles  of  Incidence  are  very  low  and,  furthermore, 

they  depend  on  value  M  ;  in  general  these  coefficients  depend  on 

the  criterion  K  . 

w 

§  8.  Concerning  the  Hypersonic 
Flow  Around  Narrow  Ogival  Bodies 

The  results  obtained  in  §i  2-4  can  be  applied  directly  to  the 
calculation  of  hypersonic  flow  around  a  narrow  ogival  body,  since 
the  flow  at  the  surface  of  such  a  body  is  either  a  flow  behind  an 
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oblique  shock  wave  (at  a  positive  angle  of  deflection  of  flow)  or 
Prandtl-Mayer  flow  (at  a  negative  angle  of  deflection  of  flow). 

Ag  it  was  already  shown  above,  in  such  cases  at  small  angles 
of  tapering  of  a  body  and  small  angles  of  incidence  the  basic 
similarity  criterion  are  the  products  of  the  Mach  number  of 
Incident  flow  Mh  by  a  certain  characteristic  angle  t.  By  t  can  be 
implied  the  angle  of  deflection  of  flow  x  -  w  (angle  of  inclination 
cf  the  body  surface  to  incident  flow)  or  the  relative  thickness  of 
the  body  t  =  d /l  (ratio  of  the  maximum  transverse  dimension  to  the 
length  of  the  body) ,  since  in  the  case  of  a  narrow  body  these 
values  are  proportional.  The  fine  pointed  bodies  in  which  the 
criterion  K  =  M  r  =  idem  we  will  subsequently  call  affine-similar. 

T  H 

It  is  clear  that  the  retention  of  affine-similar  flow  around  a 
body  during  a  change  in  the  angle  of  incidence  6  is  achieved  in 
such  a  case  when  the  latter  is  proportional  to  the  characteristic 
angle  of  the  body,  i.e.,  under  the  condition  6/t  ■  idem.  Thus  the 
relative  values  of  velocities,  the  ccefficients  of  aerodynamic 
forces,  and  other  factors  which  characterize  the  hypersonic  flow 
around  a  narrow  body  retain  their  values  if  the  values  Mt  and  6/t 
do  not  change. 

This  is  confirmed  by  the  experimental  data  given  in  Fig.  11.5, 
In  which  are  depicted  the  curves  of  dimensionless  values  of  excess 
pressure  on  the  surface  of  a  cylinder  with  an  ogival  nose  section, 
obtained  at  different  values  of  Mach  number  and  for  different 
values  of  relative  thickness  of  the  ogive  section  (at  zero  angle 
of  incidence).  As  we  see,  the  curves  of  pressure  distribution  are 
universal  with  M  *  var  and  x  -  var,  if  the  condition  affine 
similarity  -  Mx  =  idem  -  is  maintained. 

In  G.  G.  Chernyy's  monograph  it  is  shown  that  the  area  of 
action  of  the  law  of  similarity  for  a  hypersonic  flow  around  a 
narrow  ogival  body  is  determined  approximately  by  the  following 
boundaries : 

M>2,  x  =  j<°^. 
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Pig.  11.5.  Pressure  distribution 
during  flow  around  affine-similar 
bodies  at  high  supersonic  speed. 

Let  us  note  that  the  area  of  applicability  of  the  law  of 
similarity  is  considerably  expanded,  if  instead  of  value  M  t  we 
take  the  value  -  1  as  the  similarity  criterion.  It  was  shown 

above  that  during  hypersonic  flow  around  a  narrow  body  the  longi¬ 
tudinal  disturbance  of  velocity  is  negligible  |u  <<  w| ,  and  the 
transverse  speed  is  proportional  to  the  angle  of  the  surface  slope 
of  the  body 


In  other  words,  a  narrow  body  separates  the  layers  of  a 
circumfluent  gas  as  if  in  every  layer  (independent  of  adjacent 
layers)  the  displacement  of  gas  by  an  impenetrable  mobile  piston 
occurs  in  a  direction  perpendicular  to  the  direction  of  motion  of 
the  body.  If  the  entire  area  of  flow  is  broken  down  by  planes 
perpendicular  to  the  velocity  of  incoming  stream  into  many  layers, 

then  in  each  of  them  an  unsteady  motion  directed  only  parallel  to 

these  planes  will  be  observed. 

This  feature  of  hypersonic  flows  was  called  the  law  of  plane 
cross  sections,  with  the  help  of  which  it  is  not  difficult  to 

determine  the  resistance  of  a  body,  equal  to  the  work  of  expansion 

of  the  corresponding  form  of  an  equivalent  piston,  being  accomplished 
on  a  gas  in  a  layer  during  the  time  of  passage  of  the  body  through 
this  layer.  The  outline  of  the  piston  at  every  point  in  time  and 
the  normal  velocity  cf  its  points  are  determined  by  the  form  of 
the  body,  and  the  pressure  on  its  surface  is  found  from  the  solution 
of  the  corresponding  problem  of  the  unsteady  flow  of  gas.1 

5  6.  The  Newton  Law  of  Resistance 

Considerable  accumulated  experience  shows  that  for  calculating 
the  resistance  of  a  body  during  hypersonic  flow  it  is  possible  to 
utilize  the  law  of  resistance  of  Newton,  who  assumed  that  the 
driving  fluid  consists  of  identical  particles  which  fill  the  space 
evenly  and  'which  do  not  Interact  with  each  other;  during  collision 
with  a  body  the  particles  lose  the  momentum  component  normal  to 
the  body  surface  (inelastic  impact),  as  a  result  of  which  the 
force  of  pressure  of  flow  on  the  body  appears.  The  excess  pressure 
of  the  fluid  on  the  sections  of  body  located  behind  its  greatest 
cross  section,  l.e.,  in  the  aerodynamic  shadow  (Fig.  11.6),  Newton 
considered  equal  to  zero. 


‘For  more  detail  about  the  application  of  the  lav;  of  plane 
cross  sections  see  G.  G.  Chernyy’s  monograph. 
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Aerodynamio  shadow 


V 


Newton's  model 


If  the  surface  element  of  a  body  with  area  dF  is  tilted 
t '-ward  the  Incident  flow  at  an  angle  w,  then  the  mass  of  gas  ir. 
which  the  loss  of  momentum  occurs  is  equal  to  pw  sin  wdF,  and  the 
normal  ("lost")  velocity  component  is  w  sin  w,  therefore  the 
normal  component  of  the  force  of  pressure  according  tc  the  law  of 
Newton 


rfP  =  f.tr*  sin 1  wrf/%  ( 3 ) 

and  the  value  of  the  local  increase  in  gas  pressure 

P  —  Sin**.  (^*0 

In  a  general  case  of  flow  around  a  body  Newton's  supposition, 
it  goes  without  saying,  is  not  Justified  In  connection  with  the 
fact  that  the  disturbance  caused  by  the  body  in  the  flow  is 
propagated  to  a  great  distance  from  the  body  and  with  distance 
from  the  body  is  gradually  attenuated,  i.e.,  the  adjacent  streams 
of  gas  have  different  directions  and  velocities.  However,  during 
the  flow  around  a  body  at  high  supersonic  speed  Newton's  law 
becomes  valid,  since  in  this  case  the  shock  wave  is  located  close 
to  the  body  surface  and  all  the  streams  up  to  the  shock  wave  have 
Identical  direction  and  velocity  (undisturbed  flow),  but  behind 
the  shock  wave  they  move  in  a  thin  layer  between  it  and  the  body 
and  acquire  almost  identical  velocities  parallel  to  the  body 
surface.  The  higher  the  Mach  number  and  narrower  the  body,  the 
nearer  to  reality  is  Newton's  theory.  At  the  same  time  it  should 
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te  noted  that  rvi'n  is  '  ht  o.tivr*'  ease  M  •*  *  N<-  wto.'i '  a  law 
to  a  precise  sol ut  lor  of  r.hc  ;  ratkn  only  at  k  »  1  . 


T  f  k  f  1,  then  Newt  vr.  * ;  law  ;n  inure  ra' t-  .?  w-.-i;  with 
j nee  in  thin  case  ft om  the  #Mv't  « olutlcn  (29)  we  have 


P  ~  #V  ~  .-J  (V  ~I  iitl  '  >  (f  •  VE  J™  j ~  -  „ 

SST.-  +• ' 


However,  practical  cal  r.v.)  at  inn  of  pressure  dlsfribut  Ir 
a  body  surface  which  5  r  fy-iri  ovt-r  t  y  u  hypersonic  f  ,i  o  w  wit 
help  of  Newton's  law  y  1  ve r  r->i,.v  .1r.nt.4ac.es  sat  in  fact  c  rj  r 
in  spite  of  the  fact  Inst  !  no  vl.-rosity  effect  it.  net  cor»::i 
in  Newton's  theory. 


Figure  11.”  shows  di  rw>sc.-J  or.h'ic  pressure  tp  •  p  -  /•  /»> 
at  different  points  c. !'  the  surface'  :: F  t.  ctiiv  r '.  ♦  ?i  n  centrs' 
of  10c  (u  *  5°),  cov.'iv.i  t  y  t  fj  cv.  of  ait  with  M  _  »  t.7  a* 
angle  of  incidence  6  ••'..*  .  1 :  *•  e ;;  vt  1’:  Fig.  11  .?  A  i 
according  to  Newton'  ferr.  uls  (»'•).  /.'■  w-  see,  the  »!«p.-'«  ' 
taints  lie  sufficiently  close  *r  the  there  ret  5  ca). 


face  of  a  w'.lch  Is  •' .  sc.  c  vr  tv  a  ii  nr  at 

the  angle  1  r.r;  i  <!*=;.  -#•  her, par;  t  on  :.f  I’s-i-.t  1 


formula  in  t  <: :  ‘ 
VPv  •  I 


Tf : e  suitability  of  Newton's  formula  for  calculating  pressure 
or.  a  Lody  ,  which  attests  to  the  fact  that  the  local  flow  pattern 
is  determined  by  the  local  "angle  of  impact"  of  the  body  surface 
with  an  undisturbed  flow,  led  to  the  thought  about  the  possibility 
of  calculating  hypersonic  flow  around  a  pointed  body  by  the  method 
.of  tangential  wedges  ( for  an  axisymmetrical  body  -  tangential 
cents’).  In  this  method,  proposed  by  S.  V.  Valander  in  19^9,  it  Is 
assumed  that  the  local  pressure  at  any  point  on  the  surface  of  an 
arbitrary  body  is  the  same  as  on  a  wedge  (cone),  tangent  to  the 
surface  at  this  point. 

The  method  of  tangential  wedges  (cones)  is  less  convenient 
than  Newton's  formula,  since  in  general  the  dependence  of  pressure 
on  the  wedge  on  its  angle  is  represented  in  an  implicit  form,  ar.d 
on  a  cone  it  Is  determined  only  by  numerical  methods. 

However,  in  hypersonic  approximation  these  dependences,  as  it 
was  shown  in  5  3 »  can  be  obtained  in  an  explicit  analytical  form. 


It  was  noticed  that  it  is  possible  to  attain  considerably 
better  agreement  of  calculated  and  experimental  data,  if  in  the 
following  manner  we  modify  Newton's  formula: 


P 


=g* 


tin  *  # 

sin'-.*  * 


(*6) 


here  p*  -  t  dimensionless  pressure-  at  the  tip  of  the  body,  which 

It  is  easy  to  calculate  according  to  the  theory  of  supersonic 
flows  of  an  ideal  gas  with  assigned  w*  -  the  angle  between  the 
tangent  to  the  outline  of  body  at  this  point  and  the  direction  of 
the  incoming  flow;  w  -  similar  angle  in  an  arbitrary  point  of  the 
outline . 


Figure  11.8  gives  the  pressure  distribution  over  the  surface 
of  symmetrical  longitudinal-streamlined  cylinders  of  different 
length  with  an  ellipsoid  nose  section  at  K  =  'J ;  the  solid  line, 
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calculated  from  a  refined  Newton's  formula  (46),  passes  close  to 
the  experimental  points. 


Fig.  11.8.  Pressure  distribution 
over  the  surface  of  cylinders, 
streamlined  in  a  longitudinal  direc¬ 
tion,  with  a  nose  section  in  the 
form  of  ellipsoids  of  rotation. 

Figure  11.9  depicts  the  picture  of  pressure  distribution  along 
the  length  of  a  cone  with  a  spherical  nose  section  of  radius  R 
(central  expansion  angle  of  cone  2cu  =  80°)  at  values  of  Mach 
number  M  =  5. 6-5-8;  the  curve  calculated  by  formula  (46)  passes 
close  to  the  experimental  points. 


Fig.  11.9.  Pressure  distribu¬ 
tion  on  the  surface  of  a  cone 
with  a  spherical  nose  section. 
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Let  us  note  that  calculations  according  to  Newton's  formula 
give  good  results  for  bodies  of  a  convex  form;  In  the  case  of 
bodies  with  a  concave  form  the  computed  values  obtained  for  the 
forces  of  pressure  are  understated.  This  is  explained  by  the  fact 
that  in  actuality  the  layer  of  gas  included  between  the  shock  wave 
and  trie  body  surface  is  not  infinitely  fine,  therefore  with  a 
curvilinear  form  of  this  layer  a  pressure  gradient  according  to  Its 
thickness  appears;  the  difference  of  pressure  on  the  body  surfaces 
and  the  shock  wave  is  induced  by  centrifugal  force.  When  this  is 
considered  it  is  possible  to  obtain  a  correction  to  Newton's 
formula,  which  was  introduced  for  the  first  time  by  Busemann. 

With  the  help  of  Newton's  formula  it  is  possible  to  solve 
tne  problem  concerning  the  form  of  the  body  of  the  least  resistance 
at  certain  assigned  conditions  (with  assigned  volume  and  length  of 
body  or  with  assigned  areas  of  the  greatest  cross  section  and 
length ,  etc . )  . 

For  the  solution  of  such  a  problem  it  is  necessary  first  of 
all  to  compose  expressions  for  the  forces  which  act  on  the  body. 

The  projection  of  the  elementary  force  of  pressure  on  the 
direction  of  motion  -  frontal  resistance  -  according  to  (^3) 

d!',  <//’  »ln  ui  p.!cj  itln*  » <IH, 

from  which  the  total  resisting  force 

r  r. 

P,  —  j  fin *<•<//■'  ==  p,«'l  \  sln*i »dFf,  (  ^7 ) 

•  • 

where  F  -  the  body  surface,  -  its  projection  on  a  plane  normal 
to  the  direction  of  motion. 

The  transverse  component  of  elementary  force  of  pressure  - 

lift 
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<tPj  =  —  ptt  *‘1  ^  In  *  m  cos  u»  <//% 


-Se 

■3 


From  here  the  total  value  of  lift 


sln*u>  cos »  dF  =  — 


sin  a>  cos  adFr 


-(48) 


Being  given  one  form  or  another  of  the  dependence  of  the 
slope  angle  of  the  surface  on  length,  it  is  possible  to  Integrate 
(4?)  and  (48)  and  obtain  analytical  dependences,  which  then  are 
usea,  in  particular,  for  finding  the  optimum  values  of  the  geometric 
parameters  of  the  body  under  any  assigned  conditions  by  means  of 
the  solution  of  a  problem  on  the  minimum  of  value  P  . 

With  the  help  of  Newton's  formula  it  is  not  difficult,  for 
example,  to  show  that  during  hypersonic  flow  a  blunt-nosed  cone 
with  a  smaller  lateral  angle  can  have  less  resistance  than  a 
pointed  cone  with  a  larger  angle  (Fig.  11.10). 


I 
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Fig.  11.10.  Truncated  and 
full  cones  of  equal  length 
with  identical  midsection 
cross  sections. 


\ 


If  the  "area"  in  the  nose  of  a  blunt-nosed  cone  has  a  radius 
r  and  its  lateral  angle  ou^,  but  at  the  "pointed"  cone  of  same 
length  and  same  maximum  radius  R  the  lateral  angle  then 
according  to  (47)  the  relation  of  the  forces  of  resistance  of 
these  bodies  comprises 


*V- 


r  -f  1 A 's  ~  rj  *irr 
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JFTP- 


;here 


sin'w. 


(/<’—  rr 

(/?—  77  +  j” 


Substituting  these  expressions  and  introducing  the  dimensionless 
designations  x  =  x/R,  r  =  r/R,  we  finally  obtain 


/  =  (! 


,  r'x' 

""•v  *  (|  —fi1 4.“* 


Equating  to  zero  the  first-order  derivative  of  function  f,  we  find 
the  optimum  value  of  radius  r  to  which  corresponds  the  minimum 

OHT 

cf  the  value  of  this  function,  i.e.,  the  minimum  of  resistance 

font  =  1  -j-  0,5i-<  —  |  l-  —  0.25JJ*. 

For  example,  with  x  -  1  we  have  r  ■  0.38  and  fmln  *  0.76,  i.e., 
the  resistance  of  the  optimum  truncated  cone  proves  to  be  2^% 
less  than  for  a  standard  cone  of  the  same  length. 


Solving  this  problem  for  a  wedge  by  the  3ame  method,  it  is 
possible  to  be  convinced  of  the  fact  that  according  to  the  calcu¬ 
lation  an  "optimum"  truncated  wedge  is  obtained  only  with  x  <  1 
(a)  >  ^5°),  i.e.,  at  such  a  large  central  expansion  angle  that 
apparently  the  practical  significance  of  the  solution  is  lost. 

Let  us  pause  now  on  the  correction  of  Busemann  to  Newton's 
formula  mentioned  above  for  the  case  of  flow  around  a  curvilinear 
surface.  In  view  of  the  fact  that  the  layer  of  gas,  which  consists 
of  particles  included  between  the  body  surface  and  the  shock  wave, 
is  not  infinitely  fine,  the  pressure  directly  behind  the  wave  in 
the  case  of  a  curvilinear  trajectory  of  particles  is  not  equal  to 
the  pressure  on  the  surface;  the  difference  in  these  pressures  is 
caused  by  the  action  of  centrifugal  force. 
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thickness  d<$  th!  s  pressure 


In  an  elementary  layer  with  a 
difference  evidently  is  equal  to 


•where  R  -  the  radius  cf  curvature  of  the  layer,  p,  w.  -  the  values 
•:  i'  the  density  of  the  gas  and  velocity  of  motion  in  the  layer 
'  along  the  flow  line). 

From  the  continuity  condition  we  have 

fu-AM  -ip„.vv//y 

Here  l  -  the  width  of  a  layer  on  a  normal  to  the  plane  of  drawing, 
F  -  the  cross-sectional  area  of  a  body  with  a  plane  normal  to  the 
direction  of  incident  flow.  Substituting  the  value  d6  from  this 
equality  into  the  preceding  one,  we  have 


After  integration  we  obtain  the  pressure  change  across  the 
layer  due  to  centrifugal  force 


p 


ut 


l 


W  dl:r 


The  velocity  component,  tangent  to  the  surface  of  the  body,  in 
the  case  of  encounter  of  particles  with  the  body  does  not  change, 
therefore,  w  =  w  cos  id.  Since  the  radius  of  curvature  of  the 
surface 


_ 

V  */—  }  \!ll  T lit  * 

•where  s  is  the  length  measured  on  the  contour  of  the  body,  then 
the  pressure  difference  cn  the  wall  and  on  the  boundary  of  the 
layer 


I 


3 
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The  pressure  on  the  boundary  of  the  layer  is  determined  from 
Newton's  formula  (46),  therefore  excess  pressure  on  the  wall  taking 
ir.tc  account  centrifugal  force  is  equal  to 


(49) 


This  dependence  was  obtained  for  the  first  time  by  Busemann 
and  called  the  Newton-Busemann  formula.  For  bodies  of  convex 
form  calculation  to  the  initial  Newton  law  (44)  gives  results  which 
are  closer  to  experimental  data  than  the  calculation  according  to 
refined  formula  (49).  This  is  explained  by  the  fact  that  according 
to  Newton's  formula  the  pressure  obtained  is  lower  than  true  (since 
the  angle  of  encounter  of  flow  with  the  shock  wave  a  is  greater 
than  the  angle  of  encounter  with  the  body  w,  which  figures  in 
Newton's  formula),  and  for  a  convex  body  the  correction  for 
centrifugal  force  additionally  decreases  the  pressure.  On  the 
contrary,  in  the  case  of  a  concave  body  the  correction  for  centrif¬ 
ugal  force  is  positive,  i.e.,  it  compensates  for  the  understated 
pressure  which  is  given  by  Newton's  law.  The  comparison  of  the 
calculations  with  experimental  data  shows  that  for  a  concave  body 
formula  (49)  gives  better  results  than  formula  (44). 

§  7.  The  Influence  of  Minor 
Blunting  of  the  Front  End  of  a 
Narrow  Body  on  Flow  Around  It  at 
Hypersonic  Speeds 

During  hypersonic  flow  around  a  narrow  body  with  a  blunted 
nose  section  a  detached  shock  wave  is  formed.  In  its  forward 
section  the  pressure  increases  so  strongly  that  even  with  small 
dimensions  of  blunting  the  aerodynamic  drag  can  increase  substan¬ 
tially.  This  fact  cannot  be  bypassed  in  connection  with  the  fact 
that  real  bodies  (wings,  fuselages,  missile  bodies)  are  always 
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Hunted.  To  carry  cut  flight  with  an  ideally  pointed  body  is 
impossible  if  only  because  at  high  velocities  of  flight  the  heating 
of  air  about  the  nose  of  the  body  is  so  considerable  that  the 
pointed  end  would  unavoidably  be  fused. 


Let  us  assume  in  the  first  approximation  that  the  resistance 
of  a  blunted  narrow  body  is  equal  to  the  sum  of  the  resistance  of 
blunting  F  j  and  the  resistance  of  the  remaining  part  of  the  body 
Px~,  the  pressure  on  which  is  determined  from  the  theory  of  hyper¬ 
sonic  flow  around  a  pointed  body  (§  5).  The  relation  of  these 
resistances  according  to  (29),  (33),  and  (39): 


Here  u  -  the  angle  between  the  lateral  surface  of  the  body  and  the 
direction  of  incident  flow,  Fyl,  Fy2  "  projections  on  the  plane 
perpendicular  to  the  direction  of  incident  flow,  surfaces  with 
respect  to  the  blunted  part,  and  the  entire  remaining  body. 


Hence  it  is  apparent  that  the  additional  resistance  caused 
by  the  blunting  of  a  narrow  body  is  comparable  with  the  resistance 
of  the  initial  pointed  body  with  a  very  low  relative  area  of 
blunting 


For  example  at  an  angle  of  deflection  of  flow  w  =  5°  =  0.087  rad 
the  resistance  of  a  blunted  body  with  a  relative  area  of  blunting 
Fyl/Fy'1  ;  °-O075  is  approximately  doubled.  Let  us  replace  the 
area  ratio  by  the  ratio  of  linear  dimensions 


(52) 
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Here  d  -  the  transverse  dimension  of  the  blunted  part,  D  a  wL  - 
the  linear  dimensions  of  the  maximum  cross  section  of  the  tod;;, 

L  -  the  length  cf  the  body,  v  -  the  exponent,  equal  to  a  unit  for 
plane  bodies  and  to  two  for  axially  symmetrical  bodies. 


'In us ,  we  have  for  a  wedge 


4 

ff* 


and  for  a  cone 


The  relative  linear  dimensions  of  the  blunted  part  of  a 
narrow  body,  in  which  the  resistance  during  hypersonic  flow  is  two 
tirr.es  greate:  than  for  the  same  pointed  body  is  connected  with  the 
angle  cf  deviation  In  the  flow  by  the  relationship 

d  !  a  't_‘ 

u»f  or  •- rsrf <0  %  . 

In  the  example  examined  above  (w  *  0.0c7  radians)  the  relative 
dimensions  of  blunting  in  a  wedge  (d/D)  'v  =  0.0075,  in  a  cone 
(d/D)  *  0.087. 


i 

*i 


A  detailed  examination  of  the  problem  of  hypersonic  flow 
around  a  narrow  body  shows  that  blunting  of  the  nose  section  of 
the  body  causes  a  significant  distortion  in  the  picture  of  pressure 
distribution  on  a  considerable  part  of  the  lateral  surface  of  the 
body.  Figure  11.11  shows  the  dimensionless  distribution  cf  excess 
pressure  along  the  length  of  a  plate  with  wedge-shaped  and  semi¬ 
circular  leading  edges.  The  expansion  angle  of  the  leading  wedge 
was  selected  for  each  value  of  Mach  number  in  incident  flow 
(M  =  5.00;  6.86;  9.50)  so  that  the  velocity  behind  a  front- 
connected  shock  was  equal  to  the  speed  of  sound  (M^  =  1),  and  the 
plate  with  a  semicircular  edge  was  tested  with  M  *  14. 

n 
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Fig.  11.11.  Pressure  distribution  cn 
a  plate  with  wedge-shaped  (1)  and 
rounded  (2)  edges. 

KEY:  (a)  Values  AP/P^  at  the  point 

of  break  in  contour. 


The  dimensionless  curves 


V _ 

r.  r. 


will  move  away  from  a  certain  universal  dependence  only  near  the 
breaking  point  of  the  outline;  value  c^  for  the  nose  of  a  wedge- 
shaped  body  was  determined  according  to  the  theory  of  an  oblique 
shock  wave,  and  for  a  semicircular  form  -  according  to  the  refined 
Newton  formula  (cx  =  2/3p*) .  The  calculated  dependence  (solid 
line ) 


agrees  satisfactorily  with  experimental  data. 

This  approximate  dependence  is  obtained  with  the  help  of  the 
theory  of  point  burst  and  the  hypothesis  of  plane  cross  sections, 
’.■.’hereupon  the  force  which  acts  on  the  blunted  nose  of  a  body  is 


( 
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considered  as  an  additional  concentrated  force.  Without  dwelling 
in  more  detail  on  the  theory  of  hypersonic  flow  around  blunted 
narrow  bodies,  let  us  refer  those  who  are  interested  in  this 
equation  to  special  monographs.1 

Let  us  note  in  conclusion  only  one  interesting  feature  of  the 
now  around  a  narrow  blunt-nosed  cone,  discovered  by  both  theoretical 
and  experimental  means,  which  consists  of  the  fact  that  the  excess 
pressure  (Fig.  11.12)  on  part  of  the  surface  of  a  blunt-ncsed  cone 
turns  out  to  be  lower  than  for  a  pointed  cone.  In  other  words, 
the  effect  of  the  flow  around  a  blunted  nose  on  the  adjacent  areas 
of  flew  can  lead  to  the  fact  that  with  a  certain  "degree  of  blunt¬ 
ness"  of  a  cone  its  resistance  will  prove  to  be  lower  than  for  a 
sharp-nosed  cone  (in  Fig.  11.1?  the  unbroken  curve  is  calculated; 
here  for  a  comparison  is  given  the  curve  of  pressure  distribution 
according  to  the  generatrix  of  a  sharp-nosed  cone  (dotted  line)). 


face  of  a  blunt-nosed  cone. 

§  8.  The  Viscosity  Effect  in 
Hypersonic  Flows 

The  viscosity  effect  in  hypersonic  flows,  on  which  we  did  net 
dwell  in  the  foregoing  paragraphs  of  the  chapter,  is  a  complex 
problem. 


'Chernyy,  G,  G.  Gas  flow  at  high  supersonic  speed.  Flzmatgiz, 
1969;  Kheyz  u.  D.  and  Probstin  R.  F.  The  theory  of  hypersonic 
flows.  Publishing  house  of  foreign  literature,  1962. 
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v.'nen  the  boundary  layer  Is  considerably  narrov.-er  than  the 
shock  layer  (zone  between  the  shock  wave  and  the  body  surface), 
the  caloulation  of  the  stresses  of  friction  and  heat  exchange  is 
done  by  the  usual  methods  developed  in  the  boundary-layer  theory 
(Chapter  VI). 

True,  at  hypersonic  speeds  the  gas  temperature  as  a  result  of 
the  stagnation  of  flow  ir,  the  shock  waves  and  the  boundary  layer 
can  turn  out  to  be  very  high,  and  then  it  is  necessary  to  consider 
not  only  the  compressibility  of  the  gas,  but  also  dissociation, 
and  at  temperatures  above  5000  the  ionization  of  gas.  Furthermore, 
in  a  hypersonic  boundary  layer  during  flow  around  a  sharp-nosed 
narrow  body  (or  even  a  flat  plate  placed  along  the  flow)  a  longi¬ 
tudinal  pressure  gradient  appears,  since,  as  is  known,  the  boundary 
layer  affects  the  external  flow  the  same  as  the  thickening  of  the 
body  (by  the  magnitude  of  the  displacement  thickness  of  the 
boundary  layer),  causing  the  formation  of  shock  waves  (Fig.  11.13), 
In  other  words,  the  boundary  layer  can  create  in  the  external  flow 
en  a  sharp-nosed  body  "its  own"  shock  layer,  which  begins  from  the 
leading  edge  of  the  body;  during  flow  around  a  body  with  a  blunted 
nose  usually  this  is  not  observed,  in  connection  with  the  fact  that 
in  the  boundary  layer  behind  the  detached  shock  wave  the  velocities 
are  subsonic  or  temporarily  exceed  she  speed  of  sound. 


Fig.  11.13*  Diagram  of  the  boundary  layer  and 
the  shock  layer  Induced  by  it . 

KEY:  (1)  Shook;  (2)  Flow  line;  (3)  Boundary 

layer  outer  edge. 

The  theoretical  and  experimental  investigations  of  the  hyper¬ 
sonic  boundary  layer,  which  causes  on  a  plate  and  on  a  narrow  body 
(wedge,  cone)  the  appearance  of  a  shock  layer  with  a  longitudinal 
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pressure  gradient,  were  carried  out  in  the  works  of  Becker,  Leer, 
a:.  ;  Frofcstln,  Bertram,  Kendall,  etc.  (see  the  monograph  cf  Kheyz 
a: vi  Prcbstin) . 

The  essence  of  the  theoretical  approach  to  tie  solution  of 
this  problem  consists  of  the  following.  The  pressure  in  each 
crocs  section  of  the  boundary  layer  is  considered  constant  and 
dependent  on  the  total  angle  of  rotation  of  flow 


here  -  the  local  angle  of  deflection  of  the  body  surface  from 
the  direction  of  undisturbed  flow,  Aw  ■  d6#/dx  -  the  additional 
deviation  of  flow  which  corresponds  to  the  displacement  thickness 
6*  cf  the  boundary  layer  (in  view  of  the  smallness  of  angles  we 
consider  the  tangent  of  the  angle  equal  to  the  angle  itself  measured 
in  radians).  Value  6*  can  be  determined  approximately,  utilizing 
the  known  methods  of  calculation  of  the  boundary  layer  without  the 
pressure  gradient;  during  calculation  of  6*  the  pressure  is 
accepted  in  the  first  approximation  as  the  same  as  in  a  flow  without 
a  boundary  layer;  the  viscosity-temperature  dependence  is  approxi¬ 
mated  by  the  linear  function 


where  the  index  "w"  is  related  to  values  on  the  wall,  and  index 
"0"  is  related  to  the  boundary  of  the  layer. 

In  turn  the  change  of  pressure  caused  by  a  deviation  in  the 
external  flow  under  the  effect  of  a  body  of  increased  thickness, 
as  a  result  of  the  build-up  of  the  boundary  layer,  can  be  calcu¬ 
lated  with  the  h'-lp  of  a  refined  Newtor.  formula  (44)  or  according 
to  the  method  of  tangential  wedges  or  cones. 
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it;  summation,  for  example,  for  a  flat  plate  the  following 
at. v l-cx? mat i or.  formula  is  obtained  for  dimensionless  pressure  in 
laminar  boundary  layer  (with  k  “  1 .«  and  Pr  =  0.725): 

£  =  l  -uo.3ii-f  0,05i»,  (53) 

Ph 

wnc-re  the  interaction  factor  of  the  layer  with  the  flow 

f  3B  tllAKl* 

Here  the  index  »  corresponds  to  the  parameters  of  undisturtod  f 
R  *  wxx/vto  -  Reynolds  number. 

A  comparison  of  calculation  data  with  the  experimental  dat 
cf  Bertram  and  Kendall,  given  in  Fig.  11.14,  gives  nt  is  factory 
results  with  k  <  Reynolds  numbers,  calculated  acc.  ;’.nc  to 
t ;i e  thickness  of  the  leading  edge  of  the  plate,  were  t  vual 
respectively  in  Bertram’s  experiments  tc  approximate!;.  .1,  in 
Kendall's  experiments  to  approximately  100. 


Fig.  11.14.  Pressure  cn  a  heat- 
insulated  plate  during  weak  and 
strong  (dotted  line;  interactions. 
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Figure  .11.15  depicts  the  picture  of  flow  in  a  heat-insulated 
plat-;,  calculated  and  determined  experimentally  In  Kendall's  v/oric; 
the  figure  gives  the  boundary  layer  outer  edge  and  the  shock  wave 
caused  by  it,  and  also  the  flow  lines  and  Mach  waves.  The  experi¬ 
mental  and  calculation  data  of  Kendall  virtually  coincide  In  the 
entire  zone  of  flow. 


Fig.  11,15.  The  field  of  flew  near  a  heat- 
ir.sulated  plate  (according  to  Kendall). 

KEY:  (1)  Mach  waves;  (2)  Shock  wave ;  (3)  Flow 

lines;  ( *0  y,  millimeters;  (5)  Limit  of 
boundary  layer;  (6)  x,  centimeters. 

Let  us  note  that  the  longitudinal  pressure  gradient  shows  up 
in  the  stress  level  of  friction  on  the  wall,  but  it  affects  heat 
exchange  weakly,  of  which  It  is  possible  to  be  convinced  by 
calculating  the  boundary-layer  In  the  second  approximation  taking 
into  account  the  previously  determined  pressure  gradient. 

It  is  accepted  to  call  the  examined  type  of  interaction  of 
boundary  layer  with  an  external  hypersonic  flow  a  weak  interaction, 
since  in  this  case  the  disturbance  of  only  part  of  the  shock  layer 
by  the  hypersonic  boundary  layer  is  observed. 

We  are  dealing  with  a  v.eak  interaction  when  the  intensity  of 
the  build-up  of  the  displacement  thickness  of  the  boundary  layer 
is  low  in  comparison  with  the  angle  of  encounter  of  flow  with  the 
body  surface 
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cr  under  the  condition 


«• 

~ix 


<* 


K  —  ^  -  )  •<  ' 


But  if 


£>»  or  K>l. 

then  we  are  .speaking  about  a  strong  interaction,  during  which  the 
entire  area  of  the  shock  layer,  including  the  viscous  boundary 
layer,  should  be  considered  in  the  theoretical  solution  as  a  unit. 

The  approximate  computation,  based  on  the  use  of  the  method  of 
tangential  wedges,  gives  for  pressure  in  a  shock  layer  during  a 
strong  interaction  the  linear  dependence 

r-  =0.5  UY.  —  0,739.  (5I4) 

depicted  in  Fig.  11 .  Ill  by  the  dot-dash  line,  which  passes  compara¬ 
tively  close  to  the  experimental  points  at  values  x  >,  ^ .  The 
details  of  the  theoretical  calculation  of  a  strong  Interaction 
can  be  found  in  the  cited  book  by  Kheyz  and  Probstln. 

One  ought  to  emphasize  that  the  picture  of  the  interaction 
cf  a  boundary  layer  with  an  incoming  steady  flow  examined  by  us 
was  restricted  to  the  case  of  a  body  with  a  pointed  leading 
section.  The  blunting  of  the  nose  of  the  body,  and  also  the  non¬ 
uniformity  of  external  flow  (for  example,  with  a  strongly  bent 
head  shock  wave)  introduce  additional  changes  into  pressure 
distribution.  These  forms  of  interaction  are  examined  in  the 
monograph  of  Kheyz  ar.d  Probstln. 
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CHAPTER  XII 


FLOWS  OF  RAREFIED  GAS 

5  i.  Different  Types  of  the  Flows 
of  Rarefield  Gases 

Up  till  now  we  examined  gas  flows  In  which  the  gas  was  a 
continuum;  this  is  correct  when  the  length  of  the  mean  free  path 
of  molecules  of  the  gas  l  is  very  low  in  comparison  with  the 
characteristic  dimension  of  the  gas  flow  of  L. 

In  some  problems  of  gas  dynamics  the  characteristic  dimension 
is  the  boundary-layer  thickness  and  in  another  -  the  thickness  or 
the  length  of  the  streamlined  body.  The  dimensionless  relation 

K=-J.  (1) 

which  determines  the  nature  of  the  medium,  is  called  the  Knudeen 
number . 


Atnormal  pressure  the  value  of  the  mean  free  path  of  the 
molecules  consists  of  millions  of  a  centimeter.  With  the  lowering 
of  the  gas  density  the  mean  free  path  of  the  molecules  increases 
inversely  proportional  to  the  density,  and  if  it  becomes  commen¬ 
surable  with  the  characteristic  dimensions  of  the  flow,  then  the 
discrete  structure  of  the  gas  begins  to  affect  the  laws  of  gas 
dynamics  and  heat  exchange. 


Kr.udsen's  number  can  be  expressed  by  the  known  similarity 
criteria  -  the  Mach  M  and  Reynolds  R  numbers,  for  this  one  should 
use  Chapman's  formula  from  the  kinetic  theory  of  gases,  which 
connects  the  kinematic  viscosity  with  the  mean  free  path  and  the 
average  velocity  .of  the  motion  of  the  molecules  c: 


=  0,199/  le. 


The  average  velocity  of  the  molecules  is  expressed  as  the  speed 
of  sound  a 


C  —  a  j/"^,  where  *  —  7.  * 


Then  from  (2)  and  (3)  we  have 

Substituting  (^0  into  (1),  we  obtain  the  dependence  of  the  Knudsen's 
number  on  the  ratio  of  the  Mach  number  to  the  Reynolds  number 

H  1.20  ±ZLVk  =1,20*^.  (5) 

From  the  boundary-layer  theory,  it  follows  that  at  large  values 
of  the  Reynolds  number  (R^  >>  1)  the  boundary-layer  thickness  6  is 
inversely  proportional  to  the  square  root  of  the  Reynolds  number 


where  x  Is  the  length  of  the  body.  Therefore,  if  the  discussion 
is  about  the  fluid  friction  or  heat  exchange,  when  the  characteristic 
dimension  is  the  boundary-layer  thickness  (L  -  6),  then  when 
R  >■'  1,  according  to  (5),  the  Knudsen  number  becomes  proportional 


( 
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to  the  ratio  of  the  Mach  number  to  the  square  root  of  the  Reynolds 
number 


u  _  M 

<6> 

At  small  values  of  the  Reynolds  number  (R  <  1)  the  boundary-layer 
thickness  is  comparable  with  the  length  of  the  body  (6  *  x),  and 
therefore 


K~£-  (7)  • 

The  available  theoretical  and  experimental  data  indicate  the  fact 
that  at  the  very  low  values  of  the  Knudsen’s  number  (H  <  0.01)  the 
gas  behaves  as  a  continuum.  In  the  interval  of  values  of  the 
Knudsen  number  of  0.01  <  H  <  0.1  it  also  is  possible  to  use  equations 
of  gas  dynamics  of  the  continuum;  however,  in  this  case, as  it  will 
be  shown  below,  in  the  boundary  conditions  on  the  rigid  surface 
one  should  correct  for  the  so-called  "slip"  and  "temperature  Jump." 

At  very  large  values  of  the  Knudsen  number  (H  >  1)  the  boundary 
layer  at  the  body  surface  is  not  formed,  since  the  molecules  re- 
emitted  (reflected)  by  the  surface  of  the  body  collide  with  molecules 
of  the  external  flow  at  a  distance  remote  from  it,  i.e.,  body  does 
not  introduce  distortions  into  the  velocity  field  of  external  flow. 
For  this  mode  of  the  "free-molecular  flow  of  gas,"  which  according 
to  the  available  data  is  observed  when  M/R^  >  3,  the  friction  and 
heat  exchange  on  the  surface  of  the  streamlined  body  are  calculated 
from  the  condition  of  a  single  collision  of  the  molecules  of  gas 
with  the  surface. 

The  transition  region  between  the  mode  with  slip  and  free- 
molecular  mode  remains  up  to  now  little  studied,  since  in  it  one 
must  consider  both  the  collisions  of  the  molecules  between  them¬ 
selves  and  their  repeated  collisions  with  the  body,  and  this 
creates  great  theoretical  difficulties. 
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Plotted  on  Fig.  12.1  are  the  boundaries  of  different  flow  condi 
tlons  of  the  gas  In  coordinates  M  ■  f(Ry),  which  include  1)  the 
lower  boundary  of  the  free  molecular  flow,  which  corresponds  to 
value  M/R  =  3;  2)  the  upper  limit  of  the  flow  with  slip  which 
corresponds  to  the  value  M//R^  *  0.1;  3)  the  upper  limit  of  flows 
for  a  continuum,  where  M/i/Rx  ■  0.01.  Table  1  depicts  the  approximate 
dependence  of  the  mean  free  path  of  molecules  on  height  calculated 
from  formula  ( 4 )  for  a  standard  atmosphere. 


^  g  yteti  fWmndk* 


Fig.  12.  1.  Boundaries  of  different  flow 
conditions  of  rarefied  gas. 

KEY:  (1)  Free-mclecular  flow;  (2) 

Transient  condition;  (3)  Flow  with  slip; 
(4)  Mach  number;  (5)  Flow  of  continuum; 
(6)  Reynolds  number. 


KEY:  (1)  Height  H  [km];  (2)  Mean  free  path  l  [m]. 


Comparing  data  of  Fig.  12.1  and  Table  1,  it  is  possible  to 
obtain  the  concept  of  the  connection  between  the  flight  altitude 
and  the  boundaries  of  different  modes. 


For  a  rocket  3  m  long  the  effect  of  slip  begins  to  be  exhibited 
at  the  height  of  50  km  at  M  =  1  and  30  km  at  M  *  4.  Free  -  molec¬ 
ular  flow  is  established  at  any  flight  speed,  beginning  at  the 
height  of  1*40  km. 

§  2.  Jumps  of  Velocity  and  Temperature 
...at  the  V/all  During  Gas  Flow  with  Slip 

If  the  mean  free  path  of  the  molecules  l  is  not  negligible  in 
comparison  with  the  thickness  of  the  boundary  layer  6  but  is 
considerably  less  than  the  latter,  l  <  6,  then  the  velocity  profile 
of  the  directed  flow  of  gas  at  the  wall  has  the  form  depicted  on 
Fig.  12.2.  The  difference  in  the  velocity  in  layers  remote  from 
each  other  at  a  distance  of  the  mean  free  path,  obviously,  is 
equal  to 

Consequently,  the  molecules  which  are  located  at  distance  l 
from  the  wall  have  a  directed  velocity  relative  to  it 


where  wR  is  the  velocity  Jump  at  the  wall,  i.e.,  the  velocity  value 
in  the  layer  of  gas  which  directly  adjoins  the  wall,  w^  is  the 
velocity  of  the  undisturbed  flew  of  gas.  In  accomplishing  the 
mean  free  path  Z,  the  molecules  retain  their  velocity,  i.e., 
hit  the  wall  at  a  final  velocity  w , .  As  the  experiments  of 
Mllllken'  and  other  researchers  showed, a  considerable  part  of  the 


‘Mil  .iken  I- .  A  ,  The  isolat 
merit  of  it  cnargtj  ai.j  t«.c  c.rrre 
Re  v .  XX « 1 .  ,  No.  •« ,  i  •  ,  j  ■« i  i  .’ 


I 


( 


molecules  with  impact  against  the  wall  is  absorbed  by  it  and  then 
reemitted  (emitted),  having  lost  completely  the  velocity  of  the 
ordered  motion  w^.  Let  us  designate  a  portion  of  these  "diffusely" 
---reflected  molecules  by  the  letter  o;  the  remaining  molecules,  the 
algebraic  number  of  which  is  equal  to  1  -  a,  are  "mirror"  reflected 
i.e.,  after  reflection  they  retain  the  velocity  w^  which  they  had 
prior  to  the  impact  against  the  wall. 


Fig.  12.2.  Velocity 
profile  at  the  wall 
during  flow  with  slip. 


Taking  that  given  into  account,  it 
is  possible  to  determine  the  average 
directed  velocity  of  the  layer  of  gas 
directly  at  the  wall,  on  the  basis  of 
the  fact  that  this  layer  consists  of 
half  of  the  molecules  arriving  at  the 
wall  and  half  of  those  reflected  from 
It. 

“  t  [ “■* ' + 1  (a; )„ j + 7O  —  »)[»« + *  (^5)«)  +  1  3  °- 


Thus,  the  velocity  of  "slip"  of  the  gas  at  the  wall  i3  equal  tc 


-a 

i 


A 


Cj-V'  (S),'  (9) 

The  table  given  below  contains  values  of  the  coefficient  0  found 
by  different  experimenters  for  cases  of  the  interaction  of  different 
gases  with  surfaces  of  a  different  nature. 


Qa*  1 

Surface 

Air 

Carbon 

dioxide 

Hydrogen 

S - 

Hein* 

I 

'  i 

Eras*  . 

( 

V.  1 

014  varnish . 

» 

_ _ 

_ 

V.rr.l  V-.  'r-  .r.  .  .  , 

0,7# 

_ 

J 

Cl  1  pa)  nt  .  •  . 

032 

0.93 

<U7 

Glass  .  . 

0/9 

~ 

In  view  of  the  fact  that  the  portion  of  diffusely  reflected 
molecules  is  close  to  unity  (o  *  1),  we  have  approximately 


Hence  it  follows  that  in  the  dense  gas  (Z  <<  6)  the  slip  is  virtually 
absent  (w^  =  0),  i.e.,  the  molecules  "adhere"  to  the  wall,  as  is 
accepted  in  tne  standard  gas  dynamics;  in  the  greatly  rarefied 
gas  ( l  >6)  the  slip  velocity  is  close  to  the  velocity  of  the  un¬ 
disturbed  flow  of  gas  outside  the  boundary  layer  (w^  *  Wq). 
flow  with  slip  velocity  the  velocity  at  the  wall  is  subordinated 
tc  the  condition  (9),  which  is  usually  replaced  by  approximate 
condition  (10). 

It  should  be  noted  that  the  condition  of  slip  (9)  is  not 
completely  precise  when  at  the  low  absolute  pressure  of  the  gas 
there  is  a  substantial  change  in  temperature  along  the  length  of 
the  wall,  since  the  longitudinal  gradient  of  temperature  causes  the 
"thermal  diffusion"  directed  flow  of  molecules  to  the  side  cf  the 
increasing  temperature  (see,  for  example,  §  8).  Such  flow  induced 
by  a  difference  in  temperatures  was  called  "temperature  creep." 

Kennard1  showed  that  the  rate  of  the  temperature  creep  at 
the  wall  is  equal  to 


'•'“T-fr®,:  <“> 

! . r e  p  and  7  are  gas  density  and  temperature  at  the  wall,  u  -  the 
coefficient  of  viscosity,  x  -  the  distance  calculated  along  the 
wail.  Thus,  the  refined  boundary  condition,  which  characterizes 
t  ie  velocity  Jump  at  the  wall,  should  take  the  following  form: 

‘Kennard  J.  C.,  Kinetic  Theory  of  Gases,  McGraw-Hill,  1938. 
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(12) 


— 2rJ'(S).+  i*(a.- 

The  second  term  of  the  relation  (12),  which  considers  the  temperature 
creep,  can  most  frequently  be  disregarded,  since  with  high  longi¬ 
tudinal  temperature  gradients  and  very  large  rarefactions,  when  this 
term  is  especially  Important,  the  free  molecular  gas  flow  without  a 
hydrodynamic  boundary  layer  is  usually  realized.  However,  in  some 
special  cases  (for  example,  the  flow  around  the  nose  section  of  a 
rocket  during  its  entry  into  comparatively  dense  layers  of  the 
atmosphere)  condition  (12)  is  used  completely. 

Let  us  discuss  now  the  question  concerning  the  temperature  jump 
at  the  wall  during  flow  conditions  with  slip. 

The  capture  of  the  molecules  by  the  wall  and  the  subsequent 
reemission  lead  to  the  fact  that  the  reflected  molecules  have  a 
temperature  close  to  the  wall  temperature.  Let  us  introduce  the 
so-called  accommodation  coefficient 


a 


dp.,-.dp. 


(13) 


here  dE^  and  dER  are  energy  flows,  respectively,  brought  by  the 
molecules  which  fall  on  the  infinitesimal  surface  element  and 
taken  away  by  the  re-emitted  molecules,  dEw  is  the  energy  flow 
by  which  the  re-emitted  molecules  would  take  away  if  they  possessed 
Maxwellian  velocity  distribution  at  the  wall  temperature.  With 
total  accommodation  (a  -  1)  dER  «=  dEw,  in  the  absence  of  accommoda¬ 
tion  (a  =  0)  dE^  =  dER.  Experiments  show  that  frequently  the  value 
of  coefficient  a  is  close  to  unity,  which  can  be  judged  from  the 
accompanying  table  of  experimental  values  of  a  for  air  found  by 
Wledmann . * 


‘Wiedmann  M.  L. ,  Trans.  Am.Soc.  Mech.  Eng.  v.  68,  p.  67, 

1 9 d 6  (Russian  translation:  Collection  "Mekhanlka,  No.  4 ,  1951)  . 
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Table  3. 


Surface 

a 

Surface 

a 

uniform  varnish 

Cast  steel  of 

or.  bronze 

0.88-0.89 

machine  treatment 

0.87-0.88 

Polish  bronze 

0.91-0.99 

Etched  cast  steel 

O.89-O.96 

Bronze  of  machine 

treatment 

0.89-0.93 

Polished  aluminum 

0.87-0.95 

Etched  bronze 

0.93-0.95 

Aluminum  of 
machine  treatment 

0.95-0.97 

Polished 
cast  steel 

0.87-0.93 

Etched  aluminum 

0.89-0.97 

From  the  table  it  follows  that  the  finish  of  the  metal  does  not 
virtually  affect  the  value  of  the  accommodation  coefficient. 

Dickins*  determined  the  following  values  of  the  accommodation 
coefficients  for  different  gases  during  their  interaction  with  the 
surface  of  platinum: 


Table  9. 


Type  of  gas 

—  1 

a 

Type  of  gas 

a 

Hydrogen 

0.35 

Nitrous  oxide 

0.90 

Helium 

0.51 

Air 

0.91 

Argon 

0.88 

Carbon  monoxide 

0.91 

Ammonia 

0.88 

Carbon  dioxide 

0.92 

Nitrogen 

0.90 

Surfur  gas 

0.95 

Oxygen 

0.90 

As  we  see,  gases  of  very  low  molecular  weight  (hydrogen  and 
helium)  are  weakly  accommodated  by  the  wall;  all  the  remaining 
gases  have  an  accommodation  coefficient  of  approximately  0.9  and 
above . 

'Dickins  B.  G.,  Proc.  Foy  .  Soc.  A  193,  p.  517  ,  1933- 
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If  the  dissociation  effect  is  unessential,  then  at  subsonic 
velocity  of  the  flow  of  gas,  when  the  kinetic  flow  energy  is 
relatively  low,  the  accommodation  coefficient  can  be  expressed 
in  terms  of  the  appropriate  values  of  temperature 


(14) 


Let  us  determine  the  value  of  the  temperature  Jump  near  the  wall 
(LTp  *  Tr  -  T  )  in  the  flow  with  slip.  This  problem  is  somewhat 
more  complex  than  the  definition  of  the  velocity  Jump,  since  for 
the  temperature  change  in  the  direction  of  the  normal  to  wall 
affects  not  only  the  molecular  thermal  conductivity  but  also  the 
heat  which  is  released  in  the  process  of  molecular  friction.  Tne 
per-second  flow  through  a  unit  area  of  side  surface  of  the  gas 
layer  in  the  direction  of  the  normal  to  it  (Fig.  12.2;,  according 
co  the  Fourier  law,  is  equal  to 


The  per-second  mass  flow  rate  of  molecules  through  a  unit  area  in 
the  same  direction,  according  to  (71) 1  is 


0M  =  gMM  =  i-  fge. 


A  change  in  the  temperature  of  the  molecules  for  the  extent  of 
the  thickness  of  the  layer  is  equal  to  the  ratio  of  the  inflow  of 
heat  to  the  inflow  of  the  substance  multiplied  by  the  heat  capacity 


*t,  =»  = 

tier,  <br 


lSee  below,  §  6. 


*fter  substituting  into  this  equality  the  expression  for  the  Pran-atl 
number,  which  characterizes  the  ratio  of  the  heat  of  friction  to 
the  neat  removed  by  thermal  conductivity  Pr  =  ngc^/w ,  we  obtain 


*r, 


Ji»_  OT 
fiPt  dy ' 


(15) 


Finally ,  in  using  expression  (2)  for  the  molecular  viscosity  of 
gas,  we  have 


7 

Pr 


I 


dr 

V 


( 16) 


Thus,  calculation  of  the  thermal  conductivity  and  heat  of  friction 
shows  that  the  effective  temperature  change  in  the  layer,  the  thick¬ 
ness  of  which  Is  equal  to  one  mean  free  path  of  the  molecules,  is 
(<i/?r)  times  more  than  that  in  the  absence  of  the  interaction 
between  the  molecules.  By  producing  now  the  calculations  similar 
to  those  made  in  determining  the  velocity  jump,  let  us  find  the 
temperature  jump  at  the  wall  in  the  flow  with  slip,  whereupon  the 
excess  temperature  in  the  layer  of  gas  at  the  wall  will  be  considered 
equal  to  the  arithmetic  mean  between  the  excess  temperatures  of 
the  molecules  falling  on  the  wail  and  re-emitted  taking  into  account 
the  accommodation  coefficient  a  (14),  which  for  the  temperature 
plays  the  same  role  as  that  of  the  diffuse  reflection  factor  for 
the  velocl ty 1 


‘  r*  "4  |  *  r*  +  Pr  J  -4  0  -  : *[*■ r*+  P,  ($  J  -4* 


Hence  we  obtain  for  the  temperature  jump  at  the  wall 


‘The  portion  a  of  the  total  number  of  molecules  is  reflected 
with  the  temperature  equal  to  the  wall  temperature ,  and  the  remain¬ 
ing  part  of  the  molecules  ^1  -  a)  retains  that  temperature  ’which  it 
had  prior  to  collision. 


For  oases  whose  Prandtl  number  is  close  to  unity  with  an  accuracy 
sufficient  for  practical  purposes,  it  is  possible  to  use  the  simpli¬ 
fied  relation 


7* 


(18) 


when  a  •  1  we  have 


*r««a/ 1£\  .  U9) 

*  \oy  * 

formulas  (17 )— (19)  for  the  temperature  jump  at  wall  are  valid 
only  at  moderate  flow  velocities  (M  *  0,  T  «  T* ) .  I:,  the  case  of 

supersonic  velocities,  it  follows  to  refine  them.  Formula  (12) 
for  the  velocity  Jump  is  valid  at  high  speeds. 

As  fellows  from  Fig.  12.1,  the  conditions  of  flow  with  slip 
are  observed  at  such  moderate  values  of  the  Reynolds  numbers  for 
which  the  real  one  is  the  existence  of  only  the  laminar  boundary 
layer,  and  therefore  below  laminar  flows  with  slip  are  examined. 

5  3.  Gas  Flow  with  Slip  (.h  hUo  Tube 

To  establish  the  laws  governing  the  laminar  gas  flow  with 
slip,  in  a  cube  of  round  cress  section  one  should,  first  of  all, 
compile  the  balance  of  .forces  applied  to  the  cylindrical  fluid 
element  with  a  moving  radius  r  and  length  ax  (Fig.  12.3) 

.  —  r.r'dp  —  —  xinrdx,  (20) 

where  t  is  the  stress  of  friction  on  the  side  surface  of  the 
element  and  dp  is  the  pressure  difference  on  Its  ends. 


Fig.  12.3.  La.-iflnar  gas  flow  with  slip 
in  a  tube. 

Here  we  disregarded  the  small  value  of  the  change  in.  momentum 
in  the  direction  of  the  axis  of  the  tube,  which  is  caused  by  the 
density  change  of  the  gas,  which  in  turn  is  caused  by  the  pressure 
change.  Expressing  the  stresses  of  friction  according  to  Newton's 
formula,  from  (20)  we  have 


dp  2  da 

2x  r  ** dr  * 


(21) 


Hence  after  integration  in  the  boundary  conditions,  which  consider 
the  slip  velocity  on  the  wall  (u  =  u^  when  r  =  R),  we  obtain 


U—llp 


I  dptf-r* 
7'di  ?  * 


On  the  axis  of  the  tube  (when  r  «  0)  we  have 


"m  -  "# 


I  dp/P 

P  di  T’ 


This  gives  the  following  final  dependence  for  the  dimensionless 
velocity  profile  in  a  tube  with  slip: 


(22) 


The  velocity  gradient  at  the  wall  in  such  a  flow  is 


and  the  stress  of  friction  on  the  wall  is 


(»m  —  nj 
I  —  ■  - - 5— 


The  average  rate  of  flow  in  the  tube  proves  to  be  equal  to  the 
arithmetic  mean  between  the  velocities  on  the  axis  and  at  the  wall 


8 

j  «2 *r4t 


2(am  —  “  tp)r^r  4“  *4  “  '/  (25i 


Equation  (21)  leads  to  the  following  formula  for  determining  the 
pressure  drop  along  the  length  of  the  tube: 


or  in  a  dimensionless  form,  after  replacement,  D  ■  2R 

dp  _  Mfi  dx  Bm  — 

^  ~  W&  O'  Um  -f  •  (26) 

Let  us  exclude  the  slip  velocity  from  the  obtained  expressions 
for  which  we  will  use  the  boundary  condition  (9)  established  in 


"*= — where 


Here  taken  in  front  of  the  derivative  a  minus  sign  in  order  that 
the  value  of  velocity  on  the  wall  would  be  positive  (uR  >  0)  at  a 
negative  value  (23)  of  the  velocity  gradient.  Substituting  into 
(9a)  the  value  of  the  derivative  from  (23),  we  find 


Using  formulas  U  ' ,  (27),  (22)  and  (26),  we  arrive  at 
expressions  for  the  maximum  velocity: 


».  =  </- 


l+4< 


V 


o,s  +  w, 


for  the  velocity  at  the  wall 


„„T=U  — 


for  the  current  value  of  the  velocity 


«  =  4A 


l-f  ujg  -4^, 


«.»  +  * 


for  the  pressure  drop  along  the  length  of  the  tube 


,  «i»  I  « 


or,  in  accordance  with  the  Darcy  formula 


rfU* 


r«  t=. 


>{l+Sth) 


the  following 


(28) 


(29) 


(30) 


(3D 


(32) 


In  (32)  the  Reynolds  number  is  determined  by  the  diameter  of  the 
tube  and  mean  flow  rate 


From  the  continuity  condition  it  follows  that  along  the  tube  of 
constant  cross  section  the  current  density  is  not  changed  (pU  ■  OqUq  = 
*  const)  if  gas  temperature  is  constant,  and  therefore  the  Reynolds 
number  for  all  the  cross  sections  has  the  same  value.  In  this  case 
ti,e  coefficient  of  friction  c  along  the  length  of  the  tube  changes 
■July  as  a  result  of  the  change  in  value  in  the  mean  free  path  of 
the  molecule,  which  depends  on  the  local  value  of  density  Z  ■  ZqPq/p 
(subscript  "0"  corresponds  to  the  initial  cross  section  of  the 
tube).  By  substituting  this  value  Into  (31),  we  obtain  when  T  ■ 

=  const 


where 


(33) 


is  the  value  of  the  coefficient  of  friction  at  the  beginning  of 
the  tube.  Using  the  equation  of  state  for  an  ideal  gas,  from  (33) 
we  obtain  the  differential  equation 

- &*«*('  +  *&)<* 

which  after  integration,  taking  into  account  the  boundary  condition 

P**?*  when 
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u:.d  some  elementary  conversions,  gives  (when  Ap  ■  p  -  Pq) 


(*)'+»£(. +«4)+S;«f 


—  0. 


Hence  it  follows  that 


V 

Pt 


(3^0 


where  x  is  the  overall  length  of  the  tube.  In  this  solution  one 
root  is  rejected  (with  a  negative  sign)  as  not  corresponding  to 
the  physical  conditions  of  the  problem  (Ap  ■  -2pg  when  x  *  0).  If 
that  being  subtracted  under  the  radical  is  considerably  less  than 
one,  then  the  approximate  solution  is  correct,  which  makes  it 
possible  to  determine  the  pressure  drop  in  the  tube  not  allowing 
for  the  compressibility  of  the  gas 


Let  us  substitute  in  (3*0 
(5)  the  value 


'  ff* 


(35) 


c  ■  (2  -  o)/o,  and  also  on  the  basis  of 


Having  in  mind  that 


we  obtain  when  o  *  1 
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r» 


(36) 


where 

,  _  »  •  1 

Ro(«  +  i0KA“oi)‘ 

Let  us  recall  that  solution  (36)  is  correct  only  when  MQ  <<  1.  The 
dependence  of  the  coefficient  of  friction  £  on  the  Reynolds  number 
at  different  values  of  the  Mach  number  is  represented  on  Pig.  12. k. 
It  agrees  well  with  the  experimental  data  of  Knudsen  and  other 
researchers . 


Pig.  12. t.  Dependence  of  the  coefficient  of 
friction  during  flow  with  slip  in  a  tube  on  the 
R  number  at  different  values  of  the  Mach  number. 
KEY:  (1)  Poiseuille  solution  (M  ■  0). 


i  *4.  External  Drag  of  Bodies  in  the 
Flow  or  harefied  Gas  in  the  Presence 
of  Slip 

For  the  first  time  the  effect  of  slip  on  the  drag  of  the  body 
was  detected  by  Milliken1  in  1911  during  the  study  of  the  velocity 
of  the  drop  cf  small  oil  drops  in  air  under  the  action  of  gravity 
and  also  the  lift  velocity  against  the  gravity  of  charged  drops 
found  in  a  vertically  directed  electrical  field. 

These  studies  of  Milliken  made  it  possible  to  determine  the 
hydrodynamic  effect  of  slip  and  also  to  measure  with  high  precision 
the  magnitude  of  the  charge  of  the  electron. 

The  small  drops,  which  move  at  low  speed  in  the  continuum, 
have  the  form  of  a  sphere,  the  drag  force  of  which  at  the  low  values 
of  the  Reynolds  number  is  determined  from  the  Stokes 

formula 


X  —  fiejidVt 


(37) 


where  a  is  fhe  radius  of  the  sphere,  u  is  the  viscosity  of  the  air, 
and  Uq  is  the  velocity  of  the  undisturbed  incident  flow. 


Formula  (37)  is  obtained  from  the  accurate  solution  of  the 
Navler-Stokes  equation  for  the  slow  flow  of  incompressible  fluid, 
when  the  inertia  terms  which  are  on  the  left  side  of  the  equation 
can  be  disregarded;  the  boundary  condition  is  the  equality  of  the 
rate  of  flow  on  the  surface  of  the  sphere  to  zero. 


Tf  we  consider  the  slip,  i.e.,  assume  according  to  (9)  that 
the  slip  velocity  on  the  wall  is  proportional  to  the  Knudsen 


‘Collection  "Gas  dynamics,"  page  260.  Publishing  House  of 
Foreign  Literature,  1950. 
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number,  then  as  Basset1  showed  as  long  ago  as  1888,  the  modified 
law  of  the  drag  of  the  sphere  is  valid: 


( 


.Y  =  C*o|»», - T,  (38) 

l+Mj 

where  A  is  the  proportionality  factor  (according  to  the  Milliken 
experiments2  A  ■  1.22,  which  according  to  (9)  answers  to  value  o  ■ 
■  0.9).  Expansion  power  of  the  series  of  the  last  additional 
factor  of  the  parameter  tX  leads  to  the  following  approximation 
formula  of  the  drag  of  the  sphere  with  slip: 

,Y a  Orjioh,  -{-  A  ,  (  39 ) 


( 


valid  at  \  <  0.5,  subsonic  velocity  and  low  values  of  the  Reynolds 
number. 

The  dimensionless  coefficient  of  drag  of  the  sphere,  according 
to  Milliken  when  M  <  1 


( U0) 


The  experiments  of  Kane3,  carried  out  in  the  inverval  2.05  <  M  < 

<  2.81  and  15  <  Rc  <  786,  did  not  detect  the  effect  of  the  Mach 
number  and  led  to  the  following  empirical  formula: 

‘Basset  A.  B. ,  A  Treatise  on  Hydrodynamics,  V.  II,  P.  271,  1888. 

2Mllliken  gives  the  value  A  ■  0.86A;  however,  in  the  calculation 
of  mean  free  path  in  terms  of  the  value  of  the  coefficient  of 
viscosity,  he  used  the  obsolete  dependence  of  Maxwell  u  *  0.35  p Cl, 
whereas  at  present  the  most  accurate  is  considered  to  be  Chapman's 
formula  p  •  0.^99  pc l,  which  alBo  gives  A  ■  1.22. 

3 Kane,  E.  D.,  J.  Aeron,  Sci.  18,  p.  259,  1951.  Russian  trans¬ 
lation  in  the  collection:  Problems  of  Rocket  Technology,"  No.  2, 
pages  5*1-69,  Publishing  House  Foreign  Literature,  1953. 


( 
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Kane  determined  the  values  of  H,  according  to  the  velocity  and 

a  ° 

dens' ty  of  the  air  after  the  normal  shock.  When  R  <  80  the 

cL 

drag  of  the  sphere,  according  to  Milliken,  is  higher  than  that 
according  to  Kane  (at  low  R  the  role  of  friction  is  relatively 
great,  but  it  is  decreased  because  of  the  intensification  of  the 
slip  with  an  increase  in  M);  at  R.  >  80  the  drag  according  to 

a 

Milliken  is  less  than  that  according  to  Kane  (at  large  R  there 
prevails  the  wave  drag,  which  appears  more  greatly  at  large  values 
cf  the  Mach  number). 

The  drag  of  the  cylinder  with  its  transverse  flow  with  slip 
is  examined  by  Chiang,1  who  obtained  the  following  theoretical 
formula  for  the  drag  coefficient  of  the  cylinder  referred  to  the 
cross  section  2aL  (length  of  the  cylinder  L,  radius  a): 


X  4. 

»j  ®  |  ■  ■  i  za  |  ■  i  ■  ■  ■  — ,i* - fi-r  t 

j  Rt  [to  -  l.iH  -f 1,10 


(U2) 


where 


There  are  no  experimental  data  on  the  drag  of  the  cylinder  with 
slip  at  the  present. 


‘Collection:  "Gas  dynamics,"  page  3^1,  Publishing  of  Foreign 

Literature,  1950. 
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I  5.  Free  Molecular  Gas  Flows  and 
Elements  of  the  Kinetic  Theory  of 
Gases 


The  free  molecular  flow  conditions  are  observed  in  the  greatly 
rarefied  gas,  when  the  Knudaen  number  is  considerably  greater  than 

-•a  s  >j 

Despite  the  fact  that  the  collision  rate  of  the  molecules  in 
the  volume  element  during  this  oondltion  is  negligible,  the  number 
of  molecules  per  unit  volume  is  great  enough  in  order  that  it  would 
be  possible  to  determine  the  mean  macroscopic  properties  of  the 
gas.  For  example,  at  a  height  of  150  km,  when  the  mean  free  path 

•a  n 

is  l  ■  18  m,  the  number  of  molecules  in  1  cm  is  -.2.5*10 

Let  us  establish  the  properties  of  the  gas  whi.L  are  determined 
by  features  of  the  motion  of  its  molecules.  Let  us  examine  for  this 
the  volume  element  dT  *  dxdydz  filled  by  a  large  number  of  moving 
and  rarely  colliding  molecules  ndT,  where  n  is  the  local  molecule 
concentration  in  the  physical  volume,  i.e.,  the  quantity  of  mole¬ 
cules  per  unit  volume. 

The  instantaneous  values  of  the  projections  of  velocity  u,  v,  and 
w  of  separate  molecules  in  volume  dt  are  distinguished  very  greatly. 

It  is  possible  to  sort  out  the  molecules  according  to  the  velocity 
of  motion,  having  in  mind  that  the  velocities  depend  on  the  co¬ 
ordinates  x,  y,  and  z  and  time  t.  The  concept  of  the  distribution 
of  molecules  in  volume  dT  according  to  velocity  of  motion  gives 
the  velocity  distribution  function  introduced  by  Maxwell 

/<».  t\  tr* 

which  estimates  the  portion  of  the  total  number  of  molecules  (in 
volume  dt),  which  possess  velocity  u,  v,  and  w. 
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Ir.  -,'wi.er  words,  if  ail  the  molecules  cf  the  physical  volume  d t 
u’f  arranges  ir.  the  space  cf  velocities  u,  v,  and  w,  then  in  the 
elementary  regicr.  of  the  velocity  space 

)/i*  rJ  {til  l/vt/tf 

there  will  be  concentrated  (n  f  dx)du  molecules  whose  velocity  are 
included  in  the  indicated  intervals j  the  value  which  is  in  the 
parer.tnesis  is  the  concentration  of  molecules  In  the  velocity 
3paee. 


The  total  number  of  molecules  in  the  physical  volume  can  be 
obtained  oy  means  of  integration  over  the  velocity  space 


mh  « j 


Since  the  total  number  of  molecules  depends  only  on  the  coordinates 
and  time,  it  is  possible  to  bring  it  out  from  under  the  sign  of 
the  integral  and  reduce  it 

Thus,  the  velocity  distribution  function  should  satisfy  the 
following  condition 


J/tfw  »  I, 


(43) 


An  important  role  of  the  velocity  distribution  function  13  revealed, 
for  example,  in  the  determining  of  the  mean  value  of  any  value 
Q,  which  depends  only  on  components  of  velocities  of  the  molecules. 

The  quantity  Q  which  possess  all  molecules  of  the  element  dx 
is  equal1  to  £?,  but  the  number  of  molecules  in  this  element  Is 
ndx ,  and  therefore  the  mean  value  Q  is 


‘Patterson  3.  IJ.  ,  Molecular  flow  of  gases.  Fizmatgiz,  H.,  i960. 
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A  \  0  rf* 

G~a”“ Wi - 


\q/j+ 


04) 


3peci ficaliy r  the  mean  value  of  the  component  of  the  velocity  u 

am*\ufd*.  05) 

Maxwell  found  the  following  expression  for  the  velocity  distribution 
function  of  the  quiescent  gas: 


/-«es  p(-t).  06) 

> 

where  a  and  6  are  constants  determined  below,  and  value 


I!  mm  ^  mt*  +  «*) 

is  the  kinetic  energy  of  the  molecule  which  corresponds  to  the 
instantaneous  value  of  the  total  velocity  of  its  random  motion  c. 
We  will  define  constant  a  on  the  basis  of  condition  (43) 


</««»  I. 


This  Integral  can  be  represented  as  the  product  of  three  identical 
Integrals 


>Ol  -M 


thus, we  have 


('17) 
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Ir.  order  tc  determine  the  parameter  0,  let  us  compute  the  mean  value 
of  the  square  of  each  component  of  velocity  of  the  motion  of  the 
molecule  according  tc  method  (^5) 


Hence  we  have 


■? 


(«8! 


wr.ere  Is  the  internal  or  the  molecule  determined  in 

i  >■  rmi  of  the  mean  value  of  the  square  of  ita  total  velocity.  By 
constituting  (m?)  and  <  ^  8  /  Into  '.^6 ),  we  will  obtain  the  velocity 
u ;  st:  i u‘  function  of  fcajWeJ  1 '»  rcoleculea  in  the  final  form 


tern-a- 


(H9) 


.•Rverient  with  the  calculations  to  turn  from  the 
components  u,  v,  and  w  to  the  total  velocity  c;  for  this 
(spherical)  coordinates  are  introduced,  c,  <j>,  0, 

<)  is  the  angle  between  the  vectors  of  velocity  and  the  polar 
Oz t  and  0  Is  the  angle  between  planes  zOc  and  zOx  (Fig.  12.5). 


It  Is  sometimes 
Vh  loo  1  t.y 
tr.e  polar 
where 
ax  1 


Fig.  )2.‘.  Volume  element 
m;  the  8 puce  (trans¬ 

fer  from  the  rectangular  to 
t>  p  he  r .1  o  a  1  c  o  ;rd  A  h  a t er  ) . 


In  the  spherical  coordinates 
the  e.'ener.t  of  the  velocity  space 
is  eqi.ll  to 

(50) 

Vi.erufore,  the  number  of  the  mole- 
culen  in  the  element  of  volume  dt, 
the  velocities  of  which  lie  in  the 
Interval  c  and  c  +  dc,  and  the 
directions  of  motion  -  in  the 

3hC 

♦ 


intervals  o ,  i  +  d$  and  0,  6  +  d6  consists  of 

in  */ slu  f  d  f  (11  dc  dx.  (51 


Integrating  this  expression  by  $  and  0  for  all  possible  directions 
( '  5  <  tt  3  o  <  0  <  2 ti  )  t  we  will  obtain  the  total  number  of  molec  ,ies 

which  have  velocities  In  the  interval  c  and  c  +  dc: 


[  *in?rf-p 


i^rfO  jrfcrft  = 


Axnt*f  dc  dx. 


The  total  numoer  of  molecules  in  the  volume  element  dx  for  the 
entire  velocity  range  (0  <  c  <  00 )  is  determined,  obviously,  by 
the  following: 


utlx 


r» 

= 

l* 


Ar.nc*/  deldx. 


(53) 


because  of  this  condition  (^3)  in  polar  coordinates  takes  the 

fern. 


U\cifdc=\  (5b) 

0 


and,  therefore,  the  mean  value  of  any  Q,  v;hich  depends  only  on  th 
components  of  velocity,  is  found  from  the  expression 


<?  =  •»« 


-^Qc'fdc. 


Let  us  write  the  mean  value  of  the  square  of  the  velocity  in  polar 
coordinates 
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It  is  easy  to  be  convinced  of  the  fact  that,  by  substituting  into 
equations  (54)  and  (56)  expression  (49) for  f,  we  turn  them  into 
identities;  this  means  that  parameters  a  and  6  in  the  Cartesian 
and  spherical  coordinates  are  identical. 

n 

Figure  12.6  depicts  the  change  of  function  F  ■  fc*-  depending  on 

_2 

c  for  two  values  of  parameter  c  .  As  is  evident,  at  a  certain 

value  of  velocity  c  =  c  function  F  has  a  maximum. 

m 

Solving  the  elementary  problem  for  the  search  of  the  maximum 

p 

of  function  ( f c  ),  we  find  the  value  of  the  most  probable  velocity 
of  the  molecules 


0.8 1«  /(*. 


(57) 


Let  us  express  with  the  aid  of  (49)  and  (56)  the  arithmetic  mean 
velocity  of  the  molecules  by  the  mean  square  velocity 


:4«^  C*fdC=aiy  0 flnVti. 


(57a) 


Fig.  12.6.  Distribution  functions  for 
two  values  of  the  mean  square  velocity 
of  molecules. 
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'ey  substituting  (57)  into  (^9),  we  obtain  a  more  convenient  expres¬ 
sion  for  the  distribution  function  of  Maxwell 

'  <58) 

As  can  be  seen  from  Fig.  12.6,  with  an  increase  in  value  of  the 
most  probable  velocity  c^  (or  the  mean  quadratic  c  ),  the  algebraic 
number  of  molecules  which  have  high  velocities  increases. 

The  motion  of  the  molecules  affects  the  macroscopic  properties 
of  the  gas.  The  gas  pressure  on  the  wall  can  be  defined  as  the 
force  which  appears  as  a  result  of  the  change  in  the  component 
normal  to  wall  of  the  total  momentum  of  molecules  during  their 
collision  with  the  wall;  in  this  case  the  molecule  ani  wall  are 
considered  a3  being  absolutely  elastic  solids. 

Let  us  position  the  wall  along  the  normal  to  the  horizontal 
axis  (Fig.  12.7),  and  let  us  determine  the  quantity  of  molecules 
which  will  be  encountered  with  the  elementary  area  with  dimension 
dF  per  unit  time.  Let  us  examine  first  the  molecules  with  the 
velocity  of  motion  c;  hitting  in  one  second  against  this  area  will 
be  half  of  the  entire  quantity  of  molecules  of  the  given  velocity, 
which  fill  the  cylinder  with  the  generatrix  c  and  the  area  of  the 
base  dF  (the  second  half  of  the  molecules  of  this  velocity  in  view 
of  the  randomness  of  their  motion  at  this  same  time  Interval  moves 
in  the  opposite  direction,  l.e.,  it  is  driven  away  from  the  wall). 
This  quantity  is 


-nfudFiU,  (59) 

where  n  is  the  total  number  of  molecules  per  unit  volume,  f  - 
value  of  the  function  which  corresponds  to  the  velocity  c,  udF  - 
volume  of  the  elementary  cvllnder,  and  dw  =  du  dv  dw  -  element 
of  the  velocity  space. 
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Fig.  12.7.  Deter¬ 
mining  the  number 
of  molecules  en¬ 
countered  with  the 
wall  per  unit  time 


The  total  mass  of  the  molecules  which 
collide  with  the  area  dF  for  one  second  is 
equal  to  . 


-j-  nmftt  dPd*=*-j  f/u  dP  dm, 

where  p  ■  nm  is  the  gas  density,  and  m  is 
the  mass  of  one  molecule.  With  elastic 
impact  against  the  wall  the  normal  component 


of  velocity  of  the  molecule  changes  to  the  opposite  value,  which 
corresponds  to  a  change  in  the  corresponding  projection  of  the 
momentum  for  one  second  by  the  value 


y  p/  -  2u«  dF  d*  =  pj/ •/  dF  dm.  <60) 

In  summing  up  the  changes  in  the  momentum  of  the  molecules  in  the 
whole  velocity  range  (0  <  c  <  «),  we  will  obtain  the  total  change 
in  the  normal  projection  of  the  momentum  for  one  second  equal  to 
the  averaged  force  of  pressure  of  the  molecules  on  area  dF: 


here  values  p  and  dF,  as  being  independent  of  the  distribution 
of  molecules  according  to  the  velocities,  are  removed  from  under 
the  integral  sign. 

In  converting,  as  in  formulas  (50)-(55),  to  the  polar  co¬ 
ordinates  and  referring  to  the  force  of  pressure  to  the  area,  we 
obtain  the  following  formula  for  determining  the  value  of  pressure 


/>=■ 


dp~~ 


u'cVd* 


86^4 


p  =  pu*. 


2 

where  u  la  the  mean  square  velocity  of  the  motion  of  molecules  in 
the  direction  of  the  normal  to  the  wall  equal  according  to  (4*0  and 
(5S)  to 

U*  =  is  J  tl*c*fdc  =  j  H '/(fo. 


Since  during  random  motion  all  directions  are  equivalent  to 


then  the  gas  pressure  on  the  wall  is  equal  to 


(61) 


or,  in  accordance  with  (57), 


P=*7 

Since  it  was  accepted  that  the  momentum  of  the  molecules  hitting 
against  the  wall  is  equal  to  the  momentum  of  the  reflected  molecules, 
then  the  obtained  value  of  pressure  is  advert  from  two  equal  parts: 
the  pressure  of  the  hitting  molecules  and  pressure  of  the  reflected 
molecules 


P=Pt+P* 
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where 


From  (61)  we  obtain  the  expression  for  the  mean  square  velocity 
of  the  motion  of  the  molecules 

(62) 

In  comparing  (62)  with  the  known  expression  for  the  speed  of  sound 
•  * 

in  the  gas 


we  can  connect  the  mean  square  velocity  of  the  molecules  with  the 
speed  of  sound 


(63) 


5  6.  Pressure  and  Stress  of  Friction 
During  the  Free  Molecular  Flow  Around 
a  Solid 


During  the  study  of  the  free  molecular  flow  of  gas,  one  should 
consider  the  fact  that  together  with  the  random  motion  of  the 
molecules  there  is  ordered  motion  of  the  finite  masses  of  the  gas. 


In  the  first  works  of  Epstein1  and  SmoluchowsKi2  which  are 
devoted  to  the  free  molecular  gas  flow  around  a  solid,  it  was 


'Epstein,  P.  S.,  on  the  drag  of  spheres  with  motion  in  gases 
In  Collection:  "Gas  dynamics."  Publishing  House  of  Foreign  Liter¬ 
ature,  1950. 

JSmoluchowski  M. ,  Zur  klnetische  Theorie  der  Transpiration  und 
Diffusion  verdunnter  Case,  Annal.  der  Physik,  V.  33,  1559-70,  1910. 


i 


O 


assumed  that  the  velocity  of  the  ordered  motion  of  gas  was  low  as 
compared  with  the  average  velocity  of  the  random  motion  of  the 
molecules.  We  will  not  begin  to  use  this  limitation,  and  let  us 
give  the  solution  to  the  problem  for  the  arbitrary  value  of  the 
Mach  number  in  the  gas  flow  incident  on  the  body.  As  Chiang1  showed 
such  a  general  solution  has  a  sufficiently  simple  form. 


It  is  advantageous  to  examine  the  streamline  flow  of  a  body 
by  rarefied  gases  in  a  rectangular  system  of  coordinates,  since 
in  this  case  the  similar  velocity  components  of  the  random  and 
ordered  motions  are  conveniently  grouped. 

If  the  gas  is  greatly  rarefied.  then  the  collisions  of  the 
molecules  between  themselves  and  with  the  body  surface  are  so  rare 
that  the  molecules  reemitted  by  the  surface  do  not  virtually  disturb 
the  undisturbed  flow  of  gas  incoming  to  the  body  ana  do  not  disturb 
the  Maxwellian  distribution  of  the  random  velocities  (is,  v,  w)  of 
molecules  in  this  gas.  The  distribution  function  of  Maxwell  accord¬ 
ing  to  (58)  can  be  represented  in  the  form 


'■(4TW 

If  the  ordered  motion  of  the  gas  occurs  with  the  velocity 

c—Vu'+v*Jr  w*,  (65) 

then  the  total  velocity  of  the  molecules  are  respectively  equal 
to 


«,*=£/  +  u,  v^V  +  v,  (66) 


‘Chiang,  Kh.  Sh .  ,  Aerodynamics  of  Rarefied  Gases .  In  the 
Collection:  "Gas  Dynamics."  Publishing  House  of  Foreign  Literature. 

1950. 
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let  us  arrange  the  rectangular  coordinate  system  in  such  a  way 
that  the  x-axis  is  perpendicular  to  the  surface  element  of  the 
body  dF  (Fig.  12.8),  and  let  us  determine  the  force  of  pressure 
of  the  moving  gas  on  the  area  dF  following  the  same  considerations 
as  in  the  previous  paragraph  (in  the  determining  of  the  pressure 
or,  the  wall  of  stationary  gas). 


Fig.  12.8.  Determination 
of  the  pressure  force  of 
gas  on  the  wall  with  molec¬ 
ular  flow. 


In  the  stationary  coordinate 
system  the  number  of  molecules  in 
a  unit  volume,  which  have  velocities 
cf  random  motion  in  the  interval  u 
and  u  +  du,  v  and  v  +  dv,  w  and  w  +  dw 
is  equal  to  nfdw;  in  one  second  dF 
those  molecules  which  fill  cylinder 
with  the  base  dF  and  generatrix 
manage  to  hit  against  the  area. 


Tne  volume  of  this  cylinder  is  equal  to  u-^dF.  Therefore,  the  total 
number  of  molecules  at  a  rate  of  u1,  which  transmit  momentum  to 
area  dF,  is 


/»/«,  dF  du  dv  dv  =s  /i/m,  dFdu,  dvt  dw,. 

Here  assumption  about  the  constancy  of  the  velocity  of  the  directed 
motion  of  the  gas  is  used. 

The  total  number  of  molecules  H  which  hit  against  the  unit 
element  of  the  area  will  be  obtained  by  means  of  the  integration 
of  the  last  expression  over  the  entire  range  of  the  change  in 
velocities  of  the  molecules.  Taking  (6^)  into  account,  we  have 
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The  lower  limit  in  the  last  integral  is  equal  to  zero  and  not  - 
since  the  molecules  with  the  negative  values  of  the  normal  component 
of  velocity  (u  <  0)  with  the  surface  of  the  body  will  not  be  en¬ 
countered. 


It  is  not  difficult  to  show  that  the  triple  integral  in  (67) 
-is  reduced  to  the  product  of  the  following  three  integrals! 


(60a) 

(68b) 


+"'(£]}•  (69‘> 


Used  in  this  recording  is  a  conventional  designation  for  the 
probability  Integral: 


V* 


the  values  of  which  are  taken  from  the  tables  [let  us  note  that 
when  t  •  00  erfC")  -  1].  Substituting  the  expressions  (68)  into 
(67),  we  obtain  the  following  formula  for  determining  the  number 
of  molecules  hitting  per  unit  time  against  the  unit  area  of  the 
body's  surface: 


(69) 


In  the  particular  case  of  stationary  gas  (U  ■  0)  we  obtain 


N. 


■iV* 


(69a) 
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The  per-seocnd  mass  flow  of  molecules  which  fall  ~n  the  unit  area 
of  the  body's  surface: 


•-„.{j!-„p[_^]+S[,  +  «„(£)]}.  (70) 

For  stationary  gas  (U  ■  0),  according  to  (57)  and  (57a),  we  have 


In  determining  the  aerodynamic  forces  which  appear  on  a  unit  area 
of  the  body  during  free  molecular  flow,  it  is  necessary  to  keep 
in  mind  that  the  projection  of  the  aerodynamic  force  Is  equal  to  the 
difference  in  the  projections  on  the  same  axis  of  the  momenta  of 
the  per-second  mass  of  molecules  falling  on  the  area  and  reflected 
from  it . 

The  projection  on  the  x-axls  of  the  per-second  momentum  of 
molecules  with  velocity  in  the  interval  u,  u  +  duj  v,  v  +  dv;  w, 
w  +  dw,  which  fall  on  the  surface  of  the  unit  area,  obviously, 
is  equal  to 


p/u{  rfw,  <fo|  rf«P|. 

The  projection  on  the  normal  of  the  per-second  momentum  of  all  the 
molecules  comprises,  talcing  into  account  (6*0. 


/-,  =  p(^7r)*  J  ^  J  «JX 

X  exp  {-  +  rf,„.  (72) 


As  in  the  determining  of  the  number  of  molecules  hitting  tne 
surface  (see  formulas  (67)  and  (68)),  let  us  replace  the  triple 
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integral  in  (72)  by  the  product  of  the  three  Integrals.  Two  of  them 
were  found  earlier  than  (66a)  and  (68b) 


h;i 


‘I 

f 


5  e*p[  —  — 

•»  0# 


and  the  third  in  this  case  takes  the  form 


"(5  +  <*“')['  +  «' (£)]  +  T f-«M“  £]■ 


(73) 


Let  us  note  that  with  integration  (73)  the  following  known  relation¬ 
ships  were  taken  into  consideration: 


JjfV-'rf.ta.  •  (74) 

^  xt~*'dxssa  Y  J  1-*'dx%*a  —  Y*'*'- 

By  substituting  the  found  values  of  the  Integrals  into  (72),  v;e 
determine  projection  on  the  normal  (x-axls)  of  the  per-second 
momentum  of  the  molecules  which  fall  on  the  unit  surface  area  of 
the  body  : 


»«i« 


rf."-u "» (-  S + K's +  ?)[''+ 1 7  5  ’ 


In  two  limiting  cases,  U  ■  0  and  U  >>  c  ,  expression  (75)  is 
greatly  simplified.  When  U  ■  0  (ordered  gas  flow  is  absent) 


/,•=»!«**•■  (76) 

At  U  >>  c  (the  flow  velocity  is  considerably  greater  than  the 
m 

probable  velocity  of  the  random  motion  of  the  molecules) 


(77) 


since  in  this  case 


Let  us  now  find  the  component  tangential  to  the  body  surface  of  the 
per-seeond  momentum  of  molecules  which  fall  on  the  unit  area  (pro¬ 
jection  on  the  2-axis). 


For  the  molecules  whose  velocities  lie  in  the  narrow  interval 
of  the  value 


u,  n  -f  dir,  v,  v-j-dvt  w,  to  -f-  da>, 

the  tangential  projection  of  the  per-second  momentum  is  equal  tc 

— p/i'i  W|  dut  dv\  da (73) 

For  all  molecules  we  have,  by  analogy  with  (67)  or  (72), 

^  00  09  Oft 

/.I— J  J  V  a,  X 

x .~J[-  lii-act !?i  -p: ti?.=«v] ,  (79) 

Let  us  replace,  as  before,  the  triple  integral  in  (79)  by  the 
:  roduct  of  the  three  Integrals.  Values  of  two  of  them  are  already 
known  (see  (68a)  and  (68c)),  and  the  third  is  easily  determined 
by  analogy  with  (68b) 


l  [-  I (8o) 

-■.«  ^  "i 
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Substituting  (66a),  (68c)  and  (80)  into  expression  (79) ,  we  find 
the  component  tangential  to  the  body's  surface  of  the  per-second 
momentum  of  the  molecules  which  hit  against  the  surface  of  the 
unit  urea: 


In  the  case  of  the  quiescent  gas  (U  ■  W  -  0),  as  one  would 
expect,  the  tangential  component  of  the  momentum  of  the  molecules 
is  equal  to  zero,  since  the  momenta  of  the  molecules  of  the 
opposite  direction  cancel  out. 

If  the  flow  velocity  of  the  gas  considerably  exceeds  the 
probable  velocity  of  motion  of  the  molecules  (U  >>  c.,  }  ,  then,  as 
has  already  been  Indicated,  in  the  derivation  of  expression  (77), 


and  therefore,  according  to  (81),  the  tangential  component  of  the 
per-second  momentum  of  the  molecules  hitting  against  the  plate 

l„**pUVr.  (82) 

Let  us  now  find  the  per-second  momentum  for  the  molecules  re-emitted 
(reflected)  by  the  body's  surface. 

If  the  molecules  are  mirror  reflected,  then  we  deal  with  the 
inverted  re-emission,  when  for  the  incident  and  reflected  molecules 
the  normal  components  of  the  momenta  are  equal  in  magnitude  but 
opposite  in  sign  (normal  velocity  with  reflection  reverses  the 


_ Ai.tt--.it  1  j 1  —'•li.K-i.u-rii »  u f  Lne  momenta  before  and  after  the 
.■  i  ,  ,.n  e-*  idta!.  i,i,  t.ti:  in  value  and  direction  (the  tangential 
1  '.j  v;  a  l  U  re  J  ice  lu  ft. tamed) 

^  —  /«  ==*  [bU) 

:  r  f.r.l*.  vui--"  ar  «.  t-r-i*  ted  ;y  the  surface  in  a  diffuse  manner 
wit:,  ti.v  t.jt-Uiui  awu.iwi  velocity  distribution  of  random  motion), 
tnci.  in  view  uf  the  absence  of  the  preferred  direction  of  the  mole- 
j  .  t :  •  •  a: , . er  t  ■  a  :  . : ;  p  or.  i.t  of  the  momentum  after  reflection 


In  =•/,=■<>.  VO:" 

’she  }i..rK:f  i  component  of  tr,..-  par-second  momentum  with  diffuse 
i  n f  i*;  ,-t  J  on  cat.  ne  f nuu a  wl  the  a.d  of  the  following  considerations, 
finite  a  it.,  r  the  diffuse  i’tr.t.vl.o  the  molecules  of  the  gas  lose 
the  average  forwa;  .  gas  veiou.'tv  t,  *  0),  then  the  per-second  mass 
of  tt.e  male. xu  let;  being  rejected  t>y  the  unit  area  of  the  body's 
.  uffuct;  is  determined  by  expression  (71) 


u  — ' 

it*.  rv  it  lx  the  troLabtif  velocity  ol  the  molecules  at  the  tempera- 
m  a  t  •/ 

to  tv  os’  re-emisaior  t.  -  f  t.j  jj.  t_  tiie  temperature  of  the  incident 


Tne  ..  r’t:. u  1  ■. omp . t  :•?'  in*,  p-  r- second  momentum  of  the  molecules 
uir'fisciy  reflected  by  the  Wall  (when  c  ■  0)  is  defined  from  (76) 

>m»  “  «  I 


ccmp  string  t  ?t )  J  (  ">  7  ' ,  w».  hav>. 


(87) 


(88) 


It  is  not  difficult  to  find  the  value  I  on  the  basis  of  the 

^  A 

fact  that  the  mass  of  the  molecules  reflected  from  the  wall  is 
equal  to  mass  of  the  molecules  hitting  against  it  ) , 

but  then,  after  substituting  (70)  into  (88),  we  have 


t.-W.W-a+!£[,+-©J- 


Since  the  velocity  of  the  random  motion  of  the  molecules  is  propor¬ 
tional  to  the  square  root  of  the  temperature,  then  the  probable 
velocity  of  the  reflected  molecules  can  be  expressed  in  terms  of 
the  probable  velocity  of  the  molecules  and  incident  flow,  and  the 
ratio  of  temperatures 


Here  T  is  the  temperature  in  the  undisturbed  Incident  flow,  and 
is  the  temperature  of  the  molecules  after  reflection  from  the 
wall,  which  depends  on  the  wall  temperature  Tw  and  the  accommoda¬ 
tion  coefficient  a. 

Let  us  assume  that  the  portion  of  the  diffusely  reflected 
molecules  consist  of  a,  then  the  energy  of  these  molecules  is 
proportional  to  the  value  oT^,  and  the  energy  of  the  mirror  reflect¬ 
ed  molecules  is  proportional  to  (1  -  o)T*.  The  total  energy  of  the 
molecules  reflected  by  the  surface  is  proportional  to  the  value 


As  was  shown  in  5  2,  the  accommodation  coefficient  is  called  the 
ratio  of  the  actual  change  in  the  energy  of  the  molecules  with 
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reflection  from  the  wail  to  its  maximally  possible  change,  which 

takes  with  the  full  accommodation  of  the  molecules  when  the 

temperature  of  the  reflected  molecules  is  equal  to  the  wall  tempera- 

ture  T  .  Therefore,  we  have 
w 


,  r: -K.HI  -,ir;| 

Y:-r. 


/  ;  -  T"  • 


(SI  ) 


Using  this  formula,  it  is  possible  from  the  known  values  of  co¬ 
efficients  a  and  o  to  find  the  temperature  of  the  diffusely  reflected 
inclecuies  and  then  according  to  formula  (90)  -  the  probable 

velocity  of  the  molecules  c  .  The  obtained  information  is 

m  a 

sufficient  for  determining  the  aerodynamic  forces  which  appear  on 
the  body  under  varied  conditions  of  the  free  molecular  flow. 

The  projection  of  the  force  is  equal  to  the  change  in  the 
corresponding  projection  of  the  per-second  momentum  of  molecules 
(with  impact  and  reflection) 


=  (92) 

If  the  portion  of  the  diffusely  reflected  molecules  is  o,  and 
the  mirror  reflected  molecules  (1  -  a),  then 


J*.— -Mt- 

^  — (rl- +  (*-•)  U 


or  on  the  basis  of  (03)  and  (84) 


Pt  =  (2  —  °)  1*1  +  Pf  = 


(9*0 


By  using  expressions  (94),  (75)  and  (90),  we  obtain  the  final 
expression  for  the  pressure,  which  exerts  the  free  molecular  gas 


flow  on  the  surface  element  oriented  along  the  normal  to  the 
velocity  component  of  the  undisturbed  flow  of  gas: 


+[(i+S<»-«+=es/£][.+«®J- 


(95) 


Similarly,  from  (9*0,  (80),  (85)  and  (90),  we  derive  the  general 
formula  for  the  stress  of  friction  on  the  surface  element  during 
the  free  molecular  flow 


r  {-pb  exp  (-  ) + £  [ 1 1 + at  (£ )]}  ■ •  ( 9  6  > 


In  the  particular  case  of  the  undisturbed  flow  perpend  i  ..uiar  to 
the  body  surface  (C  *  U ,  V  =  0 ,  W  »  0 ) ,  the  tangential  stress 
(friction)  is  equal  to  zero 


(97) 

In  the  particular  case  of  the  flow  parallel  to  the  body's  surface 
(C  =  W,  U  =  0,  V  «  0),  the  pressure 

h«(yr£-1)]  *  (98) 

and  the  stress  of  friction 

’“2V«k-C  (99 ) 


With  the  completely  diffuse  reflection  of  the  molecules  from  the 
wall  (y  ■  1)  we  have  * 
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,«>"(» +/0. 

(100) 

In  formulas  (95)  and  (96)  the  approach  stream  velocity  Is 
cons  leered  to  be  positive  if  vector  U  is  directed  toward  the 
streamlined  surface  and  negative  if  this  vector  is  directed  from 
the  surface.  In  other  words,  in  the  calculation  of  forces  which 
appear  cn  the  front  side  of  the  body  (turned  toward  the  incident 
flow),  it  is  necessary  to  consider  the  velocity  positive  (U  >  0), 
ano  oil  the  rear  side  of  the  body  -  negative  (U  <  0). 

Jince  here  understood  by  U  is  the  absolute  value  of  the 
velocity,  then  for  the  front  part  of  the  body  (U  >  0)  formulas 
(95)  and  (96)  are  suitable  without  changes  (pn  ■  p,  i  *  t); 
fer  the  rear  side  of  the  body  (U  <  0)  formulas  (95)  and  (96) 
must  be  written  in  the  following  form: 

+[<»— >(T+5)-1riil/’!i)[1-«rt  (;;)]}•  uoi) 

— t  7;  «*  ("  S)-r.('- (S)fi.  HOD 

For  the  facilitation  of  the  calculations  according  to  formulas 
(95),  (96),  (101)  and  (102),  Table  5  gives  values  of  function? 
exp:  —  V)  and  cff(//-)  for  different  s  =  .  According  to  these  data, 

curves  on  Fig.  12.9  are  also  plotted. 
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5  7.  Calculation  of  Aerodynamic  Forces 
with  Free  Molecular  Flow  Around  Solids 

Shown  In  the  preceding  paragraph  are  methods  of  the  determining 
of  the  normal  and  tangential  stresses  which  appear  on  the  surface 
element  of  the  body's  surface  with  free  molecular  flow. 

Let  us  find  the  aerodynamic  forces  which  act  on  body  as  a 
whole . 

Let  us  assume  that  the  velocity  vector  of  the  undisturbed  flow 
C  consists  of  angle  8  with  the  surface  element  of  the  body  (local 
angle  of  attack) ,  then  the  angle  $  between  vector  C  and  normal 
t'_  the  surface  (Fig.  12.10) 


i  . 


Consequently,  the  projections  of  the  velocity  on  the  normal  and 
tangent  to  the  surface  are,  respectively , 

t/s  Ceos  7  =  C>inJ( 

lP=:C}ln?  =  Ccos?.  (103) 

Let  us  determine  the  forces  which  act  on  the  plate.  The  aero¬ 
dynamic  force  component  normal  to  plate  is  equal  to  the  product 
of  the  area  of  the  plate  by  the  difference  in  pressure  applied  to 
its  front  and  rear  sides 


Pm~iPu  — PJF.  (10*0 

The  tangential  force  is  equal  to  the  product  of  the  area  of  the 
plate  by  the  sum  of  the  stresses  of  friction  which  appear  on  its 
both  sides: 

=  (105) 
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Fig.  12.10.  On  the  determining  of 
aerodynamic  forces  on  the  plate 
with  a  free-molecule  flow  of  gas. 


Substituting  (103),  (95)  and  (101)  into  (104)  and  taking  for 
simplicity  a  ■  1,  T^n  *  T^3  ■  Tm  ,  let  us  find  the  value  of  the 
normal  force 


2  C  tin  3 


(106) 


On  the  basis  of  (103),  (96)  and  (102),  we  will  obtain  ircm  (105) 
the  value  of  the  tangential  force 


+  (107) 

Now  it  is  not  difficult  to  determine  the  total  aerodynamic  force 
directed  perpendicular  to  the  approach  stream  velocity,  l.e., 
the  lift  on  the  plate 

P,  —  Pm  cos  J  —  P,  sin  ?  =» 

=  lfpci,cos?[^^ /n  -(-efl(^L>)]  (108) 


and  the  total  aerodynamic  force  directed  along  the  approach  stream 
velocity,  i.e.,  the  drag  force  of  the  plate 
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Let 


/»«  «  P.  ?  +  />«  cos  ?  «  ±  fcf,r  £  exp  (-  + 

+  ,/s-c^V.H[1  .H2c*j,,n?ef|(Cg!j)}> 


(1C9) 


us  find  from  (10b)  and  (109)  the  aerodynamic  coefficients 
of  the  plate  with  free  molecular  streamline  flow 


•  co,  ?>.„*?  [  (SAI)]. 

sln?[£ra>  «p(-^)+ 

^  sin?  +(*  +  »)«*(£■£*)]. 


(110) 


(111) 


Coefficients  c„  and  c  can  be  expressed  as  a  function  of  the  Mach 

y  x 

number,  if  with  the  aid  of  (57)  and  (63)  the  probable  velocity 
of  the  random  motion  of  molecules  c’m  is  replaced  by  the  speed  of 
sound.  In  accordance  with  this  we  have 

,  =  £  =  MJ/X  (112) 

Dependences  c  (M),  and  c  (M)  for  several  values  of  the  angle  of 

y  x 

attack  of  the  plate  are  presented  on  Fig.  12.11  and  Fig.  12.1 2. 

Aerodynamic  forces  with  free  molecular  streamline  flow  can 
be  calculated  for  bodies  of  a  more  complex  shape  than  can  flat 
plates,  but  In  this  case  it  Is  advantageous  to  make  the  calculation 
for  the  front  and  rear  sides  of  the  body  separately,  using  the 
corresponding  expressions  (95)  and  (96)  or  (101)  and  (10 2)  for 
the  normal  and  tangential  stresses. 


The  calculation  of  aerodynamic  forces  with  free  molecular 
transverse  streamline  flow  around  a  circular  cylinder  of  Infinite 
length  is  feasible. 


i 


3 
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Fig.  12.11.  Dependence  of  the  lift  coefficient  of  the  plate  on 
the  Mach  number  with  free-molecule  flow  of  the  gas. 


Fig.  12.12.  Dependence  of  tne  drag  coefficient  of  the  plate  on 
the  Mach  number  with  the  molecular  flow  of  the  gas. 


The  projection  of  the  aerodynamic  for^e  applied  to  the  surface 
element  dF  onto  the  free-stream  direction  (drag),  in  accordance 
with  Fig.  12.13,  is  equal  to 


dPA,~  (pJln?  +  xcos?)«fF,  rfPZJ  =  (-/,s!n?-f  tco*?)rfF.  (113) 

The  projection  of  the  same  force  onto  the  perpendicular  to  the 
free-stream  direction 

dP,u  ==  0>  COS  ?  —  *  sin  })  dp,  dP>.,  =  ( p  cr:  ?  t  sin?)  dP.  ( 1 1  *0 

After  Integrating  these  expressions  within  limits  of  6,  (the  lower 

edge  of  the  body's  surface)  to  62  (upper  edge),  we  obtain  the 

values  of  the  drag  P  and  lift  P((I  which  act  on  the  assigned  section 

x  y 

of  the  body's  surface.  In  the  particu:  ir  case  of  the  cylinder 
(Fig.  12.13)  there  is  no  lift  (Py  *  U),  and  drag  can  be  obtained 
from  (113)  by  means  of  (95)  and  (9b)  for  the  front  side  cf  the 
cylinder  (unit  length) 


383 


( 1 1  ‘: ) 


*  2 f'  */v'  \  {(t'»  «•*  *!■  Is1"  (““)•;  *)*l* 

y-  ?[l  |  crl (£**) [) .tf, 


i  ,  <;*  ,  I'i'  c  Mu  i» 


where  dF  ■  -  Rd$  ■  Fed  3 .  In  a  similar  manner,  with  the  aid  of  ( i  0  - 
and  (102)  for  the  rear  side  of  the  cylinder,  we  obtain 


(ii6) 

The  drag  coefficient  of  the  cylinder 


-  __  Pxa  “f  Pr% 

**  —  ~T  "*• 

?  fC-i* 

By  using  relations  (ll[i)  and  (116)  and  introducing  notation  fuf, 
we  have 1 ) 


#  1 

t,  -  -  j/,  5  *  I  (,'>  H  a)  5  Wl(.v*in  |. 

•  • 

1 

•  * 

#",**rf*  (117) 


“It  is  obvious  (see  Fig.  12.13)  that  the  expression  for  cx 
can  be  obtained  (as  for  the  plate)  from  formula 


-t-M 


~~  P.r>l  *  n,-  -j-  K*it  +  V  tfjt 


83^ 


) 


Values  of  the  intergals  which  enter  into  expressions  017)  will  he 


/'i  — 

/•'*  = 

F,  =a 


j  e  *•»•»» dj* 

t 

1  |« 

C  sin  ?  crl  (i  sin  3)  rf?  • '  *  (/,  -f 


Jsm'JrfJ-j. 


Here  the  values 


t  fyr^k'  ',,“k4> 


are  the  so-called  modified  Bessel  functions  of  the  order  of  0  and 
1,  respectively.  Values  JQ(s)  and  J^Cs)  are  given  on  Fig.  12.14. 


Fig.  12.13.  The  determining  of  projections 
of  forces  of  pressure  and  friction  on  the 
flow  direction  with  transverse  streamline 
flow  around  the  cylinder. 
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By  substituting  values  i>\  ,  K., , 
ana  F  ^  into  equation  (117),  we 
obtain  Finally 


c*  =  ^p|*  T  *  +  (-j*  +  s')  (A  -f  4)  j  -f-  *-  • 


Figure  12.15  depicts  the  de¬ 
pendence  calculated  in  formula  (117) 
of  the  urag  coefficient  of  the 
cylinuer  or.  the  number  s  =  c/cm  with 
its  free-molecular  streamline  flow 
of  helium.  For  a  comparison  on  this 
graph  the  experimental  points  obtained 
by  Stalder,  Goodwin  and  Creager'  in 
a  wind  tunnel. 

Fig.  12. i^.  The  modified 

Bessel  functions  of  the 

zeroth  and  first  order.  In  the  search  of  aerodynamic 

forces  which  appear  with  the  free- 
molecular  flow  about  the  plate  and  cylinder,  it  was  assumed  that 
the  surface  temperature  of  the  tody  was  equal  to  the  temperature 
of  the  undisturbed  incident  flow.  The  determining  of  the  actual 
temperature  of  the  body  in  free-molecular  flow  Is  an  independent 
problem,2  which  we  will  not  discuss  here. 


Stalder  J.  R.,  Goodwin  G.,  Creager  M.  0.,  NACA  Reprt  1037, 

1951. 

2Patterson,  G.  N.,  Molecular  Flow  of  Gases.  Fizmatgiz,  M, , 

I960. 
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Fig.  12. Id.  Dependence  of  vh«' 
coefficient  on  the  s  number  wJ, 
transverse  streamline  flow  ui- 
the  cylinder. 

KEY:  (1)  Theory;  (2)  hxpoi5;;.<, 

of  Stalder,  Qoodwin  anu  Ore-age 
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I  n .  The  Free-Molecular  Jar  Flux 
in  -j  <  ...»•►*  Tuiii; 

7 >.i,  Tv  e-mo 1 ocular  f  tew  iti  a  long  tube  is  understood  to  be 
^TSV  iv  a  1'icw  is,  which  the  .mean  free  .path  o.f  the  molecules  1  is 

r  M.c-.r.  the  dv»;nc!.  er  or  the  tube  d.  In  this  case  it  is 
s.-.ai v  •»•-•  consider  the  cci !  Islon:  of  the  molecules  with  the 
"vj.1  is,  but  2  t.  lc  ^ossibit-  *.••:.  disregard  collisions  of  the  molecules 
tv  ween  themselves,  and  the  ref:  tv ,  the  Maxwellian  velocity  dis¬ 
tribution  of  the  random  motion  of  tlie  molecules,  which  is  established 
Kith  I  r-r.  Miv  w.-A-,  ,n-  within  the  tube,  is  not  disturbed. 

hot  uc  ■•tnd  th>  >.<?■.:  u 1  ar  mass  which  passes  per  unit  time 
tr-.  it-.as  .  e  ;  1 1  c  r  *;.«  tune  (Fig.  12.16).  For  this 
.....  e  lot  t..:  t-.e  ruffe?*  element  dF  in  cross  section  2 

vf  the  tur“ ,  an v  ,»#t  ut  aeti-nvine  tv*  number  of  molecules  reflected 
r.y  wail.  of  t:e  t.  u,*  wuioV*  will  crocs  this  area. 


/  •»  2 


rhg-  !«'  .16.  Tut  det*  rn.lnlng  of  the  gas 
!  low  rate  Sfi  t*  “  ’  ■  .,e  with  molecular  flow. 

Let  u;<  aitui-ic  that  th-n  surface  element  of  tne  tube  reflecting 
the  noitvu.t.,  with  a<;  art  a  tf  U6  and  length  of  cx,  is  located  in 
cr-wi  section  1,  si  lu.-ii  ng  at  a  distance  of  x,  from  cross  section  2, 
a-.o  vhe  meins  vector  bk,  will  .-!  connects  areas  dF  and  d6 ,  has 
tne  jer.gth  r  ar:d  its  tv  a<.«  •  v  0  with  the  axis  of  the  tube. 


d6- 


The  per-second  molecular  mass,  reflected  by  area  d6  in  the 
direction  of  the  normal  to  the  wall,  according  to  (71)  is  equal 
to 

dMnt  —  q-  ft'  dl. 


where  p,  is  the  gas  density  in  cross  section  1  (in  the  vicinity  of  j 

area  d6),  and  c  -  the  average  speed  of  the  molecules.  The  projection  i 

of  the  area  d6  onto  the  plane  normal  to  the  radius  vector  r  is  ^ 

cos  ydi ,  where  $  is  the  angle  between  the  radius  vector  r  and  the 
normal  tc  the  area  d6  (i.e.,  the  direction  of  the  radius  of  the  I 

tube).  The  flow  rate  per  second  of  the  molecules  which  fall  from  f 

area  do  onto  area  dF  is  thus  determined  by  expression  ! 


dMH  =  p,f  coj  f  di  *1 . 


Here  d^  is  the  solid  angle  at  which  the  area  dF  is  visible  from 
tne  center  of  area  d6,  and  the  ratio  d  /it  is  equal  to  the  portion 

/v 

of  the  total  number  of  molecules,  which  are  reflected  by  the 
area  d6  into  the  whole  internal  hemisphere  covering  it,  which  falls 
onto  the  area  dF. 


By  definition,  the  solid  angle  d^,  which  covers  the  area  dF, 
is  equal  to  the  ratio  of  the  projection  of  this  area  onto  the  plane 
normal  to  the  radius  vector  r  to  the  square  of  the  value  of  the 
radius  vector 


co atdP 


(119) 


Let  us  designate  by  <J>  the  angle  between  the  segment  of  the  straight 
line  connecting  the  center  of  the  area  dF  with  the  point  of  inter¬ 
section  of  the  generatrix  of  the  tube  drawn  from  the  center  of  the 
area  d6  with  the  plane  of  cross  section  2,  and  let  us  drop  a 
perpendicular  t  from  the  center  of  area  dF  onto  the  normal  to  the 
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wall  of  the  tube  n.  From  a  comparison  (Fig.  12.16)  of  the  two 
right  triangles  BCD  and  ACD  with  triangle  ABD,  which  has  common 
sides  with  them^it  follows  that  AABD  is  a  right  triangle,  therefore 
we  have  the  equalities 


r  cos  9  =  q  cos  r  cos  0  =  x.  (120) 

Substituting  (119)  and  (120)  into  (118),  we  arrive  at  the  following 
expression  for  the  elementary  molecular  mass  being  reflected  by  the 
surface  element  of  the  tube  d<S  (in  cross  section  1)  onto  element 
dF  of  cross  section  2; 

<M,',  =  dr*  cos  ? cos  8  = dr> dr  q  c0*  dL  dx-  ( 1 2 1 ) 

Here  the  elementary  arc  of  the  perimeter  of  the  tube 

whereupon  d<J>  is  the  angle  being  subtended  by  the  elementary  arc 

2  2  2 

db,  and  rQ  is  the  radius  of  the  tube.  Since  r  -  x  +  q  ,  from 
(121)  we  have 


_ i dP  »,xdx  . 

rfA»H=_r(^-i??cos<.rfi. 


It  is  natural  that  from  the  element  dF  of  cross  section  2 
there  proceeds  the  flow  of  molecules  to  the  surface  element  of  the 
tube  d6  located  in  cross  section  1;  this  "reverse"  flow  differs 
from  the  flow  examined  above  by  sign,  and  also  by  the  fact  that  the 
gas  density  in  cross  section  2  has  another  value;  thus,  the  mass 
flow  per  second  of  the  "reverse"  flow  consists  of 


d.\U 


IdP  hx  dx  .  ,, 

'TrwT^>7*c0,*rfL 


'  $ 
3 
I 


- 1 
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Here  the  average  velocity  c  is  taken  as  the  same  as  that  for  dM^ , 
in  view  of  the  temperature  constancy. 

The  resultant  flow  of  molecules  in  the  direction  of  the  drop 
in  density  has  the  mass  f-low  per  second  *  ’  - 


dM=dAftl  +  dM^ 
rdFlf,  —  p,)  xdx 
~  4c  (o'  +  jr*)' 


(122) 


Let  us  examine  the  case  of  the  flow  in  which  the  density  gradient 
along  the  length  of  the  tube  is  small,  and  therefore  it  is  possible 
to  take 


Pi-< (123) 

By  substituting  (123)  into  (122),  we  arrive  at  the  final  form  of 
the  expression  for  the  resultant  per-second  molecular  mu.c  which 
arrives  from  the  surface  element  of  the  tube  d6  to  the  element  of 
the  cross  section  dF: 


j ..  i  dF  x*dx  df  ... 
A1,=  -¥(?T iy  JX  «  If  dL. 


(124) 


Let  us  draw  in  cross  section  2  through  point  A  -  the  center  of  the 
area  dF  -  an  arbitrary  reference  line  MN  (Fig.  12.17),  which  forms 
with  segment  AK  ■  q  angle  y.  Since  the  element  of  the  perimeter 
of  the  tube  dL  in  the  vicinity  of  point  K  is  evident  from  dF  at 
angle  dy,  then  the  projection  of  arc  dL  on  the  normal  to  segment 
AK 


qdy  =3  coi^dL 


(125) 
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mining  of  the  gas  flow 
through  the  surface 
element  of  the  cross 
section  of  the  tube  with 
molecular  flow. 


If  we  substitute  the  relation  (lfu)  into 
!124)  and  integrate  the  obtained  expression 
within  limits  of  -®  <  x  <  0  <  y  <  2n , 

i.e.,  solve  the  problem  for  an  infinitely 
long  circular  tube,  then  the  following 
expression  for  the  per-second  mass  gas 
flow  rate  through  the  unit  area  of  the 
cross  section  will  be  obtained: 


dM 

ir1 


(126) 


The  density  gradient  of  the  gas  along 
the  length  of  the  tube  is  taken  in  (126) 
as  being  constant  in  connection  with  the  fact  that  the  mass  gas  flow 
rate  from  the  condition  of  the  statlonarity  of  the  flow  should  be 
constant . 


By  calculating  preliminarily  the  Integral 


(127) 


and  substituting  the  value  (127)  into  (126),  we  have 


_  _  <  4* 


(128) 


and,  further, 


(129) 
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For  a  tube  of  round  cross  section  this  double  integral  can  be  con- 


ve 


erted  in  the  following  way  (since  the  integral  value  j  qd-\  for  a 
ircle  dees  not  depend  on  the  initial  position  of  the  ray  q): 


h  H 

=  j  d\^dF<=2*^qdP. 

(130) 

\ 

In  the  rectangular  coordinate  system,  if  we  select 
tion  of  y-axis  (Fig.  12.17),  we  will  obtain 

for  q  the  direc- 

j 

1 

.  Cf  y'7i77T 

\qdF=  \  dz  V 

(131) 

4 

f  -u  - 

] 

By  substituting  (131)  Into  (130)  and  then  into  (12b),  we  obtain  the 
following  expression  for  the  per-second  mass  gas  flow  rate  along 
the  long  circular  tube: 


41—,  _ .la 

a  r*e 


(132) 


At  a  constant  density  gradient  and  constant  temperature  from  the 
equation  of  state,  we  have 


ix  &KT4x  gHTI  I'V  pt  )• 


where  Z  Is  the  length  of  the  tube  along  which  the  pressure  changes 
from  to  ■ 


The  final  formula  for  the  gas  flow  rate  per  second  with  free 
molecular  flow  along  the  long  circular  tube  takes  the  following 
form: 


(123) 
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A 


Hence  the  average  velocity  in  the  arbitrary  cross  section  of  the 
tube 

T?  •$•(*  U31> 

the  average  velocity  in  the  initial  cross  section  of  the  tube 

('-£)*  U35) 

ana  in  the  final  cross  section  of  the  tube 

w— }?(£-')'■  U36> 

The  value  c  is  the  average  velocity  of  the  random  motion  of  the 
molecules  according  to  (57a ) 

<-/*?■ 

With  a  very  large  pressure  drop  in  the  tube  (p2  <<  px) ,  we  have, 
respectively 

u ,  =  4^,.  (137) 

From  expressions  (13^)-(137)  it  is  evident  that  the  value  of  the 
average  flow  rate  of  the  gas  during  free-molecular  conditions  does 
not  depend  on  the  density  (or  pressure)  of  the  gas. 

Relation  (133)  makes  it  possible  to  find  the  time  necessary 
Tor  the  assigned  lowering  of  pressure  in  the  vessel,  which  is  found 
under  much  rarefaction.  For  example,  Kennard1  calculated  that  in  a 

lKennard  E.  H.,  Kinetic  theory  of  gases,  McGraw-Hill  B.  C., 

New  York-London,  1938. 


flask  1  l  in  volume  with  the  Initial  pressure  of  0.01  mm  Hg ,  with 
its  connection  with  high  vacuum  (p2/p^  *  0)  by  means  of  a  tube 
whose  length  is  30  cm  and  whose  diameter  is  2  mm,  the  pressure  is 
lowered  twice  after  3  min. 

As  we  see,  the  evacuation  of  gas  from  the  vessel  at  great 
rarefaction  is  a  very  slew  process. 

However,  if  the  flow  in  the  tube  in  the  indicated  example  of 
ner.nard  occurred  according  to  the  law  of  Polseuille  (as  for  the 
continuous  medium),  then  for  a  reduction  of  pressure  in  the  flask 
cf  two  times,  not  3  minutes  but  two  hours  would  be  required. 

Above  we  determined  the  gas  flow  rate  in  the  long  tube  with 
the  completely  diffuse  reflection  of  molecules  by  the  walls;  if 
part  of  the  molecules  o  is  reflected  diffusely,  and  t'e  remaining 
molecules  are  mirror  reflected,  then  the  flow  rate  of  the  gas  along 
the  tube  increases  (the  velocity  of  motion  along  the  tube  of  the 
mirror  reflected  molecules  after  Impacts  against  the  wall  does  not 
change).  Smoluchowskl 1  showed  that  an  increase  in  the  gas  flow 
rate  in  this  case  occurs  in  the  ratio 


(136) 


where  M  is  the  flow  rate  per  second  with  the  completely  diffuse 
reflection,  which  is  determined  from  formula  (133)- 

Knuasen's  experiments , 1  in  which  different  gases  (hydrogen, 
oxygen  and  carbon  dioxide)  were  drawn  through  a  glass  capillary 


'Smoluchowskl  M.,  Zur  kinetischen  Theorle  der  Transpiration  ur.d 
Diffusion  verdtlnnter  Oase,  Annalen  der  Physlk,  V.  33,  P.  1559,  1910. 

*Knudsen  M. ,  a)  Die  Gesetze  der  Molekularstrdmung  und  der  lnnere 
F.eibungsstrCmung  der  Oase  durch  Rohren,  Annalen  der  Physik,  bd ,  23, 
s.  75  ,  1508;  b)  Molekulars* .  rhnu.  '§  des  Wasserstoffs  durch  Kohren. 
Annalen  der  Physik,  bd.  35,  5.  3c9,  1911. 
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tube  v.-iih  a  length  of  12  cm  and  with  an  inside  diameter  of  approxi- 
:  -T.  0.3  mm,  confirm  the  formulas  given  above  (for  o  •  1).  Saede1, 

who  filer,  and  more  thoroughly  made  similar  experiments  with  hydrogen 
an.:  nitrogen  (suction  was  conducted  with  the  aid  of  a  glass  tube  ap¬ 
proximately  0 . 2  mm  in  diameter),  also  confirmed  design  equation  but 
revealed  that  at  a  pressure  above  0.01  mm  Hg  the  experimental  vaJ .a 
<.  f  the  gas  flow  rate  becomes  several  percent  lower  than  that  of  the 
theoretical  (when  o  *  1). 

Leviyen  and  others  studied  the  molecular  flow  of  dry  air  along 
a  metallic  tube  whose  length  is  80  cm  and  diameter  is  4  cm;  in  the 
experiments  the  gas  flow  rate  and  values  of  pressure  at  distances  of 
10,  30,  50  and  70  cm  from  the  end  of  the  tube  were  measured;  as  a 
result  the  following  facts  were  confirmed:  the  constancy  of  the 
pressure  gradient  along  the  length  of  the  tube  and  the  linear 
connection  between  the  pressure  difference  on  ends  and  the  gas  flew 
rate  per  second;  It  was  found  that  at  the  low  rates  of  flow  o  *  i, 
upon  transition  to  high  velocity  the  value  o  was  decreased. 

5  9.  The  Molecular  Outflow  of  Oas  Through 
the  Opening  in  the  Wall  and  Through  the 
Short  Tube 

Let  us  examine  the  free  molecular  overflow  of  gas  through  the 
opening  of  radius  rQ  in  the  wall  (Fig.  12.18),  on  both  sides  of 
which  the  pressures,  temperatures  and  gas  densities  are  dissimilar. 

Let  us  assume  that  the  wall  thickness  6  is  comparable  with  the 
length  of  the  mean  free  path  of  the  molecules,  in  consequence  of 
which  only  a  single  collision  of  the  molecule  with  the  internal 
surface  bounding  the  opening  is  possible. 


‘Gaede  W.,  Die  aussere  Relbung  der  Gase,  Annalen  der  Physik 
Bd.  41,  S.  289,  1913. 
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Fig.  12.18.  The 
calculation  of 
molecular  outflow 
through  the  open¬ 
ing  In  the  wall. 


The  per-secona  molecular  mass  which  enters 
into  the  opening  from  zone  1  into  zone  2, 
according  to  (71),  is 


-'ll,  v  tit 

The  per-second  molecular  mass  hitting  against 
the  internal  surface  of  the  opening  is  approx¬ 
imately  equal  to 


’  « 

The  latter  expression  is  not  accurate,  since  states  of  the  gas 
within  the  opening  and  in  zone  1  differ.  About  half  of  mass 
comes  from  zone  1  and  after  reflection  from  the  wall  Ir  divided 
Into  two  equal  parts,  one  of  which  is  reflected  into  zone  lj  in 
summation,  flowing  from  zone  1  into  the  opening  is  the  mass  flew 
per  second 


/M,  —  All,  —  ^  Ml  ms  -Jr  p|f,»tr}  ^  1  — 

Determined  similarly  is  the  mass  which  escapes  into  the  opening 
of  zone  2: 


The  total  gas  flow  rate,  which  is  established  in  direction  to  zone  2 
in  which  the  value  pc  has  a  smaller  value,  obviously,  is  equal  to 


Al  =  M,  —  Mt  —  j  (pif,  —  P/,)^l  —  j*- j  r,r\ 


1 


| 

i 


(139) 


or  or. 


the  oasis  of  the  equation  of  state  and  relations  (3) 


(140) 


We  obtained  for  the  free  molecular  outflow  through  the  opening  in 
the  wall  expression  (140)  of  a  more  general  form  than  that  in  S  8 
for  a  long  tube,  since  (140)  considers  not  only  the  pressure 
difference,  but  also  the  difference  in  temperatures  on  both  sides 
of  the  wall . 

In  the  case  of  a  very  thin  wall  (6  ■  0)  the  flow  rate  per 
second  through  the  opening  Is  determined  by  the  following  formula: 


(141) 


From  formulas  (140)  and  (141)  it  follows  that  the  molecular  outflow 
Is  possible  even  in  the  direction  of  higher  pressure  (if  the  square 
root  of  the  temperature  increases  more  greatly  than  that  of  the 
pressure);  at  equal  pressures  the  outflow  occurs  in  the  direction 
of  the  higher  temperature  (thermal  diffusion);  equilibrium  (zero 
flow  rate)  is  established  under  the  condition 


JSl_ 

yr.:-; 


Formulas,  (133)  and  (140)  are  not  suitable  for  a  short  tube  if  its 
length  l  is  considerably  greater  than  the  mean  free  path  of  the 
molecule.  For  this  case  the  Clausing1  obtained  the  numerical 
solution  which,  with  an  accuracy  of  up  to  1.5%,  is  approximated 
(when  T  ■  const)  by  formula 


(142) 


‘Clausing  P.,  Uber  die  Stromung  sehr  verdunnter  gases  durch 
Rohren.  Ann.  der  Physik,  Bd .  2,  S,  961,  1932. 
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CHAPTER  XIII 

ELEMENTS  OF  MAGNETIC  GAS  OYNAMICS 
§  1.  Introduction 

With  the  motion  of  an  electroconductive  fluid  ir.  electrical 
and  magnetic  fields  there  appears  an  electromagnetic  body  force 
(e.  b.  f.)»  occasionally  referred  to  as  the  ponderomotive  force, 
which  acts  on  all  particles  of  the  fluid.  Furthermore ,  in  the 
passage  of  electrical  current  through  the  fluid.  Joule  heat 
is  liherated. 


In  the  study  of  the  motion  of  electroconductive  fluid  in 
electrical  and  magnetic  fields,  it  is  necessary  to  consider  these 
two  new  effects,  introducing  into  the  equations  of  motion  and 
energy  the  appropriate  additional  terms.  This  circumstance 
leads  to  an  increase  in  the  number  of  variables  and  to  the 
need  for  a  corresponding  increase  in  the  number  of  equations; 
such  additional  equations  are  Maxwell’s  equations  of  electrodynamics. 
The  combination  of  the  equations  of  Maxwell,  equations  of  Navier- 
Stokes,  into  which  electromagnetic  volume  forces  are  Introduced, 
equation  of  energy,  which  includes  Joule  heat,  and  the  equations 
of  state  is  the  system  of  the  differential  equations  of  magnetic 
hy.’rogas  dynamics. 


At  high  temperatures  on  the  order  of  several  thousands  of 
degrees,  and  also  at  very  low  pressures,  the  gasses  are  found  In 
an  ionized  state  and  therefore  are  electroconductive,  similar 
to  liquid  metals  and  some  other  drop  liquid-electrolytes i  that 
which  was  said  above  about  the  effect  of  electrical  and  magnetic 
fields  on  ar.  electroconductive  fluid  and  the  account  of  this 
effect  is  referred  also  to  ionized  gas. 

The  development  of  magnetic  hydrogas  dynamics  require 
astrophysics,  aviation  and  rocket  engineering,  and  also  power 
engineering. 

Astrophysics  is  the  study  of  the  internal  structure  of  the 
sun  and  other  stars  in  which  the  gas  is  found  in  a  highly  ionized 
state  under  the  action  of  very  high  temperatures,  and  also  the 
study  of  "cold"  lntersteller  gas  ionized  and  its  very  low  density. 

Contemporary  aviation  and  rocket  engineering  developes 
vehicles  which  fly  in  the  atmosphere  at  a  velocity  of  the  order 
of  several  kilometers  per  second.  The  temperature  of  the  air 
near  the  surface  of  the  body  which  has  such  a  velocity  approaches 
the  temperature  of  an  electrical  arc,  in  consequence  of  which 
the  air  is  noticeably  ionized.  If  we  apply  electrical  and 
magnetic  fields  to  such  an  air  flow,  then  there  will  arise  an 
electromagnetic  body  force,  which  under  specific  conditions  will 
prove  to  be  comparable  in  value  with  the  aerodynamic  forces. 

The  feature  of  electromagnetic  body  forces  i3  the  fact  that 
unlike  other  body  forces  (gravity,  inertial  forces)  it  cannot  be 
controlled,  affecting  the  electrical  and  magnetic  fields  causing 
it.  By  changing  the  value  of  electromagnetic  force,  it  is  possible 
to  affect  the  intensity  and  shape  of  the  shock  waves,  increase 
the  critical  value  of  the  Reynolds  number  upon  the  transition  of 
laminar  flow  conditions  into  turbulent,  retard  or  accelerate  the 
flow  of  the  electroconductive  fluid  (or  gas),  and  cause  the 
deformation  velocity  profile  and  the  boundary-layer  separation. 
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3y  using  the  electroconductlve  fluid  or  gas,  It  i,i  t .  i 

to  create  a  generator  of  electrical  current  In  which  the  i l rv 
transition  of  thermal  energy  into  electrical  is  i.eiiloved ; 
magnetic  dosing  devices,  flow  meters  and  pumps  for  the  pun;,  m 
of  mercury  and  liquid  metals  find  use;  other  field,;  or  the  ac. 
of  magnetic  hydrogas  dynamics  in  technology  are  known,  for 
example,  in  instrument  manufacture. 

At  present  two  regions  of  hydromagnetics  c:  •-•erly  appear  .- 
in  the  first  it  is  considered  that  the  medium  ptwuesjirs 
conductivity  (astrophysics),  and  in  the  second  : he  medium  vf 
finite  conductivity  (magnetic  gas  dynamics  of  differ"..'.  *  • 
apparatuses)  13  dealt  with. 

In  one  of  the  paragraphs  of  this  chapter 
magnetic  gas-dynamic  waves  which  are  possib..-  tr.ly  .... 
conducting  medium  are  examined;  in  the  remaining  j  0 rs.-  ♦. 

are  speaking  only  about  the  media  of  the  finite  cor,.  ..  •  '  v  1 .  . 

§  2.  Elements  of  Electrostatics 
and  Electrodynamics 

The  interaction  between  two  point  electric--,]  fiar  =>.■■*  q 
q2>  which  are  located  at  a  distance  r  from  eacr,  oth.-r,  1. : 
described  by  Coulomb's  law 


/«**£*-.  ()) 

Here  f  is  measured  in  dynes,  r  -  In  centimeters,  .  .mi  to 

the  charge  of  the  CGSE.  In  technology  another  unit  -  1 

q 

=  3*10  CGSE  units  of  a  charge  -  is  accepted. 

From  Coulomb's  law  (1)  it  follows  that  in.  fiwo 

electrical  charge  a  force  field  called  t'r  is 

formed.  Placing  the  positive  charge  q^  into  tn-  «  .  .=. 1 ; 

field  of  charge  and  measuring  the  for-ce  *pj  ;  -t  1., 
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field  Intensity  at  its  point 


r 


;■  .1 „  point  -  en  its 

■jv  sur,  of  the  intensities  of  the 


a  line,  in  all  points  of  which 
to  it,  then  we  will  obtain  the 
r  to  the  flow  line  in  the 


drawn  usually  so  that  through  a 

i  to  it  there  would  pass  a  number 
of  .he  local  intensity  of  the 


VI.' 


r. 


>.  through  the  arbitrarilily  located 


?s  cr  #  jr,*v  (3) 

fiter.s  ity  onto  the  normal  to  the  area. 


;  J  r  '  i‘  4 


-Gauss  theorem,  the  flow  of 
e  ig  equal  to  product  of  4n 
contained  by  it 


(*o 


is  called  the  potential  of 


« 


ie  field  measures 


I 


( 


The  {.cu-r.tiai  difference  at  two  points  of  th 
v.’crk  of  the  movement  of  a  single  positive  charge  of  one  point  into 
ar.co 

V,  _  V,  =  .nK  -  ■  1,1  -5  A  (  f-  \ 

The  potential  of  the  point  of  the  field  is  equal  to  the  work 
of  the  movement  of  a  single  positive  charge  from  this  point  to 
ql 

infinity  (  V  =  ■  =  0). 

From  (2)  and  (6)  it  fo 1 lows  that  between  the  work  of  the 
movement  of  charge  A  and  the  Intensity  of  the  field  E 
there  is  the  following  connection: 

I  5 

A  =  q:\  r.,  dr  or  j  C,  ,lr  =  V,  _  v,  (7) 

With  movement  of  a  charge  over  a  closed  circuit  (Y^  )  ,  the 

work  is  equal  to  zero 


E,  dr  =  0. 


/  <*>  \ 
( 0  } 


As  is  known  from  the  field  theory,  the  left  side  of  expression 
(8)  Is  the  circulation  of  vector  on  the  closed  circuit.  The 
equality  of  the  circulation  to  zero  indicates  that  the  electro- 
so  awe  field  is  the  potential. 


The  family  of  equiposor.c  lal  surfaces  is  orthogonal  to  the 
family  of  the  lines  of  Intensity. 

d  y  ditferentiu  ting  the  second  of  expressions  (7)  along  the 
line  of  intensity,  we  have 


f,  =  ~ 


<iv 

cr  * 


(3) 


n- 

I 


% 


m 


90  i 


Thus,  the  electrical  intensity  is  numerically  equal  to  the 
potential  gradient  along  the  normal  to  the  equipotent ial  surface. 


In  the  three-dimensional  electrostatic  field 


l-M 


OV 
Ox  • 


or  in  vector  form 


OV 
Oj  • 


f  grad  V. 


(10) 


(10a) 


In  the  COSE  system  the  unit  of  potential  difference  is  the 
erg  (dyne  *  centimeter);  in  technology  a  value  300  times  less 
is  used:  volt  =  (1/300)  of  a  CGCE  unit  of  potential  difference. 

If  charge  q  is  not  concentrated  at  the  point  but  is 
distriouted  evenly  over  surface  S  or  volume  v,  then  usually  used 
are  concepts  about  the  surface  or  bulk  density  of  the  charge 

(11) 

From  expression  (3)  and  the  Ostrogradskiy-Gauss  theorem  (4) 
there  follows  the  relation  which  connects  the  total  flow  of  the 
electrical  Intensity  on  the  surface  with  the  density  of  charges 
in  the  volume  v  covered  by  this  surface 

(12) 

S  • 

(here  n  is  the  external  normal  to  surface  S).  Let  us  establish 
the  connection  between  the  intensity,  potential  and  bulk  density 
of  the  charges.  For  this  let  us  Isolate  in  the  rectangular 
coordinate  system  the  parallelepiped  element  with  volume  dv  = 

=  dxdydz  with  charge  dq  =  Pvdxdydz.  A  voltage  difference  on  the 

opposite  sides  parallel  to  the  plane  yz  is  equal  to 
dE  3E 

—5—  dx,  on  the  remaining  two  pairs  of  sides  respectively  — dy 

OA  OJ 

3Ez 

and  — dz. 
a  z 


90^ 


i  r 


By  means  of  (3)  let  us  determine  the  difference  In  the  total 
flews  of  intensity  on  opposite  sides  of  the  parallelepiped 


d.Vx  -  +  (^r  rf.rj  —  f  x]  dy  d:  =  ^  rf-v  dy  dr. 

df:M 

^y»  “  <fjV4  =  — jj-  rf.v  </y  dt. 


Consequently,  a  change  in  the  flow  of  intensity  on  the 
entire  surface  of  the  parallelepiped 

*/  V  =  dV*  +  “X,  +  rf.v.  =  +  ^  +  5)  *X  dy  dr 

From  the  Ostrogradskiy-Gauss  theorem  (4),  we  have 

rf,v  =  4  =  dq  =  4nj,  dx  dy  di 

or,  by  replacing  dN, 


dx  dy  +  i)» 


(13) 


In  vector  form  equation  (13)  can  be  written  in  the  form 

div  £  — (13a) 


According  to  the  field  theory,  this  equation  results  directly 

from  (12).  Components,  of  the  vector  of  electrical  field 

intensity  E  ,  E  and  E  ,  on  the  basis  of  (10),  can  be  replaced  by 
x  y  z 

derivatives  of  the  potential,  and  then  (13)  takes  the  following 
form : 


y'V  O'V  (TV 
0xr  *  dy*  dir 


-4rf.  or  av=i_4,rr 


(14) 


Dependences  (13)  and  (14)  play  in  electrostatics  the  same  role  as 
the  equation  of  continuity  in  hydrodynamics.  The  majority 
the  bodies  is  divided  into  two  classes:  into  conductors ,  which 
transmit  charges  (electrification),  and  d lelectr les ,  which  do  not 
transmit  the  charges. 
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In  the  dielectric,  unlike  the  void  where  the  lines  of  Intensity 
are  extended  from  some  free  charges  to  others,  or  depart  to 
infinity,  part  of  the  lines  of  intensity  should  be  broken  into 
bound  charges  which  appears  as  a  result  of  polarization. 

In  order  to  avoid  the  discontinuity  of  the  lines  of  force, 
one  introduces  an  additional  concept  -  the  vector  of  the  electro¬ 
static  induction 

D- (15) 

which  is  parallel  to  the  vector  of  intensity  (e  -  permittivity  of 
the  medium).  It  is  not  difficult  to  show  that  lines  of  the 
vector  of  induction  (unlike  the  line  of  intensity)  in  the  direction 
of  the  normal  to  the  uncharged  boundary  surface  of  the  two  media' 
are  retained,  being  broken  only  on  free  charges,  and  the  tangential 
components  undergo  discontinuity 


=  (15a) 

•i  •» 

Components,  of  the  vector  of  electrostatic  intensity  behave  in  the 
opposite  manner,  and  therefore  valid  for  them  are  the  relations 

,i®us,A»  f  1/ n 

Let  us  take  the  number  of  flow  lines  of  the  vector  of  Induction 

which  intersect  the  unit  of  area  of  the  surface  element  AS  , 

n 

perpendicular  to  the  vector  of  induction,  equal  to  the  magnitude 
of  vector  induction 

For  the  arbltrarillly  oriented  area  AS,  we  will  obtain 

W  =  DiS  coi  i  ss  Dm AS, 

where  D  is  the  projection  of  the  vector  of  induction  onto  the 
n 

normal  to  the  area  AS,  and  a  is  the  angle  between  the  normals  to 


Hie  have  in  mind  the  surface  on  which  there  are  no  free  charges. 


1 
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rreas  AS  and  ASn.  The  flow  vector  of  induction  through  the 
finite  surface  is  equal  to 

A^jD.rfS.  (16) 

Relation  (13)  can  be  extended  to  the  vector  of  induction  if  into 
*he  right  side  we  substitute  the  density  of  the  free  charges:  pn 

dDx  ,  dD.  ,  dD. 

S7  +  V  + 

or  in  vector  form 

dlv  D  =  4*»»- 


(17) 

(17a) 


From  the  foregoing  it  follows  that  the  integral  relation  (8) 
can  also  be  extended  to  the  induction  flow  of  the  ''i.cctrostatlc 
field  (16),  after  substituting  into  the  right  side  the  density 
cf  the  free  charges: 

_  lr^  pa</0.  Qfl  ) 


Thv  force  of  electrical  current  is  measured  by  the  quantity  of 
electricity  transferred  through  this  area  per  unit  time: 


i 


(19) 


In  the  CGSE  system  unit  of  the  force  of  current  corresponds  to 
the  transfer  in  one  second  of  one  CGSE  unit  of  a  quantity  of 
electricity.  In  practice  as  the  unit  of  the  force  of  current 
we  take 

1  ampere  =  PTecon'd  ~  ~  3-109  CGSE  units  of  the  force  of  current. 

According  to  the  Ohm's  law  established  experimentally,  we  have 

have 


It-: . 


(20) 


907 


where  7^  -  7^  Is  the  potential  difference  on  ends  of  the  conductor, 
R  -  the  resistance  of  the  conductor. 

For  a  conductor  of  constant  section  S  and  length  l  the 
resistance  is  equal  to 

(2D 

where  is  the  resistivity  of  the  material.  In  a  practical  system 
the  resistance  is  measured  in  ohms,  whereupon 


IQ.li. 
“  1A 


CGSE  units  of  resistance. 


The  unit  of  resistivity  in  a  practical  system  is  usually  taken 

from  the  resistance  of  a  conductor  1  m  long  having  a  cross 
2 

section  of  1  mm 


1  tech,  unit  of  resi3tence  *  1  ft 


0.01  cm‘ 
100  cm 


10  ft-cm. 


Used  also  is  specific  conductivity  (or  electrical  conductivity) 

I  .*<» 1 

9q  s.t  —  ■ 

*  ‘ 


Values  of  resistivity  and  electrical  conductivity  of  some 
substances  when  t  *  0°C  are  given  in  the  table. 


Conductor 

Vp  fl'cm 

mho 

R»  cm 

Aluminum 

2. 53-10'* 

39 . 50 • 10“ 

Graphite 

39.20-10“* 

2.55-10" 

Pure  iron 

8.69-10“* 

11.48-10" 

Pure  copper 

1.55-10"* 

64.50-10" 

Mercury 

94.30-10"* 

1.06-10" 

Pure  water 

Saline  water  (saturated 

0.50-107 

2-10  7 

at  25°C) 

4 

-  . .  _ 

2.5-10"1 

‘Unit  of  conductivity  [mho]  ■  [om1]. 


Data  or.  the  conductivity  of  thermally  ionized  pure  air  car. 
be  borrowed  from  works  of  Lin,  Sears,  and  also  Chinitz,  Eisen 
arid  Grass1,  who  measured  it  behind  a  shock  wave  in  a  shock  wind 
tunnel;  the  initial  pressure  before  the  shock  wave  was  1  mm  Hg , 
the  initial  temperature  of  the  air  was  close  to  300°K,  the 
temperature  after  shock  wave  was  determined  according  to  values 
of  the  Mach  number.  Figure  13*1  gives  curves  of  the  conductivity 
of  pure  air  and  air  which  contains  as  an  impurity  0.1%  by  weight 
of  potassium  vapors  and  0.01  and  0.001%  of  cesium  vapors.  The 
calculated  curves  of  the  dependence  of  the  conductivity  of  air 
on  temperature  at  different  pressures  are  given  on  Fig.  13.2. 

The  current  strength  Isa 
scalar  valve.  For  determining  not 
only  the  quantity  o'’  the  electricity 
being  transferred  but  also  the 
directions  of  the  transfer,  we  use 
the  vector  of  the  cur.  'nt  density 
whose  value  is 
it 

'  ^ as;  AS  coTS ‘  (22) 

Here  AS  is  the  surface  of  the 
n 

area  oriented  along  the  normal  to 
the  direction  of  flow  AI,  whereupon 
the  current  of  positive  charges  is 
considered  positive;  in  expression 
(22)  value  a  is  the  angle  between 
the  normal  to  the  area  AS  and  the 
vector  of  the  current  density. 

The  current  flows  in  the 
direction  of  the  drop  in  potential. 


'Lin,  S.  C.,  Electrical  conductivity  of  thermally  ionized  air 
producted  in  a  shock  tube,  AVC0  Res.  Note  26,  1957.  Sears,  W.  F.., 
AfiS  J.  No.  6,  V.  29,  1959-  Chinltz,  L.,  Eisen  C.,  Grass  R .  ,  ARS, 
J. ,  No.  8,  V.  29,  1959. 


Fig.  13.1.  Electrical 
conductivity  of  pure 
air  and  a.lr  with 
additives  of  potassium 
and  cesium  at 

p  =  10^  atm  ( abs ) . 


909 


niho/cm 


Fig.  13.2.  Electrical 
conductivity  of  air  at 
different  pressures. 


l.e.,  the  vector  of  the  current 
density  is  parallel  to  the  vector 
of  intensity  E.  In  connection  with 
this,  the  formula  of  Ohm's  law  can 
be  modified,  having  presented  it 
in  vector  form. 

In  fact. 


whence 

jW _ AV 

AS,  ~  A /* 

Since  J  | !  E,  then  according  to 
(9)  and  (22) 

(23) 


If  the  current  flows  through  the  closed  surface  AS,  then  the 
positive  direction  of  the  current  corresponds  to  the  external 
normals  to  this  surface.  The  losses  of  charges  within  the  closed 
surface  AS,  designated  by  Aq,  is  equal  to  the  sum  of  the  elementary 
currents  which  flow  through  this  surface: 


lit  Ka  Ub  — If 

V 

<_  J  y.«s - <2H) 


The  distribution  of  electric  current  can  be  represented  with 
the  aid  of  flow  lines;  at  each  point  of  the  field  the  direction 
of  the  vector  of  current  density  is  tangential  to  the  flow  line. 

If  the  charge  within  the  closed  surface  does  not  change, 
then  all  the  flow  lines  intersect  this  surface  or  are  closed  with¬ 
in  It.  The  flow  lines  are  broken  only  at  those  places  where 
there  is  a  loss  (or  an  accumulation)  of  the  charges. 
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Let  us  formulate  the  equation  of  the  conservation  of  the 
charge  in  differential  form.  In  a  parallelepiped  element  with 
sides  dx,  dy  and  dz  at  the  bulk  density  of  the  charges  during 
time  dt  there  occurs  a  change  in  the  charge  by  the  value 

=■  (^?  dl)  dxdydt. 

This  change  is  caused  by  the  difference  in  current  strengths  on 
opposite  faces 

[(>*  +  dj*  dx)  -)*\  dy  4‘tll**  dx  dy  tit  dt, 

['/„  +  fydy)~J,]  dx  'll  dtdjf  dx  dy  dt  dt, 

[(a + If dt)  ~  Ji\ dx  dy dl  =  dx  dy  dt  dt- 


Thus,  we  have 


or  in  the  vector  form 


dt, 

~dt 


(25) 


(25a) 


5 


If  in  the  circuit  >  V2,  then  current  always  flows  from 
one  V1  to  V^;  in  order  that  the  circuit  would  be  closed,  the 
current  within  the  electrical  battery  -  current  source  -  should 
flow  In  the  opposite  direction,  i.e.,  from  a  negative  electrode 
to  a  positive  one.  This  is  achieved  because  so-called  electromotive 
force  R  (emf),  which  balances  the  potential  difference  In  external 
circuit  and  the  drop  in  potential  on  internal  resistance  Rp  of 
the  battery: 

t  =  v,-v,  +  /^  (26) 

The  sources  of  emf  can  be  chemical  reactions  (in  a  battery), 
electromagnetic  induction  (In  a  generator),  and  so  on. 
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Let  us  discuss  the  heating  effect  of  the  electrical  current. 
The  quantity  of  electricity  transferred  from  one  end  of  the 
conductor  to  the  other  during  time  t  equal  to  It  produces  work 


proportional  to  the 

potential  difference 

A=IHVt-rV,). 

(27) 

Hence,  on  the  basis 

of  the  Ohm's  law,  we  have 

A  <=  I'M. 

(27a) 

Worx  proceeds  for  the  heating  of  the  conductor.  At  the  current 
strength  I  *  1  A  during  time  t  ■  1  s ,  the  quantity  of  electricity 
q  =  1  coulomb  =  3*10^  CGSE  units  is  transferred,  With  a 
potential  difference  of  1  volt,  in  this  case  the  work  accomplished 
is 

9 

1  C  *  1  V  =  erg  -  107  erg  *  1  J 


The  ratio  of  heat  power  A/t  to  the  volume  of  the  conductor  SI 
is  called  the  density  of  the  heat  power 


A 

Sft  • 


Hence,  on  the  basis 


(22),  (27a)  and  (21),  we  have 


w 


(28) 


or,  taking  into  account  (23), 

=  (28a) 


With  superconductivity  (oR  -*  <=°),  according  to  (28),  the  density 
of  the  heat  release  tends  to  zero. 

The  total  power  released  In  the  circuit  consists  of  powers 
of  external  and  internal  parts  of  the  circuit:  i.e.,  total 
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power  is  equal  to  the  product  of  the  current  strength  by  the 
electromotive  force. 

Around  the  conductor,  along  which  the  electric  current  flows , 
there  appears  a  magnetic  field  being  characterized  by  lines  of 
the  magnetic  field  strength;  tangent  at  any  point  of  such  a  line 
coincides  with  the  direction  of  the  vector  of  intensity  H  of  the 
magnetic  field. 

Around  the  long  straight  conductor  lines  of  the  magnetic 
field  strength  have  the  form  of  concentric  circles:  their 
direct  ion  is  determined  by  the  so-called  right-hand  rule:  if 
the  forward  motion  of  the  gimlet  coincides  with  the  direction  of 
the  flow,  then  the  direction  of  rotation  of  its  grip  coincides 
with  the  direction  of  the  magnetic  lines  of  intensity. 

The  magnetic  field  of  a  solenoid,  i.e.,  a  system  of  identical 
circular  currents  (turns)  with  a  common  rectilinear  a  's,  is 
presented  on  Pig.  13-3-  In  the  middle  part  of  the  internal 
cavity  of  the  solenoid,  the  magnetic  lines  are  parallel  to  the  axis 
of  solenoid;  at  the  ends  of  the  solenoid  the  magnetic  lines  are 
tent  and  emerge  outside,  being  closed  outside  the  solenoid, 
where  the  field  becomes  very  weak. 


Fig.  13. 3-  Magnetic 
field  of  ?.  solenoid. 


Conducted  through  a  unit  of 

surface  AS„  ,  normal  to  lines  of 
n 

the  magnetic  field  strength,  as 
is  accepted  in  the  field  theory,  is 
the  number  of  lints  equal  to  the 
intensity  value.  If  the  normal 
to  the  area  A.T  is  located  at 
angle  a  to  the  lines  of  intensity, 
then  we  nave  cos  a, 

whence  the  total  number  of  lines 


XV-  IliUdJi «. 
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;s  a  -  H  is  a  projection  of  the  vector  of  intensity  cr. 


the  normal  tc  the  area,  then 

A,V  —  V  '*.  ?■  9  : 

The  direction  of  the  external  normal  is  usually  considered  positive. 

Unlike  the  lines  of  the  electrostatic  intensity,  which  are 
broken  on  the  charges,  the  lines  of  the  magnetic  field  strength  are 
always  closed,  since  magnetic  charges  in  nature  there  do  not  exist. 
Therefore,  the  total  flux  of  the  magnetic  field  strength  through  the 
closed  surface  S  is  always  equal  to  zero 

’^/y,rfs=a  (30) 

The  continuity  condition  of  the  magnetic  field  can,  by  analogy 
with  the  hydrodynamic  condition, be  written  thus: 


*!!*  +  %*  +  *&-  o 
dx  +  dy  ^ 


dlv«=a  w-U 

The  magnetic  field  strength  H  at  the  given  point  is  determined  by 
the  action  of  all  the  Individual  sections  of  the  wire.  According 
to  the  law  of  Laplace  and  Bio-Savart  based  on  the  experiment,  the 
circuit  element  Ll ,  along  which  the  current  flows  by  force  I, 
creates  at  point  A  of  the  space  (Fig.  13. which  Is  found  at 
distance  r  from  the  element  Li,  the  magnetic  field  with  intensity 


•where  a  is  the  angle  between  Ll  and  r  (the  direction  of  flow  I 
is  considered  positive). 

In  vector  form  the  magnetic  field  strength  at  point  A 


( 3<ia ) 


I 


I 


( 


( 


( 


hei’O  tui  *  ;•  ’  li?  ".i  -:  vector  \'l ■. .-■!  ; 
whereupon  u-:ri;  •.  :  t :»«  ■  i  .. 
oT  h  •  :  1  -  ;<•  uirv..l  1 

t he  flow  and  C ..  r a. p  \  ■ c < » ’  r 
the  direct  i  ;  ft  :  -  c '  ‘ 
point  A  . 


Fig.  12. U .  Determination  of 
the  field  of  magnetic  field 
strength  around  a  conductor 
with  current. 

which  is  formed  by  the  intensities  which  ar •  o  o'  -1  oy  all  >• 
elements  of  the  circuit  (conductor). 


point  a 


.  *  t- 


;  t  :r 


In  the  <;ase  of  a  rectilinear  condo  ".  -  ;  .  i .  .  } ,  t  h»- 

Intensities  from  all  of  its  sections  at'-  ii’  ■  :  1  -, ,  1  t' 

consequence  of  which 


su  ^  fAL  or  * 

mt  i  r* 


A  i  v. 

/Mil  *  I  .  * 


where  r„  is  snort c-st  distance  from  ii  t«,  v  « 
c 

basis  of  (32)  and  (33)  for  an  infinite.;,  .  nt-  as: 
we  have 


<*  1  I  . 


// 


is  C  Xll"  1 


From  phis  forr-_«a  It  f> 


that  at  a  distance  u‘‘  r  ,  *  cm 
fro::,  the  ini' l n  I  .  •  iy  ion.;  ,'oi.du."  or  , 
along  which  flows  a  current  of 
I  =  1CGSL  units  of  current  force, 
the  magnetic  field  H  =  1CGSE  uni’s 
of  intensity  appears.  The 


Fig.  13*5.  Determination 
of  the  magnetic  field  of 
a  rectilinear  conductor 
with  current . 
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of  ■  r-_  v-jtOi  of  Intensity  (32a)  on  the  axis  of  the 

C’  C  JT'i  il.al  LJ  Sj'SLt'Tf;  Aye.  b  i'c- 


A//, 

illy 

A II, 


/(A 

r* 

llil:r,-Mxr-) 
- r*  "  * 

t{H,rr-  AV*» 

r*  * 


(3*) 


and  here  the  subscripts  denote  the  projections  of  vectors  eZ  and 
r  on  the  appropriate  coordinate  axes.  Similar  relations  determine 
in  hydrodynamics  the  velocity  field  induced  by  the  vortex 
filament . 


The  experiments  of'  Faraday  and  Ampere  showed  that  acting  on 
any  conductor  with  current  put  into  the  magnetic  field  is  an 
electromagnetic  force.  Ampere  established  that  this  force 

if  =  -j,-  /tf „A/  =  i  Milan*.  (35) 

The  direction  Af  is  perpendicular  to  the  plane  of  vectors  M  and 
H  and  is  determined  by  the  left-hand  rule:  if  the  palm  of  left  hand 
is  arranged  so  tl it  the  component  of  intensity  Hn  perpendicular 
to  A l  is  direc  .  to  the  palm,  and  the  four  elongated  fingers 
are  directed  along  the  current  I,  then  the  thumb  set  aside  will 
indicate  the  direction  o<’  force 

In  vector  form  the  Ampere  law  takes  the  form 

i/~~i\UxH\,  (36) 

where  the  direction  LI  coincides  with  the  direction  of  flow. 

After  placing  into  formula  (3r')  the  proportionality  factor, 
equal  to  unity,  it  is  possible  to  construct  the  electromagnetic 
system  of  CGSM  units.  In  this  system  of  units  the  Ampere  law 
will  be  written  in  the  form 

tin  «.  C  3"  ) 
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I 


( 


I 

I 


( 


( 


It  is  not  difficult  to  notice  that  in  the  new  system  (CGSM)  the 
unit  of  the  force  of  current  is  c  times  more  than  that  in  the 
CGSE  system.  Since  c  =  3‘10^  cm/s,  then 

1CGSM  unit  of  current  force  =  3-1010  CGSE  units  =  10  A. 

A  unit  of  a  quantity  of  electricity  Q  =  It  and  a  unit  of  magnetic 
field  strength  in  the  CGSM  system  are  also  c  times  more  than  those 
in  the  CGSE  system,  1CGSM  unit  of  a  quantity  of  electricity  ■ 

■  3'10'1'0  CGSE  units  of  a  quantity  of  electricity  =  10  coulombs; 
1CGSM  unit  of  Intensity  =  3*1010  CGSE  units  of  intensity  =  1 
oersted. 

The  force  Af  in  both  systems  of  units  is  measured  in  dynes. 

Subsequently,  we  will  use  the  combined  system  c'  units  of 
Gauss,  in  which  the  electric  intensity  is  measured  in  CGSE  units, 
and  the  magnetic  field  strength  is  measured  in  CGSM  units. 

Let  us  formulate  the  expression  for  circulation  of  a  vector 
of  magnetic  field  strength  along  a  closed  loop  l .  If  the 
conductor  Is  arranged  from  the  circuit  element  at  a  distance  r 
(Fig.  13.6),  then  the  length  of  the  circuit  element  can  be 
expressed  by  the  angle  at  which  it  is  visible  from  the  line  of 
the  electrical  current:  d l  =rdsj>.  The  product  of  the  length  of 
the  circuit  element  by  the  component  of  vector  of  Intensity 
tangential  to  it  in  mixed  units  is 

//,<<;  =  L  = 

The  value  of  the  circulation  of  the  vector  H  along  the  closed 
loop  l  is  equal  therefore  to 


7% 

§"'"  =  72'^  =  V'. 


(3&: 
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Thus,  unlike  the  electrostatic 
field,  which  according  to  (S)  is 
tne  potential  field,  the  magnetic 
field  proves  to  be  the  vortex 
field  (circulation  of  the  vector 
H  along  the  closed  loop  is  not 
equal  to  zero). 

The  given  information, 
strictly  speaking,  is  valid  only 
in  the  case  of  the  formation  of  the  magnetic  field  in  a  void. 

The  experiment  shows  that  properties  of  the  medium,  in  which 
the  conductors  with  current  are  placed,  affect  the  intensity  of 
the  fields. 

If  we  place  the  conductor  with  the  current  into  a  medium 
which  is  magnetized  (magnetics),  then  there  appears  the  additional 
magnetic  field  strength  H'  which  is  totaled  with  the  intensity 
of  the  external  field  HQ :  the  resulting  intensity  B  Is  called 
the  vector  of  magnetic  induction 

b  =  i‘i,h,~  Ht+tr,  (35) 

where  ug  is  the  magnetic  permeability  of  the  medium.  The  value 
B  in  the  CGSM  system  of  units  is  measured  in  gauss  (numerically 
the  gauss  is  equal  to  the  oersted).  if  in  a  void  the  Ampere 
force,  according  to  (35),  is  determined  by  the  intensity  of  the 
external  field  (in  the  Gaussian  system  of  units) 

4/=  —  ///#  sin  a. 


i-'ig.  13.6.  Determination 
of  the  circulation  of  the 
vector  of  magnetic  field 
strength  along  the  closed 
circuit  l. 


then  in  magnetics  it  depends  on  the  total  intensity,  i.e.,  on  the 
vector  of  magnetic  induction  B  =  Hq  +  H  * : 

j/=i-/fl.Usln«  =  iyojusln*,  ('JO) 
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where  Av  -  AS  is  the  volume  of  the  section  A l  of  the  conductor 
which  has  cross  section  S.  In  vector  form  the  Ampere  force  in 
mixed  units 

x  AM*  (*J0a) 

The  projections  of  the  Ampere  force  on  the  axis  of  the  rectangular 
coordinate  system  are 

V,  =  7  (LB,  — JiB,).  (lu) 

A/,  =  ~  Xv  {JmB,  - )JBm >• 

For  gases  and  plasma  (ionized  gas)  the  electrical  and  magnetic 
permeability  has  virtually  the  same  value  as  that  in  a  void 
( £  »  1,  uB  -  1),  and  therefore  in  equations  of  mag.,  tic  gas 
dynamics  it  is  possible  to  manage  without  the  vector'-  of 
electrostatic  and  magnetic  induction,  i.e.,  it  is  possible  not 
to  consider  the  phenomena  of  the  polarization  and  ma^,.  etization 
of  the  medium. 

In  a  way  similar  to  the  lines  of  intensity  which  characterize 
the  magnetic  field  in  a  void  it  is  possible  to  construct  lines  of 
magnetic  induction.  Drawn  through  a  unit  of  surface  normal  to 
the  Induction  lines  is  a  number  of  lines  equal  to  the  local  value 
of  the  vector  of  Induction;  the  total  number  of  induction  lines 
which  intersect  the  surface  element  A?n  normal  to  them 

comprises  the  elementary  flow  of  the  magnetic  Induction. 

A$  =  0,15.  (A?) 

The  induction  lines  coming  out  from  the  volume  limited  by 
this  surface  give  a  positive  flow  and  those  entering  into  this 
volume  -  a  negative  flow;  the  lines  of  magnetic  induction  are¬ 
al-ways  closed,  and  therefore,  for  them  there  should  be  fulfilled 
the  continuity  condition 


div  B  — 


OB, 

~dT 


-0. 


The  total  now  of  induction  through  surface  S 


d> 


"1 


U»<ts. 


(m3) 


For  the  closed  surface  we  always  have  *t  =  0.  In  the  CGSM  system 

the  flow  of  induction  Is  measured  1  r,  the  Maxwells:  1  Maxwell  = 
o 

=  1  gauss  x  1  crrf  . 


It  Is  possible  to  show  that  with  the  intersection  of  the 
boundary  of  two  media  with  different  values  of  permeability  u 
and  n_,  the  normal  component  of  magnetic  induction  is  retained 
(if  on  the  boundary  lucre  are  no  surface  currents),  and  tangential 
component  undergoes  discontinuity 


// 


in 


UlL  _  JfjL 
m  * 


x'^5) 


The  components  of  the  i..^gnetic  field  strength  behave  in  an 
opposite  manner: 

nlt-llw  =  !*»"<«•  (46) 

In  other  words,  in  the  flow  of  induction  directed  along  the 
normal  to  the  boundary  surface  of  the  magnetics  and  in  the 
absence  of  surface  currents,  the  vector  of  induction  is  not 
changed,  and  the  vector  of  intensity  undergoes  a  Jump.  The 
magnetic  flow,  in  certain  cases,  passes  over  wholly  from  one 
medium  to  another  (series  connect,  ion ; ,  and  other  cases  it 
branches  out  into  separate  parts,  which  then  merge  (connection 
in  parallel). 


Electric  current  is  a 
and  ions.  Therefore  the  a 
is  composed  of  forces  appl 


flow  of  charged 


in  p.  ere 
led  to 


force  whic 
the  movir. 


particles:  electrons 
h  acts  on  the  conductor 
g  charges. 


v  > 
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If  the  charged  part  teles  move  within  the  solid  or  liquid 
body,  then  because  of  th  ir  collisions  with  the  iaolecuj.es  or 
atoms  of  the  body  the  Ampere  force  Is  transferred  to  the  body. 

F'or  example,  if  side  walls  of  a  circular  vessel  filled  with  a 
conducting  fluid  are  electrodes  to  which  the  current  is  conducted, 
and  the  bottom  is  an  Insulator  installed  on  the  pole  of  a 
forward  magnet,  then  the  current  flows  along  radii,  and  the  vector 
of  the  magnetic  field  strength  is  parallel  to  the  walls.  In  this 
case  the  fluid  in  the  vessel  arrives  into  circular  motion  (the 
Ampere  force  acts  In  the  same  direction  on  positive  and  negative 
charges,  since  they  move  in  opposite  directions). 

The  current  strength  I  is  equal  to  the  total  charge 
transferred  per  unit  time  in  the  cross  section  cf  the  conductor: 

I  frt4\V'S  —  ( A  7  ) 

Here  e  is  the  value  of  the  separate  charge,  nQ  -  the  number  of 
the  moving  charges  per  unit  volume,  W  -  the  velocity  -  f  their 
motion,  S  -  the  cross-sectional  area  of  the  conductor. 

Substituting  this  expression  into  (37),  we  obtain  the  ampere 
force  applied  to  the  total  charge  on  the  section  with  lengtn  AZ : 

V- j  tn.WMSfi  lint 


The  number  of  charges  which  move  along  the  section  of 
conductor  AZ : 


n'  —  n,S  if. 


and  tnerefore  the  force  which  acts  on  one  moving  charge : 

if  =  -f  =  -t\XH  rfn  4. 
n  c 


('43) 


Here  the  charge  is  measured  in  CG5F.  units  and  the  intensity  in 
oersteds.  The  force  Af',  called  the  I-orentz  force,  is 
perpendicular  to  the  plane  at  which  veutors  W  and  H  lie:  fox-  a 


c 


positive  marge  it  is  determined  oy  ttie  left-hand  rule.  If  W  ]_  t! , 
t  her.  the  force  has  a  greatest  value  (sin  a  —  1),  if  W  II  H,  then 
the  force  is  equal  t„  zero  (a in  u  ~  0). 

i i;  vector  fort,  ‘.he  oorciit:  law  takes  the  fern 


c/-  '  |\/  x  n\,  (t  9 ) 

and  in  projections  or:  rectangular  coordinate  of  the  axis  (in  the 
mixed  units) 

V,  =  y  (t ’ll,  ...  ally}, 

V,---  '<*//,-»//,).  (  5.9  } 

here  u,  v  and  w  are  component a  of  the  velocity  vector  W.  If 
act  in,-;  on  the  charges  is  also  the  electrical  field,  then  added  tc 
the  Lorentz  force  will  be  the  Coulomb  force,  which  according  to  (2) 
is  equal  tc  eE.  The  total  electromagnetic  force  which  acts  on 
the  charge  will  in  this  case  be 

*/»«{£+ ~|Wx  Ml}.  (5D 

The  electromagnetic  force  applied  to  a  single  charge  is  very 
low,  but  it  is  necessary  to  keep  in  mind  that  with  usual  currents 
a  very  large  number  of  charges  is  transferred,  in  consequence  of 
which  the  force  applied  tc  conductive  body  can  prove  to  be 
considerable . 

If  the  electrical  and  mag;.-,  tic  fields  are  mutually 
perpendicular  (E  j_  H),  then  under  the  condition 

£  =  ~  IW  X  HJ 

the  Coulomb  and  Lorentz  forces  are  balanced,  i.e. ,  the  resulting 
electromagnetic  force  is  equal  to  zero  (if  =0).  In  this  case 
the  charge  moves  along  the  inertia  at  a  constant  velocity,  which 


( 


is  called  the  drift  velocity  and  is  equal  in  magnitude  to 


When  E  =  E  ,  H  =  H  and  Af  =  0 ,  we  have  w  =  W  .  A  comparison 
x  y  x  ^ 

of  (t>l)  with  (2)  leads  to  the  conclusion  that  the  presence  of 
the  electromagnetic  force  Af,  which  acts  on  the  moving  charge, 
is  equivalent  to  existence  in  the  fixed  coordinate  system  of  an 
electrical  field  with  the  intensity 

£1=s£-f-~((V’X  H]\  (53) 

This  expression  is  correct  for  the  moving  conducting  fluid.  By 
substituting  (53)  into  the  right  side  (23),  we  obtain  the 
expression  which  is  called  the  generalized  Ohm' a  law  for  the  flow 
of  the  isotropic  conducting  fluid  (in  mixed  units) 


Here  W  is  the  velocity  vector  of  the  fluid  flow  (and  not  the 
speed  of  motion  of  the  charges  in  it). 

In  (5*0  component  E  corresponds  to  the  conduction  current  in 
the  fixed  coordinate  system  and  term  E'  =  ^  [W  *  H]  -  to  the 
additional  current  induced  by  magnetic  field  In  the  moving  fluid. 
If  the  charges  move  not  in  a  void  but  in  magnetics  (B  J-  H),  then 
the  generalized  Ohm's  law  in  mixed  units  takes  the  following  form 


The  projections  of  the  vector  of  the  current  density  (55) 
on  the  axis  of  the  rectangular  coordinate  system  comprise  (in 
mixed  units) 


Jx  =*  "ft  +  7-  <  vBX  —  » 

Jy *  •«  [Er  +  T  lvD*- -  • 


( 
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In  1 c 3 1  Faraday  discovered  the  phenomenon  of  electromagnetic 
i  t  ion  which  consists  in  the  fact  that  with  a  change  in  the 
f  i  o  of  induct  ion  through  any  closed  circuit  in  it  there  appears 
an  electrical  current  caused  by  the  electromotive  force  of 
induction:  this  inductive  current  appears  with  the  approach  of 

the  magnet  or  conductor  with  current  toward  the  closed  conductor, 
with,  the  rotation  of  the  closed  conductor  in  a  magnetostatic 
field,  and  so  cn. 

The  direction  and  force  of  the  inductive  current  are  such 
that  the  intrinsic  flow  of  magnetic  induction  being  created  by  it 
compensates  for  that  change  in  the  external  flow  of  induction 
which  causes  it;  as  a  result  there  appear  forces  which  counter¬ 
act  the  relative  movement  of  these  two  flows  of  magnetic  Induction. 

On  the  basis  of  the  law  of  the  conservation  of  energy, 

Faraday  established  the  relationship  between  the  electromotive 
force  of  induction  Si  and  the  rate  of  the  change  in  the  induction 
flow  through  the  circuit  84>/3t 


(57) 

The  relation  (57),  called  the  law  of  electromagnetic  induction  of 
Faraday,  establishes  the  value  and  direction  of  the  emf  of 
induct  ion. 

In  the  CGSM  system  emf  of  induction  is  measured  in  maxwells / s 

1  maxwell  =  — — CGSE  units  of  emf  =  10-8  V. 

3-10 

In  technology  the  emf  of  induction  is  measured  in  the  webers 

a 

1  weber  *  10°  maxwells. 

In  this  case  relation  (57)  gives 


924 


6  (volt)  =  -  i i  issuer 
X  o  t  s 


In  the  nixed  system  of  units,  when  <fr  is  measured  in  CGSM  units, 
and  8^  -  in  CGSE  units,  we  have 


8,  157a) 

If  conductor  is  stationary,  and  the  value  of  magnetic 
induction  changes,  then  for  the  explanation  of  electromagnetic 
induction  it  is  necessary  to  assume  that  in  this  case  at  each 
point  of  space  an  electrical  force  appears.  This  hypothesis, 
confirmed  by  experiments,  was  assumed  by  Maxwell  as  a  basis  of 
the  theory  of  the  electrical  field. 

The  electrical  field  changing  with  time  gives  rise  to  a 

magnetic  field;  for  with  an  evenly  changing  electrical  field 

\ 

■rjr  *  constj  a  magnetostatic  field  is  obtained. 

If  placed  into  an  alternating  magnetic  field  is  a  fixed 
conductor,  then  the  flow  of  magnetic  Induction  through  the  cross 
section  of  the  circuit  Included  by  the  conductor  changes,  in 
connection  with  which  in  the  conductor  according  to  the  Faraday 
law  there  appears  an  emf  of  induction 

dQ 

ie.i=a? 


and  along  It  current  flows.  Thus,  the  alternating  magnetic 
field  gives  rise  to  an  electrical  field. 

Both  alternating  fields  -  electrical  and  magnetic  -  connected 
with  each  other,  form  ari  electromagnetic  field. 

The  electrical  field,  generated  by  the  alternating  magnetic 
field,  has  a  vortex  nature,  i.e.,  differs  significantly  from  the 
potential  electrostatic  field  of  fixed  changes. 
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The  vortex  nature  of  the  magnetic  field  results  from 
relation  (38). 


Taking  (22) 


current 


into  account,  from  (38)  we  obtain  for  direct 


(58) 


A  similar  relation  can  also  be  obtained  for  an  electrical 
vorticlty  field.  According  to  (57a)  the  emf  of  induction 


where  the  flow  of  magnetic  induction 

♦  B'dS. 


Thus,  we  have 


1  a  C 


-r.\  B.dS-=  — 


tdB. 


dS. 


On  the  basis  of  (7)  and  (26)  the  emf  is  expressed  in  terms  of 
the  intensity  of  the  electric  field  (when  RQ  »  0) 


h  =  §  Zl  d,< 


and,  therefore, 


Y^dS‘ 


(59) 


The  electrical  field  is  vortex  (electromagnetic)  if  the 
right  side  of  expression  (59)  is  different  from  zero,  and  it 

becomes  potential  if  the  right  side  is  equal  to  zero 
(3B  \ 

L_£  x  o ),  i.e,,  if  the  magnetic  field  is  constant  or  absent. 


'Below  we  will  be  limited  to  an  examination  of  direct  current. 
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a  3>  aiectromagnetie  Fields 

In  the  preceding  paragraph  it  is  shown  that  the  electro¬ 
magnetic  fields  are  described  in  general  by  the  following  system 
of  Maxwell's  integral  relations: 

1.  Relation  (58)  which  connects  the  circulation  of  the 
vector  of  the  magnetic  field  strength  H  over  a  closed  circuit  l 
with  the  total  force  of  the  direct  current  which  flows  through  the 
area  S  included  by  this  circuit: 

f  //,.//=  x7y«h<*s. 


2.  Relation  (18),  which  connects  the  total  flow  or  the 
electrostatic  induction  through  the  closed  surface  i  area  3  with 
the  total  free  charge  in  the  volume  v  included  by  t:':  area: 


$  fh'/.l’  =  Ik 


3.  Relation  (59)  which  connects  the  circulation  cf  the 
vector  of  electrical  intensity  E  over  the  closed  circuit  l  wit 
the  rate  of  change  in  time  of  the  vector  of  magnetic  induction 
through  the  area  Included  by  this  circuit: 


Relation  (^9),  which  is  indicative  cf  the  flow  continuity 
of  magnetic  induction  3  through  the  closed  surface: 


s 

It  is  necessary  to  add  expressions  (15)  ana  (39)  to  these 
integral  relations,  by  means  of  which  it  is  possible  to  pass 
from  the  vectors  cf  intensity  of  the  electromagnetic  fields  ts 
the  vectors  of  induction 

D  =s  <£.  0  —  nolf, 
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and  the  generalized  Ohm's  law  (55) 


|£h4  I  Wall¬ 


in  these  formulas  the  electrical  values  are  measured  in  COSE 
units  (j  ,  E,  D,  Pvg)»  magnetic  values  -  in  CGSM  units  (H,  B), 
forces  -  in  dynes,  velocity  -  in  cm/s.  Of  course,  it  is  possible 
with  the  aid  of  the  corresponding  coefficients  to  turn  to  any 
other  system  of  units. 

Let,  us  now  derive  the  Maxwell  equations  in  differential 
form,  and  let  us  divide  them  into  two  systems.  We  will  obtain 
the  first  system  for  the  magnetic  field  of  direct  current. 


■Since  the  lines  of  magnetic  field  strength  lie  in  a  plane 

perpendicular  to  the  direction  of  the  flow,  the  projection  of 

the  current  density  j  (Fig.  13-7)  is  connected  only  with 

projections  H  and  H  of  the  magnetic  field  strengths  at  the  same 
x  y 

point  of  space.  The  circulation  of  the  vector  of  intensity  along 
an  infinitesimal  circuit  abed  consists  of  the  following  terms 
(the  circuit  is  counterclockwise): 


- 


-/WH*  tw*  +[n,+ -J 7  dx)  - 

-('M 


Fig.  13.7.  The  coordinate 
system  (on  the  derivation 
of  the  Maxwell  equations). 


Thus,  we  have 


On  the  other  hand,  according 
to  (58),  the  circulation  of  the 
vector  H  should  be  equal  to  the 
force  of  current  flowing  through 
this  area  multiplied  by  ^tt: 

=  7  4rl<  —  j-  «Jsdxdy. 


Hi,  Hi, 
~Hc  ~~5f 


(60) 
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Similarly,  for 
axes,  we  find 


Equations  (60),  recorded  in  the  mixed  system  of  Gauss  units, 
connect  the  current  density  of  conductivity  J  with  the  spatial 
derivatives  of  the  magnetic  field  strength  H.  If  to  equations 
(60)  we  add  equation  (17),  which  connects  the  vector  of  the 
electrostatic  induction  D  with  the  density  distribution  of  free 
charges  in  the  volume  pvq 


components  of  the  current  density  along  the  other 


dll, 

IT 


OH , 


dll ,  OH,  I 


.  ~j,  o7  “  7 


(6Ca) 


dO.,  do,  0D, 


UU <  .  UISm  ViSf 


then  we  will  obtain  the  first  system  of  Maxwell  equations,  which 
in  vector  form  can  then  be  represented  as: 

rot  H  J.  div  0  — -ts?!*  (61) 

This  system  is  valid  for  the  uniform  magnetics  which  entirely  fill 
the  whole  field,  since  in  this  case  the  magnetic  field  strength 
of  the  currents  does  not  depend  on  the-  permeability  of  the¬ 
med  lum. 


We  will  obtain  the  second  system  of  equations  of  Maxwell, 
utilising  the  generalization  given  by  it  of  the  law  of  induction 
of  Faraday. 


Let  us  formulate  the  expression  for  the  circulation  of  the 
intensity  of  the  electrical  field  E  along  an  infinitesimal  circuit 
abed  (Fig.  13-7) ,  caused  by  a  change  in  time  of  the  vector  of 
magnetic  induction  perpendicular  to  vector  E: 

l',...,  -  ■I’.Jy  1  i\jx  |  (/;,  I  ']['  iy- 

-  (-•  I 


The  circulation  of  the  vector  E  along  the  closed  circuit  is 
equal  to  the  derived  flow  of  magnetic  induction  through  the  area 
included  by  this  circuit,  taken  with  a  minus  sign 


l  .  'm> 
V  «•< 


I  .!/», 

t  ,1/ 


Jx  Jy. 


hence  we  have 

>'i\  .  ‘.‘i"*.  (62) 

•,V  <•/  c  <>* 

By  analogy  we  also  have 

•  »r,  i  <>/i,  <>r,  <v,  _  1 1»/», 

<'r“  "7  V'iT*  (o2a) 


Adding  to  equations  (62)  the  equation  of  the  continuity  of  the 
lines  of  magnetic  induction  (L3) 


we  obtain  the  second  system  of  Maxwell  equations,  which  in  vector 
form  takes  the  form 

.our- jiv b — o.  (63) 


In  the  case  of  an  Inhomogeneous  medium  on  the  boundaries 
of  its  separate  sections,  in  the  absence  of  surface  charges  and 
currents  conditions  (15a)  and  (^5)  should  be  fulfilled: 


i\,  =  nu. 


/>,  f 

«.  •• ' 

a ,/  ^ 

e,  t»i  * 


Let  us  exclude  from  the  differential  Maxwell  equations  the 
vectors  of  current  density  J  and  the  electrical  field  strength 
of  current  E.  For  this  let  ua  use  Ohm's  law  (55),  having 
converted  it  into  the  equation  cf  vorticity  of  the  field  of  current 
density  (in  mixed  units): 
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( 01  J  — 


.tv' l  C 


(6H) 


Let  us  replace  the  equation  for  the  vorticity  of  the  vector 
of  the  magnetic  field  strength  (61)  with  the  aid  of  (39)  with  the 
equation  of  vorticity  of  the  vector  of  magnetic  induction 

^r(lfly  (65) 

As  is  known  from  the  field  theory, 

A.— (-3+9  +  S).  (66) 

From  (6M,  (65)  and  (66)  we  find  when  =  const 

-  ^  l‘/(  »>••;  - {rot  £  |  •):  lot  1 W  x  »l}  -  (57) 

From  equation  (63)  we  have 


flit  £=3  - 


I  i)B 
~i  ttl  ■ 


Substituting  this  result  into  (67),  we  obtain 


*2  “"’ll  (68) 

This  equation,  which  connects  the  magnetic  field  with  the 
velocity  field  in  the  electro  conductive  fluid,  is  called  the 
equatic>:  of  magnetic  induction. 


In  the  case  of  very  groat  electrical  conductivity  of  the 
medium  (o^  -»  °°).  the  second  term  of  the  right  side  of  equation 
(68)  can  be  disregarded,  in  connection  ’with  which  it  acquires 
the  following  form: 


ot 


=  rut|WXB). 


( 68a } 


'!  ?  1 


This  equation  is  identical  to  the  equation  of  vorticity  in  the 
hydrodynamics  of  an  ideal  fluid,  which  means  that  the  lines  of 
the  vortex  move  together  with  the  fluid.  But  in  this  case  the 
question  is  of  lines  of  the  magnetic  field,  which  prove  to  be 
rigidly  connected  with  the  substance  -  "frozen  in,"  and  if  the 
particles  of  fluid  move,  then  the  lines  of  magnetic  induction 
move  together  with  them  (the  particles  cannot  cross  the 
induction  lines). 


The  "freezing  in"  of  the  magnetic  lines  is  connected  with 
the  fact  that  with  a  change  in  the  vector  flux  of  magnetic 
induction  through  the  circuit,  in  it  there  appear  electrical 
currents  which  prevent  a  change  in  this  flow,  and  the  larger 
they  are,  the  higher  o^;  when  oR  -*  a  change  in  the  flow  of 
induction  becomes  impossible.  Motion  along  the  lines  of  force 
does  not  affect  the  field;  with  motion  in  a  transverse  direction 
the  lines  of  force  are  completely  carried  away  together  with  the 
substance  (if  oR  ■*  "). 

In  the  case  of  a  stationary  medium  (W  =  0)  the  equation  of 
induction  takes  the  form  of  the  equation  of  diffusion  or  non- 
statlonary  thermal  conductivity  (Fourier  equation) 


i0—  *  iff 


(68b) 


It  shows  that  in  a  body  which  is  located  in  a  magnetic  field  of 
external  sources,  the  magnetic  field  disappears  not  immediately 
after  their  disconnection;  the  magnetic  lines  of  force  gradually 
"filter"  through  the  body  and  are  attenuated. 


For  example,  in  a  copper  sphere  1  m  in  radius  the  magnetic 
field  attenuates  In  approximately  10  seconds:  the  higher  the 
conductivity,  the  weaker  the  attenuation  of  the  field. 
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The  value 


c» 

■lp<v* 


V. 


(69) 


which  Is  similar  to  the  transfer  coefficient  in  equations  of 
diffusion  and  thermal  conductivity  and  having  a  dimensionality 
of  kinematic  viscosity,  was  called  magnetic  viseoeitg .  The 
numerical  values  of  magnetic  viscosity  are  usually  considerably 
more  than  the  values  of  kinematic  viscosity.  In  general,  when 
not  one  of  the  terms  on  the  right  side  of  the  equation  of  magnetic 
induction  can  be  disregarded,  the  lines  of  force  attempt  to  move 
together  with  the  substance  and  are  simultaneously  filtered 
through  the  substance. 


Given  in  Appendix  V  is  a  table  of  fundamental  units  used 
into  electrodynamics  and  in  different  measuring  sys'-ms,  whereupon 
each  value  is  compared  with  the  number  of  units  of  -m.o  JGSE  system 
corresponding  to  it.  From  this  table  it  is  evident  that  a  short¬ 
coming  in  the  SI  system  is  the  fact  that  in  it  the  me  ;ttlc 
pe.  “ability  and  electrical  induction  of  the  vacuum  are  dimensional 
values  different  from  unity. 

§  A.  Equations  of  Magnetic  Gas 
Dynamics 


The  equations  of  hydrodynamics  (and  gas  dynamics)  of  an 
electroconductlve  fluid  in  the  presence  of  electrical  and 
magnetic  fields  should,  unlike  the  equations  of  hydrodynamics  of 
a  nonconductive  fluid,  contain  an  additional  term  which  considers 
the  electromagnetic  body  force. 

Acting  on  the  element  cf  the  volume  of  the  conductor  (or  the 
conducting  fluid)  dv ,  if  along  it  there  flows  a  current  with 
density  J,  on  the  side  of  magnetic  field  is  the  Ampere  force  (iJOa) 

—  t.  L/)\  flj l in. 
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a  no  cn 


he  Coulomb  force  ( D 


th"  side  of  the  electrical  field 


where  is  the  density  of  the  charges  In  the  volume  dv  (p^0dv  = 

=  aq )  . 


Thus,  the  total  body  electromagnetic  force  applied  to  volume 
dv  (in  mixed  units): 

<lf= , l f,  -!-  df„  =  }(,«£  -|-  7 1 JX  A|| 

the  force  which  acts  per  unit  volume 

F  ~  ~\~fh  4-7-iyx  £|- 

An  evaluation  of  the  order  of  terms  in  the  relation  (70)  shows 
that  the  Coulomb  force  can  frequently  be  disregarded1.  Then, 


(70) 


(71  ) 


‘The  relative  value  of  the  Coulomb  force  is  estimated  in  the 
following  manner: 

iprt£| pm'* L 

|}  L/x  fl|j 

where 

p^Uvs-jL.e. 

Hence 

■  fj  £|  (’£•  _.\P 

11/  X  fll'P  AMP  4«£«^  * 

According  to  (52),  cE/B  =  W  is  the  drift  velocity  which,  as  is 

known,  is  the  value  of  the  order  of  the  flow  velocity,  c  -  the 
order  of  unity,  linear  dimension  L  -  the  order  of  102cm,  a..  -  the 

order  of  mho/cm  or  in  the  gauss  system  -  the  order  of  9,101*. 

Thus,  even  at  flow  velocities  W  of  order  of  102  krc/s ,  the 
relative.-  value  of  the  Coulomb  force  is  of  the  order  of 
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taking  into  account  (65),  we  obtain  for  the  electromagnetic  force 
applied  to  the  unit  of  volume  the  expression 


(72) 


Projections  of  the  vector  of  the  electromagnetic  force  on  the 
axis  of  the  rectangular  coordinate  system  are 


Hj, - —  UyB,  JlBy), 


(72a) 


or  In  another  form  (with  replacement  according  to  (65)  of  the 
vector  of  the  current  density  by  the  rotor  of  the  vector  of 
magnetic  induction) 


.  r-  „  „  ,,  a  n  dU*  >  0,1‘  \ 

—  ayB,  —  a.liy  —  B,  -j-  -j-  H,  ~0  -  -f-  B,  l)l  2  1  j 

OH.  OB.  OH,  I  dll' 
W.  =  a.JiM  -  ajh  =  h,  -J  +  n,  -j  +  —  , 

'  „  ..  OB,  ,  ..  Oil t  ,  n  OH,  \  OB' 

4"!l( J’t  —  a*li,  —  —  II,  0X  4“  By  ^  +  B,  —  2  0,  • 


(72b) 


2  2  2  2 

Here  B  =  -  magnitude  of  nagtietlc  induction  vector, 

a  =  rot  B.  In  the  derivation  of  expressions  (72b)  the  continuity 
condition  of  magnetic  lines  of  force  was  used  also  (^3). 


Adding  force  F(70)  to  the  right  side  of  equation  (28)  from 
Chapter  II,  we  obtain  the  equation  of  motion  of  the  electrical 
conductivity  of  the  fluid  in  electrical  and  magnetic  fields  in 
vector  form  (at  u  =  const .  ) 

P t itaiip  H,aiv -I-  -J- 1‘ fi'ad  (div  V/)  1-  -J-  [j X  B\  (73) 

* 

or  ow 

=  ’r 


-j-  u  grad  (div  W)  -  j-  [rot  B  X  «!• 


(73a) 


1  .r  jjts  the  system  of  different  ial  equations  should  include  the 
c-uuutJ  <n  of  energy.  In  the  case  of  an  electroconductivc-  fluid 
v. i. i o is  Ir.  magnetic  and  electric  fields,  the  right  side  of 
equation  cf  energy  ( ?. }  iron.  Chapter  II  should  contain  an  additive 
term  \2i)  expressing  the  density  of  Joule  heat  release  (heat 
release  :  u’  unit  volume).  Then  the  equation  of  energy  for  the 
elcetroeonductive  fluid  takes  on  the  following  form  (with  a  -  const., 
u  =  const.): 


c. 

•* 


( V  4  ) 


or',  taking  into  account  (65), 


(II 


u<-* 


(74a ) 


To  equations  (73)  and  (74)  we  must  add  the  equation  of  magnetic 
induction  (68) 


OB 

ot 


rot|VV'XfiHq-C7dfi. 
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the  hydrodynamic  equation  of  continuity 


-J-i-divf^=0 


("•• 


and  then  the  equation  of  state 

p=/i?.n  ("■' 

which  in  the  case  of  an  ideal  gas  is  replaced  by  the  Clapeyr on 
equation.  The  system  cf  equations  (73a)-(?7)  is  the  total  sys’e; 
of  differential  equations  of  magnetic  gas  dynamics. 


If  the  equation  of  motion  is  utilized  in  the  form  of  (731, 
the  system  cf  equations  must  be  augmented  by  the  equation  of 
Ohm's  lav.  (55),  the  Maxwell  equation  (63),  and  also  equations 
(65)  and  (65). 


0 


In  these  equations  we  disregard  the  electrostatic  Coulomb 
force;  if  one  takes  into  account  the  Coulomb  force,  then  the 
system,  of  equations  of  electromagnetic  gas  dynamics  will  be 
obtained . 


For  an  incompressible  fluid  the  system  of  equations  (73)  —  (77  ) 
is  simplified,  since  the  equations  of  motion  are  solved  independently 
of  the  equation  of  energy,  the  equation  of  state  (77)  is  no  longer 
necessary,  and  the  equations  of  continuity  (76)  and  motion  (73) 
take  on  a  simpler  form. 

Thus,  the  total  system  of  equations  of  the  hydromagnetics  of 
an  incompressible  fluid  in  vector  form  consists  of  the  equation 
of  motion 

+  (78) 


or 


p  =  j<lp  -I  W -f  ~~ |»ot  8  X 

it:-  of  er.rrjv  .  rulvtd  cnt  ly  of 


(76a) 


v  J,  »  -r  *  i  * ;  . 


the  v :  .a  i  -t. 
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’  *  rot  |  W  X 

I* 


v  vv  ~u. 


Leo  us  note  that  in  equations  (82)  the  nonelectromagnet . 
forces  (gravity,  centrifugal  force,  etc.)  are  omitted  for 
brevity . 

The  vector  equation  of  induction  (60)  in  the  orthogonal 
coordinate  system  also  breaks  down  into  three  equations: 


HHi.  ~  __i!_  f £»!.  .U*1H u  1  -L 

dl  (  <U‘  '  0y‘  '  J  ' 

,  tin/}.  ,  dun,  ..  (da  ,  da  ,  0<p\ 

'  dy  *<*  "dl  ‘  l  Om  r  dy  +  IT  J  * 


<tn, 

hr 


dB, 


■•n'zi’R  l  <)*’ 


dy'  '  D*4  J  ' 


duB.  . 
~~dx~  r 


% 


r  i)y 


i  OvBg  *  n  t  da  ,  da  ,  dw  \ 

'  <U  1 K  dx  •  dy  r  dt  )  * 


dl 


r] _ (£«..  ,  ,  d7<,  I  q-jRJ 

I  ”■  vy'  '  t/i*  |  ■  djf  "T" 


1  _u  t.  /  da  ,  do  ,  0u>  \ 

-1 '  — +  "dl —  a‘  Ur  +  ~dj + ir  j ' 


(8u  ) 


In  the  equation  of  energy  (7*0  the  term  which  considers 
Joule  heat  can  be  expressed  by  magnetic  Induction.  For  this  we 
must  use  the  Maxwell  equation  (67).  As  a  result,  we  will  obtain 


dl 
M  dt 


:  A  hr  +  a  t+a?*.\-  ,-,-rr».r  M  ®>V 


where,  in  accordance  with  field  theory,  the  quant iy 

<- »>•=(&)+■;£)+(£)•• 


(35) 


(86) 


The  equation  of  Ohm’s  law  (55)  in  projections  onto  the  axis 
of  the  coordinates  takes  the  form 


/*  =  =«(  -r  7  k'B,  —  vO,)] . 
)j  =  5*[fr'i‘  7  —  MS«)j  t 

/.  =  -*[  e,  4-  j  {../*, -t-a,)]. 
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V.i !■-: ;  =  const .  the  hydrodynamic  equation  of  continuity  takes  the 

form 

/)u  ,  ,  Uj  0 

.if  '  t'i 

horof.,-re  the  e ja;  .1  on?  oi'  i..,n  i  otic  Induct  ion  ( o*J )  are 
i  fled ,  since  the  last  tor::'?,  on  their  rijht  sides  are  sere. 

Ir.  many  concrete  ear.-.;  r..iv  equations  of  motion  and  induction 
oar.  he  substantially  simplified  by  neglecting  these  or  other 
re 2 at  ively  small  tents  . 

Chapter  II  presents  several  versions  of  the  equation  of 
-merge  for  gas  flow.  Frequently  the  equation  of  energy  is  used 
in  a  form  in  which  enthalpy  and  kinetic  energy  are  combineu  lnt-., 
total  enthalpy;  such  is  equation  (^9)  from  §  6  of  Chapter  Ji. 
in  order  to  arrive  at  the  appropriate  form  of  the  equation  of  the 
energy  of  hydromagnetics,  we  must  project  the  additive  term  of 
tne  equation  of  motion  (electromagnetic  force) 

onto  the  axis  of  the  orthogonal  coordinate  system  and  then 
multiply  every  projection  of  this  vector  by  the  appropriate 
projection  of  velocity;  after  adding  the  three  obtained  products, 
we  find  an  additional  electromagnet ic  term  to  equation  (*»$)  of 
Chapter  II 

/. c -  1« {Jt n.~  i: i\).\-v (J. Dm - y, D..) + 

•:  ■  --/.A) | i- 1 j,  u  l\  -  v/h)  J, (»B,  -  u  B.)  -f- 

This  expression  employs  expressions  (72a)  for  the  components  of 
electromagnetic  force.  In  other-  words,  the  scalar  product  of 
velocity  by  the  electromagnetic  force  vector  was  presented  in  the 
form 

w-f  —  —  J  J  !  w  X  5J. 


r-'rorr.  the  Ohm's  lav;  (55)  follows 

J - E  =  1 W  X  *1- 

aR  ( 

Cubstituting  this  result  into  the  foregoing  equality,  we  find 

If  this  additive  term,  expressing  the  work  of  electromagnetic 
force,  is  adaed  to  Joule  heat 

Q,  =  f,  (88) 

we  will  attain  resultant  expressions  for  the  additive  "electro¬ 
magnetic"  term  of  the  equation  of  energy 

Q„~JE.  (8y) 


This  quantity  must  he  added  tc  the  right  side  of  equation  ( M 9 )  of 
Chapter  II;  then  the  equation  cf  energy  of  gas  in  the  presence  of 
an  electromagnetic  field  is  written  in  i  he  following  .  orm: 

r-s  ^ r -r  {*'.)  +  *-AW x  V) <iw  w + aje.  < 9 0 ) 

Here  the  coefficient  A  (heat  equivalent  of  mechanical  work)  is 
added  to  the  last  term,  because  in  (89)  this  term  is  expressed 
in  mechanical  units. 


In  a  number  of  cases  the  work  of  electromagnetic  forces  Is 
represented  in  another  form,  which  car.  be  obtained  if  we  use  (65) 
tc  replace  current  density  in  scalar  product  (89)  by  magnetic 
induction 


0 


it 


tot  B 


(5] 


and  use  the  known  formula  from  field  theory 


div  |£  X  0)  —  B  rot  £  —  E  ui\B. 


In  i he  case-  of  a  stationary  magnetic  field  (~  ■  0)  from  >' t  3 ) 
have  rot  H  «  0,  and  therefore 

£  rot  fl  =  —  dlv  (£  X 

Substituting  this  result  into  (91).  we  come  to  the  following 
expression  for  the  additive  electromagnetic  term  to  the  equation 
of  energy: 

=  (92) 

After  replacing  in  (90)  the  last  term  by  expression  (92).  we 
obtain  one  additional  form  of  the  equation  of  energy  of  magnetic 
gas  dynamics: 


^  =  Aw  +  nT  +  A^(~r)  + 

+  3'1*I  WXVIdivW-^dlvIfXBI  (93) 

In  the  stationary  case  and  in  the  absence  of  viscosity  and 
thermal  conductivity  the  equation  of  energy  (93)  assumes  the  form 

(94) 

§  5.  The  Similarity  Criteria  in 
Hydromagnetics  1 

With  the  additive  term  in  the  equation  of  motion  of  an 
electroconduc tive  fluid  in  a  magnetic  field  (32)  we  must  introduce 
a  new  similarity  criterion  considering  the  ratio  of  magnetic 
force  to  the  force  of  inertia.  Following  the  method  given  In  5  7 
of  Chapter  II,  let  us  bring  the  last  term  of  the  right  side  of 


‘Dai  Shi-yi  and,  magnetic  mas  dynamics  and  dynamics  of  plasma. 

m.  ,  196*1. 
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equation  (32)  to  a  dimensionless  form  by  dividing  by 
result  we  will  obtain 


JJI.I  /  V|/  _  Jin>\ 

\  jjt.  J,D,  )' 


Her  i  -  characteristic  dimension,  0q»  Uq,  jQ,  B„  -  values  of 
fluid  density,  velocity,  current  density  and  magnetic  induction 
at  e  certain  characteristic  point  of  flow.  If  the  electromagnetic 
force  is  written  as  in  equation  of  motion  (82a),  then  ir. 
dimensionless  form  the  corresponding  term  of  this  equation  can  be 
presented  in  the  fort, 


m 

•'b'ftf.bi 


.  U  -  -ft-  ,  n.  «"?r  ,  ».  t!k  >  IsTl 
m|7,  7f.+K  4  +*-  4  *  4  } 


The  dynamic  similarity  of  flow  about  model  and  full-scale  object 
(see  §  7  Chapter  II)  in  an  electroconductive  fluid  ir.  the  presence 
of  an  external  magnetic  field  obviously  requires  that  model  and 
nature  have  Identical  values  of  the  term 

*0  '*  *  'V  J,HJ  A  /  Q ;  \ 

■££jr==S,  =  Jdem  (9  c; 

or.  taking  into  account  the  fact  that  according  to  (65)  ]%*»  - r1-, 


we  nave 


— r.,-  =  Sfl  —  CCiISl. 


This  term  characterises  the  relation  of  magnetic  and  kinetic 
energies  of  a  unit  volume.  The  quantity  A  =  J'Sa  is  called 
ALf  Jen’s  number.  It  goes  without  saying  that  it.  is  necessary  tha* 
the  remaining  hydrodynamic  similarity  cri carls  , T»fcr*  uhai ,  i'  r  o  n  o  o  j 
iiacb  and  Reynolds  numbers)  also  be  respectively  identical. 


Taking  into  a  :ccunt  that  with  the  final  conductivity, 
according  to  Ohm's  law  (55)  the  current  density  induced  'ey 
magnetic  field  is  oroeort icnal  to  the  relation 


U 


it  is  possible  to  obtain  from  (95)  the  criterion  of  magneto- 
hydrodynamic  interaction,  which  expresses  the  ratio  of  magnetic 
force  from  the  induced  currents  to  the  force  of  inertia 

S*=7^Vr  =  ide,n-  (97) 

The  criterion  Sq  is  called  the  parameter  of  magnetohydrodynam 
int  eras  tiori. 


Let.  us  bring  to  dimensionless  form  the  terms  of  the  equation 
of  Ohm's  law  (87) 


J ,  :R_  f  h,  ,  I  __ 

1,  -  L"tV  r  V  t.  \U.B,  L.a, /J- 


If  J0  is  the  conduction  current  at  a  characteristic  point,  then 
according  to  (23)  jQ  =  oR0EQ.  Hence  follows 


A  =  4-  i  Ml  («h,  "d,  \| 

A  V.I"*  HK/1* 


Here  the  ratio  of  current  induced  by  the  magnetic  field  to 
external  electric  field  current  is  determined  at  oR  •  oR0  by 
the  dimensionless  criterion 

Here  is  the  drift  velocity  (52),  determined  earlier  in  §  2. 
The  quantity 


a-ft.  <i 

characterizing  the  ratio  of  electromagnetic  force  from  current 
Imposed  from  without  to  the  force  of  inertia  is  the  criterion 
of  electrohydrodynamlc  interaction. 


Let  us  bring  to  dimensionless  form  the  equation  of  magnetic 
induction  (84) 


(100) 


f* 

'4ruuyy, 

*(f] 

"(rTJ 

,  d.fl. 

a  UB‘ 

,  U.B, 

B, 

+  K 

*  ‘f  " 

o,  I 

•-jh  1 

i 

Cn  the  left  side  of  (100)  is  an  already  known  dimensionless 
factor  -  the  Strouhal  number  (SH  =  Z/U^tQ).  In  the  right  side 
appears  a  new  dimensionless  factor,  the  reciprocal  of  which  is 
called  the  magnetic  Reynolds  number 


D  _  _  10 . 


(101) 


This  criterion  characterizes  the  ratio  of  the  magnetic  field  from 
Induced  currents  to  a  super  imposed  external  magnetic  field1. 
Sometimes  the  ratio  of  magnetic  Reynolds  number  to  „r.e  usual 
Reynolds  number  is  used,  l.e.,  Prandtl’s  magnetic  numi.er 


p. 

r,«  — ’ 


(102) 


which  is  the  ratio  of  ordinary  viscosity  to  magnetic  viscosity. 

If  we  multiply  the  criterion  of  magnetodydrodyuamic  Interaction 
(97)  by  the  Reynolds  number,  we  will  obtain  the  ratio  of  magnetic 

'The  magnetic  field  from  the  induced  currents  is  determined 
from  the  known  relation 

Bt 

where  |  tot  Hi  |* — f  *  is  external  field  intensity.  We  hence  have 


B,  *'nh’R‘U, 

? - R«- 


force  from  a  field  Induced  by  magnetic  current  to  viscosity  force 


S.R 


•jM  uj  ’W 

't,U,cr  H  P,*'  * 


The  square  root  of  this  quantity  is  called  Hcrtman'a  number 

003) 

Here  **  is  the  coefficient  of  dynamic  viscosity.  In  the 
determination  of  Hartman's  number,  the  characteristic  l  is  the 
transverse  dimension  of  the  channel.  Hartman's  number  Is  the  basic 
similarity  criterion  in  such  magnetohydrodynamic  problems  in 
which  a  significant  role  belongs  to  viscosity  forces. 


Of  the  enumerated  supplementary  criteria  of  hydromagnetics 
only  three  are  mutually  independent  (for  example,  the  R, 

Ha  and  numbers).  The  remaining  parameters  S,  3,  Pr^)  can  be 
obtained  from  the  given  relationships  as  derivatives. 


For  some  values  of  the  separate  similarity  criteria  the 
system  of  equations  of  hydromagnetics  permits  simplifications. 

So,  when  R</<1  it  is  possible  to  disregard  magnetic  fields  from 
the  induced  currents  and  to  consider  that  flow  occurs  only  under 
the  action  of  an  external  magnetic  field.  We  deal  with  this 
type  of  flows  In  magnetic  hydrodynamic  channels  (motion  in  the 
presence  of  electromagnetic  fields  of  technical  plasma  or  liquid 
metal  in  pipes,  channels  of  magnetic  pumps  and  magnetic  gas- 
dynamic  generators  of  electric  current)  and  in  the  case  of  flows 
about  a  body,  when  the  electrical  conductivity  of  the  medium  is 
not  very  great. 

When  rw>i  the  magnetic  field  turns  out  to  be  "frozen" 
into  the  substance  and  moves  together  with  it;  this  area  of  magnetic 
gas  dynamics  is  used  in  astrophysics,  where  very  extended  areas 
of  greatly  rarefied  interstellar  gas  of  sufficient  conductivity 
oi*  highly  conducting  stellar  substance  heated  to  millions  of 
degrees  (for  example  solar  prominences)  are  dealt  with. 


9^6 


/tafc  4 
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During  laboratory  tests  on  liquid  metals  usually  =  O.Ji-O.l, 
ar.a  Hartman's  number  can  reach  the  order  of  several  hundred;  in 
experiments  on  technical  plasma  (temperature  on  the  order  of  104°K) 
a  value  of  Rh  =  1  is  possible,  whereas  the  number  near,  be  both 
less  than  and  more  than  unity. 

§  c .  Flow  of  Viscous  Electroconductive 
Fluid  Along  a  Plane  Channel  in  a 
Transverse  Magnetic  Field 

Let  us  examine  the  so-called  "Hartman1  flow  -  a  laminar  flow 
of  incompressible  electroconductive  fluid  along  a  plane  channel  of 
constant  cross  section  (Fig.  13*8)  in  the  presence  of  a  permanent 
external  transverse  magnetic  field  with  magnetic  induction 

O,  =  B„ 


Fig.  13.8.  Plane  viscous  fluid  flow 
in  a  transverse  magnetic  field. 


Along  the  length  of  the  channel  (section  of  stabilized  flow) 
cr.ly  pressure  changes  (3p/3x  t  0);  the  remaining  parameters  remain 
constant  — With  sufficiently  large  relative  channel 

width  (a ^>6)  the  flow  can  be  considered  plane-parallel,  during  which 
the  velocity  and  the  induction  do  not  change  in  the  direction  of 

vy  40  v 

the  z-axis  ^  =^=01,  ar.d  the  transverse  velocities  of  components 
are  absent  (v  =  0,  w  =  0). 


‘Harthmann,  Theory  of  the  laminar  flow  In  a  homogeneous 
magnetic  field,  Kgl.  Danskc  VIdenskab,  Math,  -fys.,  Meddl , 
13,  No.  6,  1937. 


F ro:;.  the  equation  of  continuity  of  the  lines  of  magnetic 
induction  ( *) 3 )  we  have 


divS  =  0  or 


As  a  result  cf  condition  =  o  we  also  have  -j-?  =  0  or 

d.v  di  — u  dj> 

By  *  const  =  BQ,  i.e.,  magnetic  induction  within  the  channel  in 
the  direction  of  the  y-axis  does  not  change 


From  equation  (63)  for  a  magnetostatic  field,  there  follows 

rot  E  =  0.  Hence,  under  the  assumption  that  =  we  obtain 

E.  =  const,  E  *  const.  From  the  condition  of  the  absence  of 
-  X 

current  in  direction  x,  it  is  necessary  to  take  Ex  ■  0.  From  the 
equation  div  J  =  0  we  have  j  =  const.  Assuming  the  walls  y  =>  -t 
to  be  nonconductive ,  we  have  *  0.  Then  from  Ohm's  law  it 
follows  that  Ef=aj-  /,=»  0. 


According  to  the  Ohm's  law  the  current  density  in  projection 
onto  the  z-axls  is  equal  to 


If  the  side  walls  z  =  ia  are  also  insulators,  then  the  total 
current  in  the  direction  of  the  z-axls 


Since  the  value 


1 

a 


is  the  average  flow  velocity,  the  electric  field  intensity 


£.=> 


B,u,f 


€  * 


(105) 
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■lubstitutlng  (105)  into  (10A),  we  arrive  at  the  final 
expression  for  the  current  density 

(106) 

nz  v.e  see,  despite  the  fact  that  the  total  current  strength 

is  equal  to  zero,  current  in  the  direction  of  the  z-axis  flows, 

wnereupon  in  layers  at  low  velocity  (u  <  u  )  the  current  density 

c  p 

is  negative,  and  in  layers  of  high  speed  (u  >  u  )  it  is  positive 

c  p 

The  e] ectromagnetic  force  -  the  last  term  on  the  right  side 
of  equation  (82)  -  in  this  case  is 

F,  — ^1— «.A  (107> 

from  (107)  it  follows  that  in  the  middle  part  ol'  t(.  cross  section 
of  the  channe]  the  electromagnetic  force  is  negative  drakes  the 
flow)  and  near  the  walls  is  positive  (accelerates  the  flow). 

Since  I  ■  0,  the  total  electromagnetic  force  applied  to  the 
(  entire  flow  is  also  equal  to  zero.  In  connection  with  the  account 

given,  the  equation  of  motion  (82)  along  the  x-axis  is  written 
thus  : 

°  =  +  UCS) 

iier.ct.-,  on  the  basis  of  (106)  we  have 

^ <£“  ’><“>•  (103a) 

From  the  equation  of  motion  (82a)  for  the  y-axis  we  have 


whence  it  follows  that  the  quantity  3p/3x  does  not  depend  on  y. 

The  left  side  or  equation  (108a)  depends  only  on  x  and  right 
only  on  y,  and  therefore  A  should  be  •;  constant  value  (A  •=  const). 

9  h  9 
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afc  ?r  reduction  tc  a  dimensionless  form  we  have 


„==Atl 


d'fl 
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-Ha'a. 


(109) 


Here 


Ha?=«—  ]/ Is.  -  the  Hartman  number,  n  -  dimensionless 

e  T  u 


coefficient,  p  =  £  -  dimensionless  values  of  velocity  and 

Utf  • 

distance  from  the  axis  of  the  channel. 


The  Integral  of  this  heterogeneous  linear  equation  with 
constant  coefficients  is 


// »  C,  ch  O’  Ha)  +  C,  sh  CP  Ha)  -f gj,. 


From  the  boundary  conditions  u  =  0  when  y  *  ±1  we  determine  the 
integration  constants 


C,  =  -- 


c,= a 


Thus,  the  rate  of  flow  of  fluid  in  the  channel 

n  f,  rh  <9  Ha)  1 

"“Rrl1 - dTTTi-J- 


(110) 


From  a  determination  of  the  average  velocity  (for  half  of  a 
channel ) 


ftp  —  -y  |  iidy-~iitf  | 


there  follows 

i 

\ady=  i. 

¥ 

Substituting  value  u  from  (110)  into  this  integral,  we  have 


1  = 


Ha1 


[' 


•!!”*!  or  "  _ 

Ha  J  Ha'~  Ha -Hi  Ha  • 


Substituting  this  result  into  (110),  we  arrive  at  the  final 
expression  for  the  flow  velocity 
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'"1  jlp[i|fltetBlhlHlH,L*l|,|*>lt  11 


(Ill) 


n  b--  Ha 


rlt  Hu  —  rln  jf  H(0 
Hu  HiHu  —  Mi  Hu*' 


When  Ha-»0  we  have 

J.e.,  the  maximum  velocity  profile  in  the  channel  for  a  not 
electrically  conductive  liquid,  as  one  would  expect,  is  Poiseuille's 
profile  (see  Chapter  II).  The  maximum  value  of  velocity  on  the 
axis  of  the  channel  (when  y  «  0),  according  to  (111),  is  equal 

to 


Hu  (»l>  Htt  -  I) 

=  TTa  cii  Hu  —  i>ii  H*'* 


(111a) 


The  velocity  profile  in  the  cross  section  of  the  channel  at 
different  values  of  Ha  numbers,  calculated  by  means  of  (111),  are 
shown  on  Fig.  13*9-  The  intensification  of  the  magnetic  field 
leads  to  the  smoothing  (flattening)  of  the  velocity  ..nofile. 

When  Ha  =  “  we  have  u  »  u  ■  1.  As  is  evident  on  Fig.  13-9,  at 
large  values  of  the  Hartman  number,  the  flow  consists  of  a  nucleus 
of  constant  velocity  and  comparatively  thin  boundary  layer. 


Fig.  13. 9-  Velocity 
profile  at  different 
values  of  the 
Hartman  number. 


The  smoothing  velocity  profile 
with  an  increase  in  the  Hartman 
number  leads  to  an  increase  in  the 
velocity  gradient  at  the  wall, 
which  produces  an  Increase  in  the 
force  of  friction. 

The  velocity  gradient 
according  to  (111) 

<).<  _  ».p  Ha'  *h  i  y  Ha) 

it.p  _ '  0  i'y  “  V  Ha  cli  Ha  —  «h  Ha  * 

Hence,  according  to  Newton's 

formula  we  find  the  frictional 

stress  at  the  wall  (when  y  *=  b, 

i.e.  ,  y  =  1) 
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(112) 


t*n\  Ha^liH* 

J  ,l  i\v  a-  a  RaTii  Ha — rmr 


In  a  dimensionless  form 


r.— >- 


»~  tfr  *'  ' 


Ha' ch  Hi 
i  cli  Ha  —  ih 


Here  R  =  f,i/,,6/n  is  the  Reynolds  number.  When  we  have 

when  Ha  -►  0,  from  (112)  we  obtain  the  v;ell-known  Poiseuille 


equation 


« 

'/•““IP 


(112a) 


Having  divided  term  by  term  (112)  into  (112a),  let  us  find  the 
ratio  of  the  coefficients  of  friction  in  the  presence  and  absence 
of  the  magnetic  field 


;.  =  //.  Hi  Ha 


(113) 


At  large  values  of  the  Hartman  number  (Ha  >_  3)  th  Ha«»l.  and 
therefore  in  the  case  of  a  strong  magnetic  field,  formula  (113) 
takes  the  following  form: 


(113a) 


Functions  (111a)  and  (113)  are  shown  graphically  on  Fig.  13.10. 
The  experiments  of  Hartman,  Lazarus  and  Margetroyt 1  confirm  the 
validity  of  the  laws  found  above  governing  the  Hartman  flow. 


Fig.  13.10.  Dependence  of  the 
maximum  speed  and  coefficient  of 
friction  on  the  Hartman  number. 


‘Harris,  L.  S. ,  Magnetohydrodynamic  channel  flows. 
House  of  Foreign  Literature ,.  M.  ,  1 96 3 . 
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The  pressure  change  along  the  length  of  the  channel  can  be 
round  from  equality  (108),  under  condition  that  on  the  wall 
u  =  u,.  »  0: 


A 


Op 

Ox 


Mceording  to  ( 111 ) 


O'u  _  Hep  O'li _ «<P  Ha*  ch  ( J 

€»/  V  dy*  TU  cTh*  -  «hHa  * 


At  the  wall  when  y  =  1  we  have 


[d'n\  _  t»,p  Ha* 

w* lw  V  Na  —  th  Ha  • 


Consequently  , 


A~ 


% 


(*Htp  Ha* 
i*  Tia  —  th  H* 


or  in  a  dimensionless  form  when  x  «*  x/b 


op  __  7t  dp  __  2  Ha'  th  Ha 

di  piij^  Ox  R”  Ha  —  th  Ha  * 


From  a  comparison  of  (114)  with  expression  (112)  we  have 


(114) 


(11 4a) 


This  result  can  also  be  obtained  on  the  basis  of  the  fact  noted 
above-  that  in  the  Hartman  flow  the  total  electromagnetic  force 
is  equal  to  zero,  in  consequence  of  which  the  pressure  change  is 
balanced  by  the  force  of  friction  on  the  wall 

—  T.V  % - - 


I 


I 


In  the  presence  of  the  total  electromagnetic  force  condition 
I  *  0  is  net  fulfilled,  and  equality  (114a)  is  incorrect. 

i.et  us  discuss  now  the  electromagnetic  features  of  the  Hartman 
flow.  From  the  Maxwell  lav;  (bOa)  and  formula  (106)  we  obtain  lit 
the  projection  onto  the  z-axis 


%  i 


( 


I )i»,  «0M 

■«*  — «r“ 


4s|i  «„0. 

— V— (It  — »< 


* 


dfl. 


.:lnce  according  to  condition  -jJ-aO, 


40< 


“T? 

or  in  accordance  with  <103) 


d»* 


Hence,  taking  into  account  (111),  we  have 


Ha?  ch  H* 
WliTH*  —  »ii  k-TT 


‘  Ha  tli  Ha—  tiTHij  1 


Considering  the  boundary  conditions  Bx  *  0  when  y  »  1  and  y  "  0 
(in  the  absence  of  the  total  current  the  induced  magnetic  field 
outside  the  channel  is  absent),  we  find  that  C  «  0  is  constant. 
As  a  result  we  obtain 


B* 


R  // 


thf,yHa)  ~j>  t’t  Ha 
Ha  ch 


(115) 


Thus,  in  the  Hartman  flow  there  appears  the  magnetic  induction  in 
tiie  direction  of  the  x-axls,  the  relative  value  of  which  is 
proportional  to  the  value  oi  the  magnetic  Reynolds  number. 


In  connection  with  the  presence  of  magnetic  induction  B  , 

A 

the  pressure  on  the  cross  section  of  the  channel  is  variable. 

The  pressure  change  In  a  transverse  direction  can  be  determined 
from  the  equation  of  motion  (8?)  in  the  direction  of  the  y-axis. 


Under  conditions  of  this  problem  (v  ■  0,  w  ■  0,  and  also 
*  *  „  for  all  values  except  pressure)  the  equation  of  motion 

OX  lit 

in  the  projection  onto  the  y-axls  takes  the  following  form 

l,Ba 


95-' 


0 


1 


Her, co  we  obtain 

-v,  in  y  dimensionless  form  for  paa2pfoult,  &nd  det erminou 

from 


(116) 


I 


Tr.us,  the  pressure  gradient  in  a  transverse  direction  is 
proportional  to  the  value  of  the  criterion  of  magnetic  gas- 
civnamic  interaction  Sq. 


The  calculations  carried  out  according  to  formulas  (lob), 

(115)  and  (ill)  show  that  the  transverse  pressure  gr:  5,.ent  is 
considerably  less  than  the  longitudinal  f-<%- 

Figure  13.11  shows  curves  of  the  distribution  of  dimensionless 
quantities  cf  the  electric  current  density  J*,  magnetic  induction 
(B#)  and  pressure  gradient  p*  with  respect  to  the  height  of  the 
channel,  calculated,  respectively,  according  to  formulas  (106), 
(111),  (115)  and  (116),  when  Ha  -  5 


Here 


n 


n\ 


<r 


•«, R„  dj 


I 

»r, «.  ‘ 

_ #,*/* 

-m  «*»/»• 


*t,  y  Ha  —  y  >1,  Ha_ 
HaVh  Ha  —  *li  Ha  * 


* 


s»= 


y»i 

t<w*’ 


( 


-as 


o 


1  V.JIp' 


Fig.  13.11-  Curves  of  the  density 
distributions  of  current,  magnetic 
induction  and  pressure  gradient  in 
the  cross  section  of  the  channel 
wnen  Ha  =  5. 
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i  "  .  Magnet •: hvdrcdyr. ami o  Pumps, 

Accelerators,  Chokes  and  Generators 

.'he  electromagnetic  force  which  is  caused  by  electric  and 
magnetic  fields  applied  to  a  of  a  conducting  liquid  car.  be 

directed  along  the  flow  or  against  the  flow.  In  the  first  case 
t.-.e  electromagnetic  force  can  be  utilized  as  a  means  for  a  pressure 
increase  (electromagnetic  pump)  cr  as  means  for  an  increase  in  the 
rate  cf  ficv:  (jet  engine).  In  the  second  case  the  electromagnetic 
force  slows  down  the  flow  (electromagnetic  choke).1 

If  the  electric  current  being  induced  by  a  magnetic  field  in 
a  fluid  flow  is  directed  into  an  external  circuit,  then  a  rr.agneto- 
h.vdrc-dynam.ic  current  generator  (MHD  generator)  will  fee  obtained. 

The  dependence  of  the  induced  potential  diffc-'  .  •  ces  cn  the 
average  flow  velocity  is  utilized  for  tr.e  measurement-  of  the  fluid 
flow  rate  (magnetohydrodynamic  flow  meter). 

All  these  methods  of  using  electro-KHD  effects  car,  be-  examined 
i;o  the  example  of  a  flow  of  an  electro-conductive  fluid  in  a  fiat 
channel  which  Is  placed  into  an  electromagnetic  field j  one  case 
cf  ouch  a  flow  is  analyzed  in  the  foregoing  paragraph  (Hartman's 
problem) . 


In  a  Hartman  flew  it  was  assumed  that  the  walls  of  the  channel 
are  insulators  and  the  total  electric  current  which  appears  In 
tt.e  direction  perpendicular  both  to  the  velocity  vector  and  to  thc- 
vc-ctor  cf  induction  cf  the  superimposed  magnetic  field  is  equal  to 
zero,  as  a  result  of  which  total  electromagnetic  force  is  also 
equal  to  zero. 


f  1  O'..' 


'Sherkllf  D.  A.  The  theory  of  electromagnetic  meas 
rate.  "Kir,"  ,  1965. 
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If  the  lateral  walls  cf  the-  channel  ( z  -  +a)  are  electrodes 
•.v;-jin-»cleU  v:ith  an  external  electric  circuit,  then  the  electromotive 
f-.roo  maintain?  the  potential  difference  on  these  electrodes. 


'Within  the  channel  ( Fig.  13.12)  the  current  flows  from 
electrode  1  to  electrode  2,  In  the-  external  circuit  -  in  the 
opposite  direction.  The  average  current  density  in  the  channel 
according  to  ( 1 0 h ) 

L  <P  —  )b  ^  1,  <iy  ^  <>*(--  -I-  -&■ 

and  the  local  current  density 

For  Hartman  flow  (Jz  cp  =  0)  from  a  comparison  of  ( 1 0 h)  and 
(117)  we  obtain  the  already  known  equality  (105) 


017) 


(117a) 


If  the  electrodes  are  short-circuited  (external  resistance 
R  =  then  the  electric  current  strength  is  equal  to  zero 
(  Eq  -  and  the  current  density 

/  - 

/•“  T —  • 

In  this  case  according  to  (10?)  an  Inhibiting  electromagnetic 
force  Is  applied  to  the  flow 


^=-7/«a= 


In  general  the  expression  (117)  Is  convenient  to  present  in 
the  following  form: 


OoB, 

7/ip - (u«*  — 


(118) 
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Fig.  13.12.  Diagram  of  a 
channel  with  lateral 
wall-electrodes . 


where-  the-  subtrahend  W  =  c.EA/BA  is  the  drift  velocitv . 

A  CO 

In  order  that  the  channel  would  work  under  the  condition:'  cf 
an  MHD  generator  (J  >  0),  it  is  necessary  that  the  average  flow 
velocity  would  be  greater  than  the  drift  velocity;  '>  the  case  of 
operation  of  the  channel  under  the  conditions  of  a  p.  or 
accelerator  (J  <  0)  the  average  velocity  in  the  ehanr  -1  i less 
than  the  drift  velocity.  The  sign  of  current  density  ..-terrr.ir.es 
the  direction  of  electromagnetic  force.  On  the  basis  of  (107) 
conclude  that  in  an  MHD  generator  the  electromagnetic  force  is 
directed  against  the  flow  (F  <  0),  and  in  a  pump  and  accelerator  - 
along  the  flow  (F  >  0);  the  pressure  gradient  along  the  length: 
of  the  channel  (not  allowing  for  friction)  in  an  MHD  generator 
should  he  negative  (Opjd jc<0),  and  in  a  pump  or  accelerator  -  positive 
<.y/«u>  0)  . 1 


In  all  apparatuses  examined  in  this  paragraph  which  use  the 
motion  of  a  noncompress ibl e  fluid  along  a  flat  channel  of  constant 
section  the  equation  of  motion  ( 10 8 )  is  useful;  with  the  h<-lp  of 
(105)  it  can  be  given  the  following  form: 


dr  „*>*<(  V'-> 

Ox  <  ,»~* 


(  1 1  a  ) 


‘The  indicated  inequalities  for  c yd*  are  valid  in  th<-  case  f 
a  liquid  metal;  in  a  ras  they  cannot  be  fulfilled. 


( 
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Eysatior.  (119)  1  -  identical  to  equation  (108a)  ,  the  solution 
of  v.'!.1  vi.  v:u;;  obtained  in  the  previous  paragraph .  In  connect  ion 
wit;,  t : :  i  :  ti.v  prof'll-;  of  relative  velocity  in  the  cross  sect  i  on  of 
uiy;  an>:  the  relative  value  cf  the  coefficient  of  friction 
•?,,  '.t « .  n-.t  defend  on:  k-  n„  and  ar  described  in  all  cases  by 
equatl'.tis  (111)  at,  i  (11;:)  respective!;; . 

Substituting  In  (iiy)  lia-  value  A,  found  in  §  6  for  Hartman 
flow,  we  con,?  to  the  expression  for  the  pressure  gradient  in  the 
u -  re- c ‘  i r.  of  f  j  ov; 


_  ,  i  _  t^tp  Ma'  : 

dx  '  <  ~  ir  Ha  —  m  Ha  '  c  ' 


n?o) 


As  v.e  see,  in  the  case  cf  an  electromagnet i c  pump  (dp/dx^Q)  the 
intensity  cf  the  electric  field  should  be  sufficiently  great  lr; 
orde.  that  the  right  side  (120)  would  turn  cut  to  be  positive. 

In  an  MHD  generator  (dp,‘0x <; 0)  the  electric  f.eld  intensity  should 
1c  such  that  the  sign  of  the  right  side  (120)  would  be  negative. 

For  constant  electric  and  magnetic  fields  in  all  elect ro-MHD 
apparatuses  in  which  the  fluid  flows  along  a  channel,  of  constant 
section  the  pressure  gradient  along  the  length  cf  the  channel 
does  not  change,  therefore,  a  drop  in.  pressure  in  a  channel  with 
length  x 


_  dp  _  t^hp  Ha‘  _  \ 

t  ■  t’  Ha  —  lliH»/* 


(121) 


Utilizing,  express  torn;  (07)  and  ( 9  :*  > ,  we  obtain  from  (121)  the 
dimensionless  magnitude  of  drop  in  pressure 


2 V  _  »  x  a  (•  Ha  \ 

K,  »  °*\n  Ha  —  Hi Hay 


(122) 
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n _ "‘P 

n—  X?t> 


*  fi'cof'  R  ■ 


I:-!  a  pump  cr  accelerator  (H  <  1)  the  subtrahend  in  parenthesis 
less  than  the  minuend,  while  in  ar.  Mh'D  generator  (D  >  1)  -  vice 


For  hart  man  flow  (H  =  1)  taking  into  account  (112)  we  have 


24  p  x 

k;  “  v Ct 


§  o.  The  Entry  cf  the  Flow  of 
an  Electro-Conduct  1 ve  Fluid  Into 
a  Magnetic  Field  and  Discharge 

from  It 


Mear  the  electrode  tips  the  electric  field  is  no:  uniform,  in 
connection  with  which  the  electric  current  density  in  hese  places 
is  changed  in  value  and  direction. 

Let  us  examine  the  flow  of  an  electro-conductive  fluid:  lr.  th® 
zone  of  entry  into  a  section  of  channel  with  a  magnetic  field 
(Fig.  13.13).  Let  us  designate  the  height  of  the  channel  (elec¬ 
trode  separation)  2a,  and  the  width  of  the  channel  2b.  We  will 
consider  the  channel  flow  two-dimensional,  which  Is  admissible 
under  the  condition  b  >>  a.  The  beginning  of  the  electrodes  is 
located  in  plane  x  =  0;  with  x  <  0  the  walls  of  the  channel  are 
not  electrically  conductive. 

Tne  magnetic  field  In  the  area  x  <  0  is  absent  (B  =  0),  and 
i;:  area  x  >  0  it  is  constant  and  is  oriented  along  axis  y  lr:  a 
negative  direction  (B„  =  0,  Btr  =  B  <  0,  B  =  0),  i.e.,  at  right 


angles  to  the  plane  of  the  drawing  in  Fig.  13.13. 


< 


.vi.'T  ' .  t; 


.e  flow  ui *.! i  x  =  1 


i ;  i  o  rot  taken  Info  co.isiaorut  lor. , 
.3  uni  form  (speed  W  is  const  ant  and 


■ !  i  •  i_- f  ••  i  nK'.r  '.So  ::fi  ,  1  *  •  mu  .-net  Ic  Reynolds  number  we 

••  mall  <<  ; 


For  simplicity  we  consider  the  fluid  Incompressible  ( r  *  const )  , 
unc  f  1  o1.'.'  is  o teas’,  . 

Wear  the  electrode  tips  the  lines  of  electric  current  are 
deformed  and  cause  the  distortion  of  the  velocity  field 


n-U-'~  if,  it  —  nf. 


(12  3) 


Additional  velocities  (di .  '■  ui  r  anee.- )  u* ,  v:’  along  the  axes  x  and  z 
vie  consider  low  relative  to  the  Initial  velocity  W,  i.e.,  u*  <<  VI, 
w 1  <  <  W . 

This  problem  can  be  solv'd  l y  the  method  of  successive 
approximations.  In  the  first,  noj rox ; mat i on  the  equations  cf 
motion  (?2)  along  axes  >.  and  z  t v.  ••  the  following  form: 

*»■*+£- -7«* 


»»’X+2*-7'Wl 


(12d) 


'Sutton  G.  W.,  Carlson  A.  W.  Fn;:  effects  ir,  inviscid  flow  in 
a  rragnetohydrodynami os  channel.  Journal  of  Fluid  Mec'n.,  v.  11,  r. 
1,  123-131,  1561. 
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The  r.ponent s  of  electric  current  density  in  the  first  approxima¬ 
tion  (with  V  «  const)  according  to  (87)  are  determined  as 


Her*1  H  =  0  with  x  <  0 ,  B  ■  const  <  0  with  x  >  0. 

If  on  section  x  >  0  at  a  sufficient  distance  from  cross 
section  x  =  0  the  walls  (z  *  +a)  are  electrically  insulated,  then 
the  transverse  component  of  current  at  the  walls  will  be  equal  to 
aero 


ft.  — SE  — 7»W>0 


or  In  the  case  B  <  0 


Consequently  positive  charges  are  accumulated  at  the  lower 
wall  of  the  channel,  and  negative  are  accumulated  on  the  upper 
wall.  If  the  isolated  walls  are  replaced  by  electrodes,  then  the 
lower  electrode  will  be  positive,  and  the  upper  -  negative.  After 
connecting  the  electrodes  by  an  external  circuit,  we  will  obtain 
in  it  an  electric  current  which  goes  from  the  positive  electrode 
to  the  negative. 

In  the  case  of  a  stationary  two-dimensional  electric  field 
according  to  (25)  we  have 


( i  32 ) 
(133) 


rr 


i/"  <*"+»•  ckcos«.| 

r  ,  4  c  cos  i|  j 

*  “Si"* 


<  i  -4-  a 
r*  =  T5-«- 


plus  s i gn  in  (132)  corresponds  to  values  n  >  n  >  tt/2,  minus  - 
to  values  tt/2  >  n  >  0. 


it  is  possible  to  be  convinced  of  the  validity  of  solution 
(13.')  L;.  out  st  itut  in.-  it  into  the  Laplace  equation  (126)  oh  in 
variables  (133)  is  reduced  to  the  form 


o'r  ,  <H.r  « 
ov  '•  ‘  cK*  — u 


;:) 


CU' 


r  (123)  for  the 

Cr  ’  •;! 

I'VltS  of 

p  1  o  o  t  r  1  c 

field 

i?  i  r  ‘z*  •  ’ 

.  t 

. X  ’ 

potential 

dV/J.y. 

.•.airing 

of  expressions  (131)  and  (133): 


dv  ^  »„v»  dr  1 

=  3:  — j—  3J1 

.  I  dV  Uftl  IV  _.V\  ,  U7»| 


( 1 3  j  ) 


With  ti.-.*  selected  signs  the  transverse  component  of  current 
density  J  caused  by  tins  electrical  field,  as  it  was.  shown,  is 
directed  from  the  bottom  to  the  top  The  longitudinal 

component  of  current  density  J  in  the  upper  part  of  the  ohanr.e 
is  positive,  and  in  the  lower  part  negative;  cn  the  axis  of  the 
channel  J  =  0. 


The  transverse  component  of  current  density  Jz  withir.  the 
channel  on  the  section  with  electrodes  ir.  zone  x  -*  ■*■  (where  :•  <  u) 
is  directed  from  the  negative  electrode  to  the  posit! v  •  downward ) , 
since  .here  the  current  which  in  Induced  ly  the  mayn't  jo  field 


t 

*4 


1 

I 


Let  ad  rewrite  equation  (136)  in  the  form 


sii*— iiS-- iiw*, 

-i  -•  -  • 


(136a) 


Let  us  introduce  the  designations 


•  •  • 

25  \  pdi  “  35  j  h^* 1=1  Jn 


(1  37) 


Taking  into  account  that  from  the  continuity  condition  follows 


j  if  (ft  ca  0, 


from  equation  (136a)  we  have 


<*/><» 

TjF 


B 

(jJ*r 


(138) 


With  x  <  0  B  ■  0,  tnerefore  pcp  on  section  -<»  <  x  <  0  along  the 
length  does  not  change.  Let  us  calculate  dpifJ0x  on  the  section  of 
distribution  of  the  electrodes  (x  >  0). 

Utilizing  relationships  (135)  and  (132),  we  find  the  average 
cross  sectional  value  of  the  component  of  current  density  j 

c  p 

1  r_  Vat***.*  1 

m 

It  is  obvious  that  Integral  *s  eQwal  to  the  difference  in 

the  values  of  function  x'  in  points  ti  and  0,  i.e., 


i 

* 


i 
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(i.v;) 


the  a ve r a re  cross  sectional  value  of  the  component  of 
current  j„  ,  on  the  section  of  distribution  of  electrodes  does 
n;’.  chance .  Utilising  relationship  (139),  from  equation  (1?.S) 
v."  t?  f  i  Ft  i 


«V»«p 

■J.v 


s=*  — 


#l$+"l 


Thus,  it  turns  out  that  the  gradient  of  mean  pressure  Oprp'')x 
a  Ion,'  the  length  of  the  channel  (with  x  >  0)  is  a  constant  value. 
After  designating  the  mean  value  of  static  pressure  in  section 
x  *  C  through  pQ,  we  finally  have  with  x  >  0 


(190) 


Utilizing  an  electric  field  of  first  approximation,  it  is 
possible  to  determine  the  velocity  field  of  first  approximation, 
for  which  one  ought  to  turn  to  the  equations  of  motion  (129). 1 

We  examined  the  problem  concerning  the  flow  of  a  fluid  in  a 
section  located  directly  before  the  inlet  to  a  channel  with  a 
magnetic  field. 

The  problem  of  the  flow  discharge  of  fluid  from  a  magnetic 
field  is  solved  analogously;  however,  in  this  case  when  using  the 
sam-  equations  one  should  change  to  the  opposite  sign  of  variable 
x . 


‘See  footnote  or.  page  962.  J 

I 
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olut.1  or,  :■!'  !  bn  Iat:.  Jivi-.  equal  «  on  C 1 3*i )  f  ~  1 
»i*.  r.charg*  fm-r.  a  f !  .1  d  w*  i  fti'.w  1  m  i  h  »  f  ~  rr- 


v-v.;. 


w!i«T'  x"  *•  >",'t  ! :  '.!•  t  e ruined  fv  >i  (\-  '  t  •  nui. 
(.  f  the  Iif:  t  t  rp  / 


.f'  jw  in  »W 


...  i 


I  t  ^  C 


S:’c  i>-.  !  l  ■•'titular'  W»  a«'  Cvt  *.  1'< 


*<.ft  V  ■-«  *  V.  ;  ,5  «.  Oi  «; 

s>*  -£  ~0  r<  J  \  «. 


Taking  It, to  ij’  -nunt  t  he  conn*:  ;r  1  ;j  mtv.-on  t 
fun c t  *  m «  r"  *jr.  l  >’ 


«»r-  »><  <•••  *r 

At5**'  *4^  "“«*>* 

we  fini  1 1 . a t  ’  t,e  <S1  rs  stlon  ,-f  the  vrn:'v<  • 
density  r ‘n  n!"i  l  ha  a"  Jn  the  :  *  ■>;.  >•* 

but  the  olroct.'.o!'  .  f  i  re  !wid' l' ml  •.'••rr.pore: 
change-'  t.  1 i. vurus: 


1 


y4<0  '-'til  X>  J,  /,>»  K'J. 


Tne  ,'«'!!  of  ti  v  1  v  :',i  I  t  n.i  1  r.n  1  {.••..  ,v  j  i  ’  v  1 

before  (r-fi’  1  v  -  ,  '  •  r  wi-u  '  l  ct  *.!  •  f:  r  •:  i‘  . 

riagnetlc  fij  ;  n  :  ei,  i  y  *nt..  us-,  a.  e.l  -  :  •  \ 

(rerlctar.  .*<;• '  dtv*.  .  'f.;*.  ill  i-  n  =  i  f‘  t!  -■  tj-mr % •  » 


precsui-e  ai.r.'rit,"  »•.*  1*.  t  ?•;?  rv  r  f  a 

field  an  oj  . 


'  -  '  •  fi  .  •  ■  A 
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:  -> .  The  equations  of  Magnetic  ■ 

Jas  Lynamics  for  a  Unit  Stream 

The  concept  "unit  stream"  in  magnetic  hydrogasdynamics  does 
not  have  sucn  a  universal  application  as  in  usual  gas  dynamics, 
since  only  in  a  few  cases  is  it  possible  to  consider  as  constant 
in  the  cross  section  of  the  stream  the  values  and  directions  of 
the  vectors  of  electrical  strength  and  magnetic  induction,  and 
together  with  them  the  vectors  of  current  density  and  electro¬ 
magnet  1  c  force  . 

Let  us  give  two  examples  of  the  magnetogasdynamlc  flows  in  which 
the  idea  of  a  unit  stream  is  strictly  valid: 

1.  A  channel  of  constant  section  2  =  +a,  formed  by  two 
parallel  walls  along  which  in  direction  x  a  conducting  gas  moves; 
the  walls  of  the  channel  are  opposite  electrodes  of  Infinite 

<  inductivity ,  am.  viscosity  and  thermal  conductivity  are  not 
considered . 

If  on  the  walls  a  potential  difference  is  supported,  *  .en 
an  electric  current  Jz  appears  which  induces  "its  own"  magnetic 
field,  the  lines  of  intensity  of  which  according  to  the  thumb  rule 
are  directed  at  right  angles  to  the  flow  plane  (along  axis  y). 

Flow  in  such  a  channel  is  equivalent  to  the  flow  of  a  unit 

stream  which  is  found  in  constant  lattice-type  electromagnetic 

fields  W ( u ,  0,  0),  E ( 0 ,  0,  E  ) ,  B(0,  B  ,  0),  f(f  ,  0,  0). 

z  y  a 

2.  The  uniform  flow  of  the  gas  before  and  behind  a  direct 
magnetogasdynamlc  wave  (with  lines  of  magnetic  induction  perpendicu¬ 
lar  to  the  direction  of  flow) .  This  case  is  examined  In  detail  in 
§10. 

Let  us  write  the  equations  of  magnetic  gas  dynamics  for  a 
unit  stream  of  gas,  disregarding  the  viscosity  and  the  cherrnal  ; 

V 

■X 

H  | 

% 
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conductivity  of  the  fluid.  We  will  consider  the  motion  of  the 
fluid  steady-state,  magnetic  field  -  stationary,  and  the  vector 
[E  *  B],  which  determines  the  work  of  electromagnetic  force  (see 

-  directed  parallel  to  the  velocity  vector  W.  In  this  case 
the  vector  flux  [E  *  B ]  is  directed  along  the  normal  to  the  cross 
r.eotion  of  the  stream. 

As  is  known  frcm  the  field  theory, 

div  1£  X  B\  =  1 1£  X  B\, dS. 

where  Av  -  the  volume  being  included  by  the  closed  surface  S, 
through  which  passes  the  vector  flux  [E  *  B]^,  n  ~  external  standard 
to  surface  S.  In  our  case,  with  a  low  extent  of  volume  Av,  we  have 


Here  F  -  the  cross-sectional  area  of  the  stream  tube,  '  r.dex  l 
indicates  that  the  projection  of  vector  [E  x  B]  is  taken  cn  the 
flow  line.  The  volume  cf  the  section  of  the  stream  tube  with 
length  dl  is  equal  to  dv  =  FdZ,  therefore 

flviaxBi-yiuexain. 

Substituting  this  expression  into  the  equation  of  energy  (9*0  and 
taking  into  account  that  W  =  di/dt,  we  obtain 

Since  the  per-second  weight  rate  of  the  fluid 

•PtfWT  =  Otr,  =  cou*t 

along  the  stream  tube  does  not  change,  then  after  integration  v/-..- 
have 
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f£U77,  -|  •  [£  X  B|,  F = con«t 


■ror.  i.ere  v.e  obtain  the  effective  value  of  total  enthalpy 


coust 


or 


,  .  j  W  ,  Ac\E  XB], 


(1^3) 


Thus  the  effective  value  of  total  enthalpy  ig  ,  which 
includes  electromagnetic  energy,  remains  constant  along  the  stream 
tube  If  the  flow  of  electromagnetic  energy  is  directed  along  the 
velocity  vector. 


In  the  case  E  =  0  or  with  parallelism  of  the  vectors  of 
strengths  of  electric  and  magnetic  fields  (E  | |  H)  equation  (1^3) 
expresses  the  condition  of  constancy  of  total  enthalpy  for  an 
energy  Isolated  stream  iQ  =  const.  With  the  help  of  equations 
(55)  and  (65)  it  is  possible  to  eliminate  vector  E  from  the  equation 
of  energy .  In  fact  , 


£  =  i(,rtrotfl-lWX0!». 


from  which 


[£  b\  =  -c  B  ^  B\  -  [\WX  SIX B)). 

In  a  projection  on  the  direction  of  the  flow  line  we  obtain 
If  X  B\.  -  \i,i  |».|  B  X  «l,  •!  «(/«  I-  «;)}. 

Here  it  is  assumed  that  the  x-axis  is  directed  along  the 
stream  (v  =>  w  =  0).  Substituting  the  latter  expression  in  ( 1  h  3 ) , 


v;e  ootain  the  equation  of  energy  for  a  stream  under  the  condition 

E  [  W,  8  J_  H 


In  view  of  the  fact  that  in  the  cross  section  of  the  unit  stream 
all  the  parameters  are  accepted  as  constant  °/’  express  ion 
( IluO  can  be  simplified. 


In  fact,  in  this  case  ( v  ■  w  =  Bx  =  Bz  =  Ex  =  -  0 ,  i.e., 

W  =  u,  B  =  B  ,  E  =  E„)  the  components  of  the  rotor  of  magnetic 
induction 


D=~  — Q£t  = 

,oxJru—  dt  l)x  — 


.  „  on. 
10  i‘B  =  l>x- 


' 


0, 

dB 

’  dk 


and  the  component  of  the  vector  product 

Substituting  this  expression  into  (lM),  we  come  to  the  follow!  in¬ 
form  of  the  equation  of  energy  for  a  stream  which  is  located  In 
perpendicular  (lattice-type)  electromagnetic  fields 


!- 


AH' 


AiffD  dB 

AtPuKfWdx 


=  con*L 


(1^6) 


If  the  gas  possesses  very  high  conductl vitv  (cR  -*•  00 ,  v.(,  •*  0 
the  last  term  in  equation  ( 1 h 6 )  can  be  disregarded,  and  then  tne 
conditions  of  the  retention  of  effective  total  enthalpy  for  a 
stream  in  lattice-type  fields  will  be  written  as: 


/*:=/,  4-  412— =  co:i*t 


(  1 4  6  a ) 


The  equation  of  magnetic  induction  (84)  as  applied  to  the 
unit  stream  is  also  substantially  simplified. 

For  transverse  electromagnetic  fields  (B^  ■  B„  =  * 

*  v  =  w  *  ^  =  |  =  0.  W  -  u,  B  -  B  ,  E  -  Ez>  J  =  J2)  in  the  case  in 
question  in  equation  (55)  only  one  component  of  current  density  is 
retained 


from  the  Maxwell  equation  (68a)  for  a  stationary  field  it 

follows  that 


H—II,  —  eontt. 


and  from  the  Maxwell  equation  (65),  as  it  was  already  shown,  we 
have 


i  _  ^  |  M  f 

‘  r°  *  ~~  i'!*/!  Tx' 


From  here  we  obtain  the  equation  of  induction  for  a  stream  in 
transverse  lattice-type  fields 


1(0,: 


r*  HB, 
'  Jx 


J-  con*!, 


(147) 


where 


con  it  =»  —  cEr 

If  the  conductivity  of  the  gas  is  very  great  (o^  -*■  ®),  then  the 
equation  of  magnetic  induction  for  a  unit  stream  which  is  located 
in  a  transverse  magnetic  field  acquires  the  very  simple  form 

«//,  =  con*t,  (14  7a) 
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In  the  case  of  an  inviscid  noncompressible  fluid  (w  ■  0, 
p  =  const)  it  is  possible  instead  of  (90)  to  obtain  another  form 
of  the  equation  of  energy  for  a  unit  stream.  We  utilize  for  this 
purpose  the  equation  of  motion  (83),  which  in  projection  on'the 
direction  of  the  stream  (W  =  u,  v  =  w  ■  0)  for  a  transverse 


magnetic  field  (B  -  B, 


B 


B_ 


0)  takes  the  following  form: 


flu  d  /  ,  \ 

^  dr  <>.1  f 


(1*8) 


Integrating  (148),  we  obtain 


,  ii*  ,  o* 

rP-f 


:  const 


(149) 


or 


B* 

=  —  const . 


(149a) 


Equation  (149)  is  the  Bernoulli  equation  for  a  stream  of  an 

incompressible  electro-conductive  fluid  which  is  located  in  a 

transverse  magnetic  field.  The  third  term  of  this  equation  is 

2 

called  magnetic  pressure  (p  *  B'/8iruD).  During  summation  of  c 
a  m  d  •  ra 

with  total  pressure  pQ  an  effective  total  pressure  pQc  is  obtained 
which  retains  in  this  case  a  constant  value  along  the  length  of 
the  stream. 


During  the  action  of  a  longitudinal  magnetic  field  (B  =  B^, 
B,,  =  Bz  =  0)  on  the  stream  the  integration  of  equation  (82a)  lea; 
to  a  Bernoulli  equation  of  the  usual  (hydraulic)  form 


since  in  this  case 


y  =f«  =  con*t. 


_  *  _L  « 

tr.;.a  O.K  ? 


yj 


Let  us  compose  an  equation  of  momentum  for  a  stream  which  is 
located  in  electromagnetic  fields.  In  Chapter  I  the  general  form 
of  the  equation  of  momentum  of  a  unit  stream  was  obtained  which 
was  valid  for  all  cases  of  motion: 

^  (»» — »»>• 

The  account  of  the  effect  of  the  magnetic  field  lies  in  the  fact 
that  the  projection  of  the  resultant  of  all  forces  we  divide 
into  two  parts: 


p,-p.,VPm- 

where  P  -  the  projection  of  the  resultant  of  all  hydrodynamic 
xp 

forces;  Pxm  -  the  projection  of  the  electromagnetic  volume  of  the 
force  applied  in  the  section  of  stream  1-2. 

The  projection  of  the  electromagnetic  force  applied  to  a  unit 
of  volume  according  to  (72), 

7  U  X  *U  *  X  ^ 

Projection  on  tne  x«axis  of  the  force  which  acts  on  volume 
eleme  t  comprises 


dPn~tJF4x. 

Here  P  is  the  cross-sectional  area  of  the  stream,  dx  is  the  length 
of  its  elementary  section  (in  the  direction  of  the  vector  of 
velocity  u)  . 

The  projection  of  the  electromagnetic  force  which  acta  ■  t bi¬ 
section  of  stream  1-2, 


i 

Pxm*=‘  \ 
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(153) 


Sometimes  It  is  convenient  to  present  the  equation  of  momentum 
for  a  stream  of  constant  section  for  a  transverse  magnetic  field 
in  the  following  form: 


p  -1-  -f-  pi/* »  const.  ( 1 5  *0 

The  equation  of  momentum  (15^0  unlike  the  Bernoulli  equation 
(149)  is  useful  not  only  for  noncompressible  fluids,  but  also  for 
gases,  i.e.,  for  media  of  variable  density. 

§  10.  Magnetogasdynamic  Shock 
Waves  and  Weak  Disturbances 


If  in  a  space  filled  with  a  gas  of  infinite  conduct! vity ,  a 
wave  of  magnetic  induction  ab  appears  (Fig.  13.15),  then,  as  it 
will  be  shown  further,  the  speed  of  its  propagation  is  higher  in 
those  places  where  the  value  of  magnetic  induction  B  is  greater. 


Fig.  13-15.  The  forma¬ 
tion  of  a  Jump  of  con¬ 
densation  and  smooth 
rarefaction  wave 
(dotted  line)  In  the 
field  of  magnetic 
induction . 


Thus  zone  a  at  the  "peak"  of  the  wave  is  displaced  more 
rapidly  than  zone  b,  located  at  the  "foot"  of  the  wave.  This 
leads  to  the  fact  that  in  moving  to  the  side  of  lesser  field 
strength  (to  the  right  in  Fig.  13.15),  where  this  wave  is  propa¬ 
gated  as  a  wave  of  condensation,  it  in  the  course  of  time  acquires 
an  ever  steeper  form,  until  it  is  converted  into  a  Jump  of  magnetic 
induction . 
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In  the  case  of  propagation  to  the  side  of  greater  field 
strength  (to  the  left  in  Fig.  13.15)  the  wave  ab  is  the  wave  of 
"rarefaction  of  magnetic  field,"  whereupon  as  before  the  speed  of 
its  advance  in  zone  a  la  greater  than  in  zone  b,  which  is  why  the 
rarefaction  wave  is  gradually  smoothed  and  weakened. 

V.'e  will  investigate  the  features  of  the  condensation  Jump  - 
the  shook  wave  -  of  a  magnetic  field.  In  view  of  the  complexity 
of  the  magnetogasdynamic  wave  theory  we  will  be  restricted  to  the 
r.implext  example  -  a  normal  magnetogasdynamic  shock  wave. 

Let  the  front  of  the  Jump  of  magnetic  induction  B  be  arranged 
at  right  angles  to  the  direction  of  gas  flow  (Fig.  13.16). 

Fig.  13.16.  Magr.etoges- 
dynamic  normal  shock 
wave . 


.  e.  i, 

Let  us  impart  to  the  undisturbed  flow  of  gas  the  speed  uH, 
equal  in  magnitude  to  the  velocity  of  propagation  of  Jump  w^, ,  but 
opposite  in  sign: 

‘in  =  —  av 

In  this  case  tne  shock  front  will  be  fixed,  and  the  flow  of 
the  undisturbed  gas  will  accumulate  on  the  plane  of  the  front  at 
a  rate  of  u^. 

Let  (Fig.  13. 16)  the  magnetic  displacement  vector  be  perpen¬ 
dicular  to  the  direction  of  flow  B  =  (0,  B  ,  0),  l.e.,  the  wave 
front  is  a  tangential  rupture  of  the  flow  of  magnetic  induction. 

V.'e  will  also  consider  that  before  and  after  the  Jump  the  values  of 
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magnetic  induction  are  constant  (B^  ■  const,  ■  const).  Since 
the  conductivity  of  the  medium  is  infinite,  then  to  the  stream  of 
the  fluid  the  dependence  C 1 U 7a )  found  in  i  8  is  used: 

comt  (155) 


In  other  words,  an  Intermittent  increase  in  magnetic  induction 
(Bi  >  B„)  requires  an  intermittent  decrease  in  the  velocity  of 
Mow  (u^  <  u^). 


In  this  case  according  to  the  equation  of  continuity  a  Jump 
of  gas  density  (p^  >  p^)  will  also  occur 


(156) 


and  in  accordance  with  the  equation  of  momentum  (151)  the  Jump  of 
effective  pressure 

tii'ht  ("n  —  »|V  (157) 


Thus  according  to  (155)  and  (156)  induction  in  the  Jump  should 
increase . 


Thus  the  Jump  of  magnetic  induction  in  a  gas  flow,  the  secant 
of  Induction,  will  be  necessarily  combined  witn  the  shock  wave, 
i.e.,  we  are  dealing  with  a  magnetogasdynamic  shock  wave. 


Por  the  closing  of  the  system  of  equations  ( 155 )  —  ( 157 )  let 
us  add  the  condition  of  retention  of  effective  total  enthalpy 
(li)6a),  which  according  to  (155)  and  (156)  we  write  in  the  form 


and  the  equation  of  state 


-?«- 
fn  rn 


/•» 

»,r, 


=&. 


(158) 


(159) 
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oclving  together  the  system  of  five  equations  (155)-(159),  it 
1.:  possible  based  on  the  assigned  values  of  the  velocity  of  prepa¬ 
ration  of  a  normal  tnagnetogasdynamio  wave  (wR  ■  -u^)  and  the 
variables  cf  gas  state  and  the  magnetic  field  before  the  wave  front 
(eu  >  p.. ,  Tp. ,  BJ{)  to  find  the  values  of  the  relative  gas  velocity 
•'  u -j  )  and  the  parameters  of  the  gas  and  field  (o^,  p1>  ,  3^ ) 

l-uir.ci  th.e  wave  front. 

If  the  parameter's  of  state  of  the  undisturbed  gas  and  the 
pressure  increment  in  the  Jump  are  known,  then  it  is  not  difficult 
to  determine  the  velocity  of  propagation  of  a  magnetogasdynamic 
wave . 


From  equations  (157)  and  (156)  we  obtain 

r< I  -  P<u  —  ><!<  (Pi  -  Pri) -~t  (160) 

from  wl i i c h  it  follow:;  that  the  velocity  of  propagat  ’  o  o  of  a  shock 
marnetogasdynamic  wave  in  a  quiescent  gas  (w^)  or  the  v«locity  of 
flow  equal  to  it  in  magnitude,  which  stops  the  counter1  wave  (u^), 
comprises 


vl  n J,  = 


/*,.  P'U  f| 
fl  '  >11  tn' 


From  (160a)  it  also  follows  that 


"it  |»|*= 


P.  I  ~  p<ll 
»•  -  fll ' 


(160 


■j-  ) 


(161) 


Formulas  (lfcOa)  and  (161)  differ  from  the  corresponding  formulas 
(r)  and  (10)  cf  Chapter  Til  for  a  usual  shock  wave  only  by  the 
fact  that  in  them  the  pressure  (p)  of  the  gas  is  replaced  by 
effective  pressure  (p  )  • 
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Let  us  present  on  the  basis  of  (83)  the  effective  pressure 
in  the  form  of  the  sum  of  the  hydrodynamic  and  magnetic  pressures 

Pt^P  I 


Then  formulas  (160a)  and  (161)  take  the  form 


»f  =  «h 


<WV;  h  ,  _  -  *1j__  h 

*i  ~  hi  hi  1* i  *“  *ti)  hi  * 


«il»  i  = 


CizCa 

* i  -  hi 


*ti',i(h~*n)  • 


(162) 

(163) 


Magnetic  induction  behind  the  wave  front  is  greater  than  in  front 
of  it  ( 5^  >  B^),  therefore  the  magnetogasdynamic  wave  (162)  is 
'propagated  more  rapidly  than  the  usual  compression  wave  of  the  same 
1 ntensity . 


From  the  equations  of  magnetic  induction  (155)  and  continuity 
(156)  we  have 


*H 


(16*0 


Substituting  this  relation  in  ( 1 6 2 )  ,  we  come  to  the  following 
expression  for  the  velocity  of  a  magnetogasdynamic  shock  wave: 


trl=a 


r  I 
*1 


~  Pu  >1 

~  hi  *H 


(165) 


In  the  extreme  case  cf  a  very  removable  discontinuity 
(Pj  =  PH>  a  Pjj,  »  B^j )  we  obtain  the  speed  of  its  propagation 
in  the  direction  perpendicular  to  the  lines  of  magnetic  field 
strength : 


Iftscri  =s-P4-  p-  4-2?*, 


(166) 
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(171) 


It  i l  possible  to  show  that  along  the  lines  of  force  of  a 
magnetic  field  the  weak  magnetogas dynamic  waves  are  propagated 
either  at  the  speed  of  sound  or  with  an  Alfven  speed  b^.. 

From  magnetogasdynamics  it  is  known  that  in  a  general  case 
the  velocities  of  propagation  of  weak  magnetogasdynamic  waves, 
which  are  subdivided  into  rapid  (c)  and  slow  (c'),  and  also  the 
velocity  of  propagation  of  Alfven  wave  (b)  depend  on  angle  • 
between  the  selected  direction  and  the  magnetic  induction  vector  B 


Here  r  = 


2  /v2 
aH/bH ' 


ft  =  ft,,  cos  6, 

~\F c+T+llr  +  l)-‘  -  4r=c«rl 

t  —  } - - - 5 - . 


,  ,  i  /  r  -f-  I  —  I  \r  +’l>*  —  4rcosi 

c  —  ft,,  J  — - 2 


(172) 


In  a  particular  case,  when  &-_=0  (wave  propagation  along  lines 
of  force)  ,  we  have 


=  c=^c,  =aH,  c'  —  c\  —bn  (with  r>l>, 

ft  —  ft„,  c~c-  ~bH,  c'  =  c\  —  a„  (with  r<l). 

In  another  special  case  »  =  */ 2  (wave  propagation  in  the 
direction  of  a  normal  to  the  lines  of  force)  we  have 

ft  =  0.  e  =  c±.=  /ahTtfi,  c’=(L  =  0  (with 

Unlike  the  weak  (acoustic)  waves  which  are  usual  in  gas 
dynamics,  which  are  isotropic  (they  are  propagated  in  all  directions 
at  the  same  velocity),  magnetogasdynamic  weak  waves  are  anisotropic 
and,  furthermore,  are  subdivided  into  rapid  and  slow. 


,  £>' 
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Let  us  pass  to  the  search  for  the  basic  relationships  between 
the  parameters  of  the  gas  and  the  field  in  a  magnetogasdynamic 
shock  v.'ave. 

From  (155),  (156),  (168),  and  (169)  we  have 


*n  u,  ^  *5/  *}*  • 


(173) 


If  we  designate  the  pressure  ratio  behind  and  before  the 
shockwave  front 


n=so‘  ■ 

Ph 


(174) 


then  the  ratio  of  temperatures  according  to  the  equation  of  state 
can  be  presented  in  the  form 


TH  m‘ 


(175) 


Utilizing  known  relationships  cp  -  cy  =  AR,  cp  *  kc^, 
expression  ( 1 6 U )  and  the  equation  of  continuity  (156),  we  convert 
the  equation  of  energy  (146a)  to  the  form 


ft—  1  ,  ft— 1 


2kgR  ft*/?  4-->ap‘ 


(176) 


From  the  equation  of  state  (159)  and  formula  (176)  we  find 
the  value  of  gas  pressure 


P~igRTtc  —  k-j~iiit 


ft-  1  B‘ 

ft  4r.,,c' 


(177) 


From  (177)  we  obtain  the  value  of  the  pressure  drop  in  the 
shock  wave 


Pi  —  Pit  —  (Pi  “  Pm)  gPT^  —  u„ it,  (p,  —  p„)  - 


pL&ZL £?/.  (178) 

*  *~>‘e  P?< 
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Here  we  take  Into  consideration  the  constancy  of  the  effective 
stagnation  temperature  (i'r  .  =  idem)  and  the  equalities  following 
from  the  equation  of  induct ’on  (16A)  and  the  equation  of  continuity 
(156)  : 


tH»)l  —  I  I;'i  "/:"i  (fi  —  Pit). 

hi"h  T  ri!,I  —  "nri  (Pi  hi)- 

ft;  — 


(179) 


B\  -j-  bu  —  Ua  — 


Suh'St itut ir.g  (163)  and  (173)  into  (1?8)  and  fulfilling  the 
elementary  conversions,  we  obtain  the  basic  kinematic  relationship 
for  a  norarnl  magnetogasdynanic  shock  wave 


'  *  ~  1  4":*afw 


(180) 


Here  the  first  term  of  the  right  side  is  the  square  of  the  critical 
speed  which  corresponds  to  the  effective  stagnation  temperature: 


(181) 


In  this  case  the  distinction  of  (180)  from  kinematic  relationship 
(15)  of  Chapter  III  for  a  usual  shock  wave  amounts  to  the  supple¬ 
mentary  term  which  considers  the  Influence  of  magnetic  field. 

Adding  up  the  pressures  before  and  behind  the  shock  wave,  we 
have  from  (177) 

,  ,  ,  _  A  —  I  *  —  I  BL  *;  +  fL 

Pi  t  Ph  —  (Pi  -f-  ht)gRT * 5j-  m<MPi  -f-pw) - —  5^ 

Eliminating  from  here  with  the  help  of  (163)  the  product  of 
the  velocities,  we  will  obtain  the  basic  dynamic  relationship  for 
a  natural  magnetogasdynami c  shock  wave 
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(182) 


Vi-Pu  „  h r:~r-i,  «},<»••  _ b;  (I82) 

h  '  »|  T  i '  IrruW*  ■»"'  'O' 

which  Is  distinguished  from  the  similar  relationship  (17)  of 
Chapter  Hi  (for  a  simple  shook  wave)  by  the  additional  ("magnetic") 
term  in  the  right  side. 


In  the  particular  case  of  removable  discontinuity  (p^ 


PH>  m  %  1)  from  (182)  we  have 


_bp 


— k i.e.,  •<J  =  con*l, 


which  proves  the  constancy  of  entropy  in  a  weak  magnetogasdynamic 
wave.  After  dividing  all  the  terms  of  equation  (182)  by  the 
vlaue  PH/oH  and  solving  it  relative  to  value  p^/pH>  we  come  to  the 
equation  of  the  shock  magnetogasdynamic  adiabatic  curve 


_  0/n  —  1  H‘ 


(183) 


Here  we  accept  the  designations 


_  ft 


•  =  *±i 

In  the  absence  of  a  magnetic  field  (q  -  0)  equation  (183) 
coincides  with  equation  (18)  of  Chapter  III  for  a  usual  shock 
adiabatic  curve.  In  the  case  of  a  very  strong  shock  wave  (p^  ■+■  ®) 
we  obtain  from  (183)  the  same  extreme  value  of  density 

.  ,  A-f  I 
Uiiou  =  *rri  tn> 

as  in  a  simple  shock  wave  (see  expression  (19)  of  Chapter  III). 
When  p1  -*■  ph  we  have  p1  -*•  PH- 
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The  degree  of  deviation  of  the  mapnetogasdynamic  shock 
ailat-atlc  curve  frcm  a  simple  shock  adiabatic  curve  is  shown  in 
Fig.  13-17,  where  are  plotted  the  curves  m(n)  with  the  different 
values  cf  relative  magnetic  pressure  q  for  k  =  1.67  (monatomic  gas). 


Fig.  13.17.  Tnc  shock  adiabatic  curves  cf 
magnetcgasdynamic  wave  with  the  different 
values  of  the  magnetic  pressure  parameter 
(k  =  5/3). 


With  the  help  of  (162)  and  ( 1 8 3 )  it  is  possible  to  express 
the  Mach  number  which  corresponds  to  the  velocity  of  propagation 
of  a  magnetodynamic  wave  by  the  density  ratios  on  Its  front 


"»«+»+  «!(«  +  '>  <//;-}♦!)  -  4*m| 

k  0  —  /ft 


(184) 


Dependences  M^(m) ,  calculated  from  formula  (184)  with  0=4 
(k  =  1.67),  are  plotted  in  Fig.  13.18. 


It  remains  to  determine  the  Mach  number  in  a  gas  flow  behind 
a  magnetogasdynamic  wave,  for  which  we  utilize  expressions  (156) 
and  (175) 


"!  uhth  r„  Mfc 

'  ,  »i  t;  “  • 


(185) 


Curves  M^(m)  at  different  values  of  the  parameter  of  magnetic 
pressure  q  are  given  in  Fig.  13.19. 


988 


Fig.  13.18.  The  dependence  of  the  velocity  of 
a  magnetogasdynamic  shock  wave  on  the  compres¬ 
sion  ratio  of  gas  with  different  values  of  the 
magnetic  pressure  parameter  (k  ■  5/3). 


( 


Fig.  13.19.  The  depend¬ 
ence  cf  the  velocity 
behind  a  magnetogas- 
dynamlc  shock  wave  on 
the  compression  ratio  of 
the  gas  with  different 
values  of  the  magnetic 
pressure  parameter 
(k  *  5/3)  • 


With  the  degeneration  of  the  magnetogasdynamic  shock  wave 
into  a  removable  discontinuity  (m  ■*  1,  n  -*  1)  the  speed  of  its 
propagation,  as  it  was  established  above,  proves  to  be  greater 


than 


( 
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tiie  speed  of 
obtain 


sound;  in  this  extreme  case  from  (18*0  and  (1S5)  we 


M>'*  =  v(r^r+2«)  =  !+?•• 

In  another  limiting  case  -  an  infinitely  strong  mapnetc pas- 
dynamic  wave  (m  -»  6,  n  -*■  ■»)  -  we  have  from  (IS1*),  (185),  and  (183) 

M  }/*-*  oo,  MJ* -* -jj— . 


§  11.  The  Condition  of  Inversion 
of  Effect  During  Gas  Plow  in  an 
Electromagnetic  Field 

Let  us  examine  a  stationary  one-dimensional  flow  (W(x)  ■  (u, 

0,  0))  of  an  lnviscld  and  nonheat-conducting  gas  of  finite 
conductivity  in  transverse  lattice-type  magnetic  and  electric 
fields. 

Assuming  that  it  is  possible  to  disregard  the  induced  magnetic 
field,  let  us  assign  the  distribution  of  the  cross-section  averages 
of  the  values  of  electrical  strength  and  magnetic  Induction  along 
the  length  of  a  variable-area  channel  E(x)  =  (0,  E  ,  0),  B(x)  =  (0, 

v 

0,  Bz )  .  This  makes  it  possible  to  solve  the  problem  without 
drawing  in  the  Maxwell  equations. 


Having  differentiated  the  equation  of  flow  rate 


in  the  direction 


flip  —  const  =  — 


of  motion,  we  will  obtain 


J_rf; i  ,  ,  1 

f  dx  '  u  J.x  •"  7  dx 


(186) 
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Analogously  from  the  equation  of  state  for  an  ideal  gas  we 


\ 
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have 


w 


( 


4x 


■«^Ii+r  S* 


(167) 


The  equation  of  motion  (82)  for  the  one-dimensional  flow  cf 
an  lnviscid  and  nonheat-conductlng  gas  for  transverse  electro¬ 
magnetic  fields  can  be  reduced  to  the  form 


i-S+S- 


(158) 


The  equation  of  energy  of  such  a  one-dimensional  flow  we 
obtain  from  (90)  and  (87) 


VS— 


Taking  Into  account  that  iQ/A  ■  i/A  +  u  /2g,  AR  * 
Cp  *  kcyJ  the  equation  of  energy  (189)  with  cp  -  con.t 
following  form: 


(189) 


c_  -  c  ar.d 
P  v 

takes  the 


( 1 89a) 


In  these  equations  all  parameters  depend  only  on  x,  whereupon 
the  velocity  u(x)  is  directed  along  the  axis  x,  and  the  strengths 
of  the  magnetic  and  electric  rields  are  perpendicular  to  each 
other  and  to  the  direction  of  motion  B  ■  B(x ),  E  »  E(x);  we  will 
consider  the  functions  Bz  and  Ey,  and  also  function  F(x),  which 
describes  a  change  in  the  cross-sectional  area  of  channel,  as 
assigned . 

The  system  of  equations  ( 1 86 )- ( 189 )  in  general  cannot  be 
solved  in  an  explicit  form,  but  with  its  aid  it  is  possible  tc 
determine  how  velocity  derivatives  ar.d  the  Mach  numbers  depend  on 
the  basic  parameters  of  the  problem. 

Eliminating  from  ( 1 8 7 )  and  (189a)  the  gradient  of  temperature 
we  obtain 
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(190) 


dx' 


p  «’  df  4  ft 


da 

a 


Eliminating  from  (3 38)  and  (190)  the  pressure  gradient,  we 

have 


da 

dx 


?1+ 


«'  dt 

k  —  1  dx' 


Substituting  in  this  expression  the  gradient  of  density  with  the 
help  of  (186),  we  arrive  at  the  expression 


...  I  da  I  dF  k  tJB*  lEt  \[Etk  —  \  \ 

<M  —  X)7di=*T  Ji  —  &  Vcr(  a' ""“)(*  ~S - ")*  (191) 


which  shows  how  the  change  in  the  cross-sectional  area  and  the 
factor  which  reflects  the  nature  of  electromagnetic  field  (second 
term  of  the  right  side)  influence  the  velocity  change  along  the 
length  of  the  channel. 


If  an  electromagnetic  field  is  absent,  then  equation  (191) 
converts  to  the  known  relationship  for  a  Laval  nozzle  (Chapter 
IV,  (1)).  If  we  add  into  the  initial  equations  the  terms  which 
characterize  the  change  in  the  gas  flow  rate,  the  work  of  friction, 
technical  work,  and  heat  supply  from  without,  then  by  means  of 
elementary  conversions  it  is  possible  to  convert  equation  (191) 
into  a  condition  of  inversion  of  the  effect  of  an  even  more  general 
form  than  condition  (tg)  of  Chapter  V: 


ni<f»  i  dp  i  da  Kdi 


(192) 


The  term  which  considers  the  electromagnetic  influence  in 
equation  (192)  differs  from  all  remaining  terms  of  this  expression 
by  the  fact  that  into  it  enter  the  values  of  the  acting  parameters, 
but  not  their  derivatives,  and,  furthermore,  its  value  depends  on 


n 
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the  absolute  values  of  velocity  and  pressure  of  the  gas,  and  the 
sign  Is  determined  by  the  product  of  two  differences,  one  of  wnich 
is  the  difference  between  the  gas  velocity  u  and  the  drift  velocity 
»  Ec/B,  and  the  other  -  the  difference  between  the  gas  velocity 
and  a  certain  velocity 

Thus  if  we  reject  all  effects  except  electromagnetic,  i.e., 
if  we  examine  the  one-dimensional  motion  of  an  ideal  gas  in  a 
heat-insulated  channel  of  constant  section  in  the  presence  of 
lattice-type  electromagnetic  fields,  then  the  condition  of 
Inversion  of  effect  for  a  velocity  derivative  will  be  written  as 

lM*  —  («-(/,)(«—  WJ  —  •■*£(„_</,)(«-  ( 193) 

Let  us  recall  that  during  the  flow  of  gas  at  a  drift  velocity  (see 
5  5)  the  induced  electric  field  is  equal  and  oppositely  super¬ 
imposed,  as  a  result  of  which  the  current  does  not  go  through 
the  gas  and  there  is  no  magnetohydrodynamic  effect.  Ac  we  see, 
with  an  invariable  value  of  electromagnetic  effect  the  ;ign  of 
the  velocity  derivative  changes  to  opposite  upon  transition  from 
subsonic  flow  (M  <  1)  to  supersonic  (M  >  1)  and  vice  versa. 

In  the  same  way  as  in  (193),  it  is  possible  to  derive  the 
condition  of  Inversion  of  effect  for  the  derived  Mach  number  along 
the  length  of  the  channel.  In  the  case  dP/dx  ?  0  we  have  an 
expression  similar  to  (191) 


i 


i 


Uf. 


I  + 


5^  +  m* 


Thus  in  the  expression  for  dM/dx  new  characteristic  velocity 
U_  appears,  the  value  of  which  depends  on  the  Mach  number. 


With  the  help  of  (19*0  and  (195)  in  Pig.  13.20  a  diagram  is 
constructed  for  possible  systems  of  a  one-dimensional  gas  flow  in 
lattice-type  electrical  and  magnetic  fields.  Along  the  axis  of 
ordinates  are  plotted  the  values  of  velocity,  and  along  the  axis 
of  aoscissae  -  the  Mach  numbers. 
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Fig.  13.20,  The  possible  systems  of 
one-dimensional  flow  in  lattice-type 
electromagnetic  fields. 


Straight  lines  u  ■  U^,  u  ■  W  ,  M  ■  1  and  curve  U2(M)  separate 
the  plane  (u;  M)  into  areas 


1.  M>1  | 

II.  M<  1 

<V^<“ 

Bt '<4 

c,  •(/,<"<</« 

C,. «/,<«<(/, 

£>,•«<  </, 

D,  •«<(/, 

Let  u  and  M  be  known  in  a  certain  cross  section  x.  Then 
during  displacement  along  the  x-axis  these  parameters  change  so 
that  in  areas  A^,  B ^  and  there  is  a  displacement  to  the  left 


[•Tf] 


downwards,  in  areas  ,  B,  D2  -  to  the  right  upward  as  indicated 
by  the  arrows,  and  in  areas  and  C?  -  to  the  left  upward. 

From  equation  (19*0  it  is  clear  that  on  lines  u  ■  and 
u  «  U1  a  smooth  transfer  is  feasible  through  value  M  ■  1  in  the 
first  point  ot  the  side  of  an  increase  of  M,  and  in  the  second  - 
a  decrease . 

In  areas  Cx  and  C2  there  is  acceleration  of  flow  with  a 
decrease  in  the  Mach  number;  here  the  speed  of  sound  grows  more 
rapidly  than  the  flow  velocity. 

The  results  obtained  are  easy  to  explain,  if  we  recall  that 
the  effect  of  an  electromagnetic  field  on  a  gas  flow  is  reduced  to 
the  mechanical  work  of  the  electromagnetic  force  applied  to  a 
unit  of  volume,1 

W-UXB] 

and  to  the  liberation  of  Joule  heat  taking  into  account  of  which 
the  full  input  energy  per  unit  volume 

<?«=*£•/ 


In  the  one-dimensional  case  in  question  the  relation  of 
mechanical  work  to  total  energy 


(196) 


•The  minus  sign  means  that  with  F  >  0  energy  is  imparted  to 
the  gas;  above  we  always  considered  the  work  being  accomplished 
by  gas  as  positive. 


995 


If  u  >  W  .  then  the  mechanical  work  of  electromagnetic  force 
exceeds  the  charge  in  the  total  reserve  of  energy  of  the  gas,  i.e., 
mechanical  energy  partially  converts  to  the  energy  of  an  electro¬ 
magnetic  field  in  the  form  of  current,  which  can  accomplish  work 
in  the  external  circuit  of  an  MHD  generator.  If  u  <  W  ,  then  the 
energy  of  the  electromagnetic  field  is  transferred  to  the  gas  in 
the  form  of  mechanical  work  or  heat  (pump  or  accelerator). 

In  the  first  case  the  electromagnetic  force  is  directed 
against  the  flow  of  the  gas,  and  in  the  second  -  along  the  flow. 

In  the  second  case  with  P  close  to  unity  the  effect  of  the  field 
is  expressed  basically  in  the  form  cf  the  work  of  electromagnetic 
forces,  and  with  n  close  to  zero  -  basically  in  the  form  of  heat 
supply . 

With  u  *  U,  ,  i.e.,  n  *  U-./W  ,  the  thermal  and  mechanical 
actions  of  the  electromagnetic  field  are  compensated  for,  as  a 
result  of  which  the  gas  velocity  does  not  change  (du/dx  *  0), 
with  u  a  both  effects  are  equal  to  zero,1  due  to  which  also 
du/dx  ■  0.  The  feature  of  line  u  *  lies  in  the  fact  that  at 

the  points  of  intersection  with  it  of  curves  u(M)  the  change  in  the 
value  of  the  speed  of  sound  is  proportional  to  the  change  in  the 
value  of  the  gas  velocity,  by  virtue  of  which  the  derivative  of 
the  Mach  number  along  the  length  of  the  channel  with  u  ■  U2  is 
always  equal  to  zero.  Transfer  through  line  u  -  U2  is  feasible 
on  the  diagram  of  Fig.  13.20  only  vertically  (with  M  ■  const). 

5  12.  The  Simplest  Solutions  of 
the  Equations  of  a  0ne-Dimensiona3 
Gas  Flow  in  Lattice-Type  Fields 

The  simplest  solutions  of  the  equation  of  one-dimer, sional  flow 
of  an  ideal  gas  in  lattice-type  electrical  and  magnetic  fields  is 


lSuch  a  system  is  obtained  in  the  absence  of  Joule  heat,  but 
this  is  possible  only  in  the  absence  of  electric  current  and, 
consequently,  also  electromagnetic  force. 
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obtained  for  a  c-. .  at  - ,  ;  of  cnnrn.int  ■  *  -■  r. 

F.  *  Const  ;  t he  la.-il  f  >>  iVMi-iit  Inns  tan  l>--  !:•.«.  .1  -.>r.  1  y 

value?  of  mar.nr'-l  c  ?  ►.  '.•ncld;  m  r-.i  or  '!•  t  ub-n  • 

induced  in  the  i'lov  c  f  cw  ar**  o.-n-ihrui  *«»&'.  *•  th..,, 

fields . 1 

After  dlvli  ir.g  “  riit  l.-r,  v;  <  ?  i  i.v  tju-.tio'  >. . 

find 


—  k 

^  II'  * 

With  B  •  const  6  vi  f  1  <  n  V  ..r  <i ?’  r  ?t  3f:1 
besides  that  in  .tceor  ‘ic.o.  it.-,-  !• t  ir*r, 

we  have 
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{  j  tfw 


w  I 


Substituting  ho  i  *;  o ••■ion  Jr  :  1  < ,  w.  reduc. 

to  the  form 


»(*-)«• +*?>« 


It  is  not  dlfficM.t  to  anvw  i  r:^ 

a  differential  of  the  fro  loci,  t her-  for- 


,  :  a  1. 


i-M  > 

atT  •—  -tl 


2  '  u,* 


from  which 


»  ,  1  -  1 
M'  r  '4 


k  v  1 

"1 


a 

j  ,  tc*ti 

*  ;  w  *’  '\  * 

<  '  .  '  tf,  ') 


1 Resler 
translations 


E.  L.  . 
and  r*  v ' 


l:‘  \ 

feta 


n  m  \ 


(  '  ; '! 


..  in 


The  integration 
:ndit i on .  Tor  ex: 
.11  ct:  a  In  const  = 


tant  is  selected  according  to  son?  initial 
i.c  accept  u  -  with  M  =  1,  then  we 


we  nave 


u 

o: 


r  < 


M* 


i 


2_1_  a-  M*  —  l  = _ u> _ _ - 

A-l  ...  M  .  *  -•  u  ‘ 


(200 ) 


l+VM‘ 


1  »  + 1  07 


Now  let  us  find  the  velocity  change  along  the  length  of  the 
channel.  For  this  let  us  make  use  of  the  equation  cf  continuity 
of  flow 


P«  = 


—  const  =  m. 

u* 


Substituting  the  value  pu  in  (193) >  we  find 


(M* 


,tu  oJi'kM* 


This  expression  with  the  help  of  (200)  is  reduced  to  the  following 
form : 


2*  V''*/.  _ !L\  tin,' 

~k  "~  ~*T'<  wiFi'  ~Wl)  *+lS,V  XT  (2C1) 


where  x  =  x/h,  h  -  the  height  of  the  channel,  calculated  along  the 

2  2 

normal  to  x,  and  Sq  =  c^B  h/mc  -  the  parameter  of  magnetohydro- 
dynamic  interaction  determined  by  relationship  (97). 

Integrating  (201),  we  obtain  the  law  of  velocity  change  along 
the  length  of  the  channel 

>Hn>n  n 

«=*--  =  1  _«VJ_  TTt  _  j  -i,'8'*,  (202) 


v.'here 
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As  we  see,  u  =  0  Is  obtained  with  x  =  -In  k/S^  ,  u  =  -1  with  x  = 
For  determining  integration  constant  the  length  is  counted  off 
from  the  critical  cross  section,  i.e.,  it  is  accepted  that  x  =  0 
with  M  =  1,  where  according  to  the  condition  « =  L\  =  IT, . 


Density  change  along  the  length  of  channel  is  found  from  the 
equation  of  continuity  and  dependence  (202) 


J _ 1 1  _ « _ L  " _ *  !,  i  ,-a,r 

i  —  p  “o,  — *-l  U,  — *  — »  V  * 


(203) 


Here  is  gas  density  in  the  critical  cross  section  of  the  channel. 

The  pressure  gradient  along  the  channel  we  find  with  the  help 
of  the  equation  of  motion  (188)  and  expressions  (201)  and  (202) 


dp 

dx 


.-J)1  du  k —  1  da 

-  u)  -  m  d-  = - JTindi  = 


c\k+\r 


-8,t 


(204) 


Integrating  (2b4)  we  have 


P  —  " *'*-?* const. 

In  the  critical  cross  section  (M  =  1 ,  u  =  a  =  ,  p  =  , 

p  =  p  ^ ) ,  i.e.,  with  x  *  0  , 


contt. 

But,  on  the  ether  hand,  from  the  formula  for  the  speed  of  sound 
follows 

F>  r  k  ’ 

there  fore 


»- 

*5 


'  < 
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Thus,  the  pressure  change  along  tne  length  of  the  channel 

P=al (205) 

With  u  =  0  (x  =  -In  k/S^)  we  have  p  =  1.2,  with  u  =  l(x  =  -») 
p  =  0.5. 

Nov;  v/ith  the  l-.elp  of  (20*0  and  (205)  it  is  not  difficult  to 
find  the  temperature  change  along  the  channel,  since  from  the 
equation  of  state 

f  -s  r__£Oi.  (206) 

fi  P>  f 

The  electric  current  density  in  an  arbitrary  cross  section 
of  the  channel 

/  =  a*(fi-  '®)=s«*c(l  -w;)—  ~T~*~  *'** 

Hence  for  the  current  density  in  the  critical  cross  section  (x  *  0) 
we  have 


The  dimensionless  value  of  the  current  denstiy 

/=4  =  (207) 

The  results  of  the  calculation  according  to  formulas  (16*0 

to  (207)  do  not  depend  on  the  unit  system,  since  the  value 
o  2 

S  =  OpB  h/mc  is  dimensionless.  The  curves  which  show  the  value 
change  of  u,  p,  p,  T  depending  on  the  dimensionless  length  x  =  x/h, 
expressed  in  fractions  of  the  height  of  the  channel  h,  are  given 
in  Fig.  13.21;  during  the  calculation  of  these  dependences  the 
following  values  of  parameters  were  utilized 


1000 


?  q  in 

Op  ■  1  mho/cm  =  c  /lCr  CGSE  unit;  k  =  1 . 4 ;  c  *  3-10  cm/s; 

=  2000°K;  ■  1  atm(abs.);  =  19^  G. 

To  these  values  correspond  the  values 

=  1.67*10_lt  g/cm2 ;  =  a^  =  9. 4*10^  cm/s;  =  32.1,10li  cm/s; 

E  =  b^B/c  =  0.032  CGSE  unit;  J  1  =  0.206-1011  CGSE  unit  =  2.23  A/m2. 

At  channel  height  h  =  10  cm  the  potential  difference  on  its  walls 

comprises  AV  =  Eh  =  94  volts,  and  the  universal  exponent 

*  V*?*  !*  . rtn,« 

S|— pTT^r+i  —  °>0/3- 

Figure  13.21  also  gives  the  curves  of  the  change  along  the 
length  of  the  channel  of  the  Mach  number  (with  k  =  1.4) 


M  =  “  =  u  3,$ 4- 

u  «/,  «  *-1  r,»r  jr 


(208  ; 


and  the  relative  value  of  total  pressure 


*V  p-  ■£*  -. 0.5»* (l  -rO.JhVfp. 

/'ll  P  P\  /%» 


(209  ) 


It  goes  without  saying  that  the  calculation  carried  out  bears 
a  conditional  nature,  since  not  all  the  conditions  accepted  during 
the  solution  of  formula  (202)-(209)  can  be  realized  in  practice. 
Specifically  the  conductivity  of  the  gas  oR  depends  substantially 
on  the  temperature,  which  changes  along  the  length  of  the  channel. 
With  variable  values  of  the  basic  parameters  it  is  possible  to 
conduct  tne  calculation  by  the  numerical  or  graphic  methods 
directly  based  on  the  differential  equations  (2C1)  and  (204)  and 
the  corresponding  relationships  for  gas  density,  temperature,  ana 
electric  current  density. 
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Another  form  of  a  one-dimensional  gas  flow  in  lattice-type  | 

electromagnetic  fields  Is  obtained  at  a  constant  temperature,  but  ; 

i 
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Fig.  13.21.  Change  of  the  basic  parameters 
along  the  length  of  a  flat  channel  of  constant 
section  with  E  =  E  =  const;  B  *  B_  =  const; 

y  2»  2 
6  =  const;  k  =  1.4;  9,  =^,^=0,074. 

a  variable  cross  section  of  the  channel.  In  this  case  the 
derivation  of  calculation  formulas  is. based  on  the  following 
initial  equations: 


the  equation  of  continuity 

piFs coasts:  5.; 


the  equation  of  state 


P~gRp7) 


the  equation  of  motion  (188) 


du  ,  da 
t"dx  +  dx 


“il  *■ 
*\  *  • 
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the  equation  of  energy  {189a)  which  with  T  =  const  takes  the 


(210) 


Substituting  (210)  Into  the  equation  of  motion  (188),  we  will 
obtain 


_ L 

"  «* 


(211) 


Eliminating  from  (210)  the  density,  we  have 


from  which 


gRT  4x  J  ‘ 


p=gRTE-{-;=gRTlZ 


(212) 


where 


ax’  ;  u*»  *  '  dx' 

Hence  during  a  constant  strength  of  electric  current  (E  =  const) 
dp/u  =  gRTEC'.  Substituting  this  expression  in  (211),  we  obtain 
gRTE£ 1  =  -J"/oRu  -  —  *“  and  therefore,  tggRTE  |, =a  — 

Integrating  from  x  =  0(£  =  5Q)  up  to  the  current  value  x,  we  have 


onsKlF. 


m*  (iO*  dx. 


(213) 


Let  us  assign  the  exponential  velocity  distribution  along  the 
length  of  channel  (with  E  =  const  and  B  =  B(x)) 


u  —  bx *.  1/  =  bnx *'  V 


(21*0 
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Substituting  (210  in  (213)  after  integration  (with  n  >  1/5),  v;e 
will  obtain 


l  *»/»' 

t  —  •tflifF.  In  —  I  * 


(215) 


Here  it  is  taken  into  consideration  that  with  x  =  0 ,  u  «  0 ,  u 1  *  0 , 
i.e.  ,  with  J  ¥  0 ,  1/CQ  =  0. 

In  the  cane  n  =  1/5  integral  (213)  gives  a  logarithmic  function, 
which  changes  the  form  of  all  the  calculation  formulas.  In  the 
example  In  question  the  electric  current  density  in  the  channel 


/ 


iii'u  = 


-.tfRTE  in  —  l 


b*n 


and  the  magnetic  field  strength 


The  pressure  we  find  from  (212)  and  (215) 

in  —  1 

f  ~  b7*'  jF"71"* 


(216) 


(217) 


(218) 


The  cross-secticnal  area  of  the  channel  is  found  from  the 
equation  of  continuity 


r  ~ 


i/<T  (<;/;»'  — I* 


(219) 


The  Mach  number  according  to  (21*0  comprises 


_ £ _ bx* 

■  r  itelif' 


In  the  critical  cross  section  (x  =  x^)  M 


(220) 

1,  therefore 

(221) 
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Substituting  the  value  b  into  the  formulas  obtained,  we 
finally  have 


tf.lSa-X) 


P=*  n'k'\'kikT  \xl  ’ 


«•*'  \'*gRT 

„  <?*■«•  #r  /*•,<*-« 

r “ ^F'lT  •"  In/ 


(222) 


In  the  critical  cross  section  (x  =  x-^) 


«,=rfrgRf. 

£  f  Sit— II 

*»  r 

«,?£**,  (5n—  I) 

_  c»v  #r 


(223) 


The  value  of  the  abscissa  of  the  critical  cross  section  can 
be  found  from  the  rated  value  of  pressure  p.  in  the  critical  cross 
section.  In  a  dimensionless  form  the  basic  calculation  formulas 
appear  thus : 


M-i* 

r _ _  It  _  I  4-  A*nM  —  &<i 

6,  T^'  (1  -f  kit  —  5 aT 

p=  !=*£.—  ' 

p  t.  P.  K"" 
f,=  £==M‘*-'. 

r  I 


(224) 


From  (22*0  it  follows  that  with  n  =  l/*i  the  channel  lias  a 
constant  section. 

Figure  13.22  depicts  the  curves  M(x),  j(x),  B(x),  p(x)  and  F(x) 
for  the  isothermal  channel  flow  in  question  with  n  =  1/6  and  k  =  1 .  *1 . 
The  curve  of  the  change  In  the  tctal  pressure  along  the  length  of 
the  channel  was  calculated  according  to  formula  (209)  Into  which 
were  substituted  the  values  p,  found  with  the  help  of  (22*0.  Under 
the  selected  law  of  velocity  change  along  the  length  of  the  channel 
(n  *  1/6)  the  cross  sectional  area  of  the  channel  does  not  change 
very  strongly.  At  large  values  n  all  parameters  will  change  more 
noticeably . 


Fig.  13.22.  Change  In  the  parameters  along  the 
length  of  a  channel  with  E  =  Ey  =  const; 

Op  *  const;  k  =  1.**;  T  »  const;  n  =  1/6. 


APPENDICES 


Appendix  I. 


Table  for  calculating  the  supersonic  gas  flows 
with  a  continuous  Increase  In  velocity 
(k  ■  1 .14 ) . 
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